A Technical Lemmas

When applying the following self-normalized bound in the analysis of federated bandit algorithm with
event-trigger, a subtle difference from the analysis of standard bandit algorithm is that the sequence
of data points used to update each client is controlled by the data-dependent event-trigger, e.g. Eq (@),
which introduces dependencies on the future data, and thus breaks the standard argument. This
problem also exists in prior works of distributed linear bandit, but was not addressed rigorously (see
Lemma H.1. of [28]). Specifically, each client ¢ observes the sequence of data points in a different
order, i.e., it first observes each newly collected local data points from the environment, and then
observes (in the form of their gradients) the batch of new data points that other clients have collected
at the end of the epoch. Then, if we consider a data point that is contained in the batch of new data
collected by other clients, the index of this data point (as observed by client ) has dependency all the
way to the end of this batch, i.e., its index is only determined after some client triggers the global
update.

Therefore, in order to avoid this dependency on future data points, when constructing the filtration, we
should avoid including the o-algebra that ‘cuts a batch in half’, but instead only include the o-algebra
generated by the sequence of data points up to the end of each batch, where we consider each
locally observed data point as a batch as well. Denote the sequence of time indices corresponding
to these data points as {t,},c[p] for some P > 0. Then the constructed filtration {F;, },¢(p) is
essentially a batched version of the standard { ¥ }$2,. The self-normalized bound below still holds,
i.e., by changing the stopping time construction from Us>1B4() t0 Use(t,},.p Bt (9) in the proof of
Theorem 1 in [1]], where B;(J) denotes the bad event that the bound does not hold. Therefore, instead
of holding uniformly over all ¢, the self-normalized bound now only holds for all ¢ € {t,},¢[p}. i.€.,
the sequence of time steps when client ¢ gets updated, which is also what we need.

Lemma A.1 (Vector-valued self-normalized bound (Theorem 1 of [1l])). Ler {F:}i2, be a filtration.
Let {n: }$2, be a real-valued stochastic process such that 0 is Fy11-measurable, and 1 is condition-
ally zero mean R-sub-Gaussian for some R > 0. Let {X;}3°, be a R%-valued stochastic process

such that X, is F,-measurable. Assume that V is a d X d positive definite matrix. For any t > 0,
define

t t
Vi=V4Y X X! S=> nX,
T=1

T=1

Then for any § > 0, with probability at least 1 — 6,

[ det(v,)1/2
Silly1 < Ry[2log Sy s g
[1Selly; = 8 qet(V)izg

Lemma A.2 (Corollary 8 of [2]). Under the same assumptions as Lemma consider a sequence
of real-valued variables { Z; }$2 | such that Z is Fy-measurable. Then for any 6 > 0, with probability
at least 1 — 6,

¢ NI
2V + > 22)log | YT | vt >0

t
TZT SR
I;n | v

T=1

Lemma A.3. UnderAssumption F;(0) fori=1,2,..., N is smooth with constant k,, + Nit
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Proof. By Assumption 1, u(-) is Lipschitz continuous with constant k,,, i.e., |[u(x"01) — pu(x " 62)| <
k,|xT (01 — 02)|. Then we can show that

HVFit(el) — VE;(62)|]

A
=||*szz xJ,01) M(XZiOQ)]+m(91_92)‘|

1 A
<7 Z e e 00) — e O] + 161 — ol
<—Z|ux 01) = p(xL02)] + - 16) — 0]
- 80 Nt
< “Z\xﬂ 0]+ cllts — Oal] < (k)11 — ]

Therefore, V F; ;(#) is Lipschitz continuous w1th constant k,, + 3, and VF,(0) = vazl VE;.(6)
is Lipschitz continuous with constant k,, + N - as well. O

Lemma A.4 (Matrix Weighted Cauchy-Schwarz). If A € R%*? is a PSD matrix, then zT Ay <

VT Ax - yT Ay holds for any vectors z,y € RY.

Proof. Consider a quadratic function (z + ty)T A(z + ty) = 27 Az + 2(27 Ay)t + (y* Ay)t? for
some variable t € R, where x,y € R< are arbitrary vectors. Since A is PSD, the value of this
quadratic function (z + ty)T A(z + ty) = 27 Az + 2(2T Ay)t + (yT Ay)t? > 0, V¢, which means
there can be at most one root. This is equivalent to saying the discriminant of this quadratic function
4(2T Ay)? — 42T Ax - y* Ay < 0, which finishes the proof. O

Lemma A.5 (Confidence Ellipsoid Centered at Global Model). Consider time step t € [T]| when
a global update happens, such that the distributed optimization over N clients is performed to
get the globally updated model 0,. Denote the sub-optimality of the final iteration as €, such that

Fy(0;) — Fy(0MLE) < ¢,; then with probability at least 1 — 6, for all t € [T,
[[0r — Oxl[a, < v

where oy = Nty /22 “+ Ntc Ve + R”“” V/dlog (14 Ntc,/(dN)) + 2log (1/6) + /2 S and
At = TMI + Zi:l Zs:l XSJ«XS,Z"

Proof. Recall that the unique minimizer of Eq.(2) is denoted as é%’ILE, so by taking gradient w.r.t. 0

we have, gt(éMLE) _ Ziv L ZZ | Xs.iYs,i» Where we define g;(6) = )\0+va 1 Zi 1 (xg 7i9)xs,i.
First, we start with standard arguments [8 20] to show that ||6; — 0, ]/ 4, < Cl llg:(8:) — g:(6:)]| Pras
Specifically, by Assumption[T]and the Fundamental Theorem of Calculus, we have

9:(0:) — g4(0,) = G¢(0, — 0,)

where G fol Vg ( aGt + (1 — a)f,)da. Again by Assumption Vg:(0) = A +

Zs 1 Zl | XX 41(x ,0) is continuous, and Vg, (0) = M + ¢, Zzzl Zfil Xs,ix,,; = 0 for
0 € By(S),s0 Gy = 0, 1. e G, is invertible. Therefore, we have

0p — 0, = G;l[gt(at) - gt(e*)]
Note that G; = Al + ¢, 22:1 Zf\il xmx;i = ¢, Ay, 50 Gt_l < iAt_l. Hence,

160~ 6.1La, = 1G5 9:(60) — 9B, < - A [90(60) — 9u()]la, = —l9e(80) — (6] o

u w

IN

1
—[lg:(61) = ge(BE) | yx + — ||gt<e£“> =904 ®)
i
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where the first term depends on the sub-optimality of the offline regression estimator 6; to the unique
minimizer ét(MLE), and the second term is standard for GLB [20].

Recall from Algorithmthat 0¢ = argmingep, (s llg¢(0;) — g:(0) HA;‘ , where 6, denotes the AGD

estimator before projection. Therefore, for the first term, using triangle inequality and the definition
of g¢(-), we have

19002) = g (B |41 < Nlge(00) — 918l 41 + |lge (Be) — 9o (O )| 11

t N t N
< 2g+(0¢) — gt(eﬁMLE))HA;l = 2[|A0; + Z sz@ll(X;r,iet) - szsﬂys,ﬂ

s=1i=1 s=1i=1

A7l

t N
=20 xeilvis + plx]00)] + Mil| 41 = 2|INEVE,(0:)]] 4
s=11i=1

where the last equality is due to the definition of F}(6) in Eq.(2). We can further bound it using the
property of Rayleigh quotient and the fact that A; 3= CAI , which gives us
i
A 2Nt||VE(0 2Nt||VEi(0
l6000) = e 02 < 2Ol 2T
¢ Amin(A¢) Aey

Based on Lemma Fy(0) is (k, 4+ £;)-smooth, which means

Sy

2k, +2X/(Nt)

where the second inequality is by definition of ¢,. Putting everything together, we have the following
bound for the first term

VE6)|? < F(0;) — F(0YF) <

1 A 2k 2
—1ge(0) — ge (MY || ,-1 < 2Nt o
C#Hgt( t) gt( t )||At 1> Acu + Ntcu\/a

For the second term, similarly, based on the definition of ¢, (-), we have

1 A
*||9t(‘9}ewLE) - gt(e*)HA’l
Cu t

AN t N
= a” Z sz,iys,i - Z Z ,U(X;r,ig*)xs,i - )‘0*”,4;1

s=1i=1 s=1 i=1

1 /A
S *” szs,ins,i| At_l + 7‘5‘
e Cu
Then based on the self-normalized bound in Lemma [A]] (Theorem 1 of [1]]), we have

I ZZ=1 Zfil Xs7i7]57i||At—1 < Riaz \/dlog (14 Ntc,/dX) + 2log (1/6), Vt, with probability at
least 1 — 6.

