A PROOFS

Proof of Proposition 1. By definition,

ZEfqufg(ftaxt) Hlf Zg(fa xt) < ZEffNQfg(ftvxt) +Re1T (f‘xla ) T) .

Peeling off the T-th expected loss, we have

T T-1
Z]Efw(hg(ftaxt) + RelT (.7'—|:171, .. .,IT) < Z EftNth(ft,mt) + {Equtg(ftyl't) + RelT (.7:|931, .. .,IT)}
t=1 t=1

T-1
< Efng l(fro o) + Relp (Flaa, ... xp-1)
=1

where we used the fact that ¢ is an admissible algorithm for this relaxation, and thus the last
inequality holds for any choice x7 of the opponent. Repeating the process, we obtain

ZEqu,E(ft,xt) mf Zﬁ(f, x¢) < Relp (F) .

We remark that the left-hand side of this 1nequa11ty is random, while the right-hand side is not. Since
the inequality holds for any realization of the process, it also holds in expectation. The inequality

Vi (F) < Rely (F)

holds by unwinding the value recursively and using admissibility of the relaxation. The high-
probability bound is an immediate consequences of (6) and the Hoeffding-Azuma inequality for
bounded martingales. The last statement is immediate. [

Proof of Proposition 2. Denote L;(f) = ¥.'_, £(f,x,). The first step of the proof is an application
of the minimax theorem (we assume the necessary conditions hold):

inf sup {f [ (ft,wt)]+supEe,+1Tsup[2 > €sl(f Xomt(errnism1)) - Lt(f)]}
t~qt

qreA(F) weeX feF L s=t+1
T
= sup inf { E [l(ft,z)]+ E supE,,,., sup [2 Z esl(fyxs-t(€t41:5-1)) — Lt(f)]}
preA(X) fteF \xt~pe Ti~pr X feF L s=t+1

For any p; € A(X), the infimum over f; of the above expression is equal to

E SUPEEMT?CUFP[Q Y. esl(fXoi(€rsrs1)) = Lioa(f) + inf E £ (fufﬂt)]—f(faxt)]

Ti~pe X s=t+1 freF we~pt

< E SupE€t+1TSfu}_p|:2 Z GSK(faxs t(€t+15 1)) Lt 1(f)+ E [£(f7xt)]_€(f’xt):|

Te~pt X s=t+1 Te~Pt

< E bupE€t+1T?u}_p|:2 Z € g(f,Xs t(6t+18 1)) Lt—l(f)"'g(f,x;)_é(faxt):l

Te,xyp~pr X s=t+1

We now argue that the independent z; and z;; have the same distribution p;, and thus we can intro-
duce a random sign €;. The above expression then equals to

T
E Esup E5t+1:T sup [2 Z €S€(f7 Xs—t(6t+1is—1)) - Lt—l(f) + Et(f(f, l‘;) - e(fv xt)):l

Ty,Ty~pt €6 X feF s=t+1

< sup EsupEeMT?ufp[Q Y esl(fixsi(€rvnis—1)) = Lioa (f) + e (0(f,27) = f(f,wt))]

T, Ty leX € x s=t+1
where we upper bounded the expectation by the supremum. Splitting the resulting expression into
two parts, we arrive at the upper bound of

L 1
2 sup EsupE,, .., ?‘}lp[ Z esl(f, xs-t(€rs1:5-1)) = §Lt—1(f) +el(f, xt)] =Ry (Fler,. .., z-1) -

rieX €¢ X s=t+1
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The last equality is easy to verify, as we are effectively adding a root z; to the two subtrees, for
€ = +1 and ¢; = —1, respectively.

One can see that the proof of admissibility corresponds to one step minimax swap and symmetriza-
tion in the proof of [15]. In contrast, in the latter paper, all 7" minimax swaps are performed at once,
followed by T' symmetrization steps. O

Proof of Proposition 3. Let us first prove that the relaxation is admissible with the Exponential
Weights algorithm as an admissible algorithm. Let L,(f) = i, £(f, ;). Let \* be the optimal
value in the definition of Rely (F|z1,...,2¢1). Then

inf sup { E [£(f.00)]+ Rely (Flon,...a0)|
qreA(F) zrex \f~a

< inf sup{ E [(f,ze)]+ log(Zexp( A7 Lt(f)))+2)\*(T—t)}

qeA(F) weeX (frae feF

Let us upper bound the infimum by a particular choice of ¢ which is the exponential weights distri-
bution

q:(f) =exp(-N"Li-1(f))/ Zt1
where Z; 1 = ¥ rerexp (=A"Li-1(f)). By [6, Lemma A.1],

log Zi1

log(z exp (=" Lt(f))) 1Og(Ef ~g, ©XP (=AU f,21))) + G

feF
*

A 1
<—Epeg O(f, ) + > +

b\ log Z;1

Hence,

inf sup{ [¢(f,2:)] + Relr (}"|ac17...79£t)}
qreA(F) TeeX F~aqe

< log( > exp(—)\*Lt_l(f))) + 20 (T -t+1)

A* feF
= RelT (.7:|J31, ce ,l‘t_l)

by the optimality of A*. The bound can be improved by a factor of 2 for some loss functions, since
it will disappear from the definition of sequential Rademacher complexity.

We conclude that the Exponential Weights algorithm is an admissible strategy for the relaxation (9).
The final regret bound follows immediately from the bound on sequential Rademacher complexity
(which, in this case, is simply the supremum of a martingale difference process indexed by N
elements — see e.g. [15]).

