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Abstract

Online learning is one of the most common forms of neural net-
work training. We present an analysis of online learning from finite
training sets for non-linear networks (namely, soft-committee ma-
chines), advancing the theory to more realistic learning scenarios.
Dynamical equations are derived for an appropriate set of order
parameters; these are exact in the limiting case of either linear
networks or infinite training sets. Preliminary comparisons with
simulations suggest that the theory captures some effects of finite
training sets, but may not yet account correctly for the presence of
local minima.

1 INTRODUCTION

The analysis of online gradient descent learning, as one of the most common forms
of supervised learning, has recently stimulated a great deal of interest [1, 5, 7, 3]. In
online learning, the weights of a network (‘student’) are updated immediately after
presentation of each training example (input-output pair) in order to reduce the
error that the network makes on that example. One of the primary goals of online
learning analysis is to track the resulting evolution of the generalization error - the
error that the student network makes on a novel test example, after a given number
of example presentations. In order to specify the learning problem, the training
outputs are assumed to be generated by a teacher network of known architecture.
Previous studies of online learning have often imposed somewhat restrictive and
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unrealistic assumptions about the learning framework. These restrictions are, either
that the size of the training set is infinite, or that the learning rate is small[l, 5, 4].
Finite training sets present a significant analytical difficulty as successive weight
updates are correlated, giving rise to highly non-trivial generalization dynamics.

For linear networks, the difficulties encountered with finite training sets and non-
infinitesimal learning rates can be overcome by extending the standard set of de-
scriptive (‘order’) parameters to include the effects of weight update correlations|7).
In the present work, we extend our analysis to nonlinear networks. The particular
model we choose to study is the soft-committee machine which is capable of repre-
senting a rich variety of input-output mappings. Its online learning dynamics has
been studied comprehensively for infinite training sets(1, 5]. In order to carry out
our analysis, we adapt tools originally developed in the statistical mechanics liter-
ature which have found application, for example, in the study of Hopfield network
dynamics(2].

2 MODEL AND OUTLINE OF CALCULATION

For an N-dimensional input vector x, the output of the soft committee machine is

given by
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where the nonlinear activation function g(h;) = erf(h;/v/2) acts on the activations
hi = wfx/V/N (the factor 1/v/N is for convenience only). This is a neural network

with L hidden units, input to hidden weight vectors w;, [ = 1..L, and all hidden to
output weights set to 1.

In online learning the student weights are adapted on a sequence of presented exam-
ples to better approximate the teacher mapping. The training examples are drawn,
with replacement, from a finite set, {(x*,y*),x = 1..p}. This set remains fixed
during training. Its size relative to the input dimension is denoted by a = p/N.
We take the input vectors x* as samples from an N dimensional Gaussian distri-
bution with zero mean and unit variance. The training outputs y* are assumed to
be generated by a teacher soft committee machine with hidden weight vectors w},,
m = 1..M, with additive Gaussian noise corrupting its activations and output.

The discrepancy between the teacher and student on a particular training exam-
ple (x,y), drawn from the training set, is given by the squared difference of their
corresponding outputs,
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where the student and teacher activations are, respectively
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and &,, m = 1..M and & are noise variables corrupting the teacher activations and
output respectively.

Given a training example (x, y), the student weights are updated by a gradient
descent step with learning rate 7,

wy—wy = -V, E= -—-\/n—ﬁxa;.,E (3)
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The generalization error is defined to be the average error that the student makes on
a test example selected at random (and uncorrelated with the training set), which
we write as €g = (E).

Although one could, in principle, model the student weight dynamics directly, this
will typically involve too many parameters, and we seek a more compact representa-
tion for the evolution of the generalization error. It is straightforward to show that
the generalization error depends, not on a detailed description of all the network
weights, but only on the overla ters Qur = ww,wp and Ry = =wiw?
; p parameters Qi = xw; wp and Ry, = W, Wy,
[1, 5, 7]. In the case of infinite q, it is possible to obtain a closed set of equations
governing the overlap parameters @, R [5]. For finite training sets, however, this is

no longer possible, due to the correlations between successive weight updates(7].