Substituting the upper bounds for these two terms back into Eq.(8), we have, with probability at least
1-9,

1 A 1 .
16 = 0ul[a, < ?Hgt(et) - gt(eiMLE))”A;l + ?|‘gt(9§MLE)) - gt(a*)HA;l
iz Z

2k 2 R A
< 2Nt b AT Jdlog (14 Nte, /(dA 2log(1/6 —S8
AN [ o T fdlog (14 Niey/(d) + 2log (1/9) + 2
which finishes the proof. O

B Proof of Lemma [4.1]

Proof. Denote the two terms for loss difference as A; = Y™ fil [l(xlﬂtm,ysyi) -
t

l(x;ﬁ*,ys7i)], and Ay = >3, ) [l(xli03_17i,ys77;) - l(xliH*,ys,i)}. We can upper bound
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the term A; by

tae N

A A
A= 30 S O ) — T 0] = 516,15 + 51613
s=1 i=1
tast N tase N R )\ R )\
<D D b yei) = D D 1O o) = SIOREENS + S 10,11
s=11=1 s=11=1
o T A 2 o T AMLE A AMLE || 2 A 2
S Z Zl(xs,ietlasﬂys,i) + §||6tlaSlH2 - ZZ l(XS,ietlasl 7yS,i) - §Hetlasl ||2 + 55
s=1 =1 s=1 i=1

A
< Ntlastetlas[ + 552 = B

where the first inequality is because OME minimizes Eq.(@), such that S0, I(x] ,OMLE y, ;) +

= tlast
2|OMLE|Z < Z?iil I(x) 0, ys) + 2110113 for any @ € B4(S), and the last inequality is because
F tlasl(etlasl) — Fj tlasl(gg/g:E) < Etast by definition.

Now we start with standard arguments [[12][29] in order to bound the term Ao, which is essentially
the online regret of ONS, except that its initial model is the globally updated model 6, . First, since
I(2,y) is c,-strongly-convex w.r.t. z, we have

C
l(X;ﬂs—l,i,ys,i)—l(xlﬂ*,ys,i) < [N(Xlies—l,i)_ys,i]xli(os—l,i_0*)_?MH95—1,1‘_0*||,2€ T

O
To further bound the RHS of Eq.(9), recall from the ONS local update rule in Algorithm [2]that, for
each client 7 € [N] at the end of each time step s € [t + 1,1],

1 _
9/“ =01, — FAS,3VZ(XIi95—17ia Ys.i)
m

05, = argmin ||0; ; — 6| 124

0eB4(S)

Then due to the property of generalized projection (Lemma 8§ of [[10]), we have
16.: — 04115, .
1 _
< ||95—1,z' — 0, — ?AS’}VZ(inas—l,iays,i)”is’i
i

2 1
<051 = Oull,, = VI 01,6, 5) T (Bsm1i = 00) + ZIVICS 0510 95.0) I 2
¥ 2

By rearranging terms, we have
V(%] 51,0, Ys.i) " (Bs-1,0 — 0.)

1 T 2 C 2 2
5 IVI6< 0.0, ) 1522+ B (105 — 0.5, = 110 = 6., ,)
Cp s,

IA

s—1,4

1 T 2 Cu 2
P VZ 'es— iy Ys,i - A 03— i 0
QCHH (Xs,i0s—1,i5 Ys, )”A,g,i + 5 1515 — Oxlla

C C
+ f(”ﬁ’s—m —Oulla,, = 10s—1,6 — Oull2, ;) — 7“”93,1- — 04|, ,

1 T 2 Cu 2 Cu 2
= —||VI(x5,:0s—1,6,Ys,i) ||y -1 + = ||0s—1,s — Ox A+ = 0s—1,s — 04
S VI Out i e Dy + 1015 = Oulfs .y + L1015 = 0]

T
Xs,i%Xs 4

_ gl 6112

o 105 = Oulla,
Note that VI(x/ ;0515 ys.i) = Xsi[it(X] ;05-1,i) — Ys,i]> so with the inequality above, we can
further bound the RHS of Eq.(9):

2
-
Xs,iXg 5

¢
l(XLesq,i’ys,i) - l(X;rﬁ*,ys,i) < [M(X;rﬁs—l,i) - ys,i]xli(esfl,i —0,) — ?M||9371,z‘ — 0.

1 c c
< THW(XL‘%—Mys,i)\\ia + 01— O0ullA, , — 200 — 04,
Cu ’ s 2 . 2 ,
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Then summing over s € [t + 1, 1], we have

t

1 c
A< o D7 VIO B s ) + SO0 = Ol — B0 = 6%,
P s=tiaq+1

where Ay, i = Ay, O4i = b4, Vi € [N] due to the global update (line 15 in Algorithm|T}).

We should note that the second term above itself essentially corresponds to a confidence ellipsoid
centered at the globally updated model 0, , and its appearance in the upper bound for the loss
difference (online regret) of local updates is because the local update is initialized by 6, . And based
on Lemma [A23] with probability at least 1 — 4,

2k 2
[0ti — Oslla,, o < 2Nty [ 5 +

V 6tl‘ st
/\ Ntlastc;t *

1 A
+ — Runay/d10g (1 + Ntaueu/dA) + 2log (1/8) + 1| S

Cu Cpu

Therefore, with probability at least 1 — 4,

t
1 . cs %, 2
AQ < E Z ”Vl(xs,ies—lﬂ'a ys,i) HA 1 + 5 [ZNtlast )\ + = Ntlaslc,u, V €tiage
s=tpast+1
1 A 42
+ — R/ d10g (1 + Ntiwu/d) + 210g (1/6) + || =] = B,
CU CU'

which finishes the proof for Lemma [.1]

C Proof of Lemma[4.2]and Corollary 4.2.1]

Proof of Lemma@.2] Due to c,,strongly convexity of I(z,y) wrt. z, we have I(x],0,ys:) —
l(xziﬁ*,ysyi) > %(x;r’iﬁ ) — Ysi] X1 (0 —0)+ 2 [x ;-(9 - 9*)}2. Substituting this to the LHS
/]

of Eq.(6) and Eq.(7), we have
tlast
By 2 ZZ (34 Ot Ys.i) = 12100 y.)]
s=1i=1
tast N c tast N 9
> 3 S HTi0) X O — 0+ L3S 61, 6]
s=11i=1 s=11i=1
t
By > Z [ (X bs—1,i,Ys, i) — l(XIﬂ*,ys,i)]
S=tpx+1
]t c t 5
= Z [“(X;ig*) - ys}xli(as_u —0.) + f Z [xg (0s—1, — 0,)]
S=tpg+1 s=tlast+1

