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7 Appendix

7.1 Algorithm

We present the detailed algorithm description as Algorithm 2.

Algorithm 2: Quadratic Approximation method for Sparse Inverse Covariance Learning (QUIC)

Input : Empirical covariance matrix .S, scalar A, initial X, inner stopping tolerance ¢, parameters
0<o<05,0<p8<1

Output: Sequence of X; converging to arg minx o f(X), where
F(X) = —logdet X +tr(SX) + M| X||1.

Compute Wy = X'
fort=20,1,...do
D=0,U=0
while not converged do
Partition the variables into fixed and free sets:
Stizea = {(1,7) | IVijg(Xe)] < X —eand (Xt)ij = 0}, Spree := N\ Spized-
for (i, j) € Sfrec do
a = w?j + wiiw;;
b= Sij — Wiy + wfu.j
c=xi; +dij
w=—-c+S8(c—"bla,\a)
dij — dij + p
u;. < ;. + uwj.
Uj. «— Uj. —+ HUW .
end
end
fora=1,3,5%... do
Compute the Cholesky factorization LLT = X; + aD.
if X; + aD 3 0 then
continue
end
Compute f(X; + aD) from L and X; + aD
if f(X; + aD) < f(X;) + ac [tr(Vg(X:) D) + A X; + Dy — Al|X]|1] then
break
end
end
Xt+1 = Xt + aD
Compute W41 = thrll reusing the Cholesky factor.
end

7.2 Convergence guarantee (Proof of Theorem 1)

In this section, we prove that Algorithm 2 converges to the global optimum. Our proof is based
on the proof in [17], which was developed for coordinate gradient descent methods. [17] considers
composite objectives of the form

F(x) = g(x) + h(x), (13)

where g(x) is sufficiently smooth (continuously differentiable) and h(x) is non-differentiable but
separable. Recall, that in our case, g(X) = —logdet X + tr(SX) and h(X) = | X]||;. In [17] it
is assumed that g(X) is smooth over the domain R™. In our case g(X) is smooth over the restricted
domain of the positive definite cone S;F*. We extend the analysis so that convergence still holds
under our setting.
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7.2.1 Notation

In the following arguments, capital letters such as X, X, A are p x p matrices, and I is the identity
matrix. f(X) is our objective function defined by (2). As is standard [13], the domain of the convex
function — log det is extended to SP (p x p symmetric matrices) by

= > log(N\i(X)), ifX =0

—logdet X =
08 e {oo, otherwise

where \; (X)) is the ith eigenvalue of X. We use || X ||2 to define the induced two norm of a matrix,
and || D|| r to denote the 2-norm of vec(D), which is equal to the Frobenius norm of the matrix D.

We are only dealing with symmetric matrices, and therefore we restrict our attention to the upper
triangular indices denoted by A" = {(4,7) | 1 < ¢ < j < p}. The matrix function g(X) can be
viewed as an R — R function operating on the vector containing the upper triangular elements
of X. The gradient Vg(X) accordingly becomes an RV vector, while the Hessian V> g(X) =
X1 ® X~ can be represented by an RVI*IVI matrix. We emphasize that we will treat any

symmetric matrix as its vectorization of the upper diagonal elements, for example, we will denote
vec(D)TV2g(X) vec(D) by DTV2g(X)D.
For any X > 0, we define
Dy(X) = argD:IBj]n: Vg(X)TD + %DTVQQ(X)D + AllX + D1, (14)
v(i,j)¢J
where J C N is any index set, and in particular D (X)) takes the minimum over all variables.

We use X, Xo,... to denote the sequence of matrices generated by our algorithm, where each
X1 is updated from X, by
Xiy1 = Xi + Dy, (Xy),

where J; is the index set selected at the kth iteration, and ay is the step size which is the maximum
value among {1, 3, 32, ...} which satisfies

f( X+ aDy) < f(Xt) + aclAy, (15)
where 0.5 > o > 0 is a constant and
Ar = Ay, (Xt) = Vg(X)T Dy + M| X¢ + Di|l1 — M| Xe 1
We use D, = D, (X;) for simplicity.
Following the setting in [17], the index sets .Jy, Jo, . . . need to satisfy
U J2oNwe=12... (16)
j=0,..,T—1

for some fixed T'. Our algorithm satisfies (16) as mentioned in Section 4.1: we set Jp, Js, ... to be
the fixed sets, and Jo, Jy, . . . to be the free sets and 7" = 3 will suffice.

