Supplementary Material

E Another bound for Simplex-PI when v <1 (Proof of
Theorem [5))

This second bound for Simplex-PI is a factor O(logn) better, but requires a slightly more careful
analysis.

At each iteration k, let s, be the state in which an action is switched. We have (by definition of
the algorithm):

Trjoyr Uy, (k) — Uy, (8k) = Max Ty v, (8) — vy (8).
T8

Starting with arguments similar to those for the contraction property of Simplex-PI, we have:

Ury — Umy, = (I - VPﬂ*)il(Tﬂ*vﬂ'k - Uﬂ'k) {Lemmam}

1 _
TmaXTW*Uﬂk(S) _Uﬂk(s) {H(I_’YPW*) 1H°0 = 1

1 -1
and (I —vyPx,) " =0
e L and )

1
j(TM“vwk (sk) — vy (81)), {By definition of s;}

IN

which implies that
1

lvr. = vrglloo < E(Tmﬂvm (k) — vmy (s1))- (5)
On the other hand, we have:
VUrppr = Ump = (I - 7pﬁk+1 )71(T7Tlc+1v7"k — Vr,) {Lemma m}
2 Ty y Umy — Vmys {I - ’YPW-H)_I = 0and Ty, Vn, — Uy, > 0}
which implies that
Urpg1 (Sk) = Umy, (Sk) > T‘“’k+1v7"k(sk) 7”7%(316)' (6)

Write Ap = vx, — vr,,. From Equations and @, we deduce that:
Agpa(sk) < Ag(sk) = (1= )| Akl

- (1 —(1-7) QA("’;) Ax(s).

Apy1(sk) < vAr(sk),

but also—since Ag(si) and Agt1(sk) are non-negative—that

This implies in particular that

1
Aklloo < ——Ak(sk).
1Akl T k(Sk)

Now, write ni the vector on the state space such that ng(s) is the number of times state s has been
switched until iteration & (including k). Since by Lemma [I| the sequence (Ax)x>0 is non-increasing,
we have

1
Aglloo < ——Ax(s
Akl — k(sk)

fy"k—l(sk)
L Ao(sk)
L=y
ng_1(sk)
<A
L=y
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At any iteration k, let sj, = argmaxsnx—1(s). Since at each iteration k, one of the n component is
increased by 1, we necessarily have
k—1
ne—1(sg) > { J .

n

Write k* < k — 1 the last iteration when the state s;, was updated, such that we have
nk—1(sk) = nir—1(sk+).
Since (||Ak|ls)r>0 is non-increasing (using again Lemma , we have

[FAV | RS [FAVEY (B8

npx 1 (Sgx)
yr R

< T A0
fy'ﬂk—l(SZ)
= lAol
~
[%=)
< T Aol
1—~
We are now ready to finish the proof. We have
lvr. = T v lloo < [|Ak|loo
Lk 1
IIAolloo

7L )

STy v, = Trg V. [loo-

Using the relation n |_’C 1J > k —n and arguments similar to the previous proofs, we deduce that a
non-optimal action is eliminated after at most n (1 + = log = ﬂ/) iterations, and the result follows
from the fact that there are at most n(m — 1) non—optlmal actions.

F A general bound for Simplex-PI (Proof of Theorem (7))

The proof we give here is strongly inspired by that for the deterministic case of [§]: the steps
(a series of lemmas) are similar. There are essentially two differences. First our arguments are
somewhat more direct in that we do not refer to linear programming. Second, it is more general:
for any policy 7, we need to consider the set of transient states (respectively recurrent classes)
instead of the set of path states (respectively cycles).

For any policy m, write R(w) for the set of states that are recurrent for w. Recall that z. =
(I —yP,")"'1. A useful corollary of Lemma [1]is that for any pair of policies m and 7',

17 (0r — vr) = 2" (Trrvm — V). (7)

With some slight abuse of notation, we will write that s € R(w) if there exists a recurrent class
R € R(7) that contains s. We will repeatedly exploit Assumption (1} that we restate here for clarity:

mfxﬂ(s)g 1—7 (8)

Vs & R(n), 2(s) < Tu. (9)

Vs € R(m),

As mentioned, before, the proof is structured in two steps: first, we will show that recurrent classes
are created often; then we will show that significant progress is made every time a new recurrent
class appears.

