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A Loss Functions and Risk Minimization in a General Supervised Learning
Setting

In this section we give a broader discussion on the minimization of the expected risk induced by a
loss function. We consider a general setting and introduce minimal assumptions on the loss function
allowing to exploit results from convex analysis and variational calculus for integral functionals [3].
Our approach follows the ideas in [[12] and can be contrasted on the usual approach based on the
study of the inner risk see [2} [13} 9} [15, 14} [11]] and in particular Section 3.1 in [[10]. We refer to
appendix (D) for basic convex analysis tools used throughout this section.

A.1 A General Supervised Learning setting

Let (X,Y’) be two random variables with values in a measurable space X’ and a Polish space ),
respectively. We denote by p the law of (X,Y) on Z = X x ), by px, the law of X on X. For any
measurable function g, we have

/M(Z)g(Z) = /u(x,y)g(:ryy) = /dpx(w)/dpy(x)g(%y),

where p, (x) defines a measure on ) for almost all z € X, see Lemma A.3.16 in [10].

Let (G, (-, ")), be a separable Hilbert space. We introduce some function spaces naturally associated
to this setting. For p € [1, oof, let

LP(X, px) = {f ;X 5G] fll,, = ( / ||f($)||pdpx(x)> "< oo} ,

and || f||, = | fll, 5 for f € L*(X, dpx). Similarly, let

LP(Z,dp) = {f P2 =Gl = (/Hg(ﬂc,y)pdu(w,y))p < 00},

and || f]l,, = I fll,..» for f € L*(Z, dp).
Consider the embedding j : LP(X, px) — LP(Z, u) defined by
GN) = f(x), for almost all (z,y) € Z,
and f € LP(X,dp). Clearly j is linear and bounded by one. For g €]1, o], such that % + % =1,

let 5* : LY(Z, u) — L1(X, px) be the adjoint of j. A version of the Riesz representation theorem
ensures that

(J g)(x) = /dpy(x)g(:v,y), for almost all = € X,

and g € LY(Z,du) (see Theorem 4.11-4.14 in [3]] for the case G = R and Theorem 2.3 in [7] for
general G).



A.2  General Nemitski Loss Functions
The class of loss functions we consider has been proposed in [12] for G = R and further used in

[10]. Here we consider the extension to the case of G being a Hilbert space, the only difference
being that continuity is no longer implied by convexity and needs to be separately assumed.

Definition 1 (Nemitski Loss Function). Given p € [1,+00|, a measurable function V : Y x G —
[0, +o00[ such that

1. forally € Y the function V (y, -) is convex and continuous on G;
2. there are b € [0, +oo[and a : Y — [0, +00] such that
V(y,w) <aly)+b|wl” YwegG, yey (1)
[awiute.y) <+, @

is called a Nemitski p-loss function with respect to .
Loss functions satisfying the above conditions include the following classes.

1. Let C': Y — G, be a measurable map, such that
JICWIE dutary) < +oc,

then V (y, w) = ||C(y) — w|)* is Nemitski 2-loss function with respect to .
2. Let V(y, -) be Lipschitz on G with a Lipschitz constant independent of y and

/V(y,O)du(x,y) < +00,

then V' is Nemitski 1-loss function with respect to .

A.3 Risk Minimization

Given a loss function, the corresponding expected risk is defined by,

E(f) = / V(y, /(2))du(z,y).

The following theorem characterizes the properties of the expected risk defined by a Nemitski loss
function and provides an explicit expression for its subdifferential.

Theorem 1. Let V : Y x G — R™T, be a p-Nemitski loss function with respect to p. Then,

o the expected risk € : LP(X, px) — RY is a well defined, convex continuous functional.

e Moreover v € (0E)(f) if and only if

o) = [ doy(@yulzy) ®
for almost all x € X, where u(x,y) € (OV)(y, f(x)), for almost all (x,y) € X x Y.

Proof. LetV : Z x G — R¥ be such that V(z,w) = V(y,w), with w € G, then the functional

E: LP(Z, ) — RT defined by

E(g) = / dp(2)V (2, 9(2))

is the Nemitski functional associated to V and from Proposition [2] it is a well defined convex and
continuous. Moreover we have £ = £oj so that the expected risk is a well defined convex continuous



functional in LP (X, px) since it is a composition of a convex continuous functional and a linear map.
Then, from Proposition (T]) Item 6,

QE)(f) ={v € LU(X, px) | v(x) = (j"u)(2),u € (9E)(5.f)}-

and from Proposition (3) we have

(0€)(9) = {u € LUZ, ) | u(z) € (OV)(z,9(2))}

for g € LP(Z, p), so that follows combinining the above results and using the definition of
J- O