7.2.2 Lemmas

Our first lemma establishes that our iterates are in the set mI =< X =< M1 for some positive
constants m and M .

Lemma 3. The level set U = {X | f(X) < f(Xo)and X € SV} is contained in the set {X |
ml < X < MI} for positive constants m, M > 0.

Proof. First, we prove that X < M1 for all X € U. The fact that S > 0 and X > 0 implies

tr(SX) > 0 and | X[ > 0. Therefore we have
f(Xo) > f(X) > —logdet X + \|| X |1 (17)

Since || X |2 is the largest eigenvalue of X, we have —logdet X > —plog(]|X]||2). In addition,
[| X1 > tr(X) > || X||2. We combine these two facts and (17) to arrive at

f(Xo) > —plog([| X[l2) + Al X2,

11



Since —plogx + Az is unbounded as x increases, there must exist an M that depends on X such
that | X||2 < M.

Next, we prove that m/ < X for all X € U. We denote the smallest eigenvalue of X by a and use
the upper bound on the other eigenvalues to get:

f(Xo) > f(X) > —logdet X > —loga — (p—1)log M, (18)
which shows that m = ¢~/ (Xo) A7y —=(=1) ig a lower bound for a. O

Lemma 4. There exists a unique minimizer X * for (2).

Proof. According to Lemma 3, the level set is contained in the compact set S = {X | mI =
X X MI}, where V2f(X) = X1 ® X1, V2f(X) = M~2I. From Weierstrass’ Theorem, any
continuous function in a compact set attains its minimum. In addition, f(X) is strongly convex in
the compact set, so the minimizer X * is unique. O

Lemma 5. X* is the optimal solution of (2) if and only if
gradisj f(X*)=0 Vi,j,
where the minimum-norm sub-gradient gradisj f(X) is defined by

Vijg(X) + A if Xij >0,
grady; f(X) = Vig(X) = A if X5 <0,
sign(V;;9(X)) max(|V;;9(X)| — A\, 0)  if X;; = 0.

Proof. The optimality condition for f(X) is that for all (i,5) € N/

= -\ if X;; > 0,
Vijg(X) = iinj <0, (19)
S [—)\ )\] lelJ =0.

It is easy to prove that (19) holds if and only if gradfj f(X) = 0 forall 7, j. Notice that in our case
Vg(X) =S8 — X! therefore

X7+ A if X;; >0,
grad] f(X) =< (S = X1); — A if X;; <0,
sign((S — Xﬁl)ij) max(|(5’ — Xﬁl)ij| — A 0) if Xij =0.

O

Lemma 6. For any index set J C N, D ;(X) = 0 if and only ifgradisj f(X)=0forall (i,j) € J.

Proof. Dj(X) = 0if and only if D = 0 satisfy the optimality condition of (14). The condition can
be written as (19) with (i, j) € J. This is the same as (19) for a subset of indexes. Follow the same

argument we can prove that this condition is equivalent to gradfj f(X)=0forall (i,5) eJ. O

Lemma 7. A ;(X) in the line search condition (15) satisfies
A;(X) = Vg(X)"Dy(X) + A|X + Dy (X) 1 = M X1 < =Ds(X)"V2g(X)Dy(X)., (20)
and consequently,

A (X) < —m|Ds(X)|% Q1)

12



Proof. For simplicity, and since there can be no confusion, we drop index J. By definition of D in
(14),Ya € 10, 1]:

1 1
Vg(X)TD+§DTV29(X)D+)\HX+DII1 < Vg(X)T(aD)+iazDTvzg(X)D—i-/\HX—i-aDHl.

(22)
Since || - ||1 is a norm, the following holds for all o > 0:

AIX +aD[ly = AMla(X + D) + (1 — ) X[[1 < Ao X + D[y + A(1 — a) [ X]]1. (23)
Combining (22) and (23) yields:

Vg(X)TD—i—%DTVQg(X)D—i—)\HX—i-DH1 < an(X)TD+%azDTVQf(X)D—i—)\aHX—i—DII1+/\(1—a)||X||1.
Therefore
(1-a)Vg(X) "D+ (1 - )| X +D|1 — (1 — )X\ X1 + %(1 —a*)DTV?g(X)D < 0.
Divide both sides by 1 — « to get:
Vg(X)"'D + M| X + D1 = M| X1 + %(1 +a)DTV2g(X)D < 0.
By setting o T 1, we have
Vg(X)'D +A|X + D[i = A| X[y < =D"V?¢(X)D,
which proves (20). Combine with Lemma 3 to get (21). O

Lemma 8. For any convergent subsequence X, — X,

D,, = Dy, (X,,) — 0.