By rearranging the terms, we have

tast N 9 tast N
DIPIEIICIETO] = 531 e 2N (0, —02)
s=11i=1 s=11=1
: T 2 _ 2 2 ; T
Z [X4i(0s—1—0,)]" < —By+ — Ns,iXs,i(0s—1,: — Ox)
_ Cu Cp
$=tas+1 s=tliasi+1

where the LHS is quadratic in 6. For the RHS, we will further upper bound the second term as
shown below.
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e Upper Bound for Zi:thﬁl (%] (051 — 0*)]2 Note that x],;(0s—1; — 6,) is Fo-
measurable, and 7, ; is F,s;1 ,-measurable and conditionally R,,,;-sub-Gaussian. By apply-
ing Lemma (Corollary 8 of [2]) w.rt. client i’s filtration {F,;}3>, ,, where F,; =
0 ([Xk.js Ml ik <tia G <N Kb Mgl it + 1<k <s—1nj=i> Xs.4) » and taking union bound over all
i € [N], with probability at least 1 — ¢, for all ¢t € [T],i € [N],

t

Z ﬁs,ix;(es—m - 0*) S

s=tpast+1

s=tpag+1 s=tpg+1

Rmax [2(14+ D0 [x,(0s-1.: —0.)]%) - log( JH Z X1 (Bs-1i — 0.)]%)

Therefore,

t
1+ Z [x;r,i(esfu - 9*)]2 <1+ 3B2

s=tpg+1 Cu
(10
2 Rimax - N -
42 o1y S O 0] o[ 14 DD [T Ouns— 0]
Cn s=tjaq+1 s=tjaq+1
Then by applying Lemma 2 of [12], ie., if ¢> < a + fay/log(57y) then ¢ <

2
\/1 + Zzztmﬂ (x] (051 —0,)] " a=1+ %Bz, f= %, we have

t
4B 8R2 N 8 64 R4
P R g R <5¢4+ —B; + "“‘*X)Nzxz‘ (11

4 2
c c ct 46
s=tig+1 © B © K

2a + fﬂog(%) (for a,f > 0,q > 1. And by setting ¢ =

with probability at least 1 — 4.

¢ Upper Bound for Zt"”’ N % (O — 00)] ? Note that 04, depends on all data samples in

{(Xs,i5 Ys,i) }seftng) @S @ result of the offline regression method, and therefore x.,(6;,, — 6,) is no

longer F, ;-measurable for s € [1, tj,). Hence, we cannot use Lemma“as before Instead, we
have

thast N tlast N
T
§ § Ns,iXs,i (Ot — O0x) = E E Ns,iXs, 1 eflan —0.)
s=11=1 s=11=1
tas N T tlast N tase N
T \—1 T
= (DD meixsa) (T4 Xsi%0i) (T4 Y > Xeixd i) (0, — 04)
s=1i=1 s=1i=1 s=1i=1
tast N tase N tast N tast N
S ( § g MNs,iXs, ’L I + g g Xs 'LXS i E 5 Ns,iXs, 7, etld\[ - 9*)T(I + § 2 Xs,ixli)(etml - 9*)
s=11=1 s=11i=1 s=11i=1 s=11i=1
tase N
= E E 0 0%
| o £y Tl 1H<I+z"“ SN ], MO = Ol g SN xsix] )
s=1i= 5,0

tlast N
S Rmax 2 lOg \j det I + ; ; Xs sz i Hetlm - ||?I+2?3:5‘1 Z{\;l xs,ixzi)7
with probability at least 1 — &, where the first inequality is due to the matrix-weighted Cauchy-
Schwarz inequality in Lemma such that ' A~'Ay < aTA-lz - yTATA- 1Ay =
VazTA 1z - yT Ay for symmetric PD matrix A, and the second inequality is obtained by ap-
plying the self-normalized bound in Lemma w.rt. the filtration {F,},cq, 45 , where
i

Fs = U([Xk,jaﬁk,j]k,j:kgsqmg‘SNa [Xk,j7nk,j]k,j:k:sﬁjnglaXs,N) and {tp}szl denotes the se-
quence of time steps when global update happens, and B denotes the total number of global updates.
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By substituting it back, we have

tast N

Z Z[X;‘rxi(etlasl - 0*)}2
s=1 i1=1
tlast N
2 2Rmax 1
< aBl + Cua 2log (54 |det(! + Z;Z;X i%40))  10n, — ||§+Z?aj1 SN T,
2 9R 1 tlast N tas N )
< 2By 2 olog (5 det(T + 3 3 el )) - (30 SO Be O — 0] + 0 = 0113)
s=1 1=1 s=11=1

12)

Then by applying the Proposition 9 of [2], i.e. if 22 < a + bz then z < b+ /a (for a,b > 0),
and setting = = /3, $F [xT-(et,m 0] + 00y — 01130 = 60, — 03 + 2 Ba,b =

2R e \/2 log \/th I+ Ztm N 1 X, sz )),we have

tlast
2
Z Z s N chsl - 6*)] + ||9tlmsl - 9*”%
s=11i=1
(13)
2Rmax 1 Elast
<= 210g det(I + ZZX X0 )) /104, — 0.3 + By
s s=1i=1
Taking square on both sides, and rearranging terms, we have
tast N
2
PIDBEMICIEN)
s=11i=1
tast N
8R
max 1 d <
= og( $ etI+ZZx XS,L )+ B
s=11i=1
4R tast N
+ C'“" 210g det(T+ > > " xa.x] )1/ 100 — 04113 + Bs
o s=11i=1
SRQ tlast N
<= det (I 8, B
AR tast N
+ Cmax 210g det I + Z Z Xs sz i Het]ast 9*“2 + v Bl)
H s=11i=1
8R2 tag N
< maxlog detI—i—ZZx“x“ )+ B1
“ s=1i=1
4R tas N
+— 210g det(I+ ) > x5i%] ) (100ll2 + 16+l + VBr)
(o s=11i=1
Now putting everything together, we have the following confidence region for 6,,
last t 9
Vt i ZZ Xs )1 etl.m - *):I Z [Xli(gsfl,i - 0*)] S ﬂtyi) Z 1—26 (15)
s=1i=1 $=ts+1

20



2
where Bt = 811‘#3" log(% \/det(I + 2?21 i]\il Xs,ixlz‘)) + B+

‘“";‘;a*\/mog(;\/det(1+zi“_“1 iy %X ) ([0l + 16ull2 + VB1) + 1 + 222 4
8RY ax N 8 64R] .
2 log(?\/4+c732+ i)

2
i
T T
X1,1 X1,19tlm
x x! O,
Denote Xt,i — _FlushN c R(Ntlual""t_tlﬂsl)Xd’ and Zt,i - Ttlus\,Ne last c RNt]asl+t7tlus\' We can
it +1 X tra+1 i
T T
Xt Xi,tat—Li

rewrite the inequality above as

A A A
1200 = X013 + 11015 < Bri + — 1104115 < Bri + —5°
Cu Cu Cu

A A A A A
Sz — Xeibull3 + 1104115 — 26 — Xe,ib2ill3 — 1063115 + llzei — Xeibeill3 + 11624113
CM CFL CFL

A
< Bi+ 52
Cu

where ét,i = A; }XI 1Zt,; denotes the Ridge regression estimator based on the predicted rewards
given by the past sequence of model updates, and the regularization parameter is ﬁ Note that by

expanding 0y ;, we can show 6, A; 10, ; = 2, X; 40, ;, and 0, A; 10, = z] X, ,0,. Therefore, we
have

. A )
100 — 011, , < Bri+ ;52 — (lzeall3 = 0/, X/ 20)

o
which finishes the proof of Lemma[#.2] O
Proof of Corollaryd.2.1] Under the condition that ¢, < W,
last
1 A
B < 2582 =0(1
t= Ntlast * 2 ( )
1 t
T 2
B, < 2, > IVEGes 0516, ys,0) 131
s=ts+1
Cu 2k, 2 1 \/ A 42
24 —F — Raxi/dlog (1 + Nt dA 2log (1/6 —S5
" 2 [ Acy " Ntpsicy * Cu * og(l+ la\tcu/ )+ 2log (1/0) + Cu ]