Arriving at the relaxation We now show that the Exponential Weights relaxation arises naturally
as an upper bound on sequential Rademacher complexity of a finite class. For any A > 0,

1 T-t

[335{2 S et - Lt<f>}] Lo (E [gexp (2A S at(fx(0) - mm)])
1
<oy ( L;f oxp (20 5 () - ALt(f))])

-1 1og( 5 esp (AL E| [T exp (A, xz(em])

feF €

Since, conditioned on €1, ..., €;_1, the random variable ¢;£( f,x;(¢€)) is subgaussian, we can upper
bound the expected value of the product, peeling one random variable at a time from the end (see

11



[15] for the proof). We arrive at the upper bound

llog(z exp (ALt (f)) x exp (2/\2 max Tz_:tﬂ(f,xi(e))Q))

)\ fe]-' 61,...6T7t€{i1} i=1

Tt
< llog > exp (—)\Lt(f) +2X?  max > E(f,xi(e))z)
)\ fe]—' 517~~5T—t€{i1} i=1
1 T-t
< —log| > exp(=AL(f)) | +2Asupsup  max 0(f,xi(€))?
A feF X feFer,..er—pe{xl} i

The last term, representing the “worst future”, is upper bounded by 2A(T - t), assuming that the
losses are bounded by 1. This removes the x tree and leads to the relaxation (9) and a computation-
ally tractable algorithm. O

Proof of Proposition 4. The argument can be seen as a generalization of the Euclidean proof in [2]
to general smooth norms. Let 2,1 = ij x;. The optimal algorithm for the relaxation (10) is

f; = argmin {sup {(f,xt) + \/\|5:t_1||2 H{Vza]® 2+ O -t + 1)}} @7

feF TieX

We shall show admissibility instead using

O
V[ Zia

fr=

. . (28)
2|z P+ C(T -t +1)

Plugging this choice into the admissibility condition (4), we get

~ 2
s _W eyfAs (VlEa)? o)

where A = ||Z;_; H2 +C(T -t +1). It can be easily verified that an expression of the form —% +

VY + x is maximized at = = 0 for a positive y. Hence,
. =2 ~ 2 1/2 =2 1/2
fmff sup (frome) + (|Zeo1 |? + (V] Zer | ) + C(T -t + 1)) <(|Zea P +C(T -t +1))
+€ Ti€
1/2
S(H.I_?t_2||2+<VHft_2H2,1‘t_1)+C(T—t+2))/ ZRGIT (.7:|.Z‘1,...,£Ct_1)

Hence, the choice (28) is an admissible algorithm for the relaxation (10). Evidently, the above
proof of admissibility is very simple, but it might seem that we pulled the algorithm (28) out of a
hat. We now show that in fact the choice of f; above is the optimal choice f;. The proof below is
not required for admissibility, and we only include it for completeness. The proof uses the fact that
for any norm || - |,

(Vlzl? z) = =] (29)
To prove this, observe that by convexity ||0] > |«| +(V|x|,0 - z) and |2z| > |z| + (V|z], 2z - z)

implying (V| 2|, z) = |z. On the other hand, by the chain rule, V3 |z|? = |z[- V||, thus implying
29).

Let
K 2 Kemel(V|&1[?) = {h: (v [21],h) =0} , K" = Kernel(z,1) = {h: (h,#-1) = 0}.

We first claim that x; can always be written as x; = 8Z;_1 +yy for some y € K and for some scalars
B, 7. Indeed, suppose that x; = Bx4_1 +yy + 2z for some y € K and z ¢ K. Then we can rewrite x; as

= (B+0)Ti1+ (yy —0T4-1 + 2)

12



(VIEe-1]?.2)

where ¢ = Fal” It is enough to check that (yy — 0%4—1 + z) € K. Indeed, using (29),
(V7o) =070+ 2) = =20 |Fea |+ (V |2 ]*2) = 0.
An analogous proof shows that we may always decompose any f; as f; = —aV% |Z-1]% + g for

some g € K’ and a scalar . Hence,
N . 1/2
(Foowe) + ([E1 ]2+ (V] Fea |2 20) + O =t + 1))
- . . 1/2
=—afB|Fa|* +7(g,9) + (|Z1|* + 28] E 1 |> + C(T -t + 1)) / (30)

Given any f; = —aVi |Z;- |” + g, 2, can be picked with y € K that satisfies (g,y) > 0. One can
always do this because if for some 3, (¢,3’) < 0 by picking y = -y’ we can ensure that (g, y) > 0.

Hence the minimizer f; must be once such that f; = —aV3 Ha?t_le and thus {g,y) = 0. Now, it
must be that a > 0 so that x; either increases the first term or second term but not both. Hence we
conclude that f; = —aV3 |1 |* for some a > 0. It remains to determine the optimal a. Given
such an f;, the sup over x; can be written as supremum over 3 of a concave function, which gives
rise to the derivative condition

~ 2
| %1
V0deal? 28 |2+ C(T -t +1)

Hence we can conclude that for any f, = —aV3 [#1 I,

sup { (s} + (a2 4 (V5ea B} + O - £+ 1))

=0

-2
—a @ "+

- - - 1/2
= sgp{—aﬂ\lzt_llf + (Hilft—1||2 + 28] & |*+ C(T -t + 1)) ! }

Q. o 1
=— - C(T-t+1 —
(1P e Tt 1) + o

Hence optimizing the above over o we get
1

o= .
VIZe-1 |2+ C(T -t +1)

Hence we can conclude that
10~ 2
fre- Vi [ #e
" VEa P+ C(T-t+1)
Plugging back the value of o, we find that 3 = 0. Hence we conclude that f; defined in (28) in fact
coincides with the optimal solution (27).

