Appendices

A  Proofs
A.1 Proof of Theorem 3.1

Proof. The integral form of Taylor’s theorem gives

8k + ) — O(kn) =nf(kn) + 1 / dsé(n(k + 5))(1 - s)

1
= ng((kn)) — n2€(O(kn) + 7 / dsb(n(k+)(1—s).  (I8)

Remember the definition of the discrete gradient descent:

9k+1 — Hk = —ng(@k) . (19)
Subtracting Equation (T9) from Equation (T8)), we have
1
erit — e = ~n(g(6(kn)) ~ g(61)) ~ €Ok + o [ dsblnk+ -5 0)
0

— —(g(8(kn)) — g(O(kn) — ex)) — €O (k) + 1 / dsé(n(k + ) (1 s).
’ @1)
O

A.2 Proof of Theorem 3.2]
Proof. The proof is by induction. For k = 0, eg = O(n") by assumption. If e, = O(n?) for k > 1,
Theorem [3.1] gives

er+1 = e, —1(g(8(kn)) — g(8(kn) — ex)) + A(B(kn)) = O(n") + O(n" ) + O(n") = Og;)) :

n(g(8(kn))—g(0(kn) —ex)) = O(n"*1) follows from Taylor’s expansion of g(6(kn) — ey ) around
0(kn) and from assumption e, = O(n?):

~n(g(0(kn)) — g(0(kn) — ex)) = n(ex - Vg(8(kn)) + O(|lex]]*)) = O(™).  (23)
O

A.3  Proof of Theorem 3.3

Proof. The proof of Theorem [3.3| consists of the following three Lemmas, all of which are proved in
the following sections.

Lemma A.1.

1 oo n n—+2
. ’{']
ds0(n(k 1-s)= ——0(k 24

) sents )1 =) = 3 A ) o4
Lemma A.2. Forn > 1,

d" S =

g 00 = (=1)" S ophtReD Dy B (25)

k1, kn=0

where Dy, -+ - Dy, _, :=1forn=1

Lemma A.3.
/ ds@(n(k+s))(1—s) = Z Z Z TUJDM v Dy, By, (26)
0 !

=0 i=2 k4 +k;=j—i+2

Theorem [3.3]follows by comparing both sides of Equation (6] order-by-order with using Equation
and the expansion of £ (7). O
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A.3.1 Proof of LemmalA.1l

Proof.
1 .
/ ds@(n(k +s))(1 —s)
0
1 [katn
== dsO(s)(kn+n — s) 27
n kn
1 R 1 e
= ds'[0(kn)(n — &) + 0 (kn)(n — 5')s" + o7 0 (kn)(n — s')s™" + -] (28)
n dn+2
= (7] 2
Z n+2)' gz 0k 29
From Line (27) t l we used s’ := s — kn and the Taylor expansion of 8(kn + s) around k.
From Lme | 8) to (29)), we used fo ds'( s’)s’" = Wiﬁ) forn > 0. O

A.3.2 Proof of Lemmal[A.2]
Proof. Note that given 0(t) = —g(0(t)) — n&(0(t)), we have

d dn—l dn 1
[ = — >
(200 o (Ea) 12, o
where d°0/dt" := 6. Therefore,
P g(t) = (=1 D" (—g — ) = (~1)"D"'E (n= 1) G1)
PTG g/ = = =2
Thus, by definition of D, D, and Z, (Theorem [3.3]in Section [3.3)), we have
d” E
ol Z "Dy, ) Z Dy )2 (32)
k1=0 kp_1=0
=(-1" > nTRD Dy (g, (33)
k17...7kn:0
O

A.3.3 Proof of Lemma[AJ]
Proof. From Lemma[A.T|and[A.2] we have

/0 dsO(n(k + s))(1 — s)

n

=2 Gy amftn) (34)
n=0
> n" 00

= Z TR (—1)7+2 Z gtk D Dy E (35)
n=0 : ki, Finp =0

— — n+k1+"‘+kn+2’D ...D = 36
Nn=U K1, ,Rn42=
oo j+2 ( 1)1_2

= Z Z Z - il njDkl Dy, E, - (37

J=01=2 ki +--+ki=j—i+2

On the last line, we replaced n + 2 and n + k1 + - - - + ky, o with ¢ and 7, respectively. O
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A4 Proof of Corollary[d.1]

Proof. By assumption, we use
y—1 _
£0)=1"> 1.
a=0
From Theorem 3.3] we have
1
A®) =" [ dsblulc+ )1~ ) - P€(6(kn)
0
() ~ ~y—1 ~
=0*Y 0 —1" > 1"
a=0 a=0
=n" > n*a
a=y
= 77’Y+2£'y + O(UAHS) .