Proof. The objective value is monotonically decreasing and bounded below, therefore f(Xs,) can-
not go to negative infinity, so f(X,) — f(Xs,,,) — 0. From (15), we have a,, A, — 0.

We proceed to prove by contradiction. If Dy, does not converge to 0, then there exist an infinite
index set 7 C {s1,52,...} and 6 > 0 such that ||Dy||r > § forall t € 7. We will work in this
index set 7 in what follows.

Let o, denote the line search step size which satisfies (15), by our line search procedure % will not
satisfy (15), so we have:

F(X0 + %)Dt) — f(X) > a(%mt. 24)

If X, + %Dt is not positive definite, then we define f(X; + %Dt) to be 0o, so (24) still holds. We
have
9(Xe + (F)De) — 9(Xe) + Al Xe + F Deln — Al X2

ot

B
< XA (FID) = 9(X) ¥ (I + Delly (01 = MK = MK

€]
9(Xe + (F)Dy) — g(X4)
= 7 T AXe + Dellr — M| Xe||1,VE € T.

Xt

B
By the definition of A; we can replace the last two terms and get
9(X, + (%)Dy) - g(X,)

Q.

B
9(Xe + (F)Dr) — 9(X)
%

AV

oAy <

+ Ay — V(X)) Dy,

(1-0)(=A) < ~ Vg(Xe)" Dy

13



By (21) in Lemma 7,

9(Xi + (F) D) — 9(Xa)
i

9(Xe + (HIDel r 1) — 9(X0)
Dl

(1= o)m||De 7 < ~ Vg(Xe)" Dy

(1 —o)m||D||r < - Vg(Xy)"

Dy
[reniva

Set &y = %4 || Dy[| . and since || Dy||p > & forall t € T we have

9(Xe + éeiiy) = 9(Xe)  vg(X)T D,

1—0)md < ~
(1= o)md < o A

(25)
By (21),
—OétAt > atm||Dt||2F > mat||Dt||F5

and {a;Ar}e — 0,50 {oy||Di||F}e — 0, s0 {a’“}t — 0. Since
ball, there exists a subset 7 C 7 such that { 2t A 7+ — D,so

.7 D T is in the compact 1-norm

9(Xi 4+ &D) — g(Xy)

Qy

(1—o0)md < —Vg(X,)"'D. (26)

Our algorithm guarantees that X, is positive definite. Also X; + & D is positive definite when
Gy — 0. So taking limit of (26) as t € 7 and k — oo on (25), we have

(1—0)ymdé < Vg(X)'D—-vVg(X)"D =0,
a contradiction, finishing the proof. O

Lemma 9. For any X > 0 and symmetric D, there exists an & > 0 such that for all « < &, (1)
X 4+ aD > 0and (2) X + oD satisfies the line search condition (15).

Proof. First, when o < 0,,(X)/||D||2 (o,(X) stands for the smallest eigen-value of X), |[aD|]2 <
on(X),s0 X +aD = 0.

Second,

f(X +aD) - f(X)=g(X +aD) — g(X) + A|X +aDlli = A|X]
< g(X +aD) = g(X) + (| X + D1 — | X][[1) by (23)
= aA + o(«).

It follows that for a fixed 0 < ¢ < 1, when « is sufficiently small, the line search condition must
hold. O

7.2.3 Proof of Lemma 1
Since the fixed set S'¢;zcq is defined by
Stived == {(4,7) | [Vijg(Xi)| < X —e€and (X;);; =0},

SO gradfj f(X¢) = 0forall (i,j) € Stizea. From Lemma 6, this implies D, ., = 0, therefore the
solution of the following optimization problem is A = 0:

arg mAin f(X, + A)suchthat A;; =0 Y(4,5) € Spree-

7.2.4 Main proof

Theorem 3. Our algorithm QUIC converges to a unique global optimum.
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Proof. Assume a subsequence { X} }7 converges to X . Since the choice of the index set J; selected
at each step is finite, we can further assume that .J; = .Jo forallt € 7. From Lemma 8, D 5 (X;) —