Arriving at the Relaxation The derivation of the relaxation is immediate:

T t
9{T (-7:|‘T17 cee 7xt) =sup Eet+1;T Z 6sxs—t(et+1:s—1) - Z T (31)
x s=t+1 s=1
T t 2

< sup EeHl;T Z 6sXs—t(61‘,4—1:3—1) - Z T (32)

x \ s=t+1 s=1
t 2 T )

< sup Z Ts + C]EeH]:T Z Hesxs—t(et+1:s—l) H (33)

X \ s=1 s=t+1

where the last step is due to the smoothness of the norm and the fact that the first-order terms
disappear under the expectation. The sum of norms is now upper bounded by 1" — ¢, thus removing
the dependence on the “future”, and we arrive at

2 2 2

t t-1 t-1
Yoag| +C(T-1t)< > a +<V§ >, ,xt>+C(T—t+1)
s=1 s=1 s=1
as a relaxation on the sequential Rademacher complexity. [
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Proof of Proposition 5. We would like to show that, with the distribution ¢; defined in (15),
max { E |9: — y:| + Relr (}'|(J;t,yt))} <Relr (.7-'|(mt_1,yt_1))
yee{x1} | Je~gy)
forany x; € X. Let o € {+1}*"1 and 0y € {+1}. We have
Relr (F|(z',y")) - 2X\(T - t)

1
= )\log( Z g(Ldim(F;(0,0¢)), T —t)exp{-ALi_1(0) } exp {-\o¢ —yt|})
(0,0¢)eF| ¢t

1 .

< )\log( > exp{-Aoy -y} > g(Ldim(F;(0,0¢)), T —t) exp {-ALi—1 (U)})
ore{xl} 0:(0,0¢)eF |t

Just as in the proof of Proposition 3, we may think of the two choices o as the two experts whose

weighting ¢; is given by the sum involving the Littlestone’s dimension of subsets of F. Introducing

the normalization term, we arrive at the upper bound

1 1 .
Xlog (Eath: exp{-Alot - ye|}) + /\log( > > g(Ldim(F;(o,04)), T —t) exp {—)\Ltl(a)})
ore{£l} o:(o’,ot)eflzf,
1 .
< —Eg,grloe —ye| + 22 + )\log( > > g(Ldim(F;(o,01)), T - t) exp{—)\Lt_l(J)})
ore{xl} o:(0,0¢)eF| 1

The last step is due to Lemma A.1 in [6]. It remains to show that the log normalization term is upper
bounded by the relaxation at the previous step:

ilog( > > g(Ldim(F;(o,04)), T - t) exp{—)\Ltl(a)})

ore{x1} o:(o,0¢)eF| ¢

<

log( > exp{-ALi-1(0)} D, g(Ldim(}}(o,ot)),T—t))

oeF| -1 ore{x1}

> =

1
< X log ( > exp{-ALi-1(0)} g(Ldim(F;—1(0)), T -t + 1))
O'G]rlztfl
=Rely (F|(="",y'™))
To justify the last inequality, note that F;_1 (0) = F (o, +1)UF; (0, —1) and at most one of F; (o, +1)
or F;(o,-1) can have Littlestone’s dimension Ldim(F;-1(c)). We now appeal to the recursion
g(d,T-t)+g(d-1,T-t)<g(d,T-t+1)

where g(d, T —t) is the size of the zero cover for a class with Littlestone’s dimension d on the
worst-case tree of depth 7" — ¢ (see [15]). This completes the proof of admissibility.

Alternative Method Let us now derive the algorithm. Once again, consider the optimization
problem

max E |4 - yi| + Relp (F|(2, 3
yte{il}{@twq:yt yt| T( |( y))}

with the relaxation

Relr (.7:|(xt’ yt)) - ilog( Z% g(Ldim(F: (o)), T —t) exp {—)\Lt(o)}) + %(T -1)
oeF| ¢

The maximum can be written explicitly, as in Section 3:

max{l—q:+ilog( Z Q(Ldim(}—t(U»Ut))»T—t)eXP{—)\Lt1(0)}6XP{_>\(1—0t)})1
(O',O't)Eflmt

1+q + llog Z g(Ldim(Fi(o,0¢)), T —t)exp{-ALi—1(0) }exp {-A(1 + 0¢)}
A (0,00)eF| ¢
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where we have dropped the £ (T t) term from both sides. Equating the two values, we obtain

) L Y(o.o)er], 9(Ldim(Fi(o,0¢)), T - t) exp{-ALi-1(0) } exp {-A(1 - o)}
qy = 7 10g

AT ooyer,, 9(Ldim(Fe(o,0¢)), T - t) exp {-ALi-1(0) } exp {-A(1 + o)}
The resulting value becomes

1+ f(T t)+21/\log{ > g(Ldim(}'t(mot)),T—t)exp{—)\Lt_1(0)}exp{—)\(1—Ut)}}
(0,0¢)eF] ¢

+ 21)\10g{ > gLdim(F(0,04)),T - t) exp{-AL;—1 (o)} exp {-A(1 +0’t)}}
(0,00)eF| ¢t

1+ 2o+ LR, log{ S g(Ldim(Fi(0,00)), T~ t) exp {-ALe_1 ()} exp {-A(1 - eat)}}
2 A (0,0¢)eF|t

<1+ ;\(T—t)Jrilog{ > g(Ldim(}'t(a,Ut)),T—t)exp{—)\Lt_l(U)}IEeexp{—)\(l—eat)}}
(0,01)eF |t

for a Rademacher random variable € € {+1}. Now,

2
Ecexp {-A(1 - e0y)} = e "Bt < e et /2
Substituting this into the above expression, we obtain an upper bound of

;\(T—t+1)+ilog{ > g(Ldim(]—}(a,at)),T—t)exp{—ALt_l(a)}}

(0,0¢)eF|,t

which completes the proof of admissibility using the same combinatorial argument as in the earlier
part of the proof.