Therefore, Theorem [3.2] gives

ert1 =ex + A(B(kn)) + O(n"*?)
=ey, +n"2E, + O ) + O T?)
=e + 77’Y+2£7 + 0(7774_3) .

A.5 Proof of Corollary[4.2]

Proof. From Equation (I2)), we have
k—1 n?
e =eq+ ) _ o (H(0(sn) + A)g(6(sn) + O(*).
s=0
Because eg = O(n*) by assumption, we have

ex = Y G- (H(O(sn) + AD)g(8(sn)) + O(n)

2
lewll < TSN HO(0) + ADg@(sm)]| + O()

Let ¢ > 0 be a given arbitrary number. Then, for k € {1,2, ..., L%J .

leall = "5 amax {ICO(") + AD)g (@)} + OGP,

Therefore, if 7 < \/€/k\/2/maxo<y<i{|[(H(O(') + \I)g(0(t))|[}, then

llex|] < e+ O(e¥?).
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(44)
(45)
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47
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(49)
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A.6 Proof of Corollary

Corollary A.1 (Learning rate bound when & = &o). Let &€ = £, and assume that eq = O(n*). Let €
and t be arbitrary positive numbers. If the step size satisfies

5] € 12
n< \/; J max ([4(H(0(¢) + \[2g(6(¢)) + g(8(0) VH@OW g}

0<t'<t
Sfor some k € {1,2, ..., L%J }, then the discretization error can be arbitrarily small:

llex|| < e+ O(e3). (53)

Proof. From Equation (I0) and Corollary .1]and by assumption, we have
k—1

er=eo+1’ Z{ (&0(8(sm) - V))g(B(sm)) + %(9(9(377)) -V)€o(B(sn)} +0(n*) . (54)

Because eg = O(n*) by assumption, we have

k—1
e =° (5 &0 V)g(Olsn) + Glo(Olom) - Ve @(on)} + 0" 55)
—n3§j{; )+ A1g(8(sn)) + 759" (B(sn) VH(8(sm))g(6(sn))} + OGr*).
(56)
Therefore,
||ek||<n32|\ )+ ADPg(8(sm) + 157 (B(s0) VH(O(sm)g(B(sm)]| + Ol")
(57)
3
<1 {IHC(O(sn) + A1?g(0(s0)) + g7 (0(s0) VH(O(0))g (0(s0)) 1}
+0(n*). (58)

Let ¢t > 0 be a given arbitrary number. Then, for k € {1,2, ..., L%J %

3
leall = "L2% amax {I4CH(01) + ADPg(0(F)) + g7 (O )T HOW)g (O ]I} +007").
(59
Therefore, if

S/ € 12
1< ii; J s (ACHO0)) + D29 (00) + g0 VHOEg
then ||ex|| < € + O(e*/3). O
A.7 Proof of Theorem 5.1]

We use the following Lemmas.
Lemma A.4. For scale-invariant layers A, the following equations hold:

04-Vf(O)=04-Vaf(0)=0 (61)
Ha(0)04+Vaf(0)=0 (62)
VasVif(0)0a=0, (63)

where Ha(0) .= (140 V)(14 0 V)T f(0).
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Proof. Differentiating both sides of f(a4 © 6) = f(0) with respect to ¢, we have

04-Vf(0) =04 Vaf(ax©0)=0, (64)
where V 4 f (a4 © 0) means (V 4 f(0))|o=a,00- For o = 1, we have
04-Vf(0) =04 Vaf()=0. (65)
Applying V, we have
(04 -Va)Vf(0)+Vaf() =0 (66)
=04 Va)(Va+Vau)f(0)+Vaf(0)=0 (67)
= HA(0)04+ V4V f(0)04+Vaf(8)=0. (68)
Multiplying by 1 4c®, we have
VoV Lif(0)04=0. (69)
Therefore,
HA(0)04+V4f(0)=0. (70)
O