A.4 Special Cases

The above setting is general enough to recover a number of different scenarios. The standard regres-
sion setting is given by ) = G = R, while more generally vector -valued and functional regression
setting correspond to ) = G where is a Euclidean and a Hilbert space respectively. More generally
the case where we have general ) and G a Hilbert space can be related to structured learning where
G can be seen as the RKHS induced by reproducing kernel Ky : Y x Y — R. Binary classification
case corresponds to Y = {+1} and G = R. More generally multi-category classification in the

simplex coding framework corresponds to Y = {1, T }, T>2G=RT1andin particular we
have
v € (OE)(f) = v(z) = Z py(x)u(z,y), 4)
yey

for almost all z € X, where u(x,y) € (OV)(y, f(x)) for almost all (z,y) € Z.

B Relaxation Error Analysis

In this section we study the properties of the loss function we introduced in the paper and quan-
tify their relaxation error in terms of Fisher consistency and comparison inequalities. We let

1 .
DX, px) = (f + X = BT | [fl,, = (S 1@ dpx(x))? < oo}, withp € N and
£, = IIfll, 2 for f € L*(X, px). Given a function f € LP(X,dpx), with some abuse of nota-

tion, we will denote by D( f) the function with values D(f(x)), for almost all z € X". In this section
we use the tools introduced in (A).

B.1 Simplex Square Loss

Theorem 2. The expected risk of the the simplex square loss is a convex, continuous functional
E:L*(X,px) — RT.

1. The minimizer of the expected risk on L?(X,px) is the regression function folz) =
Elcy|X = ] and the square loss is Fisher consistent.

2. Moreover for any f € L*(X, px) we have the following comparison inequality,

RO - RO < 2D ) - £, ®

Proof of theorem[2] Let f,(x) = E[cy|X = z] for almost all z € X, then by definition of the
simplex coding

1o @)* < Ellley | 1X =] =Y lley|* py(a) = 1,
yeyY

so that £, is almost surely bounded and belongs to L2(X, p ). Moreover,
E(fo) =B(IY = £,(X)I*) <Elllex ] = 112 < 1,
and, for f € L2(X, px),
E) =EY = FOONI”] =B = f,) + (f(X) = FON] = If = Fol +E(Fo),  (6)



since

_QE[<Y_fpvfp_f> = /dPX <chpy (@), fo(x) — f(x))> =0.

yey
Then the expected risk induced by the square loss is a Nemitski functional on L2 (X', px), since it is
convex and ||c, — f(2)|]? < 2(1 +||f(z)]|?), forall f € L*(X, px).

Then, using (@) we have that, since the square loss is differentiable, in this case there is a unique

u(z,y) € (OV)(y, f(x)) given by u(x,y) = V ||y — f(z)|| = 2(cy — f(z)) and setting the (sub)
gradient to be almost surely zero we have

0= py(@)2c, — f(z)) = f(2) = Y py(a)e,

yey yey
almost surely, where u(x,y) € (OV)(y, f(z)).

Moreover, since f,,(z) = >_, 5, cypy() then

1 T -1
(Fol), ey Z py () (cyr, cy) = py(T) — ﬁ(l —py(x)) = %
y' ey
so that _ ,
py(x) = T<fp(x)70y>+?,Vy€y. (7

Fisher consistency easily follows from the definition of the decoding map D.

We next derive the comparison inequality (3). We begin noting that by definition,

/dpx )Y Wy p(p (o) () /dpx py(w):/Xde(I)(l_pD(f(x))(x)))

yeY y#D(f(z))
so that

R(D(f))-R(D(f,)) = / (PD(1, () () = PD(f()) (@) dpx (z) = /X (PD(1, () () = PD(f(2)) (@) dpx (2)

1
®)
where Xy = {z € X | D(f(x)) # D(f,(x))}. Moreover using equation (7)) we can write,

R(D(f)) — R(D(f,)) = % . (eD(s,(2)) = CD(f(@))s Folx)) dpx ()

T _
= 7 ! ({(en(t, (@) = CD(f(2))» fo(@) — f(2)) dpx ()
Xy

T-1
+ — <CD(f,,(x)) - CD(f(m))vf(x»)de(x)'
©))
The last term in the above expression can be shown to be negative since
{en(s,@: /(@) < (epsy /(@) = max (e, f(2)), Vo€ Xy, (10)
by definition of D. Then using Jensen and Cauchy-Schwarz and inequalities we have,
2 (T —1)° 2
(R(D(f)) — R(D(f,)))” < T/, ((en(s,(2)) = CD(r()): Folx) = f(2))) dpx ()
¥
(T —1)? 2
< / lens, @) = eoisnll” 1 @) = fo(@)II* dpa (@)
(T —1)? 2T 2
< TT @) = 5@ dpx(o)
< /nf 2)| dpx(z), (an

4



where we used the fact that ||c, — ¢ ||* = 725, for y # 3. The result follows plugging (6) in the

above expression in (TT)) and taking square roots.