Arriving at the Relaxation Finally, we show that the relaxation we use arises naturally as an
upper bound on the sequential Rademacher complexity. Fix a tree x. Let o € {+1}!~! be a sequence

of signs. Observe that given history z* = (x1,...,7;), the signs € € {+1}7~, and a tree x, the
function class F takes on only a finite number of possible values (o, 0, w) on (z*,x(€)). Here,
x(€) denotes the sequences of values along the path e. We have,

T-t t
SupE. sup{a S e f(xi(€) = 3 1f (1) - yi|}
x rer | i3 )

=supE. max max 2 Z €W — Z lo; = il
x ore{x1} (0,w):(0,04,w)eF| (4t (o))

=1
< ]E 2 i Vi 1 Yt
T petal) oo e, tvevulgii}it)x){ Zl vile) - Z|J . }

where F| (¢ x(e)) is the projection of F onto (z*,x(¢)), F(o,0¢) = {f e F: f(z') = (0,04)},

and V(F(o,0¢),%) is the zero-cover of the set F (o, 0;) on the tree x. We then have the following
relaxation:

1 T-t

X log (sup E. Z Z Z exp {2)\ Z evi(e) = ALi(o, Ut)})
x ore{x1} 0:(0,0¢)eF|,t veV (F(0,0¢),%x) i=1

where L;(0,0;) = Yi_; |o; — y4|- The latter quantity can be factorized:

ilog (sup Z Z exp {-ALi(0,04) } E, Z exp{QATz_:t eivi(e)})

X oie{xl} o:(0,0¢)eF] ¢ veV (F(o,01),x) i=1

< llog (sup > > exp{-AL(0,0.)} card(V(F(0,0¢),%)) exp {2)\2(T—t)})
A X ore{xl} o:(0,0¢)eF] ¢
1 .
< )\log( > exp{-Aot -y} > g(Ldim(F(o,04)),T 1) eXp{—)\Lt_l(O')}) +2XMT -1) .
ope{£l} 0:(0,01)eF] ;e
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This concludes the derivation of the relaxation.

O

Proof of Lemma 6. We first exhibit the proof for the convex loss case. To show admissibility using
the particular randomized strategy ¢; given in the lemma, we need to show that

sup {fE [¢(f,x)] + Rely (Flzy, .. ., a:t)} <Relr (Flzy,...,2-1)
Tt J~qt

The strategy q; proposed by the lemma is such that we first draw x¢.1,...,x7 ~ D and €41, ... €7
Rademacher random variables, and then based on this sample pick f; = fi(x11:7, €41.7) asin (17).
Hence,

sup{ E [4(f,z¢)] + Relr (Flzq,... ,:rt)}

ze \f~aqu

—sup{ E ((fn,x)+ E sup|C z &l(f.x:) - Lu(f)
2 coarserl i

< E sup{f(ft,x)Jrsup[C > oel(f, i) - Lt(f)]}

€
ST Fl it
Tt4+1:T

where L;(f) = ¥.t_, £(f,x;). Observe that our strategy “matched the randomness” arising from the
relaxation! Now, with f; defined as

T
f¢ = argmin sup {E(g,xt)+sup|:0 > 6if(f7$i)—Lt(f):|}

geF  x1eX feF i=t+1

for any given z¢,1.7, €441:7, We have

i=t+1 geF x¢ i=t+1

] ‘
sup{f(ft,xmiup[c S el(fomi) - Lt<f>]}- mfsup{f(g,xm;up OS> et(fian) - Lo(h) }

We can conclude that for this choice of ¢,

Ty ~ €t+1:T geF x
t \f~aqe T g t i=t+1

sup{ E [¢(f,z:)] +Relr (]—'|a:1,...,xt)}< E 1nfsup{£(g,xt)+bup C Z el(f,x;) - Lt(f)
feF

R/—/

= E inf sup E [ﬁ(g,xt)-kiup[c Z el(f,xi) - Lt(f)“

6t+1qu]-'ptEA(X)It~pt Pt

T+

T
= E sup inf {xF:p[é(g,xt)]+ E [supC’ > eié(f,xi)—Lt(f)]}

ii*i?peA(X) geF ze~p LfeF  i=t+1
In the last step we appealed to the minimax theorem which holds as loss is convex in g and F is a
compact convex set and the term in the expectation is linear in p,, as it is an expectation. The last
expression can be written as

E sup Eﬂfwl)bup[c Y, el(f,x) = Lia(f) +inf E [0(g,2:)] - E(faﬂft)]
€1+1TP€A(X) feF i=t+1 geF xi~p

< E  sup Emt~psup|:0 > oel(fiw) - Lo (f)+ E [E(f,xt)]—ﬁ(f,xt)]

ST peA(X) feF L i=t+1 Tg~p

Tt

< E E,.pE, sup[C’ Z el(f,x;)— Ly 1(f)+C’et€(f,xt)]
feF

€t+1:T
1=t+1
Tt4+1:T t

= RelT (.7:|.’171,...,$t_1)
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Last inequality is by Assumption 1, using which we can replace a draw from supremum over distri-
butions by a draw from the “equivalently bad” fixed distribution D by suffering an extra factor of C'
multiplied to that random instance.

The key step where we needed convexity was to use minimax theorem to swap infimum and supre-
mum inside the expectation. In general the minimax theorem need not hold. In the non-convex
scenario this is the reason we add the extra randomization through ¢;. The non-convex case has
a similar proof except that we have expectation w.r.t. ¢, extra on each round which essentially
convexifies our loss and thus allows us to appeal to the minimax theorem. [

Proof of Lemma 7. Let w € RN be arbitrary. We need to show

max [E. max |w; + 2ex;] < E Emax |w; + Cex; (34)
ze{£1}V €[N z~D € 1€[N]
Let ¢* = argmax |w;| and j* = argmax |w;| be the coordinates with largest and second-largest

K3 (e A
magnitude. If |w;«| — |w;+| > 4, the statement is immediate as the top coordinate stays at the top. It
remains to consider the case when |w;«| — |w;| < 4. In this case first note that,
max E. max|wl + 2em;| < wr| + 2
ze{£1}N €[