Note that Vl(x;iﬂs_l,i, Ysi) = xm[u(x;ﬁ‘g_l?i) — ys.i]. We can upper bound the squared predic-
tion error by

[N(Xliasfl,i) - ys,i}z

=[xl i0e-10) — p(xL0.) = nei]”
< 2[p(xl0-1) — p(x0.)]" + 202,
< Qki [xli(Gs,M — 9*)]2 + 2173’1-

< 8k2S% +2n2,

where the first inequality is due to AM-QM inequality, and the second inequality is due to the k-
Lipschitz continuity of u(-) according to Assumption Since |1s;| < Rmax. [u(xlﬁs_u) —
ys,i]Q < k2S® + RZ,... In addition, due to Lemma 11 of [I], i.., Zz:tlasl+1||xs7i||124,l_ <
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2log( det(Ay,;) ) Therefore,

det(A)
t
1 dlog NT
9. l T'es— iy Ys,i 2 -1 = — kQ 2 2
20” Z ||v (Xs,z 1,is Ys, )H 1 O( c [ S +Rmax])
s=tna+1
50 By = O( 2N k2% + Ry, ]). Hence,
2 k? 2 dlog NT
Bus = (™ log NT 4 4B 1og NT 4 aTmax 105 NT) — O (k2 + R2,)
' cz cz cz c2
which finishes the proof. O

D Proof of Theorem

Proof. Since yu(-) is k,,-Lipschitz continuous, we have yi(x;/,6,) — ,u(xt 04) < ku(x/ 0. x;':lﬂ*).

Then we have the following upper bound on the instantaneous regret,

Tty T T T4 T
k < Xt,*e* - Xt,ie* < Xt,ietfl,i - Xt,ig*
1%

= XtT,i(éthz‘ — 0 14) + Xzi(étfl,i —0,)
< lxeill ot 0o = Oe-villac v + el N0e-10 = Oulla, s

< 2a4_ 1 ||Xt,iHAt—_117i

which holds for all ¢ € [N],t € [T], with probability at least 1 —24. And 0,_1.; denotes the optimistic
estimate in the confidence ellipsoid that maximizes the UCB score when client ¢ selects arm at time
step .

Now consider an imaginary centralized agent that has direct access to all clients’ data, and we denote
its covariance matrix as flm = A I—|—E 1 X, X5, +Z X, X:J, ie., At i is immediately
updated after any client obtams anew data sample from the environment. Then we can obtain the
following upper bound for r; ;, which is dependent on the determinant ratio between the covariance
matrix of the imaginary centralized agent and that of client 4, i.e., det(flt_u) /det(A¢—1,).

~ det(/it_l 1)
rei < 2kpou_1 /x5 ATY x s < 2kpou_q [ x AT xy s ——
ti = pSt—1,1 t,il it —1,4t,1 = pt—11 ti it —1,it,% det(At,LZ-)

We refer to the time period in-between two consecutive global updates as an epoch, and denote the
total number of epochs as B € R, i.e., the p-th epoch refers to the period from ¢,_; + 1 to ¢, for
p € [B], where t,, denotes the time step when the p-th global update happens. Then the p-th epoch is

called a ‘good’ epoch if the determinant ratio % < 2, where Ay is the aggregated sufficient

statistics computed at the p-th global update. Otherwise, it is called a ‘bad’ epoch. In the following,
we bound the cumulative regret in ‘good’ and ‘bad’ epochs separately.

Suppose the p-th epoch is a good epoch, then for any client ¢ € [IV], and time step ¢ € [t,—1 + 1,1,],

det(Ai—_1,; det(A¢,) ~
we have dztEAZ;Q; < det(At::) < 2, because A;_1; = Ay, , and A;_y; < Ay,. Therefore, the

instantaneous regret incurred by any client ¢ at any time step ¢ of a good epoch can be bounded by

T < 2\/51%0671,1‘

Xy zAf 1,iXt,i

with probability at least 1 — 2§. Therefore, using standard arguments for UCB-type algorithms, e.g.,
Theorem 2 in [20], the cumulative regret for all the ‘good epochs’ is

T N
REGqgooa < 2V2kyu0e 13> > [Xeill i1,

t=1 i=1

=0 (IWRHIM)CZVNT log NT)

Cu
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which matches the regret upper bound of GLOC [12].

Now suppose the p-th epoch is bad. Then the cumulative regret incurred by all N clients during this
‘bad epoch’ can be upper bounded by:

t, N
E E Tt,i

t=tp_1+1i=1

tp N
< ol ) o ) 3> min(L il o, )

Cn t=tp_1+1i=1 o

Eu(ky 4 Rmax) al det(As,—1.:)

< pu\lfvp max _ p— L
_ov——ig———vwmyNT»g; (ty — ty)log G
< O(MN~ /dlog (NT)D)

cu

where the last inequality is due to the event-trigger design in Algorithm [I] Following the same

argument as [28], there can be at most R = [dlog (1 + ~e2)] = O(dlog(NT)) ‘bad epochs’,

because det(A;,) < det(Ar n) < (2 + XL Therefore, the cumulative regret for all the ‘bad
epochs’ is

k(K + Rmax)

Cu

REGyaa = O ( d*?log'?® (NT)NDO'5)

Combining the regret upper bound for ‘good’ and ‘bad’ epochs, the cumulative regret

Rr=0 (W(d\/NT log(NT) + d*® log*”® (NT)ND0~5)) .
1)

To obtain upper bound for the communication cost Cr, we first upper bound the total number of

epochs B. Denote the length of an epoch, i.e., the number of time steps between two consecutive
T .

global updates, as o > 0, so that there can be at most [~ | epochs with length longer than a.

For a particular epoch p with less than « time steps, we have ¢, — ¢, < «. Moreover, due to

the event-trigger design in Algorithm , we have (t, — t,—1)log % > D, which means
tp_1
log % > %. Since Zle log % < R, the number of epochs with less than « time
1 1

steps is at most [%}. Therefore, the total number of epochs.
T Ra
B<[— —
<=1+ 5]

which is minimized it by choosing a = /2L, s0 B < /L& = O(d*® 1og”*(NT)T?-* D).

At the end of each epoch, FedGLB-UCB has a global update step that executes AGD among all N
clients. As mentioned in Section[4.T] the number of iterations required by AGD has upper bound

L k 22 9(1) _ MLE|2
o<1 [Fee 110g Gt RN BV
€t

and under the condition that ¢, = w3,V € [T], we have J, = O(VNTlog(NT)),Vt € [T].
Moreover, each iteration of AGD involves communication with NV clients, so the communication cost

CT _ O(d0.5 10g1.5(NT)TN1.5D—0.5)

In order to match the regret under centralized setting, we set the threshold D = W(NT), which
gives us Ry = O(*elbutfmax) g /NT10g(NT)), and Cp = O(dN?v/T log?(NT)). O
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E Theoretical Analysis for Variants of FedGLB-UCB

In this section, we describe and analyze the variants of FedGLB-UCB listed in Table 1| The first
variant, FedGLB-UCB, completely disables local update, and we can see that it requires a linear
communication cost in 7’ to attain the O(dv NT log(NT)) regret. As we mentioned in Section
this is because in the absence of local update, FedGLB-UCB; requires more frequent global updates,

NT in total, to control the sub-optimality of the employed bandit model w.r.t the growing
training set. The second variant, denoted as FedGLB-UCBs, is exactly the same as FedGLB-UCB,
except for its fixed communication schedule. This leads to additional dv/N global updates, as fixed
update schedule cannot adapt to the actual quality of collected data. The third variant, denoted as
FedGLB-UCBg3, uses ONS for both local and global update, such that only one round of gradient
aggregation among [N clients is performed for each global update, i.e., lazy ONS update over batched
data. It incurs the least communication cost among all variants, but its regret grows at a rate of
(NT)3/* due to the inferior quality of its lazy ONS update.