O

B.1.1 Improved rates under noise condition

The above theorem can be improved for certain classes of distribution. Toward this end we introduce
the following notion of misclassification noise that generalizes Tsybakov’s noise condition.
Definition 2. Fix g > 0, we say that the distribution p satisfies the classification noise condition

with parameter B, if

T-1
reX|0< min —((c —cj, folx))) <s < B,s, 12
o ({rexios mm Lo - o n) <sf) <Ber a2

where s € [0, 1].
If a distribution p is characterized by a very large g, then, for each x € X, f,(z) is arbitrarily close

to one of the coding vectors.
For T' = 2, the above condition reduces to the binary Tsybakov noise. Indeed, let ¢c; = 1, and

ca = —1,if f,(x) >0, %(Cl - C2)fp(m) = fp(CE), and iffp(@ <0, %(02 —c1)fp(z) = _fp(m)'
We have the following result:.
Theorem 3. Foreach f € L*(X, px), if holds, then we have the following inequality,

g+1

2T g5 - 5(fp))> . (13

R(D(f)) — R(D(f,)) < K ( -

2042
for a constant K = (2,/B, +1) "7

We start proving the following lemma:

. E) . . 2 .
Lemma 1. The generalised Tsybakov condition is equivalent to that for all f € L3,

p(Xp) < Co (R(D(f)) — R(D(£,))" (14)
where

q
=——<1landC, =B 1>1
«@ q+1< an o g+ 1>

Proof of lemmall] Let m,(z) = % <cD(fp(x)) — cD(f(m)),fp(x)>

R(D(f)) — R(D(f,)) = . mp(z)dpa(z) > . M (2) L, (@) >¢dpx ()
>t (A I[mp(rc)ztdp)((x) - A/Xf ]Imp(x)>tde(x)>
> t(1-P{z e X,m,(z) <t} —P{x e X/Xf})
> t(1 = Byt? — px(X/X}))

t(px (Xy) — Bgt?)

Q=

Now taking the minimum of the above bound with respect to t, we get t* = (ﬁp x (X f))
Finally plugging t* in the bound we get,

px(Xy) < Co (R(D(f)) — R(D(f,)))" (15)
where v = 7 <landco =By +1> 1. O



Proof of theorem[3] Let 0 < t < 1ift < m,(z) we have tm,(z) < mf)
m2 ()

n .

R(D(f)) = R(D(f,))

(«) and therefore m,(x) <

mp(2)dpx (2)
Xy

m/)(x)]lmp(m)gtdp-x (J?) + mp(x) I[mp(w)>tdp/\’ (J,‘)
Xs Xy

IN

1
tpa(Xy) + 4 my () dpa (x)
Xg

< tCy (R(D(f)) = R(D(f,))* +

In the last inequality we used lemma|[I]and the fact:.

T-1 T-1
my(@) = ——= (en(s,(a)) ~ (7)) [o(®)) < === (e, ) — D11 To(@)) = F(2)).

Squaring both sides of the inequality and using Cauchy Schwartz:

T-1 T T-1
2 2 2 _
m2(w) < (—=)22 I (@) = £ (@)I1F = 27— () ~ £(£,)
Minimizing the right hand side of the above inequality over t,we get the result (13). O

B.2 SVM Loss functions
Next we consider extensions of the SVM’s hinge loss to a multiclass setting. We let
co(C) ={u € R"™ Ju= Ay, d Ay =1,0< ), <1,¢,€C,Vy €V}
yeY yeY

Moreover we define the inner risk

e RT U KT S RY, e(wp) =Y p,V(y,w)
yeY

forw € RT"'and p = (py)yey € K'71, so that E(f) = [dpx(z)e(f(x),ps), where p, =
(py(@))yey-

B.2.1 Simplex Cone SVM

Theorem 4. The expected risk of the the simplex cone hinge loss is a convex, continuous functional
E: LY (X, px) — RT.

1. The minimizer of the expected risk on L'(X,px) is the function f,(x) = cy(y) where
k(x) = argmax, cy py(z) for almost all x € X, and the simplex cone hinge loss is
Fisher consistent.