F.1 Part 1: Recurrent classes are created often

Lemma 11. Suppose one moves from policy m to policy m' without creating any recurrent class.
Let m; be the final policy before either a new recurrent class appears or the algorithm terminates.
Then

1
ILT(U7TT — ) < (1 — —) ILT(v,rJr — Ug).

NnTt
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Proof. The arguments are similar to those for the proof of Theorem [d] On the one hand, we have:
17 (0 — vr) > 17 (Tprvr — v5). (10)

On the other hand, we have

17 (Un, —vx) = 17 (I = yPr,) " (T, 2 — vr)

= :E:T (T,r,r'ufr — VUr)

= > e (8)(Tryve(s) —va(s) + D ry (8)(Tryvals) — va(s))

sgR(my) SER(my)
2
n
Snre max Trovr(s) —vx(s max Tr. vx(s) — vx(s). Equations (8))-
Snr max Ty (s) ()+1_7S€R(§T) r(s) (s) {Eq ®-©}

Since by assumption cycles of 7y are also cycles of 7, we deduce that for all s € R(my), m(s) = 7(s),
so that maxser (x;) T'r; Ur(s) — vr(s) = 0. Thus, the second term of the above r.h.s. is null and

]LT(UTrT — ) < nTe msax Ty v (s) — vx(s)

< nrmax Trvx(s) — vx(s) {max Tr/vx(s) = max Txvx(s)}

=nrl" (Tprvr — vg). (11)
Combining Equations (10) and (11)), we get:

]IT(UWT — ) = llT(UWT —VUr) — ]lT(vﬁ/ — vg)

< (1 - i) 17 (vn, — vr).

NnTt

Lemma 12. While Simplex-PI does not create any recurrent class nor finishes:
e an action is eliminated from policies after at most [nti log(nt)] iterations;

e a recurrent class is broken after at most [nr; log(n’m)] iterations.

Proof. Let m be the policy in some iteration, 71 be the last policy before a new recurrent class
appears, and 7' any policy between 7 and 7¢. Since

0< 1" (vr, — vr) {vr; > v}
= aUﬂT(v,r,r — Tﬂvﬂ) {Equation }
= Y #a()(0ny (8) = Trvmy () + Y Y @a(8)(vry () — Trvn, (5)),
sgR(m) CER(w) s€C
there must exist either a state so € R(w) such that
1
QUW(SU)(UTrT (s0) — TV, (s0)) > Ewﬂ—T(’Uﬂ—T - T,;UTFT) > 0. (12)
or a recurrent class Ry such that
1 7
™ s _T7l'7r >77r 7r_T7r7r >O 13
;;x (8)(vry (8) = Trvey () 2 ~aa” (0 = Tovmy) (13)
S 0

We consider these two cases separately below.

e case 1: Equation holds for some so & R(m). If 7'(s0) = 7(s0), then

I[T(vwr — Vpr) 2 U (80) — Vg (S0) {0n, > o}
= Umy (SO) - Tﬂ/’Uﬂ./(So) {Uﬂ_/ = Tﬂ_/'uﬂ_,}
> vﬂ'f (‘90) - TTF,UWT (30) {’Uﬂ-T > ’l)ﬂ./}
= U, (50) = Trvry (50) {m(s0) = 7' (s0)}

1 .
> T—tx,r (50)(vr; (80) — Trvmy (50)) {Equation (9)}
1 .
2 Tﬁwa(UwT — Trvx,) {Equation }
1 . .
=—1 my — Um). E t
e (Vmy — vr) {Equation (@)}
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If there is no recurrent class creation, the contraction property given in Lemma [11] implies

that after k = [n1 log(nm)] > blgog<7n‘lrt) iterations we have
T
T

1
T T
1" (vry, —var) < n—TtIL (Vmy — Vn),

and thus 7' (so) # m(s0).

case 2: Equation holds for some Ry € R(7w). Write T be the set of states that are
transient for 7 (formally, 7 = X\R(w)). For any subset Y of the state space X, write

PY for the stochastic matrix of which the i*" row is equal to that of P, if i € Y, and is 0
otherwise, and write 1y the vectors of which the ‘" component is equal to 1 if i € Y and
0 otherwise. Using the fact that P/ PJ = 0, one can first observe that