On the other hand, since the distribution we consider is symmetric, with probability 1/2 its sign
is negative and with remaining probability positive. Define o+ = sign(z;+), oj+ = sign(z;»),
T;+ = sign(w;+), and 7j+ = sign(w,~). Since each coordinate is drawn i.i.d., using conditional
expectations we have,

E, e max|w; + Cex;| = E; max |w; + Cxy
1 3

Em [|’IUZ* +C.’E7;*| | O* = Ti*] . E$ [|wj* +C£L’j*‘ | Oix F TixyOjx = Tj*] + EH’LU,L* +C.Ti*| | Oix F Tix,Ojx F Tj*]

2 4 4
E, [lwie] + Clzie| |0 = 7ir] | By [ i # Ty, 04 = Tjr] | EfJwie| - Clais| | 03 # Tir, 050 # 73]

B 2 4 4
_ Effwir + Clzie| |03 = 7] | E[fwje| + Claje|[ 0 = 7j+] | E[Jwir| - Clair| | 0ir # 7]

2 4 4
_ |wis| + CE [|23«| | o4 = Tix ] . |wj<| + CE[|xj«| | oj+ =Tj+] . |wis| = CE[|zs<| | 4 # Tix]

2 4 4
_ 2|'LU1*| + |U)j*| +3CE [|£L’Z*| | T+ =Ti*:| |’LU1*| -CE [|177* O * T,j*]
- 1 ’ 1
 Blwge | + [wye | + 2CE [Jz+] | 03¢ = 73]

4

Now since we are in the case when |w;«| — |w;+| < 4 we see that
3|U)Z'>e| + |’LUJ*| +2CE [|.’I,'7I*| | O = Ti*] S 4.|U),L*| +2CE [|1’1*| | O = Ti*] -4
4 - 4

E, e max|w; +Cez;| >
1

On the other hand, as we already argued,

max_ E. max|wz +2em;| < |wir| + 2
ze{£1}N

Hence, as long as
E[|$i*| | Ox = Ti*] -2

>2
2

or, in other words, as long as
C > 6/E[|z| | sign(z;) = sign(w;)] = 6/E[|z]] ,
xr

we have that

max [E, max lw; + 2ex;| < By Emax|wZ + Cexy| .
xe{£1}N €[N

This concludes the proof. O
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Lemma 13. Consider the case when X is the ¢ ball and F is the (Y unit ball. Let f* =

argmin (f, R), then for any random vector R,
feF

E sup{(f*yw)+|R+x|w}]SE[infsup{(f,ﬂfH|R+m|m}]+4P(|R|W£4)
R | xeX R| feF =

Proof. Let f* = argmin (f, R). We start by noting that for any f’ € F,
feF

sup{(f',2)+ |R+al_) - sup{(f’,m) +sup<f,R+x>}
reX reX feF

=supsup {(f',z)+ (f,R+z)}
feF xeX

~sup {sup (' + o)+, R>}

feF \zeX

=sup {|[f"+ fl, + (/. R)}
feF

Hence note that

inf sup {(f',2) + [R+2|} = inf sup {[f"+ fl, + (f. R)} (35)
fleF xzeX f'eF feF
> inf {[f" = " - (f" R)} 2 inf {[|f" - £+ [ Rl.} = IRl
fleF fleF
(36)

On the other hand note that, f* is the vertex of the ¢; ball (any one which given by argmin |R[7]|

ie[d
with sign opposite as sign of R[] on that vertex). Since the ¢; ball is the convex hull of the 2d
vertices, any vector f € F can be written as f = ah — Sf* some h € F such that |h||; = 1 and
(h, R) = 0 (which means that % is 0 on the maximal co-ordinate of R specified by f*) and for some
Be[-1,1], € [0,1] s.t. |ah—Bf*|; < 1. Further note that the constraint on «, 3 imposed by
requiring that |ah — 8f*|; <1 can be written as a + | 5] < 1. Hence,

sup {(f*,z) + |R+ x|} =sup {[ /" + fl, + {f, R)}
zreX feF

= sup  sup sup {I(L=8)f" +ahl, + B(f",R) + a(h, R)}
ac[0.1] hif*, |l =1 Be[-1.1]. -], <1

= sup  sup sup {1 =Bl +elhly +B1R]o )
ac[0.1] hif*, |l =1 Be[-11].[ah-Bf ], <1

= sup sup  {[1-fl+a+ B[R]}

ael0,1] Be[-1,1]:|Bl+a<1

< sup {1-8|+1-|8]+B|R|}

Be[-1,1]

< sup {21-8|+8|R|.}
Be[-1,1]

= sup {21-B|+F|R|.}
Be{-1,1}

=max {|R|.,4-|R|.}
<|R|.+41{|R|, <4}

Hence combining with equation 35 we can conclude that
B [sup (47", o) | S [ s (41,01 |+ )| 4 E 01 (11 < )
RL z RlfeF = R

=E[inf sup {(f. ) + |R+x|m}] c4P (R <4)
R fe]-' x
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Proof of Lemma 8. On any round ¢, the algorithm draws €1, ...,er and T4, ..., 27 ~ DV and
plays

ft:argmln (f,Z:cl C Z x1>

i=t+1
‘We shall show that this randomized algorlthm is (almost) admissible w.r.t. the relaxation (with some
small additional term at each step). We define the relaxation as

Z z; - C Z T;
Proceeding just as in the proof of Lemma 6 note that, for our randomized strategy,
Z v, +x-C Z T;

i=t+1
sup {fE [(f,z)] + Relr (Flzq,. .. ,xt)}
~qt
1=t+1 00:|}

b

In view of Lemma 13 (w1th R= Zl 1z —C ZiTt+1 €;x;) we conclude that

s [afunor ]
Ti41,..,2T7 | TEX
}] +4p(

< E [mfsup{ sz C Z T;+x
Tirl,en@r | feF @

Rely (Flzy,...,2) = E [

Tit1,...x7~D

I |

z  \@pp7~DN xep1.7~DN

Z.’El+.’IJ C Z xT;

i=t+1

N

¢y ~DN

-C Z T+ T

1=t+1

sz Cle

i=t+1 i=t+1

=

= E [sup{ fi,x) C’le+x }]+4P( Csz £4)
T4l XT x i=t+1 i=t+1
where
fi = argmin sup{ -C Z T+ }
feF T i=t+1