E.1 FedGLB-UCB;: scheduled communication + no local update

Though many real-world applications are online problems in nature, i.e., the clients continuously
collect new data samples from the users, standard federated/distributed learning methods do not
provide a principled solution to adapt to the growing datasets. A common practice is to manually set
a fixed global update schedule in advance, i.e., periodically update and deploy the model.

To demonstrate the advantage of FedGLB-UCB over this straightforward solution, we present and
analyze the first variant FedGLB-UCB,, which com%letely disables local update, and 7performs global
update according to a fixed schedule S = {t; := | L |,t2 :=2|L],...,tp := B| 5]}, where Bis
the total number of global updates up to time step T The description of FedGLB UCB1 is presented
in Algorithm

Algorithm 4 FedGLB-UCB;
1: Input: communication schedule S, regularization parameter A > 0, d € (0,1) and c,,.
2: Initialize Vi € [N]: 0p; = 0 € R%, Ag,; = AI € R4 Xp; =0 € Ry, , =0¢€R,
tast = 0
3: for t =1,2,...,T do

4 for clienti =1,2,..., N do
5: Observe arm set A, ; for client ¢
6 Select arm z; ; € A, ; according to Eq. and observe reward y; ;
L Xio1 Vi1
7: Update client 7: X;; = oy, = |t
pdate client ¢: X, [ XtT,z' ] Yi,i [ Yt
8: ift ¢ S then
9: Clients: set 0, ; = 0,1, Ay = Ay_1,,Vi € [N]
10:  else
11: Clients: send {XZiXt,i}ie[N] to server
12: Server compute A; = CAI + Zf\il XtT ;X¢,; and send A, to all clients.
13: Clients: set A; ; = Ay, fori € [N]
14: Server update global model §; = AGD-Update(6;, , J;), and set tj,q = ¢
15: Clients set local models 6, ; = 6;,Vi € [N]

In FedGLB-UCB;, each client stores a local model ;_; ;, and the corresponding covariance matrix
A;_1 ;. Note that {6;_1 ;, At_l,i}ie[ ) are only updated at time steps ¢ € S, and remain unchanged
fort ¢ S. Attime ¢, client ¢ selects the arm that maximizes the following UCB score:

Xt,i

(16)
xE.Af i

where a1 ; is given in Lemma@ The regret and communication cost of FedGLB-UCB; is given
in the following theorem.

Theorem E.1 (Regret and Communication Cost Upper Bound of FedGLB-UCB:). Under the
condition that €; = N%t?’ and the total number of global synchronizations B = / NT', the cumulative
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regret R has upper bound
k LRIII Xd
Rr =0 (“‘\/NT log(NT/6)>
Cu
with probability at least 1 — §. The cumulative communication cost has upper bound

Cr = O(N?Tlog(NT))

Proof. First, based on Lemma and under the condition that ¢; = we have

1
N2¢2»

[0: — 0xlla, <

holds V¢, where oy = /22 4 N?cu + R?i:'m\/dlog(l + Ntey/(dN)) + 2log (1/6) + ,/%S =

Acy,

O(R#‘“‘ dlog(Nt)), which matches the order in [20].

Similar to the proof of Theorem we decompose all B epochs into ‘good’ and ‘bad’ epochs
according to the log -determinant ratio: the p-th epoch, for p € [B], is a ‘good’ epoch if the

det(Ay)

determinant ratio TewAs, ) < 2. Otherwise, it is a ‘bad’ epoch. In the following, we bound the
1

cumulative regret in good’ and ‘bad’ epochs separately.
Suppose epoch p is a good epoch, then for any client i € [IN], and time step ¢ € [t,—1 + 1,%,], we

A ) det(A ~
h 3222?:13 < dete(tjgf t”i) < 2, because Ay_1; = Ay, , and A;_y1; < A;,. Therefore, the
’ P

instantaneous regret incurred by any client ¢ at any time step ¢ of a good epoch p can be bounded by

_ det(flt_l )
i < 2kpan, /%A1 X < Qkuatpl\/XZiAt_llxt,i . m
1
< 2\@]@0@\ /XZiA;31Xt,i

By standard arguments [1} 20]], the cumulative regret incurred in all good epochs can be upper
bounded by O(W%d\/NT log(NT/5)) with probability at least 1 — 4.

By Assumption 1, p(+) is Lipschitz continuous with constant k,, i.e., [u(x"601) — u(x"6)| <
k.|x" (61 — 02)|, so the instantaneous regret r; ; is uniformly bounded V¢ € [T],i € [N] by 2k,,S.
Now sup%ose epoch p 1s bad, then we can upper bound the cumulative regret in this bad epoch
by 2k, S~%- where & ? is the number of time steps in each epoch. Since there can be at most
o(d log N T) bad epochs, the cumulative regret incurred in all bad epochs can be upper bounded by
O(8F k,,Sdlog(NT)). Combining both parts together, the cumulative regret upper bound is

NT k Rmaxd
Rr=0 (BkHSd log(NT) + ——"2-+/NT log(NT))

Cu
To recover the regret under centralized setting, we set B = vV NT, so
ku Rmaw
Ry =0 | ——=dV NTlog(NT)
Cu

Note that FedGLB-UCB; has B = v/ NT global updates in total, and during each global update,
there are J; rounds of communications, for ¢ € S. As mentioned earlier, for AGD to attain ¢; = ﬁ
sub-optimality, the required number of inner iterations

k BN k A A 9(0 _ MLE|2
Je <1+ “tNt log( “+Nt+N§>” Ol :O(\/m1og(Nt))
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Therefore, the communication cost over time horizon 7T is

Cr=N-YJ

teS

=N - [\/VNTlog(VNT) + Wlog(2\/ﬁ)+m+ VNT - VNTlog(vV'NT - VNT)]
< NYATV og(NT) [VI+V2+ - + \/\/ﬁ]

< N/ATY410g(NT) - %(x/ﬁ+ %)3/2

= O(N°Tlog(NT))

which finishes the proof. O

E.2 FedGLB-UCB;: scheduled communication

For the second variant FedGLB-UCB,, we enabled local update on top of FedGLB-UCB;. Therefore,
compared with the original algorithm FedGLB-UCB, the only difference is that FedGLB-UCB»
uses scheduled communication instead of event-triggered communication. Its description is given in
Algorithm[3}

Algorithm 5 FedGLB-UCB.
1: Input: communication schedule S, regularization parameter A > 0, 6 € (0,1) and c,,.
2: Initialize Vi € [N] AO,i = %I S RdXd,bo’i =0¢c Rd,eo’i =0¢€ Rd, AAOJ‘ =0¢c RdXd;
Ag=2TeR by =0€ R0y =0 € R, t14 =0

L

3: for t = 1,2,...,T do

4. forclient: =1,2,..., N do

5: Observe arm set A, ; for client i

6: Select arm x; ; € A, ; by Eq.(3), and observe reward y; ;

7: Update client 7: At,i = Atfl,i + Xt,ile'a AAt’i = AAtfl,i + Xt,ix;':i

8: ift ¢ S then

9: Clients Vi € [N} 9,5’1‘ = ONS-Update(@t,l,i,Am-,Vl(x;':ﬂt,lyi,ytyi)), bt,i = btfl.,i +
Xt,ixz,—ﬂtq,i

10:  else

11: Clients Vi € [N]: send A A, ; to server, and reset AA, ; = 0

12: Server compute A; = A, + Zf\il AA;;

13: Server perform global model update §; = AGD-Update (6, , J;) (see Eq.(3) for choice of
Ji), by = btlas( + Zivzl AAt,iat, and set t,q =

14: Clients Vi € [N] set Gm = 915, At,i = At, bt,i = bt

The regret and communication cost of FedGLB-UCBj, is given in the following theorem.