(I —yP)I —yP]) =1 —~(Pf + P]),
from which we can deduce that

Loy (I —vP) ™t = Lrur, (I — (P + PT)) ™!
=17ury (I —~yP]) "I —~yPFo)~ 1. (14)

Also, writing hr = (I — ’yPﬂTT)*l]lT? that satisfies

hr =17 +~P]  hr,

we can see that:

Vs € Ro, hy(s) =7 > _ pura(m(s))hr(s)), {s€ Ry = 17(s)=0} (15)
s'eT
and thus:
(I =PIy "rin,(s) = (I —vPT ) My (s) + 1 (PT 15, =0}
=hr(s)+1
<7 Z pors(m(s))hr(s) + 1 {Equation }
s'eT

s’eT
=Y za(s) +1 {Vs' € T, hr(s) = 2x(s)}
s'€T
<(n—-Dr+1 {|T| < (n —1) and Equation (9)}
< nri. {r: > 1}

(16)
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Writing ¢ the vector that equals Uy — TTrv7TT on Ro and that is null everywhere else, we
have

> @ l8) (v (5) = Trvn, ()

s€Rg

=Y 1T =P rur)()d(s) {Vs € Ro, [(I = vP7) ™ x\(rume)(s) = 0}
sERp

=) [ = yP) M irury)(s)(s) {¥s & Ro, d(s) = 0}

s

= ]lTuRoT(I - ’YPW)_ld
=17ur, (I =PI (I —~yPF)" 15 {Equation (14)}

= 310 =PI o)) — vPF)6](s)

= ST =PI Lo )(9)( = PR) 3)(s) {¥Vs & Ro, 3(s) = 0}

s€Rg

= S 10 =PI i )(8) (v, (8) — ve(s)) {Lemma I}

s€ERg

<7l Ry (Vrp — vr). {Equation (16)}
(17)

Now, one can deduce from this that if Ry is also a recurrent class of ', which implies

]IROTU7r = ]lROTUﬁ/, then

ILT(U7TT — V) > ILROT(U,Dr — Vpr) {Vr; > vnr}
- ]IROT(’UW]L - 'Urr) {]IROTUW = ]lROTUﬂ_,}
1 .
2 oy T (3)(%1 (s) — Trvr, (s)) {Equation }
¢ sERg
1 T )
> Py Tr (Vny — Trvr,) {Equation }
1
= nthﬂT(v”f — Vr). {Equation @}

If there is no recurrent class creation, the contraction property given in Lemma [TT] implies

that after k = [nr log(n’n)] > %

1— L
nTe

iterations we have

ILT('U7TT — V) < ILT(U,T,( — V),

’I'L2Tt

and thus Ry cannot be a recurrent class of 7’.

O

A direct consequence of the above result is Lemma [6] that we originally stated page[5] and that we
restate for clarity.

Lemma 6. After at mostn L(m — 1)[nrlog(nm)] + [n7e log(nQTtﬂ] iterations, either Simplez-PI
finishes or a new recurrent class appears.

Proof. Before a recurrent class is created, at most n recurrent classes need to be broken and n(m—1)
actions to be eliminated, and the time required by these events is bounded thanks to the previous
lemma. O
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F.2 Part 2: A new recurrent class implies a significant step towards the
optimal value

We now proceed to the second part of the proof, and begin by proving Lemma m (originally stated
page [6)).
Lemma 7. Suppose Simplex-PI moves from m to 7’ and that ©' involves a new recurrent class.
Then
1
17 (vn, — vpr) < (1 — —) 17 (vr, — vx).