Combining with Equation (37) we conclude that

sup {fINE [{(f,z)] + Relr (Flxq,. .. ,xt)}

€T

< E [sup{ft, CZ$Z+SC }]+4P( Cle )
Tt41s--0XT x i=t+1 1=t+1
Now, since
T T
( sz C Z T; 34)£4P(C Z T; 34)£4Pym,__47yTND (C’ Z Yi S4)
1=t+1 1=t+1 o i=t+1
we have
| B [(1.0))+ Rely <f|z1,...,xt>} (38)
z ~qt
T
< E [sup{ i, x) -C Z T;+T }:|+4ny,+1,...,yT~D (C Z Yi £4)
Ttt4lyee, T x 1=t+1 1=t+1

(39)

In view of Lemma 7, Assumption 2 is satisfied by DV with constant C. Further in the proof of
Lemma 6 we already showed that whenever Assumption 2 is satisfied, the randomized strategy
specified by f; is admissible. More speciﬁcally we showed that

E [sup{ fi,x) sz C Z T+
Tip1,e0@T | T

i=t+1

}] <Relr (Flzy,...,24-1)
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and so using this in Equation (38) we conclude that for the randomized strategy in the statement of
the lemma,

sup{f]E [(f,z)] + Rely (Flz, ... ,xt)}

z ~qt

T
Zyi

i=t+1

< RelT (F|J,‘1, .. .,xt_l) +4 Pth.__,yTND (C

.

Or in other words the randomized strategy proposed is admissible with an additional additive factor

of 4 Py,,,  ...yr~D (C’ |Zz;t+1 yz| < 4) at each time step ¢. Hence by Proposition 1 we have that for
the randomized algorithm specified in the lemma,
<)

T
:| +4 Pyt+17-~7yT"‘D (C
0o t=1

T
Zyi

i=t+1

T
E[Reg;] < Relr (F) 43 Py o (c
t=1

T
Zyi

i=t+1

<« =& |

T1,...,xp~DN

T
Z Tt < 4)
t=1

This concludes the proof. O

Proof of Lemma 9. Instead of using C' = 41/2 and drawing uniformly from surface of unit sphere
we can equivalently think of the constant as being 1 and drawing uniformly from surface of sphere

of radius 4\/2. Let |-| stand for the Euclidean norm. To prove (19), first observe that

w+ E [z] -2y
z~p

<supE |w + 2ez (40)
reX €

sup E
PEA(X) Ti~p

for any w € B. Further, using Jensen’s inequality

supE |w + 2ex| < sup [E |w + 2ex|® <sup | [|w]® + E|2ez|* = \/|w|* + 4
reX € reX € xeX €

To prove the lemma, it is then enough to show that for r = 41/2

Eopop |lw+rz| >/ |w]?+4 (41)

for any w, where we omitted e since D is symmetric. This fact can be proved with the following
geometric argument.

We define quadruplets (w + 21, w + 22, w — 21, w — 22) of points on the sphere of radius r. Each
quadruplets will have the property that

|wtz] + w2z + w =z +[w=z|
1 >

for any w. We then argue that the uniform distribution can be decomposed into these quadruplets
such that each point on the sphere occurs in only one quadruplet (except for a measure zero set when
z1 is aligned with —w), thus concluding that (41) holds true.

Jw|? +4 (42)

Figure 1: The two-dimensional construction for the proof of Lemma 9.
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Pick any direction w* perpendicular to w. A quadruplet is defined by perpendicular vectors z; and
z9 which have length 7 and which lie in the plane spanned by w, w*. Let 6 be the angle between
—w and z;. Since we are now dealing with a two dimensional plane spanned by w and w*, we may
as well assume that w is aligned with the positive z-axis, as in Figure 1. We write w for
coordinates of the quadruplet are

(w-rcos(0),rsin(0)), (w+rcos(0),—rsin(f)), (w+rsin(f),rcos(d)), (w-rsin(f),-rcos(h))
For brevity, let s = sin(6), ¢ = cos(é). The desired inequality (42) then reads

Vw? = 8we + 12 + Vw? + 8we + 12 + Vw? + 8ws + 12 + Vw2 — 8ws + 12 > 4V w? + 4

To prove that this inequality holds, we square both sides, keeping in mind that the terms are non-

negative. The sum of four squares on the left hand side gives 4w? + 47’ For the six cross terms, we

can pass to a lower bound by replacing 2 in each square root by 2¢? or 252, whichever completes

the square. Then observe that
lw +7s|-|w—7rs| + |w+rc| - |w - rc| = 2w? - r?
while the other four cross terms
(jw+7s|-|w=rc| +|w+7rs|- |w+7re]) + (jw =78 - |w +re| + |w = 78| - |w = 7¢|]) > |w + 78| - 2w + |w = 75| - 2w > 4w

Doubling the cross terms gives a contribution of 2(6w? — r2), while the sum of squares yielded
4w? + 4r?. The desired inequality is satisfied as long as 16w? +2r% > 16(w? + 4), or r > 40/2.