Theorem E.2 (Regret and Communication Cost Upper Bound of FedGLB-UCBs). Under the
condition that €, = N%t?’ and the total number of global synchronizations B = d*>N log(NT), the
cumulative regret Ry has upper bound

_ k(K + Rinax) r
Rr=0 ( o dVNTlog(NT/0),/log ZNlog NT

with probability at least 1 — 0. The cumulative communication cost has upper bound

Cr = O(d>N*°VTlog?(NT))

Proof. Compared with the analysis for FedGLB-UCB, the main difference in the analysis for FedGLB-
UCBs, is how we bound the regret incurred in ‘bad epochs’. Using the same argument, the cumulative

regret for the ‘good epochs’ is REG gooq = O(Md\/ NTlog NT/$).
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Now consider a particular bad epoch p € [B]. Then the cumulative regret incurred by all N clients
during this ‘bad epoch’ can be upper bounded by:

t, N
< O(M dlog(NT/(s)) Z Zmln(la ||Xt,z||Arjl )
Cu t=tp, 1+1i=1 -
' (k 4R ) N det(Af, -1 z)
< (Bl T Ttmax) | S0 (NT /S tp —tp1)1 N
< O( e og(NT/ )); (tp = tp—1)log det(Ar,—1,i — AAs,—1,i)
SO(MCZN log (NT/6) %IOg(%))
mn

where the last inequality is because all epochs has length % as defined by S. Again, since there can
be at most O(d log NT') ‘bad epochs’, the cumulative regret for the ‘bad epochs’ is upper bounded by

k(K + Rmax)

Cu

T T
REGhaq = O( d?log"® (NT/8§)N Elog(E)).

Combining the cumulative regret for both ‘good” and ‘bad’ epochs, and setting B = d?N log(NT),
we have

o ((ulhet Bue) /7 T
RTO< dVNT log(NT/9d) IOg(dQNlogNT)

Cu

Now that FedGLB-UCB, has B = d?N log(NT) global updates in total, and during each global
update, there are J; = O(v/NT log(NT)) rounds of communications, for ¢ € S. Therefore, the
communication cost over time horizon 7" is
Cr=N-Y_J;=0(N-d’Nlog(NT) - VNT log(NT))
tes
= O(d*N?*>VTlog?(NT))
which finishes the proof. O

E.3 FedGLB-UCBj;: scheduled communication + ONS for global update

The previous two variants both adopt iterative optimization method, i.e., AGD, for the global update,
which introduces a v/ NT log(NT) factor in the communication cost. In this section, we try to avoid
this by studying the third variant FedGLB-UCB3 that adopts ONS for both local and global update,
such that only one step of ONS is performed (based on all new data samples N clients collected in
this epoch). It can be viewed as the ONS-GLM algorithm [12] with lazy batch update.

Recall that the update schedule is denoted as S = {t; = |L|,to = 2|L],... ¢, =
ql%],...,tp == B| %L}, where B denotes the total number of global updates up to 7". Compared

with [12], the main difference in our construction is that the loss function in the online regression
problem may contain multiple data samples, i.e., for global update, or one single data sample, i.e.,
for local update. Then for a client 7 € [IN] at time step ¢ (suppose ¢ is in the (¢ + 1)-th epoch, so
t € [ty + 1,tq41]), the sequence of loss functions observed by the online regression estimator till
time ¢ is:

t1 N to tq N

N
Zzl(x;ﬁo,ys,i), Z Zl(xzietlays,i)wwa Zl(xzietq71sys,i),l(x;+1'i9tq»ytq+l,i)s~H,l(xziet—l,i:yt,i)

s=1i=1 s=ty+1i=1 s=tg_1+1i=1

local updates attyg + 1,...,t

global updates at t1, to, . - . , tq

We can see that the first ¢ terms correspond to the global ONS updates that are computed using the
whole batch of data collected by [V clients in each epoch, and the remaining ¢ — ¢, terms are local
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Algorithm 6 FedGLB-UCBj;
1: Input: communication schedule S, regularization parameter A > 0, § € (0,1) and ¢,
2: Initialize Vi € [N]: 6p; = 0 € R, Ag; = Al € R>*4 V1, = Al € R4 by, = 0 € R
0o =0c¢ Rd,AO =A¢€ RdXd7VO =M¢e RdXdJ)o =0¢c Rd, tiast = 0
3: for t=1,2,...,T do

4.  forclienti =1,2,...,N do

5: Observe arm set A, ; for client i € [N]

6: Selectarm x;,; = argmax,c 4, , xTé)t,Li —i—()zt,1,1-||x||vf__11 ,where 0;_;1 ; = V;Lbhl,i

and a1, is given in Lemma|E.4} and then observe reward’ym

7: Compute loss [(2¢;, yt,i), where z; ; = xziﬁt_l_,i

8: Update client i: Ay ; = Ay—15 + VI(2.0,ye.0) V2, yei) T Vi = Vic1i + Xt,iXZi

9: ift ¢ Sthen

10: Clients Vi € [N] Ht,i = ONS-Update(Gt_Li, Atﬂ', VZ(ZtJ', yt,i))s btﬂ' = bt_171' + Xt,i%t,i
11:  else

12: Clients Vi € [N]: send gradient VF; ;(6y,,) = ZZ=tm+1 Vl(x;iﬁtm, Ysi) and AVy; =

i — Vi, i tO server
13: Server A; = Ay, + (X0 VFi(04,,)) (0 VELi(00,) T Ve = Vi, + S0 AV,
by = by, + Yo, AV; 401, 0: = ONS-Update(6s,, Az, S, VF; i(04.))
14: Clients Vi € [N] 9,571- = Ht,Am- = At, ‘/;5 = ‘/tv bt,i = bt
15: Set tlasl =1

ONS updates that are computed using each new data sample collected by client 4 in the (¢ + 1)-th
epoch.

To facilitate further analysis, we introduce a new set of indices for the data samples, so that we
can unify the notations for the loss functions above. Imagine all the arm pulls are performed by an
imaginary centralized agent, such that, in each time step ¢ € [T, it pulls an arm for clients 1,2, ..., N
one by one. Therefore, the sequence of data sample obtained by this imaginary agent can be denoted
as (x1,%1), (X2,92), - - -, (X5, Ys)s - - - » (XNT, ynT ). Moreover, we denote n,, as the total number of
data samples collected by all IV clients till the p-th ONS update (including both global and local ONS
update), and denote the updated model as 6, for p € [P]. Note that P denotes the total number of
updates up to time ¢ (total number of terms in the sequence above), such that P = ¢ +t — t,. Then
this sequence of loss functions can be rewritten as:

Fi(0o), F2(01), ..., Fy(04-1), Fyr1(0q),- ., Fp(0p_1)

global updates local updates

where Fy,(0,-1) = 207, 1 1(x] 0p-1,ys), forp € [P].

e Online regret upper bound for lazily-updated ONS To construct the confidence ellipsoid based
on this sequence of global and local ONS updates, we first need to upper bound the online regret that
ONS incurs on this sequence of loss functions, which is given in Lemmal[E.3]

Lemma E.3 (Online regret upper bound). Under the condition that the learning rate of ONS is set

1 Cu
toy = mm(4s\/kgs2+R2 ) (RZSTT R, ) maxpeir (i —1ip 1)) then the cumulative online regret

max

over P steps

P
ZFp(ep—l) - Fp(a*) < Bp

p=1
where Bp = % 5:1 ||VF][,(91,,1)||124;1 + 29AS2.