Tr

Proof. Let so be the state such that 7'(s) # m(s). On the one hand, since 7’ contains a new
recurrent class R (necessarily containing so), we have

]lT(vﬂ/ —Ur) = wﬂ'T(Twlvw - Uw) {Equation (]2[)}
— 2 (50) (T 0 (50) — vx(50)) {Simplex-PT switches 1 action}
> ﬁ(ﬂrrvﬁ (s0) — vx(50))- {Equation [§ with so € R C R(7')} (18)
P

On the other hand,
— o = (I =yPr,) " (Tr.vr — vr) {Lemma [TI}

Un

*

T e T n(9) = ve(9) (I = 7Pe) e € 72 and (I = 7P - 0)

<7 1 max T vx(s) — vx(s) {max Ty/vx(s) = max Trvx(s)}
-7 s s 5,7
1

T 14 (Trrvr(s0) — v (s0))- {Simplex-PI switches 1 action(19)

Combining these two observations, we obtain:

1" (vr, —vpr) = 17 (e, — v5r) = 17 (Vs — vir)

<15 (vr, — ) — ﬁ(ﬂr/vﬂ (s0) — v=(s0)) {Equation (18)}

<1 (vg, — vgr) — 2 max v (s) — var () {Equation (19)}
1

< (1 — T—) 17 (vry — vr). {Vz, 172 < nmaxz(s)}

O
Lemma 14. While the algorithm does not terminate,

e some non-optimal action is eliminated from recurrent states after at most [, log(nt.)]
recurrent class creations;

e some non-optimal action is eliminated from policies after at most [ log(ntt)| recurrent
class creations.

Proof. Let m be the policy in some iteration and 7’ be any policy between m and .. Let so =
argmaxs o (s)(vr, (8) — Trvr, (s)). We have

Zx(80)(Un, (50) — Txvn, (S0)) > lxﬁT(Uﬂ — Trvr,) {Vz, 172 < nmaxz(s)}
n s

=17 (v, — vr). {Equation ()}  (20)
We now consider two cases.

e case 1: sg € R(m). If n'(s0) = m(s0), then

]lT(vm — V) = l’ﬂ-/T(Uﬂ-* —Trrvx,) {Equation }

2 @ (50) (vr, (s0) = Trrvr. (50)) {ve. > Trwvn, }

> vr, (80) = Trrvx. (80) {27 (s0) > 1}

= vr. (s0) = Trvn, (s0) {m(s0) = 7'(s0)}
1

> — ™ ™ — L7 Unm i

z (50) (v, (80) — Trvr, (80)) {Equation (9)}
1 T .

> — e — Ur).

> m—tl (Vr, — V) {Equation (20)}
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After k = [7rlognm| > lolgoginft new recurrent classes are created, we have by the
I

contraction property of Lemma7] that

1
]IT(’UW* _ vﬂ/) < EHT(UW* — 'UTr)'

This implies that 7’(so) # m(s0).
e case 2: so € R(m). If 7'(s0) = m(s0) and sg € R(n’), then
ILT(UW* — ) = xﬁzT(vm —Tyrvr,) {Equation }
=D 2w (5)(vn.(8) = Torvn. (s))

> () (vn. (5) = Trrvn.(s)) {vr. 2 Trrvm, }

s€Rg
= ﬁ Z Ur, (8) = Trrvm, (s) {Equation
s€ERg
- ﬁ (80) = Trvr. (s0) {vr. 2 Twvn.}
= [Ty Ve () = Tt o0 {m(s0) = 7'(s0)}
= L o)) - Tevmo0) el < 1)
> 1 ILT(UW* — VUr). {Equation }

nTy

After k = [r.lognr] > llog# new recurrent classes are created, we have by the
eI

contraction property of Lemmam ‘ﬁ’hat

1
]lT(vm — Ur).

17 (vr, —var) <
nr,

This implies that 7’(so) # m(so) if so is recurrent for 7’.

O

We are ready to conclude: At most, the n(m—1) non-optimal actions may need to be eliminated from
recurrent and transient states, requiring at most a total of n(m — 1)([7. log(n7,)] + [7 log(n7)])
recurrent classes creations. The result follows from the fact that each class creation requires at
most n [(m — 1) [n7log(nt)] + [nre log(nQTtﬂ] iterations.

G Cycle and recurrent classes creations for Howard’s PI (Proofs
of Lemmas [§] and [9))

Lemma 8. If the MDP is deterministic, after at most n iterations, either Howard’s PI finishes or
a new cycle appears.