2. Moreover for any f € L*(X, px) we have the following comparison inequality,

R(D(f)) = R(D(f,)) < (T = 1)(E(f) = E(fn))- (16)

Proof. We first show that V' is a Nemitski loss function with p = 1. V' is convex since it is the sum

of convex loss functions ¢(y, w) = ‘ﬁ + ey, w)‘ and satisfies,
+

V(y,w) =Y

J#y

1 1 1
717+ (cj,w)| < Z \ﬁ+<cj,w> | < Zﬁﬂ (cjw) | < 1+(T=1)]|w]],

+ gy J#y

where we used Cauchy Schwartz inequality and the properties of the simplex coding. Then theorem
in the appendix ensures that £ : L'(X,py) — RT is a well defined, convex and continuous



functional.

Define f,(z) = ci(s), Where k(z) = argmax, ¢y py () for almost all z € X'

We claim that f, is a minimizer of £(f). Since £( f) is continuous and convex it is sufficient to show
that 0 € OE(f,). Let Z = X x Y, j : LY (X, px) — L*(Z,pz),j* : L°(Z,pz) = L=(X,px),
and u(z,y) € IV (y, f(x)), u € L>®(Z, pz). By appendix C we have,

OE(f) ={v € L™(X,px) | v(x) = j*u(z,y) = > py(x)
yey

With some abuse of notation let w = f(z), k = k(x),py = py(x), uy = u(z,y), therefore we want
to show that 0 € O (¢ ). We start first computing the sub-gradient OV (y, w):

oV (y, ‘ cy/,w>‘ . (17
y'#y +

Where we used Proposition |IS| since V(y,w) = >, é(y,w) is convex continuous and

o(y,0) = ﬁ Then forall y’ € ),

ey if (e, w) > =L

= )\y/cy/,() < )\y/ <1, if <’w’cy/> - __1

o0, if (wey) < — 7.

5‘T_1+<cyuw>

Let us compute 9V (y, ¢ ).

Zy’;ékAy’cy’70<)‘y’ <1l ify=k
Ck+2y’€y/{y,k} )\y/Cy/,0<)\y/ < 1 lfy#k
Letu, € OV (y,cx), letv = j*u =3 v, pyu,. We will use the following fact:

Yooy D al)=>aly) D> p,=> (1—p,—pr)ey). (18)

yeY  y'e¥/{y,k} yey y' €V/{y,k} yey

8V(y, Ck-) = {

Then,

v=Y_p,0V(y.ck) = prdV(k,cr)+ > py,dV(y,ck)
yey y#k

= Dk Z AyCy + Zpy(ck + Z Ay Cyr)

y#k y#k y' €V/{y,k}

= Dk Z AyCy + i Zpy + Zpy Z Ay Cyr

y#k y#k y#k  y'ey/{y.k}

= Pk Z Ayey + (1 —pr)er + Z Ay( Z Py )y

y#k y#Fk  y'ey/{y.k}
= (I—pr)ex +pr Z Aycy + Z Ay(1 = py — i)y
y#k y#k
= 1—pkck+z — Dy)AyCy-
y#k

Let \; = 1 —PL. Since py, > py, forall y € Y/{k} we indeed have 0 < A} < 1.
So that settlng Ay to A}, we get:

vt = (1—pg) ck+z —pj)A,cy = (1—pk)ak+(1—pk:)zcj
y#k y#k
(1= pr)ex + (1 — pr)(—ck)
0.



Then 0 € OE(f,), and the hinge loss is consistent since D(f,) = b, a .s.
Next we prove the comparison inequality (I6). Note that the point wise risk can be written as:

5(va) = Zpyz

1
T_1+<cyuw>‘+

yeyY  y'#y
d 1
= Z(l —py) + {ey, w)
T—-1
y:l +

Note that the sub gradient of de(c, p) has the same form of v. It follows that ¢ is a minimizer of
the point-wise risk , and (ck, p) = 727 (1 — pi). Let w be a vector in RT~1, such that D(w) = £.
Let I = {i € Y| {(c;,w) > —77}. £ belongs to the set I, as it is the maximum of (c;, w) and the
equation Zle (cj, w) = 0is always satisfied so that (c,, w) is necessarily positive.

T 1 T )
e(w,p) —elee,p) = Y (1—pi) |{ci,w) + 71| —(—m) > (e w) + )

=1 + i=1
= > (e —pi)({ai,w) + %) —(L=p) Y _(ei,w) + %)

el i¢l
B %(pk —pe) | (Pr = pe) {e,w) + ie;ﬂ(pk - pi)({ci,w) + %)
= =) Y e w) + %)

il

> %(pk —pe)-

The last inequality is due to the positivity of the other terms. Then if we let w = f(x), let f,(z) =
Cr(z) and p = (p,(z))ycy and integrate the above inequality over over x, we obtain

% /X[pD(fp)(x) (%) = Po(F) (@) (@) ]dpx (z) = ﬁ(R(f) — R(f,))

< /X (e(f (@), (p(2))yey) = e(fo (@), (py(2))yey)) dpx () = E(f) = E())

where we used ().