In order to overcome this difficulty, we use a technique developed originally to study
statistical physics systems|[2]. Initially, consider the dynamics of a general vector of
order parameters, denoted by 2, which are functions of the network weights w. If
the weight updates are described by a transition probability T'(w — w'), then an
approximate update equation for (2 is

Q-Q= < / dw' (Q(w') — Q(w)) T(w — w')> (4)

P(w)oxd(2(w)—)

Intuitively, the integral in the above equation expresses the average change! of 0
caused by a weight update w — w’, starting from (given) initial weights w. Since
our aim is to develop a closed set of equations for the order parameter dynamics, we
need to remove the dependency on the initial weights w. The only information we
have regarding w is contained in the chosen order parameters {2, and we therefore
average the result over the ‘subshell’ of all w which correspond to these values of
the order parameters. This is expressed as the 4-function constraint in equation(4).

It is clear that if the integral in (4) depends on w only through Q(w), then the
average is unnecessary and the resulting dynamical equations are exact. This is in
fact the case for @ — oo and Q = {Q, R}, the standard order parameters mentioned
above[5]. If this cannot be achieved, one should choose a set of order parameters to
obtain approximate equations which are as close as possible to the exact solution.
The motivation for our choice of order parameters is based on the linear perceptron
case where, in addition to the standard parameters  and R, the overlaps projected
onto eigenspaces of the training input correlation matrix A = &30 _ x#(x*)T are
required?. We therefore split the eigenvalues of A into I'" equal blocks (y =1...T)
containing N’ = N/I' eigenvalues each, ordering the eigenvalues such that they
increase with v. We then define projectors P” onto the corresponding eigenspaces
and take as order parameters:

1 1 1
Q) = Fv.,;l‘p':rwl. Rl = FW,TP*W;“ Uj, = 3wt P7b, (5)

where the b, are linrear combinations of the noise variables and training inputs,

1 p
b= — Y &xP. 6
ﬁ;gx ©)

'Here we assume that the system size N is large enough that the mean values of the
parameters alone describe the dynamics sufficiently well (i.e., self-averaging holds).

2The order parameters actually used in our calculation for the linear perceptron|[7] are
Laplace transforms of these projected order parameters.
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As T = oo, these order parameters become functionals of a continuous variable®.

The updates for the order parameters (5) due to the weight updates (3) can be
found by taking the scalar products of (3) with either projected student or teacher
weights, as appropriate. This then introduces the following activation ‘components’,

W=\ wTPx K=y e B =y AP, ()

so that the student and teacher activations are by = £ 3. h) and km = £ 3., k7,
respectively. For the linear perceptron, the chosen order parameters form a complete
set - the dynamical equations close, without need for the average in (4).

For the nonlinear case, we now sketch the calculation of the order parameter update
equations (4). Taken together, the integral over w' (a sum of p discrete terms in
our case, one for each training example) and the subshell average in (4), define
an average over the activations (2), their components (7), and the noise variables
€m, 0. These variables turn out to be Gaussian distributed with zero mean, and
therefore only their covariances need to be worked out. One finds that these are in
fact given by the naive training set averages. For example,

(hlkm) = ;} E %(w,)TP"'x”(x”)TW:n
L
r .
= —(W)PTAw;, = %R}”m, (8)

where we have used PYA = a,P" with a, ‘the’ eigenvalue of A in the ~«-th
eigenspace; this is well defined for I' — oo (see [6] for details of the eigenvalue
spectrum). The correlations of the activations and noise variables explicitly ap-
pearing in the error in (3) are calculated similarly to give,

(mhe) = 25 20,

-
1
b = SR k) = 53 8T 0
b § Y
1 1
) =;;;wz (km&) = 0 (ko) = o0}

where the final equation defines the noise variances. The T}, are projected over-

laps between teacher weight vectors, T, ., = % (wp,)TPYw},,. We will assume that
the teacher weights and training inputs are uncorrelated, so that T}, is indepen-
dent of «v. The required covariances of the ‘component’ activations are

(Kb = R (Khkw) = 2T7. (kp&) = 0

(€Th) = %U{: (Tkw) = 0 (1) = 5;1035,,.
a 1

(i) = Q7 (Wkw) = 2R, (&) = ~Up

(10)

Note that the limit I' = oo is taken after the thermodynamic limit, i.e., I' < N. This
ensures that the number of order parameters is always negligible compared to N (otherwise
self-averaging would break down).













