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Abstract
This paper describes a new approach to extracting 3D perspective
structure from 2D point-sets. The novel feature is to unify the
tasks of estimating transformation geometry and identifying pointcorrespondence matches. Unification is realised by constructing a
mixture model over the bi-partite graph representing the correspondence match and by effecting optimisation using the EM algorithm.
According to our EM framework the probabilities of structural correspondence gate contributions to the expected likelihood function
used to estimate maximum likelihood perspective pose parameters.
This provides a means of rejecting structural outliers.

1

Introduction

The estimation of transformational geometry is key to many problems of computer
vision and robotics [10] . Broadly speaking the aim is to recover a matrix representation of the transformation between image and world co-ordinate systems. In order
to estimate the matrix requires a set of correspondence matches between features
in the two co-ordinate systems [11] . Posed in this way there is a basic chickenand-egg problem. Before good correspondences can be estimated, there need to be
reasonable bounds on the transformational geometry. Yet this geometry is, after
all, the ultimate goal of computation. This problem is usually overcome by invoking
constraints to bootstrap the estimation of feasible correspondence matches [5, 8].
One of the most popular ideas is to use the epipolar constraint to prune the space of
potential correspondences [5]. One of the drawbacks of this pruning strategy is that
residual outliers may lead to ill-conditioned or singular parameter matrices [11].
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The aim in this paper is to pose the two problems of estimating transformation
geometry and locating correspondence matches using an architecture that is reminiscent of the hierarchical mixture of experts algorithm [6]. Specifically, we use
a bi-partite graph to represent the current configuration of correspondence match.
This graphical structure provides an architecture that can be used to gate contributions to the likelihood function for the geometric parameters using structural
constraints. Correspondence matches and transformation parameters are estimated
by applying the EM algorithm to the gated likelihood function. In this way we
arrive at dual maximisation steps. Maximum likelihood parameters are found by
minimising the structurally gated squared residuals between features in the two
images being matched. Correspondence matches are updated so as to maximise the
a posteriori probability of the observed structural configuration on the bi-partite
association graph.
We provide a practical illustration in the domain of computer vision which is aimed
at matching images of floppy discs under severe perspective foreshortening . However, it is important to stress that the idea of using a graphical model to provide
structural constraints on parameter estimation is a task of generic importance. Although the EM algorithm has been used to extract affine and Euclidean parameters
from point-sets [4] or line-sets [9], there has been no attempt to impose structural
constraints of the correspondence matches. Viewed from the perspective of graphical template matching [1, 7] our EM algorithm allows an explicit deformational
model to be imposed on a set of feature points. Since the method delivers statistical estimates for both the transformation parameters and their associated covariance
matrix it offers significant advantages in terms of its adaptive capabilities.

2

Perspective Geometry

Our basic aim is to recover the perspective transformation parameters which bring
a set of model or fiducial points into correspondence with their counterparts in a
set of image data. Each point in the image data is represented by an augmented
vector of co-ordinates Wi = (Xi, Yi, l)T where i is the point index. The available set
of image points is denoted by w = {Wi' Vi E 'D} where'D is the point index-set.
The fiducial points constituting the model are similarly represented by the set of
augmented co-ordinate vectors z = b j , Vj EM}. Here M is the index-set for the
model feature-points and the 'l!j represent the corresponding image co-ordinates.
Perspective geometry is distinguished from the simpler Euclidean (translation, rotation and scaling) and affine (the addition of shear) cases by the presence of significant foreshortening. We represent the perspective transformation by the parameter
matrix
~(n)
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from the elements in bottom row of the transformation matrix.
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Relational Constraints

One of our goals in this paper is to exploit structural constraints to improve the
recovery of perspective parameters from sets of feature points. We abstract the
process as bi-partite graph matching. Because of its well documented robustness to
noise and change of viewpoint, we adopt the Delaunay triangulation as our basic
representation of image structure [3]. We establish Delaunay triangulations on the
data and the model, by seeding Voronoi tessellations from the feature-points.
Tlie process of Delaunay triangulation generates relational graphs from the two
sets of point-features. More formally, the point-sets are the nodes of a data graph
GD
{V,ED} and a model graph G M
{M,EM}. Here ED ~ V X V and
EM ~ M x M are the edge-sets of the data and model graphs. Key to our matching
process is the idea of using the edge-structure of Delaunay graphs to constrain the
correspondence matches between the two point-sets. This correspondence matching
is denoted by the function j : M -+ V from the nodes of the data-graph to those
of the model graph. According to this notation the statement j(n)(i) = j indicates
that there is a match between the node i E V of the model-graph to the node j E M
of the model graph at iteration n of the algorithm. We use the binary indicator

