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S.1 Explanation using Expectation Propagation (EP)

Our goal is to approximate the posterior distribution

p(ﬁa Z1:n | T1:ny 77) X p(ﬁv 21y Tl:n | 77)

using a fully factorized distribution

Q(ﬂ» Zl:n) = Q(B) H?:1 Q(ZZ)

Different from the mean-field approach, Expectation Propagation (EP) tries to minimize the following
KL-divergence [4, 5],

(ﬁv Z1:n | T1:n, n)
q(ﬂazlzn) dﬁ

First, taking the derivative of KLgp(p||q) w.r.t. ¢(2;) and setting it to zero gives

() 5 [ 32 p(B, 21 |18 = [ (e | 9p(5 | 2,

KLep(pll)) = [ 37 p(3, 21 [ 1.0,1) log

Z1:n

where z_; indicates {z;,j = 1,...,n, but j # i}. (x_; is similarly defined.) This is intractable. If
we use ¢(/3) as an approximation to the true marginal posterior p(( | z_;,n), and this gives,

q(z) o< /P(Zia%: | B)p(B|x—iyn)dB =~ /p(Zv:»va: | 8)a(B)dB = Eqp) (i, 2i | B)]

which is precisely the definition of ¢(z;) as in Eq. 6 in the main paper.
Next taking the derivative of KLgp (p||q) w.r.t. ¢(3) and setting it to zero gives
q(8) = Zp(ﬁa 21 | T1m, M) = Zp(ﬂ | 2105 120, M)P(200 | X105 M),
Z1:n Z1l:n

This is intractable. We thus use ¢(z1.,) = [];_, ¢(2:) as an approximation to the true marginal
posterior p(z1.p, | 1.0, 7), and this gives,

q(ﬁ) ~ Zp<ﬁ | Zl:naxlznvn)q(zl:n) = Eq(zlm) [p(ﬁ | Zl:naxlznvn)]

Z1:n

= exp {log Eq(zlm) [p(ﬁ ‘ 21 Tlin, 77)]}
< exp {Eq(zl;n) [logp(ﬂ ‘ Z1iny Llin, 77)]}
X exp {Eq(zlm) [Ing<lena T1l:n, ﬂ7 77)]} ’

*Work was done when the author was with Princeton University.



where the inequality comes from the concavity of the log function. Note that if we assumed ¢(z;) is a
peaky distribution; the inequality is almost an equality.! We finally have

Q(ﬁ) X exp {]Eq(zl;n) [logp(zlzvu L1:n, ﬂ? 77)]} ’
which is the update for ¢(/3) as in Eq. 7 in the main paper.

S.2 Truncation-free online variational inference for the HDP

Hierarchical Dirichlet process (HDP) topic models [6] can be summarized using the stick-breaking
construction as follows,
1. Draw top-level topics 6, and sticks 7y, for k =1,2,---,
0 ~ Dirichlet(n),
me = 7, [1,) (1 = ), 7k ~ theta(1,a)
2. For each document ¢, draw document-level topic proportions ¢,
¢+ ~ Dirichlet(br).

For each word x;,, in document ¢,

(a) Draw the topic index z¢, ~ Mult(¢;).
(b) Draw the word x4, ~ Mult(6,, ).

Unfortunately, topic proportions ¢; is not conjugate to sticks 7. We adopt an auxiliary variable
approach proposed in [6]. The conditional distribution of of z; = 2; 1.,

p(ze|m) = /P(Zt|¢t)10(¢t|7r)d¢t = I‘(;—Y)nt) H F(bgécb:;tk)7

(D

k

where nyj is the number of the words assigned to topic k in document ¢ and n; is the number of the
words in document ¢. By introducing a random variable s, the random number of occupied tables
in a Chinese restaurant process with n;; customers and concentration parameter b7y, we have

I'(b ,
p(zt75t|ﬂ') = F(b(+)nt) Hs(ntmstk)(bﬂk)stka 2
k

where S(n, m) are unsigned Stirling numbers of the first kind [1]. Integrating out variable s; in Eq. 2
gives the marginal distribution of z; given sticks 7 in Eq. 1. Furthermore, variable s, is conjugate to
sticks . Given the formulation in Eq. 2, we can sample s, given n; using,