B.2.2 SH-SVM Loss

Theorem 5. The expected risk of the the simplex cone hinge loss is a convex, continuous functional
E: L' 5 RY. Let F={f € LY(X,px) | f(x) € co(C), for almost all z € X}.

1. The minimizer of the expected risk on F is the function f,(x) = cj () where k(z) =

arg max,cy Py’ (x) for almost all x € X and the constrained single margin hinge loss is
Fisher consistent.

2. Moreover for any f € F we have the following comparison inequality,
R(D(f)) = R(D(f,)) < (T = 1)(E(f) — E(fp))- (19)

Proof. We use the same notations of the proof in theorem 4} thatis : w = f(x),k = k(z),p, =
py(z), for almost x € X

Note that for w € co(C), using the definition of simplex coding, we have

1 TA, —1 1
<wacy> >‘y T_ly/%:y/\y T_1 , = T_1_<Cyaw>_ , (20)



forally € Y. Then |1 — (cy, w)|, =1—(cy,w), Vw € co(C). Then the inner risk can be written
as

e(w,p) = Zpy Cyv w))

yey

— <’lU, Zpycy> .
yey

Minimizing the inner risk € under the convex hull constraint is equivalent to the linear programming

(LP) problem,
F(w
w555 T < Zpy0y>

yey

It is a standard result that in an LP maximization over a convex polytope, the solution is achieved on
a vertex.

The vertices in our case are c,, so it is sufficient to find the vertex that maximizes the loss f:

max  F(w).
we{cy...cr}

¢) <ijzpycy> Zpy pjavjey

yey
Let k = arg max pj, it follows that F'(¢ci) > F(c;),Vj € y/{k:}

Thus, w* = ¢y, is the minimizer of the inner risk. From inner risk to the expected risk minimization:

Then minimization of the inner risk yields a minimizer of the expected risk setting f, such that
fo(2) = cr and the simplex hinge loss is Fisher calibrated. We next derive the comparison inequal-

ity (T9). Let w € Co(C) such that D(w) = £ # k, w* = ¢, and p € KT 1, then
" T
e(w,p) =Y (1—z)p, clw p) = (1 —pw),
yey

where z, = (¢, w), fory € Y.

Note that }_ 2y = <Zy€y Cy, w> = 0 by definition of simplex coding, and 3 .y, p, = 1
from (Z1)), so that

T
i T 1 1
e(w,p) —e(w*,p) = Z(l — 2y — ﬁ)Py + Z(Zy + ﬁ)pk == Z(zy + ﬁ)ﬁy + Z(zy +
yeY yeY yeY yeY
1
= Z(Zy + ﬁ)(pk — Py)-
yey
We showed in 1)) that — = < z, < 1, for all y and w € co(C). Moreover, p;, — p, > 0,V y,
since D(w*) =k, and 2y > O since D(w) = ¢ . Then we have,
* 1 1
e(w,p) —e(w",p) = (ﬁ + 2¢)(pr — pe) + Z(Zy + ﬁ)(pk —py)
y#L
> (- p)
> (e —pe).
Then if we let w = f(x), let w* = f,(z) and p = p,(x))ycy and integrate over over , we obtain
1 1
ﬁR(D(f)) — R(D(fp)) = 71 /X[pp(f,,)(x) — po(f) )] (@)dpx (x) < E(f) — E(f))
where we used (). 0O

)Pk



An alternative proof is given here bypassing the inner risk minimization:

Proof. We use the same notations of the proof in theorem [4] that is : w = f(z),k = k(x),p, =
py(2), 9p(x) = 32, py(@)cy. , for almost z € X
Note that for w € co(C), using the definition of simplex coding, we have

1 X, — 1 1
<w,cy>:>\y_ﬁ Z)\yl = ﬁ,:—ﬁ S <Cy,w> §17 (21)
y'#y

forally € Y. Then |1 — (¢, w)|, = 1—{(cy,w), VYw € co(C). Then forall f € F, the functional
we are minimizing can be written as:

E(f) = / (1~ (e, F(@)dp(z, )
- 1-f <Zpy<x>cy,f<x>>dpx<z>

= 1_<9p7f>L2(X7pX)af€]:~ (22)
Let:
F(f) = <gp’f>L2(X,pX) .

Minimizing the functional £ for f € JF, is equivalent to the linear programming (LP) in L?(X, px):

I}lea])__(F(f).