0. By the continuity of V f(X) and V2 f(X), it is easy to show Dj (X;) — Dj (X). Therefore
Dj (X)=0.

Furthermore, {D 7 (X¢)}: — 0and || Xy — X¢y1||r < || Dy, (X¢)| Fos0 {X¢q1}: also converges to

X. By further subsetting of 7 we can assume that J, 1 = J; forall ¢ € 7. By the same argument
we can prove { Dy, (X¢)}+ — 0,50 Dy (X) = 0. Similarly, we can show that D7 (X) = 0 Vi =
0,...,T —1 can be assumed for an appropriate subset of 7". According to Lemma 6 and assumption
(16), X is a stationary point:

gradisj f(X)=0Vi,j.

Moreover, by Lemma 4, there exists a unique optimal point, so the sequence { X;} generated by our
algorithm must converge to the global optimum. O

7.3 Quadratic Convergence Rate

7.3.1 Existing results for Newton method on Bounded constrain

The convergence rate of Newton method on bounded constrained minimization has been studied in
[10] and [6]. Here we briefly mention their results.

Assume we want to solve a constrained minimization problem

in 7
min F(z),

where  is a nonempty subset of R™ and F' : R — R has a second derivative V2F(z). Then
beginning from 2, a natural extension of Newton method is to compute z¥*1 by

1
= argmeigrll VF ()T (x —2) + 5(:10 — 2TV F(2%) (x — 2"). (27)

For simplicity, we assume F' is strictly convex and has a unique minimizer z* in 2. Then the
following theorem holds

Theorem 4. Assume F is strictly convex, has a unique minimizer . in Q, and V*F(x) is Lipschitz
continuous, then for all xq sufficiently close to x., the sequence {xy} generated by (27) converges
quadratically to x.

This theorem is proved in [6].

7.3.2 Proof for the quadratic convergence of QUIC

Again we consider the composite objectives as (13), and g(X) has Lipschitz continuous second
order derivatives. Assume X * is the optimal solution, then we can divide the indexes into

P={(0,7) [ Vijg(X") = =A}, N ={(i,4) | Vijg(X") = A}, Z2={(7) [ -2 < Vz'4j9(X(*2)8)< A}
Notice that X7 > 0 for all (4,7) € P, X}; < 0forall (4,5) € N and X}; = 0 for all (4, ) € Z.

Lemma 10. [f the second order derivative of ¢(-) is Lipschitz continuous, then when X, is close
enough to X, the line search condition (15) will be satisfied with step size o = 1.

Proof. To simplify the notation, here we denote X; by X, D, by D, and A; by A. We bound the
decrease in objective function value by the following argument. First, define

g9(t) = g(X +tD),
so §"(t) = DTV2g(X + tD)D. From the Lipschitz continuity of V2g(-), we have
IV29(X +tD) - V?g(X)|| < tL|| D],
where L is the Lipschitz constant. By definition

19"() = §"(0)] = DT (V2g(X +tD) — V?g(X))D| < tL||D|*.
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Therefore we can upper bound §” (t) by
g"(t) < §"(0) +tL||D|* = DTV?g(X)D + tL||D|*.

Integrate both sides to get
1 1
§'(t) < §(0) +tD"V?g(X)D + §t2L|\D||3 =Vg(X)'D +tD"V?g(X)D + §t2L||DH3.
Integrating both sides again, we have
1 1

g(t) < §(0) +tVg(X)'D + §t2DTVQg(X)D + 6153L||D|\3.

Taking ¢ = 1 the inequality becomes
~ T L roe 1 3
9(X + D) = §(1) < g(X) + Vg(X)" D + 5 D"V2g(X)D + < L|D|
1 1
9(X + D) + M| X + Dlly < g(X) + A X[l + (Vo(X)"D + M| X + Dlly = A| X [l) + 5 D" V?g(X)D + <L|| D],
SO
1 1
JX+D)<f(X)+A+ §DTV29(X)D + 6L||D|\3

< f(X)+ %A - %£|\D||A (by (20) and (21) in Lemma 7)
m
1 1

= F(X)+ (5~ = D)A.