\/k2S? + R2, := G,Vs. First, we need to show that F, (6, ) = Z?”np 1 L% 01, ys)
is 1)G2VF (9p 1)VF (Qp 1)T

Proof of Lemma[E-3] Recall from the proof of Corollary that |p(x]0,1) — ys| <

—jG=-exp-concave, or equivalently, V2E,(0p-1) =

cu
(np—nyp (np—nyp
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(Lemma 4.2 in [9]). Taking first and second order derivative of F,(6,_1) w.r.t. 6,,_1, we have
VE,(0p-1) = Z X[ ~ys + N(Xg—epfl)] = X; [M(Xpepfl) - YpL
s=np_1+1

Tp

V2Fp(9p—1) = Z szsT/l(Xjep—l)

s=np_1+1

where X, = [an_1+1,xnp_1+2,...7xnp]T € R(—np-1)xd  apd Yp =
[ynpflﬂ,ynpfﬁg,...,ynp}T € R "e-1, Then due to Assumption 1, we have
VEE,(0p-1) 7 cudiln, 41%X) = ¢,X,;X,. For any vector u € R we can show
that,

u VE,(6y1)VE,(p-1) "u

=u' X, [(Xpbp-1) = yp) [1(Xpbp-1) — ¥p] Xpu
= (%) T (K1) = yl]”

< HXpqu [ Xpbp-1) — YpH%

< uTX;—Xpu “(np — n,g,l)G2

where the first inequality is due to Cauchy-Schwarz inequality, and the second inequality is because
HN(X ep 1) — yp”% = Zsinp,htl[_ys + N(X;repfl)P < (np - npfl)G2~ Therefore, X;—Xp =
—az VE »(0p—1)VE,(0,-1) ", which gives us

(np—n

C
VEE 1) 7 o V)V ()
P P—

1 Cu

Then due to Lemma 4.3 of [9]], under the condition that ,, < % min(m, m), we have

Fp(op—l) - Fp(g*)
<VE (0 1) (0p1 —0,) — 20, 1 — 0,)TVE, (0 1)VEy(0p-1) (01 — 0,) (17
= p\Yp—-1 p—1 * 2 p—1 * p\Up—1 p\Up—1 p—1 *
Then we start to upper bound the RHS of the inequality above. Recall that the ONS update rule is:
1 _
0, =0,_1— ;AP 'VF,(0,-1)
0, = arg min [|6;, — 0]|%
0cO

where A4, =  VE,(0,-1)VFy(0,1)", and ~ is set to minycpyy =
11 c
5 Min( 55, &2 maxpe[pT(np—n,,_l) ). So we have

1
0, — 0, =0,_1 — 0, — ;A;VFp(ep_l)

Then due to the property of the generalized projection, and by substituting into the update rule, we
have

2 1
Hep - 0*”124,, < ||9; - 9*”?4,, < H‘9P—1 - 0*”?4,, - ;(‘910—1 - ‘9*)TVF;D(9P—1) + ?HVFP(QP—l)Hi;l

By rearranging terms,
1
VFp(op—l)T(ep—l - 0*) < %”VFP( P— 1)”2 o1 +5 (Hap 1= Q*Hixp - ||9p - 9*“124,,)

After summing over P steps, we have

P P
1 Y
D VE(0p-1) (0p-1 - 6.) TZHVF 1)l +5Z (116p-1 = 0<%, — 1165 — 6:11%,)

p=1
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The second term can be simplified,

P

D (181 =%, — 116, — 6.1

p=1

P
= [|60 — 9*”,241 + Z(Hoz)—l - 0*”?4,, - Hop—l - 9*”?4,,,1) —[lop — 9*”?41:

p=2
P
<10 = 0ull%, + Y (1161 — 63, — 1161 — 6413, )
p=2
P
= ||90 - 9*”?41 + Z ||9p*1 - Q*HQVFp(ep,l)VFp(Op,l)T
p*2
=160 — .14, +Z 10p—1 — 04135 0y 1)V, (0,7 — 160 — ‘9*||2v1w1(90)v1w1(90)T
p=1
P
="+ 01— 0ulZp, (6, w00, )7
p=1
which leads to
P P
S VE(p-1) (Bp—1 — 0.) }jHVF b1+ 29082

p:1

P
Y
Ty Z 16p—1 — 9*||2VFP(9p,1)VFp(9p,1)T
p=1

By rearranging terms, we have

P
Z[VFP(ep—l)T(ap 1= ) ||9p 1= b, ||QVFP(9,J,1)VFP(9P,1)T]
p=1

1 P

2 2
<5 Y IVE @151 +29AS

p=1

Combining with Eq.(T7), we obtain the following upper bound for the P-step online regret

P P
1
ZFP(QP—I) - Fp(e*) < 27 Z HVFp(ep—l)Hifl + 27)\52
Y P
p=1 p=1
where Ay, = 30 _ | VF, (0, 1)VE,(6,-1)". O

Corollary ]13.3.1 (Order of Bp). Under the condition that -~

%min( the online regret upper bound

I
45\/1@2 SzyRz_ ' (K S2+R?,,ax)maxpe[p](np—npfl))’

k2 +R?
zﬁzoeiﬂﬂm%mwmwmmmfw%ﬂ»

Proof of Corollary[E3.1} Recall that A, = 3" _| VF,(6,-1)VF,(6,-1)". Therefore, we have

b

det(Ap det(\ + 30, VF, (6, 1)VFE,(0,1)")
Z IVE @yl < log g t(()\ )) = log det()\I)

< dlog ( 1+—Z||VF b—1)|13)
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where the first inequality is due to Lemma 11 of [1l], and the second due to the determinant-
trace inequality (Lemma 10 of [I]), ie., det(A] + 25:1 VE,(0,-1)VE,(0,-1)T) <
(tr(,\[+25:1 VFP(prl)VFP(prl)T))d o (d>\+25:1“v}:’p(0p71)”§ )d Also note that VF (9 1) —

= . p\Up-1) =

d d
Zginp,lﬂ X [p(x] 0p-1) — ys], so we have

P P Np

DIVEG-DIE=D"11 > x[ulx] 1) —v]ll3

p=1 p=1 s=ny_1+1
P np P

<GEY D) xJB<GED (np—np1)’ <GP

p=1 s=n, 1+1 p=1

where the second inequality is due to Jensen’s inequality and the assumption that ||xs|| < 1,Vs.
Substituting this back gives us

P
1
ZFp(ep,l) — F,(6,) < %dlog (1+ —Gz 2) +29\S?

(k2S2+R12n x)maX St (TL —n _1)
a pe[P]\"lp P dlo g(l—i—*(k’QSQ‘i’Ranax) )

Cu
“u AS?
(k2 5?2 + R?nax) maXpG[P] (np - npfl)
where the equality is because max,cipj(n, — mnp_1) dominates =
%mln( L Cu ). O

4GS’ G? maxpepj(np—np-1)

o Construct Confidence Ellipsoid for FedGLB-UCB3; With the online regret bound Bp in Lemma
the steps to construct the confidence ellipsoid largely follows that of Theorem 1 in [12]], with the
main difference in our batch update. We include the full proof here for the sake of completeness.

Lemma E.4 (Conﬁdence Elhpsmd for FedGLB-UCB3). Under the condition that the learning rate
of ONS v = 1 min( we have Vt € [T)],i € [N]

Cu
45\/kl21’52+32 » (k2S2+R2 ) maxpe(p)(np—np— ))

4 8R2 N 8 64R2
0 9 i < ASQ 1 B - maz o 4 =B max
10 = ilfy, <AS* +1+ B+ = <5¢+Cﬂ Pt )

np
— étT,lbfﬂ - Z Z? =
s=1
with probability at least 1 — 0.