=

=

s~n)
t,)

=

{I

if j(n)(i) = j
0 otherwise

(2)

to represent the configuration of correspondence matches.
We exploit the structure of the Delaunay graphs to compute the consistency of
match using the Bayesian framework for relational graph-matching recently reported
by Wilson and Hancock [12]. Suffice to say that consistency of a configuration of
matches residing on the neighbourhood Ri = i U {k ; (i, k) E ED} of the node
i in the data-graph and its counterpart Sj = j U {I ; (j,l) E Em} for the node
j in the model-graph is gauged by Hamming distance. The Hamming distance
H(i,j) counts the number of matches on the data-graph neighbourhood Ri that
are inconsistently matched onto the model-graph neighbourhood Sj. According to
Wilson and Hancock [12] the structural probability for the correspondence match
j(i) = j at iteration n of the algorithm is given by
( ~) =
t,)

exp [-/3H(i,j)]
----=----;:-----"-----:;-

LjEM

(3)

exp [-/3H(i,j)]

In the above expression, the Hamming distance is given by H(i,j)
L(k,I)ER;eSj (l-si~h where the symbol- denotes the composition of the data-graph
relation Ri and the model-graph relation Sj. The exponential constant /3 = In 1
is related to the uniform probability of structural matching errors Pe . This probability is set to reflect the overlap of the two point-sets. In the work reported here
- 2 I1 MI-ID\1
we set p.e - I1MI+IDI .

Ft,

4

The EM Algorithm

Our aim is to extract perspective pose parameters and correspondences matches
from the two point-sets using the EM algorithm. According to the original work
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of Dempster, Laird and Rubin [2] the expected likelihood function is computed
by weighting the current log-probability density by the a posteriori measurement
probabilities computed from the preceding maximum likelihood parameters. Jordan
and Jacobs [6] augment the process with a graphical model which effectively gates
contributions to the expected log-likelihood function. Here we provide a variant of
this idea in which the bi-partite graph representing the correspondences matches
gate the log-likelihood function for the perspective pose parameters.

4.1

Mixture Model

Our basic aim is to jointly maximize the data-likelihood p(wlz, f,~) over the space
of correspondence matches f and the matrix of perspective parameters ~. To
commence our development, we assume observational independence and factorise
the conditional measurement density over the set of data-items

II p(wil z , f,~)

p(wlz, f,~) =

(4)

iE'D

In order to apply the apparatus of the EM algorithm to maximising p(wlz,f,~)
with respect to f and ~, we must establish a mixture model over the space of
correspondence matches. Accordingly, we apply Bayes theorem to expand over the
space of match indicator variables. In other words,

L

p(wilz,j,~) =

P(Wi,Si,jIZ,f,~)

(5)

Si , jE!

In order to develop a tractable likelihood function, we apply the chain rule of conditional probability. In addition, we use the indicator variables to control the switching of the conditional measurement densities via exponentiation. In other words we
assume p(wilsi,j'~j,~) = p(wil~j, ~)Si.j.
With this simplification, the mixture model for the correspondence matching process
leads to the following expression for the expected likelihood function
Q(f(n+l), ~(n+l)lf(n), ~(n») =

LL

P(si,jIW, z, f(n), ~(n»)s~~) Inp(WiIZj' ~(n+1»)

iE'D iEM

(6)

To further simplify matters we make a mean-field approximation and replace s~~)
by its average value, i.e. we make use of the fact that E(s~~») = (i,'j). In this way
the structural matching probabilities gate contributions to the expected likelihood
function . This mean-field approximation alleviates problems associated with local
optima which are likely to occur if the likelihood function is discretised by gating
with Si,j'

4.2

Expectation

Using the Bayes rule, we can re-write the a posteriori measurement probabilities in
terms of the components of the conditional measurement densities appearing in the
mixture model in equation (5)
.. 1
fen) ~(n+1») =
P( St,}
W, z,
,~

r(n)p(w Iz ~(n»)
':.i,j
-i -j,
(n)
Lj/EM (i,j' p(wil?;jl, ~(n»)