It is a standard result that in an LP maximization over a convex polytope, the solution is achieved
on an extremal point. It is easy to see that F is a convex set and that its extremal set V(F) has the
following form:

V(F) ={flf(®) = a), 7:X =V}

Let f,(z) = ¢y, (z), Where b,(z) = argmax;cy p;(x) for almost z € X. It is easy to see that
fr € V(F),and forall f € V(f):

F(f) = <gp’f>L2(X,pX) :/<ij(£)6j,cﬂ(z)>dpx(x)

JEY

1
/ Pre) — g D Pil@) | dpx(w)
i#n(x)
T 1
= /(ﬁpw(x) — pq)drx(@).

Then:
T
F(fp) = /(ﬁpb,,(x) - %)dpx(f)

It follows that: F'(f) < F(f,),Vf € V(F). Therefore f, is the minimizer of the functional £, and
D(f,) = b,. The Half spaces hinge loss is therefore Fisher consistent. O

C Appendix to section 5

In this section we present the complementary material of section 5. We derive an algorithm for
computing the simplex code and show its correctness. As well as the dual formulation for SC-SVM
and 2 relaxation of the original SH-SVM.

10



C.1 Computing Simplex Coding

In this section we give the proof of lemma 1.

Algorithm 1 Simplex Code
SET: C[2] = [1 — 1],
FORi=2,--- T —1

u=(—1---— 1) (column vector in R?)
v = (0,...,0)(column vector in Ri~1)

) 1 ul
Ci+ll=1{, cpx 1—5,)
ENDFOR
OUTPUT:C([T]

Lemma 2. The T columns of C[T] are a set of T — 1 dimensional vectors satisfying the properties
of Definition 1.

Proof. The statement is proved by induction. The base case is trivially true. Let ¢y ...c; be the
columns of C[i] and by ... b; 41 be the columns of C[i + 1]. By construction b; = (1,0, ...,0) and

by = (—1,4/1— &ep) forallm=2,... i+ 1.
Assume C[i] to satisfy definition 1, thatis ||, |* = 1, for 1 < m < iand (¢, ¢p) = — 27 ¥m # n.
Indeed, a direct calculation shows that ||b;|| = 1 and (b, b,,,) = —1,Vm # 1. Moreover, for m # n
such that 2 < m,n <7+ 1 we have:

2 1 1 2
bl = 5+ (L= ) llem* = 1,
and
1 1 1 1 1 t+1 1
(bm,bn>—l—2+(1—,2)(cm,cn> = — ?)m:ﬁ— T T

C.2 Support Vector Machine
C.3 SC-SVM
We sketch the derivation of problem 4. Following the notation for binary SVM we write (2?) as

i G2 2

i=1 y#y;

1 1
(o) + 7|+ 101

where Cy = ﬁ Using the representer theorem, and introducing the slack variables §; =
(& )yey € R7, fori =1,...,n, we can write the above problem as,
n 1 n n
TR 155 3D SRS 9 gy AN
C1yeens@ni€ese En ERT — 2 b =
=1 yFy; i=1j=1
1 n
71 —&—ZKZ-J- (aj,cy) <&, Vi=1...n, andy # y;,

j=1
& >0, Vi=1...n, andy # y;.

LetZ = {& = ()yey € RT, i =1,...,n}, a = {a; = (a¥)yey € RT,i =1,...,n},
v={v;=)yey € RT'i =1,...,n} and consider the Lagrangian corresponding to the above
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problem given by,

L(AE a,v) = COZZ§$+%ZZKM<%%>+ZZag %+2Kij<aj,cy>—ggf

i=1 y#y; i=1 j=1 i=1 y#y; =1
n
N
i=1 yAy;
1 n n 1 n n
S £ 9D LTS 9D ML ERTEILEES 9p SRS
i=1 y#y; i=1 y#y; i=1j=1
n n
3w (X ot )
i=1j=1 YF#Yi
Considering the first order condition of optimality, a direct computation gives:
— > ale,, with 0<a? <Co, Vi=1...n, andy # y;. (23)
Y#Yi
Leta; = (a}...a?"...al) aT dimensional vector with o =0,and @ = (a1, ...,a,) an x T

dimensional vector. In the following we let oY free in the objectlve and add a constralnt such that
ali =0, Vi

Recalling the definition of the matrices G and K, the dual problem corresponding to (23) is given
by, the maximization of

Lp(a) = —%ZKU Z oGy +7ZZO{
i,j Y#Yi Y #Yj =1 y#y;
= —% Z o] KijGyyr o +7ZZQ
yy'i.g

subject to the constraints 23). Let H;;,,» = K;;Gy,, Hisa (n x T') x (n x T') matrix. So that we
can write:

1 1
Lp(a) = 7§aTHoz + 5 1WTa (24)
1 1
mgxf§aTHa+ TilnxTa
0<al<Co(1-46y,) YyeY,Vi=1l...n

C4 SH-SVM

The convex hull assumption needed for the consistency of SH-SVM, introduces 27'n constraints, and
leads to a heavy optimization problem. Instead of considering fﬁ < Aey, f(z;)) <1,V y,Vi,it
is reasonable to consider (¢, f(x;)) > fﬁw =1...n,Yy # y;, since the SH-SVM loss ensures

a soft version of the left hand-side of the original inequality. Consider the SH-SVM loss with the
reduced constrained.