Proof of LemmalE4} Due to c,-strongly convexity of [(z,y) w.r.t. z, we have I(x] 0,-1,ys) —
Ux] 0. ys) > [p(x]0.) — ys]x] (0p—1 — 0.) + L [x] (0,1 — 0*)]2. Therefore,
Fy(0p—1) = Fp(6i) = Z l(x;rep—layS)_l(X;re*7ys)

s=np_1+1

Np Np

> 30 [l —wxl (B =0+ 2 DT [x (61— 6]
s=np_1+1 s=np_1+1
== Z nsx;r(ep—l - 9*) + % Z [X;r(ep_l — 9*)]2
s=np_1+1 s=n,_1+1

where 75 is the R-sub-Gaussian noise in the reward ys. Summing over P steps we have

Fp(Op-1) ) > Z Z nst(gpfl —0.)+ % Z Z [Xz(apfl - 9*)]2

1 p=1s= =np_ 1+1 p:ls:np,1+1

Bp >

M~

P
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By rearranging terms, we have
U 2 2 2
T T
> Y KO-t EY Y w010+~
p=1s=np_1+1 " p=1s=np_1+1 H

Then as x/ (6,1 — 0,) for s € [n,_1 + 1,n,] is Fs-measurable for lazily updated online estimator
6,1, we can use Corollary 8 from [2]], which leads to

P Np
S nexS(Bp1—6,) <

p=1s=np_1+1

Ruaw | (242> > (xI(6p—1 —0.))?) - log( \JHZ Z (xT (Bp—1 — 6.))?)

p=1ls=n,y_1+1 p=1ls=np_1+1

Then we have

P np 9
> > K- < =Br

p=1s=n, 1+1

+2Rcﬂ 2—|—22 Z xJ pl—e*)) log \jl-FZ Z xJ p1—9*))2)

H p=1ls=ny,_1+1 p=1s=np_1+1

Then by applying Lemma 2 from [12], we have

Np

4 2 1 2
> 3 0o s Lo Mgy S S
7

c2 (5 ct 452
p=1s=np_1+1 # " m

Therefore, we have the following confidence ellipsoid (regularized with parameter \):

np 2
. T 2 4 8Rm,n 1 8 64R2, ..
-3 > [x(B1-0)]"+A0]3 < AS it~ Bp+ 2 log (5 4+C—NBP+ Cﬁ.452)}
p=1s=n,_1+1
And this can be rewritten as a ellipsoid centered at ridge regression estimator ét,i = Vt;lbt’i,
where V;; = A + 25:1 ZZinVIH X.x. and by ; = Zp DY ny_1+41 Xs2s (recall that ONS’s
prediction at time s is denoted as z5 = x_ 6,_1), i.e., Vt € [T]

4 8R2 1 8 64R2
0, — 0, <AS?+1+ —Bp+—2%2]o 4+ —B maL )} 4+, by §
I i ||Vt +1+ o P+ ) (5\/ +Cu P+ 452 )} + ‘, 22

with probability at least 1 — ¢. Then taking union bound over all N clients, we have, V¢ € [T],i € [N ]

8R2 N 8 64 R2 . s
0, — 0y, <AS?+1 B —mar | 44+ —B mazyy 4 9T, — 2
[ Lilly,, SAST+1+ o P+ 2 og((s\/ +CM P+ - 462 }+0, b, Zz

with probability at least 1 — 4. O

o Regret and Communication Upper Bounds for FedGLB-UCB;3

The regret and communication cost of FedGLB-UCBg3 is given in the following theorem.

Theorem E.5 (Regret and Communication Cost Upper Bound of FedGLB- UCB3) Under the
condition that the learning rate of ONS v = mln( ' S2+R2 )\/7) and the

max max

45, /k2 52 +R2
total number of global synchronizations B = / NT, the cumulative regret Rt has upper bound

Ay = 0 (it o)

Cu

ANB3/AT3/4 10g(NT/5)>

with probability at least 1 — 6. The cumulative communication cost has upper bound

Cr = O(N'“VT)
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Proof. Similar to the proof for the previous two variants of FedGLB-UCB, we divide the epochs
into ‘good’ and ‘bad’ ones according to the determinant ratio, and then bound their cumulative regret
separately.

Recall that the instantaneous regret r; ; incurred by client ¢+ € [IV] at time step ¢ € [T] has upper
bound

Tty T T T4 T
L <Xy WO — X400 < x50 — X0,
“w

= X:l(ézt - étz) + X;rz(étz —0,)

< Ixtilly 11650 = Oillvi + l1xeilly1 166 = Osllvas

< 2at,i”Xt,i”\/t—i1

Note that due to the update schedule S, we have max,¢c(p)(n, — np-1) = %. Then based on

Corollary [E.3.1} v, ; = O(*F 2222\ /dTog(NT) | 2F), so we have, V¢ € [T1,i € [N],

ku.(k, + Rmax NT
rew = Ottt mas) o Ty A el

with probability at least 1 — 4.

Therefore, the cumulative regret for the ‘good epochs’ is REG 004 =
O(ku(ku;‘rfﬂnam)d% lOg(NT))

Using the same argument as in the Igroof for FedGLB-UCB;, the cumulative regret for each ‘bad

” epoch is upper bounded by 2k,,.S ?T. Since there can be at most O(dlog NT') ‘bad epochs’, the

cumulative regret for all the ‘bad epochs’ is upper bounded by
k.S
REGbad = O(dNT log(NT) : H?)

Combining the regret incurred in both ‘good’ and ‘bad’ epochs, we have

k.(k,+ R ) NT k.S
Ry = (22— “mmax/ g7 = NT dNT1 NT) . *=
r=0( o 75 0g(NT) + og(NT) - =)
To recover the regret in centralized setting, we can B = N7, which leads to Ry =

O(k“(k“jif’"“)d\/ NTlog(NT)). However, this incurs communication cost C7 = N2T. Al-
ternatively, if we set B = VNT, we have Ry = O(k“(k“jifm”)d]\73/4T3/4 log(NT)), and
Cr = O(N'“°VT). O

F Additional Explanation about Figure 2]

In Section [5} we used the scatter plots to present the experiment results. Here we provide more
explanation about how to interpret these figures. As mentioned earlier, each dot in Figure 2] denotes
the cumulative communication cost (x-axis) and regret (y-axis) that an algorithm (FedGLB-UCB, its
variants, or DisLinUCB) with certain threshold value of D or B (labeled next to the dot) has obtained
at iteration 7.

Here, Figure 3| shows how the cumulative regret/reward and communication cost of five algorithms
change over the course of federated bandit learning in our evaluations on synthetic dataset, (their final
results at iteration 7" are used to plot five dots in Figure[2(a)). By carefully examining the relationship
between their regret and communication cost, we can see that in Figure E} FedGLB-UCB (D = 5.0),
FedGLB-UCB; (B = 10.0), FedGLB-UCB; (B = 10.0), and FedGLB-UCB3 (B = 5000.0) incur
similar total communication cost, but FedGLB-UCB (D = 5.0) attains much smaller regret than the
others. Meanwhile, FedGLB-UCB (D = 5000.0) attains almost the same regret as FedGLB-UCB,
(B = 10.0), but its communication cost is much lower.

Figure [3] also depicts how the communication was controlled in FedGLB-UCB under its event
triggered protocol (e.g., generally a decreasing frequency of communication comparing to the
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scheduled updated in its variants). This shows that FedGLB-UCB strikes the best regret/reward-
communication trade-off among the algorithm instances in comparison. However, this line chart can
only accommodate a limited range of trade-off settings for these algorithms, to attain a reasonable
visibility. In comparison, the scatter plots in Figure 2(a) provide a much more thorough view of
how well the algorithms balance regret/reward and communication cost, by covering a large range of
trade-off settings.
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Figure 3: Experiment results showing regret and communication cost over time.
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