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In sampling from the infinite factor model hierarchy we require an expression for the posterior
p(νo

k | νo
k−1, Y

+, zo
:,≥k = 0). We first note that we will use the ARS sampling scheme and therefore

only require the posterior density up to a normalizing constant. We decompose the posterior as
follows:

p(νo
k | νo

k−1, Y
+, zo

:,≥k = 0) ∝ P (zo
:,>k = 0 | νo

k , Y +)P (zo
:,k = 0 | νo

k, Y +)p(νo
k | νo

k−1) (1)

The prior term is readily available from the stick breaking construction of the IBP [1]: p(νo
k |

νo
k−1) = ανν−αν

k−1 ναν−1
k I(0 ≤ νk ≤ νk−1). According to the noisy-or mechanism defined in Eq. 1

in the main document, zo
n,k = 0 implies that the binary trials associated with each (active) y+

n,k = 1
failed. Thus we have the following expression for p(zo

:,k = 0 | νo
k , Y +):

P (zo
:,k = 0 | νo

k , Y +) =
J+∏

j=1

∫
P (zo

:,k | Vjk, Y +)p(Vjk | νo
k) dVjk

=
J+∏

j=1

∫ 1

0
V

cνo
k−1

jk (1− Vjk)Nj
Γ(c + 1)

Γ(cνo
k)Γ(c(1− νo

k) + 1)
dVjk

=
J+∏

j=1

Γ(c + 1)
Γ(c + 1 + Nj)

Γ(c(1− νo
k) + Nj + 1)

Γ(c(1− νo
k) + 1)

Here J+ is the number of binary variables y:,j active on any data example (those with at least one
yij = 1, for at least one element i). It remains to derive the expression for P (zo

:,>k = 0 | νo
k , Y +).

From the standard stick-breaking construction of the IBP [1], given νo
k ,νo

l and zn,l (with l > k) are
conditionally i.i.d. across l. Therefore,

P (z+
:,>k = 0 | νo

k , Y +) = lim
K→∞

 Z νo
k

0

α
K

(νo
k)−α/Kνα/K−1

J+Y

j=1

Γ(c + 1)
Γ(c + 1 + Nj)

Γ(c(1− ν) + Nj + 1)
(c(1− ν))Γ(c(1− ν))

1

A
K−k

dν

For convenience, we define: F =
[∏J+

j=1
Γ(c+1)

Γ(c+1+Nj)

]
. We now execute a change of variables.

Letting η = ν/νo
k and the corresponding differential dη = 1/νo

k dν, then:
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P (zo
:,>k = 0 | νo

k , Y +)

= lim
K→∞




∫ 1

0

α

K
(νo

k)−α/K(ηνo
k)α/K−1νo

k

J+∏

j=1

Γ(c + 1)
Γ(c + 1 + Nj)

Γ(c(1− ηνo
k) + Nj + 1)

(c(1− ηνo
k))Γ(c(1− ηνo

k))
dη




K−k

= lim
K→∞



 α

K
F

∫ 1

0
ηα/K−1

J+∏

j=1

Γ(c(1− ηνo
k) + Nj + 1)

(c(1− ηνo
k))Γ(c(1− ηνo

k))
dη




K−k

= lim
K→∞



 α

K
F

∫ 1

0
ηα/K−1

J+∏

j=1

1
(c(1− ηνo

k))

Nj+1∑

i′=0

(−1)Nj+1+i′S(i′)
Nj+1(c(1− ηνo

k))i′ dη




K−k

with Stirling num. S(i′)
Nj+1

= lim
K→∞



 α

K
F

∫ 1

0
ηα/K−1

J+∏

j=1

Nj∑

i=0

(−1)Nj+iS(i+1)
Nj+1(c(1− ηνo

k))i dη




K−k

where i = i′ − 1 and S(0)
Nj

= 0

= lim
K→∞



 α

K
F

∫ 1

0
ηα/K−1

N1+···+NJ+∑

i=0

wic
i(1− ηνo

k)i dη




K−k

wi is def. via the convolution of the Stirlings

= lim
K→∞



 α

K
F

N1+···+NJ+∑

i=0

wic
i

i∑

l=0

(
i

l

)
(1− νo

k)l Γ(i− l + 1)Γ(l + α/K)
Γ(i + α/K + 1)




K−k

= lim
K→∞



 α

K
F

N1+···+NJ+∑

i=0

wic
i

[
i!

∏i
n=0(n + α/K)

+
i∑

l=1

i!
∏l−1

m=0(m + α/K)
l!

∏i
q=0(q + α/K)

(1− νo
k)l

]


K−k

= lim
K→∞



F

N1+···+NJ+∑

i=0

wic
iF

[
1 +

i∑

l=1

α

K

(1− νo
k)l

l

l−1∏

m=1

(
1 +

α

mK

)]


K−k

Applying l’Hôpital’s rule and simplifying, we get:

P (zo
:,>k = 0 | νo

k , Y +)

= exp







α
J+∏

j=1

Γ(c + 1)
Γ(c + 1 + Nj)




N1+···+NJ+∑

i=0

wic
i

(
−Hi +

[
i∑

l=1

(1− νo
k)l

l

])

 .
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