: - 1 .o
min Co ;maX(l = (eyir f(24)),0) + S IF1l5

12



By the representer theorem we have: f(z) = > K(x,2j)aj,a; € R'', and

13, = >, Z;—;l K(zi,2;) (a;,a;). We introduce slack variable as in the SVM littera-
ture:

Q9=

. " 1
min G > &i+3 Y " Kij{ai, a;)
i=1 iy J

n

1_2Kij <(lj,Cyz.> Sfi,Vi: 1...n
j=1
1 n

T —ZKij (aj,cy) <0,Yy #y;

j=1
&E>0Vi=1...n.
Introducing the lagrangian, we have:

60) = Codoit g YKy lanay) + 3 al' (1= 30Ky a0, — €)
1=1 ij i=1 j=1
D3P O‘?(T%ll =D Kijlaj,ey) = D vii
=1 y#y; j=1 i=1
= D (Co—af —vi)&i + %ZKM (ai ;) + Y (a¥ — 71 ! 02 o)
=t i i=1 T Ay
_ ii:[(” <aj,ai/'icyi + Z O(ilcy> .
i=1j=1 y#yi

Setting the optimality conditions we get:

OSO{,ZL-h SCO;V’L.7 a;l 207y7éy7,7vz7 Q; :Zai‘/cy
y

n
; 1 . 1 .
Lp(a) = Z(Ofﬁh “T-1 Z af) = 3 ZKU <Z aﬁ’cy,z%’cy/>
i=1 Y#Yi ij Y Yy’
Setting Gy, = (ay, a,s), we can write the equivalent dual:

n
mfxfé > ol KiGyyal + (ot - % > al)
5,99’ i=1 YFYi
0<al <Cp,Vi=1...n
al >0,Vy#£y,Vi=1...n
Therefore:

n T

fl@) =Y K(x,z)()_alc,).
i=1 y=1
If we relax the convex hull constraint, it is easy to see that the equivalent dual is therefore:
n
mg.X Z aiKiijiy]. a5 — Z (677
iy i=1
0<; <Cy

fz) = Z K(z,x;)acy,.
i=1

The latter formulation could be trained at the same complexity of the binary SVM but lacks fisher
consistency.
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C.5 Algorithms

Algorithm 2 Multi-Class Pegasos
INPUT: S, A, L

INITIALIZE: Wy =0
FORi=1---L

Wimp = (1 = i N)Wi = 0;0(V (yi, fw, (2:)))

C—mi 1
W; = min(1, \/XHthPHF)VI/tmp

OUTPUT: Wy,

C.6 Datasets

ntrain | p T ntest
Landsat 4435 | 36 6 2000
Optdigit | 3823 | 64 10 | 1797
Pendigit | 7494 | 16 121 | 3498
Letter 10000 | 16 26 | 10000
Isolet 6238 | 617 26 | 1559
Pubfig83 | 7470 | 25600 | 83 | 830
Ctech101 | 3060 | 8192 | 102 | 6084

D Mathematical tools

We collect in this appendix basic tools from convex analysis and Vector Reproducing Kernel Hilbert
Spaces.

D.1 Elements of Convex Analysis and Variational Calculus

In this appendix we report an appendix from [[12] collecting some basic results from [5] — see also

[6].
Let H be a Banach space and H* its dual. A function F' : H — R is convex if
F(tv+ (1 —tw) <tF(v) + (1 —t)F(w),

for all v,w € H and ¢t € [0,1] (if the strict inequality holds for ¢t € (0,1), F is called strictly
convex).

Let vg € H such that F\(vy) < +oo. The subgradient of F at point vy € H is the subset of H*
given by

OF (vg) = {w € H* | F(v) > F(vg) + (w,v — vg), Yv € H}. (25)
where (-, -) is the pairing between H* and H. If F'(v) = 400, we let IF (vg) = 0.
In the following proposition we summarize the main properties of the subgradient we need.
Proposition 1. The following facts hold:

1. If F is differentiable at vy, the subgradient reduces to the usual gradient F'(vg).

2. If F is defined on R and F (vo) < +00, then F admits left and right derivative and
OF (vg) = [F(vo), F (vo)].

3. Assume that F # +o00. A point vy is a minimizer of F if and only if 0 € OF (vg).

4. If F is continuous and

F(v) = 4o0.

llvllqy =400

then F' has a minimizer. If F is strictly convex, the minimizer is unique.
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5. Let G be another convex function on ‘H. Assume that there is vg € H such that F and G
are continuous and finite at vy. Let a,b > 0, then aF' 4 bG is convex and, for all v € H,

d(aF + bG)(v) = a(OF)(v) + b(OG)(v).
6. Let H' be another Banach space and J be a continuous linear operator from H' into H.
Assume that there is vy € H' such that F' is continuous and finite at Jv,. For allv' € H'
(OF o J)(v') = T*(OF)(TV"),
where JT* : H* — H'* is the adjoint of J defined by
W', T )5 = (TV',0)4, .
forallv e Handv' € H'.