O

Proof of Lemma 10. By Lemma 9, Assumption 2 is satisfied by distribution D with constant C' =
44/2. Hence by Lemma 7 we can conclude that for the randomized algorithm which at round ¢
freshly draws 441, ...,27 ~ D and picks

)

(we dropped the €’s as the distribution is symmetric to start with) the expected regret is bounded as
Z Tt ] <4V2T
2
We claim that the strategy specified in the lemma that chooses
~ Y @+ VIS
\/”_ Sl gy + VIR ]+ 1

is the same as choosing f;". To see this let us start by defining

—sz+4\/_ Z Ti— T

i=t+1

fi = argmin sup )+
feF  xeX

T1,...,x7~D

E[Regr]<4vV2 E [

Ty=— Zx1+4\/_2x,

1=t+1

Now note that

—le+4\/_ Z T;i—T

i=t+1

)

fi = argmin sup )+
feF  zeX

= argmin sup {(f, ) + |7, - wl\z}
feF  xeX

= argmin sup{(f,x) +\/ || - ng}

feF  xeX

—argmin sup {(f.2) +V/Jau” -2 (@1.2) + 13

feF  mfz|,<1

= argmin sup {(f,x)-i—\/Hi’tHQ_Q(i't,ZE)-ﬁ-]_}

feF  wfz|,=1
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However this argmin calculation is identical to the one in the proof of Proposition 4 (with C' = 1 and
T —t = 0) and the solution is given by

-Yi %xl+4\/_zz t+1 Li
\/H— i AVEET e + 1

Thus we conclude the proof. O

Proof of Lemma 11. We shall start by showing that the relaxation is admissible for the game where
we pick prediction g, and the adversary then directly picks the gradient 9¢(gy, y;). To this end note
that

inf sup  {00(Gs,y:) - 9 + Rely (FlOG1,y1),---,00(Gi,y:))}
Gt 35(?3’“%)

=inf sup {8€(yt,yt) yt+E[sup2L Z 6 f[t] Z@E(yz,yz) flé ]]}

Ut af(@tyyt) € | feF 1=t+1
T
<inf sup {rt g + B [sup2L Z € f[t] - Lioi(f) —1re- f[t]]}
Gt ree[-L,L] € L feF i=t+1

Let us use the notation L;_1(f) = X'21 d4(3s,:) - f[i] for the present proof. The supremum over
ry € [-L, L] is achieved at the endpoints since the expression is convex in r;. Therefore, the last
expression is equal to

T
inf  sup {Tt'ﬂt+EeSUP[2L > Eif[t]—Lt1(f)—Tt'f[t]]}

gt rie{-L,L} feF i=t+1

= inf sup E |:7't 9 + E. sup [QL > e f[t] Ltl(f)—rt-f[t]]]

9t preA({-L,L}) Te~Pt feF i=t+1
= sup inf E [rt ¢ + Ecsup [QL > ef[t] - Liea(f) —?"t'f[t]“
pteA({-L,L}) Gt Tt~Pt feF i=t+1
where the last step is due to the minimax theorem. The last quantity is equal to

sup E[ E [inf E [n]-@t+sup(2L > Qf[t]‘L“(f)_”'f[t])H

pieA({-L,L}) € LT¢~pt L §¢ Tt~Dt feF i=t+1

< sup E[ E [sup(QL i € f[t] - Lii(f)+( E [Tt]—Tt)‘f[t])H

pieA({-L,L}) € [re~pt | feF i=t+1 Te~pt

T
< sup E [Essup[ﬂL Z eif[t]—Lt_l(f)+(r,'5—rt)-f[t]“

pteA({~L,L}) r¢,r;~pt feF i=t+1
T
= sup E [EE sup |:2L Z EZf[t] _Lt—l(f) +€t(r2 _Tt)f[t]:H
pteA({=L,L}) m¢,7 ~p+ feF i=t+1

By passing to the worst-case choice of r;,7; (which is achieved at the endpoints because of convex-
ity), we obtain a further upper bound

r T
sup  Ecsup|2L )’ eif[t]—Lt_l(f)+et(r£—rt)-f[t]]
r¢,rye{L,~L} feF L i=t+1

T
< sup Ecsup|2L Z € f[t] = Lio1(f) + 2€4my - f[t]]
rie{L,~-L} feF L i=t+1

T
= sup Ecsup|2L) e f[t] - Ltl(f)]
ree{L-Ly  feF|l iz

= RelT (~7:|a€(@1791)7 v 765(%—17%—1))
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Thus we see that the relaxation is admissible. Now the corresponding prediction is given by

T t-1
Uy = argmin  sup : {rtgj + I([:: [Sup {QL Z e fli] - Z oU(Ji,yi) fli] - th[t]}]}

] ree[-L,L feF i=t+1

=argmin  sup ]{rty+16E[sup{2L i ef Z@ﬁ(y“yz) [i] —reft ]}]}

] ree[-L,L feF i=t+1

g rie{-L,L} feF 1=t+1

The last step holds because of convexity of the term inside the supremum over 7 is convex in r; and
so the suprema is attained at the endpoints of the interval. The g; above is attained when both terms
of the supremum are equalized, that is for g is the prediction that satisfies :

=B [sup{ 3 arli- 5p Dot 71} -sup| 3 sl 3 Rttt - 510

feF li=t+1 feF li=t+1

Finally since the relaxation is admissible we can conclude that the regret of the algorithm is bounded
as

T
Regr <Relr (F)=2L E |:sup > etf[t]] .
e | feF ¢=1
This concludes the proof. O

Proof of Lemma 12. The proof is similar to that of Lemma 11, with a few more twists. We want to
establish admissibility of the relaxation given in (21) w.r.t. the randomized strategy q; we provided.
To this end note that

sup{ E [E(yt,yt)]+E|:sup{2L Z e f[i] Lt(f)}]}

Yt Ge~qt € eF i=t+1

:sup{6 [£(9:(¢), yt)]+}E|:sup{2L Z €[] Lt(f)}]}

Yt € eF i=t+1
<n«:[sup{e<yt<e> yt)+5“p{2L S e f[] Lt(f)}}]
€ feF i=t+1

by Jensen’s inequality, with the usual notation L;(f) = X¢_, £(f[i],y:). Further, by convexity of
the loss, we may pass to the upper bound