And from Lemma 8 we have D* — 0, therefore when k is large enough, (% — %# | D¥||) will be
larger than o (0 < o < 0.5), so the line search condition holds with step size 1.

Lemma 11. Assume that the sequence { X} converges to the global optimum X*. There exists a
t > 0 such that
>0 if(i,j)eP
(Xi)ij ¢ <0 if(i,j)eN (29)
=0 if(i,j)e”

forallt >t.
Proof. We prove the case for (i,j) € P by contradiction, the other two cases can be handled
similarly. Assume that there exists an infinite subsequence {X,} such that (X, );; < 0. We

consider the update from X, _; to X, . From Lemma 10, we can assume that s; is large enough so
that the step size equals 1, therefore X5, = X, _1 + ds,. Note that Dy, is the optimal solution of

1
min Vg(Xs—1)"D+ §DTV29(XM—1)D + X + Dy — [ X1 (30)
Since (X5, )ij = (Xs,-1)ij + (Ds,)ij < 0, from the optimality condition of (30) we have
(VQ(XSt—l) +vzg(XSt—1)(DSt))ij =A (31)
Since Ds, converges to 0, (31) implies that {V;;g(Xs, 1)} will converge to A\. However, by the
definition of P, V;,;¢g(X*) = — A\, and by the continuity of Vg we get that {V;;g(X,)} converges
to V;;9(X*) = —A, a contradiction finishing the proof for the case with (¢, j) € P in (29). O

Lemma 12. Assume X; — X*. There exists a f_> 0 such that variables in P or N will not be
selected as fixed set (denoted by Syiyeq) after t > t. That is,

szzedCZZN\(PUN)
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Proof. Since X, converges to X* and Vg(-) is continuous, Vg(X,;) will converge to Vg(X*).
Therefore, V;;g(X,) converges to —\ if (¢, j) € P and to A if (i, ) € N. Since we select fixed set
by testing whether (X;),; = 0 and

“At+e< Vijg(Xt) < A—k¢,

when k is large enough |V;;9(X;) — V;;9(X™*)| will be smaller than ¢, then all variables in P or N
will not be selected in the fixed set. O

Theorem 5. {X.} generated by our algorithm QUIC converges asymptotic quadratically to X*
when t is large enough.

Proof. First, if we the index sets P, N and Z (related to the optimal solution) are given, solving (2)
is the same as solving the following constrained minimization problem.

min — logdet(X) + tr(SX) + AX; — AXGi
¥ g det(X) ( ) (i§P J (iJ%N J
st. X;; >0 V(i,j) € P, (32)
Xi; <0 VY(i,j) € N,
Xi; =0 V(i,j) € Z

Next we claim that when £ is large enough, our algorithm is equivalent to applying the Newton
method in Section 7.3.1 to minimize (32). Since the objective function values of (32) and (2) are the
same if we restrict variables to follow the sign patterns in (32), to prove the equivalence it suffices
to show:

1. The sign of the optimal solution for the original sub-problem (5) will always be the same as (32)
after a finite number of iterations. This is the result of Lemma 11.

2. The fixed set selection does not affect the Newton sub-problem. This can be proved by Lemma
12 because at each iteration the fixed set Syizeq C Z, and Z is the set which always satisfies
(D¢)z = 0 after ¢ large enough. So we will never fix the wrong variables (choose variables in P
or N in the fixed set) after ¢ is large enough.

Moreover, Lemma 10 shows the step size will always be 1 when ¢ large enough. Therefore our
algorithm is equivalent to the Newton method in Section 7.3.1, which converges quadratically to the
optimal solution of (32). Since the revised problem (32) and our original problem (2) has the same
minimum, our algorithm converges quadratically to the optimum of (2) when the iteration ¢ is large
enough. O

7.4 Size of free sets in experiments

In Figure 2, we plot the size of the free set versus iterations for Hereditarybc dataset. Starting from a
total of 18692 = 3,493, 161 variables, the size of the free set progressively drops, in fact to less than
120,000 in the very first iteration. We can see the super-linear convergence of QUIC even more
clearly when we plot it against the number of iterations.
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Figure 2: Size of free sets and objective value versus iterations (Hereditarybc dataset). There are
total 3,493, 161 variables, but the size of free set reduce to less than 120, 000 in one iteration, and
become about 20, 000 at the end.
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