(7)
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In order to proceed with the development of a point registration process we require
a model for the conditional measurement densities, i.e. p(wil?;j, cf>(n») . Here we
assume that the required model can be specified in terms of a multivariate Gaussian
distribution. The random variables appearing in these distributions are the error
residuals for the position predictions of the jth model line delivered by the current
estimated transformation parameters. Accordingly we write
p(wil?;j,cf>

(n») _
1
[ 1(
(n»)T~-l
( _ (n»)]
- (27l")~Mexp -2 Wi -?;j
L..J
Wi 'l.j

(8

)

In the above expression ~ is the variance-covariance matrix for the vector of errorbetween the components of the predicted mearesiduals fi,j(cf>(n») = Wi surement vectors 'l.j and their counterparts in the data, i.e. Wi . Formally, the
matrix is related to the expectation of the outer-product of the error-residuals i.e.
~ = E[fi ,j(cf>(n»)fi,j(cf>(n»)T].

'l.;n)

4.3

Maximisation

The maximisation step of our matching algorithm is based on two coupled update
processes. The first of these aims to locate maximum a posteriori probability correspondence matches. The second class of update operation is concerned with locating
maximum likelihood transformation parameters. We effect the coupling by allowing
information flow between the two processes. Correspondences located by maximum
a posteriori graph-matching are used to constrain the recovery of maximum likelihood transformation parameters. A posteriori measurement probabilities computed
from the updated transformation parameters are used to refine the correspondence
matches.
In terms of the indicator variables matches the configuration of maximum a posteriori probability correspondence matches is updated as follows
exp
j(n+1)(i) = argmaxP(?; .IWi,cf>(n»)
JEM

J

LjEM

[-f3
exp

[

LCk,I)ER,.Sj

-f3
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(9)

(n) ]
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The maximum likelihood transformation parameters satisfy the condition
cf>(n+l) = argmin
'""' '""' P(z.lw
. cf>(n»);~~)(w
. - z(n»)T~-l(w
. - zen»)
~ L...J L...J
-J - P
"1 ,J
-1
-J
-1-J

(10)

iE'DiEM

In the case of perspective geometry where we have used homogeneous co-ordinates
the saddle-point equations are not readily amenable in a closed-form linear fashion. Instead, we solve the non-linear maximisation problem using the LevenbergMarquardt technique. This non-linear optimisation technique offers a compromise
between the steepest gradient and inverse Hessian methods. The former is used
when close to the optimum while the latter is used far from it.

5

Experiments

The real-world evaluation of our matching method is concerned with recognising
planer objects in different 3D poses. The object used in this study is a 3.5 inch
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floppy disk which is placed on a desktop. The scene is viewed with a low-quality SGI
IndyCam. The feature points used to triangulate the object are corners. Since the
imaging process is not accurately modelled by a perspective transformation under
pin-hole optics, the example provides a challenging test of our matching process.
Our experiments are illustrated in Figure 1. The first two columns show the views
under match. In the first example (the upper row of Figure 1) we are concerned
with matching when there is a significant difference in perspective forshortening . In
the example shown in the lower row of Figure 1, there is a rotation of the object
in addition to the foreshortening. The images in the third column are the initial
matching configurations. Here the perspective parameter matrix has been selected
at random. The fourth column in Figure 1 shows the final matching configuration
after the EM algorithm has converged. In both cases the final registration is accurate. The algorithm appears to be capable of recovering good matches even when
the initial pose estimate is poor.

Figure 1: Images Under Match, Initial and Final Configurations.
We now turn to measuring the sensitivity of our method. In order to illustrate
the benefits offered by the structural gating process, we compare its performance
with a conventional least-squares parameter estimation process. Figure 2 shows a
comparison of the two algorithms for a problem involving a point-set of 20 nodes.
Here we show the RMS error as a function of the number of points which have
correct correspondence matches. The break-even point occurs when 8 nodes are
initially matched correctly and there are 12 errors. Once the number of initially
correct correspondences exceeds 8 then the EM method consistently outperforms
the least-squares estimation.

6

Conclusions

Our main contributions in this paper are twofold. The theoretical contribution has
been to develop a mixture model that allows a graphical structure to to constrain the
estimation of maximum likelihood model parameters. The second contribution is a
practical one, and involves the application of the mixture model to the estimation
of perspective pose parameters. There are a number of ways in which the ideas
developed in this paper can be extended. For instance, the framework is readily
extensible to the recognition of more complex non-planar objects.
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Figure 2: Structural Sensitivity.
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