I'(bm
(St |nik, brg) = T (bmi)

Stk
bﬂkJrntk)S(ntmstk)(bﬂ'k) . 3)

S.2.1 Online variational updates

The variational distribution for the global hidden variables 0, 7 is k = 1,2, - -.

q(0,7) = [ a0k | M) g(7r|ur, vk),

where )y, is the Dirichlet parameter and (uy, v ) is the theta parameter. Suppose we have obtained
one sample3 of the hidden variables s; and z; for document ¢. Then we have

)\kw — )\kw + pt(*Akw + n + Dntkw)
ug < up + pe(—ur + 14 Dsgy)
Vg < v + pe(—vp +a+ D Z;ikH Stj)-

IThis is usually satisfied in practice—in mixture modeling, most data points belong to one mixture; in topic
modeling, words in a document only belong to a very small set of topics [9].

Here the Dirichlet distribution is a generalized version of its finite counterpart [7].

3The case with more than one samples can be similarly derived.



where ny,, is number of times of word w assigned to topic k in document ¢ and D is the total number
of documents. Note that s;; and n+x,, Will be always 0 after k is larger than the current number of
topics. This results in a property that ¢(6y) will remain as the prior distribution p(6y), if there is no
word assignment. We therefore do not need to store those topics until they are instantiated. This also
applies to the sticks parameter (ug, vy ).

S.2.2 Gibbs sampling for the local variables

We use a collapsed Gibbs sampler similar to that in [6] to obtain samples for s; and z;. The idea is to
use the variational distribution ¢(7|u, v) and g(6|\) as “priors”. Note that § can be marginalized out
while 7 can not. We thus sample 7 jointly with s; and z;. We denote the vocabulary size as W.

Sampling z;,. The conditional distribution for z;,, (word w) as follows,

Nkw,—tn + >\kw
Nk, —tn + Zw )\k:w

When k > T, where T is the current number of topics, this becomes

P(ztn = klz—tn, A, ™) o by, /W.

P(2tn = k|2—tn, A, ™) < (N, —tn + by)

This implies

p(ztn > T|Z—tna /\777) X b(l - 25:1 7Tk)/VV

This indicates that we only need to sample z;, up to 7'+ 1. When a new topic is generated, we set
k=T + 1, and sample 7741 ~ Beta(l,a) and set mr41 = T4 HZ:1(1 — k).

Sampling s;;. Sampling s, can be done using Eq. 3.

Sampling 7. We sample 7 given the following conditional distribution,
p(ﬁ_k) . ﬂ_kk 1+Zf6\) Stk (1 _ ﬁ_k)'ukfaﬁl»ztes Z?';k+1 Sty

We do not need to sample sticks 7, when k > T'; they just come from the prior distribution.

S.3 Computing the held-out likelihood

The likelihood we want to compute is defined as

likelihood £ log p(Diest | Dirain) /Y.

Z; €Dtest Ii|'

Since this is intractable for both DP and HDP, we use following approximations. For both DP and
HDP, we use the mean of the global variational distribution ¢(é, 7) to represent the inferred model.

We ignore the unused components in our algorithm. This results in § = Eqe9) [0] and 7t = Eq(z) [7],
both with finite dimensions. In other words, DP mixtures reduce to a finite mixture model and HDP
mixtures reduce to LDA [2]. Then log p(Dsest | Dirain) 18 approximated by

logp(Dtest |Dtrain) ~ Z 1ng(xi |é7 ﬁ')

T; €Dtest

For DP mixtures, the term p(z; | 6, 7) is analytically tractable,

($l|9 7T DP = Zﬂkné’%’ 117]_w]



However, for HDP mixtures, the term log p(x; | 6, #) is still intractable. We propose to use importance
sampling. [8] shows that importance sampling can underestimate the probability, but usually gives
the correct ranking of different models. To be concrete,

i . 4)moe = [ (61 17) [T S i | 0)plass 9,250
Jo oz
To approximate this integral, we first use a collapsed Gibbs sampler to sample topic assignments z;;,
then construct a proposal distribution over ¢; using these samples [3],

q(¢:) = Dirichlet(¢; | ... by + > Llzi; =kl,...).
J

Samples from ¢(¢;) are used for importance sampling to approximate p(z; | é, T)HDP-
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