Proof. We simply give the references to the results in [S]].

—_

. Prop. II1.2.8
. Prop. II1.2.7
. It is a simple consequence of Prop. II1.3.1
. It is a simple consequence of Prop. 11.4.6.

. Prop. II1.2.13

AN W kWD

. Prop. II1.2.12

O

Certain integral functionals naturally arise in the context of learning theory [12]]. In particular, we
recall the definition of Nemitski functional, adapted to our framework [5, p.41 and p.143]. Let Z
be a locally compact second countable space,  be a finite measure on Z, and (G, (-, -)) a separable
Hilbert space.

Let W : Z x G — R be a measurable function on Z x G.

The Nemitski functional associated to W is
1g) = [ W g()du(2

for any measurable function g : X — G. The following proposition collects the main properties of
the Nemitski functional.

Proposition 2. The following properties hold,

o IfW(z,-) is lower semi-continuous (L.s.c.) for all z € Z then I : LP(Z, ) — R is well
defined and L.s.c.

o IfW(z,-) is continuous for all z € Z and moreover
W(z,w) <a(z) +blwl|?, Sfor almost all (z,y) € Z,

where b € R and [ |a(z)|du(z) < 0o and p > 1, then I is upper semicontinuous and
hence continuous in LP(Z, ).

o IfW(z,-) is convex for all z € Z, then I is convex.

Proof. The proof of Item 1 is given in Proposition I1.2.3 in [5]] for the case X = R and G =
R™.Similarly, the proof of Item 2 is given in Proposition III.5.1. Finally item 3 is proved in Theorem
1L5.1. -
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Next proposition provides us with a straightforward method to study the subgradient (0I). Let
q €] 1,400 such that & + & = 1.

Proposition 3. Assume that there is an element uy € LP(Z, ) such that sup,¢ z |uo(z)| < +oo
and I[ug] < +o00. Givenu € LP(Z, 1)

OI)(u) ={w e LI(Z, ) | w(z) € (OW)(z,u(z)) for almost all (x,y) € Z}. (26)

Proof. See the proof of Prop. II1.5.3 of [3)]. The proof is for Z interval of R, but can be easily
extended to arbitrary Z, compare with [6]. O

D.2 Reproducing Kernel Hilbert Spaces of Vector Valued Function

The framework of vector valued reproducing kernel Hilbert spaces (RKHSs) provides a natural
choice for hypotheses spaces and regularizers in the multi-class setting. The definition of RKHS
for vector valued functions parallels the one in the scalar case [1], with the main difference that the
reproducing kernel is now matrix valued — see [8, 4] and references therein.

Let X be a set, a matrix valued reproducing kernel is a symmetric function I' : X X
X — RP*P such that for any z,2' € X, I'(x,2') is a positive semi-definite matrix, and
Z?fj:l (aj,T(z;,z5)a;) > 0, forall z1,...,2, € X and ay,...,ay € RP.

A vector valued RKHS is a Hilbert space (H, (-,-);) of functions f : X — RP, such that
for every a € RP, and z € X, I'(z,-)c belongs to H and moreover I' has the reproduc-
ing property (f,I'(z,-)c)x = (f(z),c). The space His closure of the linear span {f(x) =

Zfil [(x;,7)aj, aj € RP x1,... 2, € X}. Then, the choice of the kernel can be interpreted as
inducing a representation for the functions of interest. Note that for D = 1 we recover the classic
theory of scalar valued RKHS. In the following we restrict our attention to kernels of the form

['(z,2") = k(x,2")B, B=1, 27)

where £ : X x X — R is a scalar valued reproducing kernel. One can see that the choice of B
corresponds to imposing a prior assumption on how the different components can be related, so that
by choosing B = I we are treating each component to be independent. In the following we will
discuss in particular the case where the kernel is induced by a finite dimensional feature map,

k(z,z) = (®(z),®(z")) where @ : X — RP, (28)

P )
and (-, -) is the inner product in R?. In this case we can write each function in H as f(x) = W®(z),
where W € RT*P matrix.
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