E[sup{aé(yxe) yt)yt<e>+§up{2L S e f[] Lt_1<f>—az(yt(exyt)f[t]}}]

SIGE[s;p{EE [r¢ - yt(G)]"'iu}_p{QL Zléz =L (f) - ]E[Tt flt ]]}}]

where r; is a {+L}-valued random variable with the mean 94(¢;(¢), y:). With the help of Jensen’s
inequality, and passing to the worst-case r; (observe that this is legal for any given €), we have an
upper bound

E{sup{ E  [rea(o]l+ E [SUP{QLieif[i]_Lt1(f)_”'f[t]}]}l

el Yt | 7re~0L(Ge(e),ys) re~0L(Ge(€),yt) LfeF i=t+1
T
sE[ sup {n-yt<e)+sup{2L 5 eifm—Lt_l(f)—n-f[t]}}] @3)
€ Lrie{+L} feF i=t+1

Now the strategy we defined is

gt(€) = argmin  sup {Tt yt(e)+sup{2L Z eif[i] Ze(f )= Tt- f[t]}}

Gt ree{xL} i=t+1
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which can be re-written as

yxe):(sup{i ifli) - = Lea(h) + 1t J}—sup{i ifli) - = Lea(h) - 11t J})

feF li=t+1 i=t+1

By this choice of g;(¢€), plugging back in Equation (43) we see that
Sup{ E [f(yt,yt)]HE[SUp{M >, efli] Lt(f)}]}

Yt Je~qt € eF 1=t+1
<E[ sup {rt-gjt(e)+sup{2L Z ezf[%] —Ltl(f)—rt'f[t]}}]
€ Lrie{«L} feF i=t+1

=E|inf sup {Tt'QtJrSUp{QL i Eif[i]—Ltl(f)—Tt'f[t]}}]

€ L 9¢ ree{£L} feF i=t+1

=E[inf sup E,.p, {rt 9 + sup {QL Z € fli] — Li-1(f) —rt-f[t]}}]

€ | 9t preA({zxL}) feF i=t+1
The expression inside the supremum is linear in p,, as it is an expectation. Also note that the term

is convex in §;, and the domain §; € [~supcx |f[t]],5up ez | f[t]|] is a bounded interval (hence,
compact). We conclude that we can use the minimax theorem, yielding

E[ sup inf E |:7't - ¢ + sup {QL i € fli] = Lioa(f) =1 f[ﬂ}:”

€ LpteA({xL}) §¢ Te~pt feF i=t+1

i T
=E| sup {inf E [re-9:]+ E [SUP{QL > Eifm—Lt—l(f)—rt‘f[t]}]}]

€ LpeeA({£L}) \ §¢ Te~pr re~pe | feF i=t+1

i T
=K sup { E [sup{inf E [ry-g:]+2L > eif[z']—Lt_l(f)—rt-f[t]}]}]

€ L pteA({£L}) \re~pe L feF | §¢ re~pr i=t+1

[ T
<E| s {E [p{ E [r Sl +20 Y eif[i]—Lt-l(f)—n-f[t]}]}]
€ | preA({£L}) \re~pt | feF \re~pe ietrl

In the last step, we replaced the infimum over ¢; with f[t], only increasing the quantity. Introducing
an i.i.d. copy r; of 14,

T
:]E[ sup { E [sup{2L Z eif[i]—Lt_l(f)-k( E [rt]—rt)j[t]}]}:l
€ LpteA({=L}) \re~pe | feF i=t+1 Tt~Pt

sE[ up { E [sup{%iez-f[i]—Lt—l(f)+(ri—?"t)~f[t]}]}]

€ | preA({£L}) | re,ri~pe LfeF i=t+1
Introducing the random sign ¢; and passing to the supremum over 7, 7, yields the upper bound

T
n«:[ sup {Ert,T;,NptE[sup{zL 5 eifm—LH(f)+(r;—m-f[t]}]}]

€ LpieA({£L}) € LfeF i=t+1

[sup {2L S efli] - Lea(f) e (1) f[t]}m

<E sup
feF i=t+1

€| ry,rie{£L} \€t

(e
SHE[ sup {E[SHP{L >, <ifli] "Lt W) e f[t]}m

re,rpe{+L} feF i=t+1

€ | rerje{L} (et LfeF i=t+1

+El sup {E[sup{L ET: fz‘fm_;Ltﬂf%etrt.f[t]””

In the above we split the term in the supremum as the sum of two terms one involving 7; and other
7} (other terms are equally split by dividing by 2), yielding

E[ sup {E[sup{QL i &if[i] - Lio(f) +2 e rt-f[t]}]}]

€ Lree{+L} \et | feF i=t+1
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The above step used the fact that the first term only involved 7} and second only 7; and further ¢,
and —¢; have the same distribution. Now finally noting that irrespective of whether r; in the above
supremum is L or —L, since it is multiplied by €; we obtain an upper bound

T
E [SUP {2L >eifli]- Lt—l(f)}]
€ | feF i=t

We conclude that the relaxation

T
Relr (P <E[sup {21 37 efli)- 1)
€ L feF i=t+1
is admissible and further the randomized strategy where on each round we first draw €’s and then set

X Z 41 1 z L1 1
0= (s { ¥ arti- 3y 2ea( s 300} -sup{ 8 st nan - i)

feF li=t+1 feF li=t+1

: z o1 1 , I L1 1
- (mf { S efli]+ L () + f[t]} inf { S eifli]+ = Loa () - fm})
feF U i=t+1 2L 2 feF U i=t+1 2L 2
is an admissible strategy. Hence, the expected regret under the strategy is bounded as
T
E[Reg;] <Relr (F)=2L E [Sup e f[i]]
€ | feFi=1

which concludes the proof. O
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