Proof. Consider a sequence of [ generated policies 71, - -+ , 7 from an initial policy 7o such that no
new cycle appears. By induction, we have

U, — Unp, = Ty V) — TreyVnry_y + TreyVnp_y — T Uiy + T Vnep_y — T Uny, {Vr, Trvr =vn}
< APr, (U, — Uy ) + YPry, (Vrpo_y — Uny) {Tr,r_y < TrpVnp 4}
< AP, (Vm, — Vmrp_4)- {Lemma[fand P,, > 0}
< (VPr)* (0m, — vy {by inducti((m ())n k}
21
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Since the MDP is deterministic and has n states, (Pr,)"™ will only have non-zero values on columns
that correspond to R(m;). Furthermore, since no cycle is created, R(m) C R(mo), which implies
that vr, (s) — vx,(s) = 0 for all s € R(m). As a consequence, we have (Pr,)" (vr, — vx,) = 0. By
Equation , this implies that vz, = vx,. If [ > n, then the algorithm must have terminated. [

Lemma 9. If the MDP satisfies Assumption after at most nm[rlognt] iterations, either
Howard’s PI finishes or a new recurrent class appears.

Proof. It can be seen that the proof of Lemma [6] also applies to Howard’s P1. O

H A bound for Howard’s PI and Simplex-PI under
Assumption |2 (proof of Theorem

We here consider that the state space is decomposed into 2 sets: 7 is the set of states that are
transient under all policies, and R is the set of states that are recurrent under all policies. From
this assumption, it can be seen that when running Howard’s PI or Simplex-PI, the values and
actions chosen on 7 have no influence on the evolution of the values and policies on R. So we
will study the convergence of both algorithms in two steps: We will first bound the number of
iterations to converge on R. We will then add the number of iterations for converging on 7 given
that convergence has occurred on R.

Convergence on the set R of recurrent states Without loss of generality, we consider
that the state space is only made of the set of recurrent states.

First consider Simplex-PI. If all states are recurrent, new recurrent classes are created at every
iteration, and Lemma [6] holds. Then, in a way similar to the proof of Lemma it can be shown
that every [7,lognr,] iterations, a non-optimal action can be eliminated. As there are at most
n(m—1) non-optimal actions, we deduce that Simplex-PI converges in at most n(m —1)[7, log nr. |
iterations on R.

Now consider Howard’s PI. We can prove Lemma that we restate for clarity.
Lemma 10. For an MDP satisfying Assumptions suppose Howard’s PI moves from 7 to '
and that 7' involves a new recurrent class. Then
1
17 (Ur, — vpr) < (1 — —) 17 (Ur, — vx).

Tr

Proof. In the case we focus on the convergence on the set R of recurrent states, new recurrent
classes are created at every iteration. So we will prove that the inequality holds for every k. On
the one hand, we have for all iterations k,

T T ‘
17 (Wrpyr = Vi) = Trpy Ty s Vg — Umy) {Equation (7)}
n .
z WHT(TWHWM = Umy {Equation (8)}
n T
Z WHTﬂk+1Uﬂ’k - UﬁkHoo- {VCC 2 0,]1 xT 2 ||x||oo} (22)
On the other hand,
]lT('UW* - Uﬂ'k) = IEW*T(TW* VUmrp — 'Urrk) {Equation @}
n . n
< 5 1T vm = o)l ODENOES et
n
=< m”Tﬂ'kJrlvﬁk = Uy [|oo- (23)

By combining Equations and , we obtain:

]lT(UW* - U7Tk,+1) = ]IT(UW* - Umc) - ]IT('UmH.l - UW}«)
1
< (1 - —) 17 (v, — vmy)-

Tr

O

Then, similarly to Simplex-PI, we can prove that after every [7.lognr.] iterations a non-optimal
action must be eliminated. And as there are at most n(m — 1) non-optimal actions, we deduce that
Howard’s PI converges in at most n(m — 1)[7.lognt.] iterations on R.
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Convergence on the set 7 of transient states Consider now that convergence has oc-
curred on the recurrent states R. A simple variation of the proof of Lemma [6}/Lemma [9] (where
we use the fact that we don’t need to consider the events where recurrent classes are broken since
recurrent classes do not evolve anymore) allows to show that the extra number of iterations to
converge on the transient states is n(m — 1)[7; logn7;] for Howard’s PT and n?(m — 1)[7; log n7¢]
for Simplex-PI, and the result follows.
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