Lemma A.5. For scale-invariant layers A, the following equations hold:
1 ~
Vaf(0)= HVAJC(OA +0.4) (71)
where Vaf(04+0.4c) := (Vaf(0))lg—g 10,

Proof. Note that f(6) = f(a4 © 0) = f(aB.4 + 6.4). Differentiating both sides with respect to 6,
we have

V() (72)
=V(f(aa©0)) (73)
=(Va+Va)(flaa©0)) (74)
=aV4flag ©0)+Vaflas©8). (75)
For o = 1/r 4, we have
vV(0) :%vAf(éAwAc)+vAcf(éA+0Ac). (76)

Therefore,

Vaf(@)=1,0Vf(0) =146 (%VAf(éA +0.4) +Vaf(Oa+04)) (77)

1 A
=—Vaf(Oa+0.a). (78)

A
O

Lemma A.6. For scale-invariant layers A, the following equations hold for all o > 0:

H(O) = a®?Ha(aa©8) +a(VaVif(ag©®8) + VAV iflaa©®8)) + Ha(aq©8) (79)
H(0)04 = a2HA(aA®0)0A (30)
H(0)04 = H4(0)04, (81)

where Hx(aq ®0) := (140 V)14 V) f(0))|o=a,c6-
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Proof. Because Vf(0) = aV 4 f(a@.4) + V ac f(0.4<) (Equation|75),
H(9)=VV'[(8)
=V(aV 1 f(aa®0)+ Vi flaa®8))
= (Va+Va)(aVif(aa©®8) + Vi f(aa©8))

= ?H (a4 ©0) + VAV ifaa©®0)+VaViflas®80))+ Ha(as ©0).

Therefore,
H(0)0.4 = o’ Hu(oa ©0)04+aVaVyflaa®8)64
=o’Hu(a4©0)04.
For v = 1, we have

H(0)04 = HA(0)0.4.

We now prove Theorem 5.1}

Proof. We use Lemmas[A4] [A75] and [A%6]
r2 () =20.4(1) - 6.4(1)
=204(t) - (=Vaf(0(t)) — A0.(t) —n&(6(1)))
= — 2\ (t) — 26.4(t) - £(6(1)) -

For £ =0,
r2(t) = — 2X2(t)
For £ = &,
12 () = — 2X% () — 200.4(t) - £0(6(2))
= — 204 (1) — (N4 (1) — IV (0)]?)
=21+ I + S IV O
‘We used

04+ €na = 504+ (H(0) + \I)(VF(0) +26)

= %9,4 (H(O)Vf(8) + \H(0)8 + \Vf(0) + )\?0)

1
= 5(OLHA(O)V.Af(0) + N0 L HA(0)0.4 + N*r7y)

1

= 5 (IVaf @) + 231

(82)
(83)
(84)
(85)

(86)
(87)

(88)

(89)
(90)
oD

92)

93)
(94)

95)

(96)
o7
(98)

99)

Using (t) = —axz + y(t) & x(t) = (0)e " + f(f dre= =Ty (), we can show the remaining

equations.

A.8 Proof of Corollary[5.1]

O

Proof. When & = 0, 4 1229 0 is obvious from the EoM for A (Theorem . When £ = éo,

EoM is given by
nA

r2(t) = =201+ LA (8) + 5 [V aF(Oa(t) + 0.4(1))]1*-

2 r2(t)
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At equilibrium, 74 = 0 and ||V 4 f(6.4 4 6.4¢)|| = c. by assumption; thus, we have

A
0=—2\(1+ L2, + - (101)
2 T A
=, = —1c,. (102)
* 2\ + A2
O

A.9 Proof of Theorem

Proof. We use Lemmas[A:4] [A73] and [A%6}

y,_ 404
04 = i 1A (103)
. .
= _%OA + HBA (104)
A
0 A 1
= é(ku +nb4-£(0))+ a(—VAf(B) —X04 —1€A(0)) (105)
N 1
= L04(04-64(0) ~ —Vaf(0) ~ L €a(0) (106)
1 ~ A .
— VS04 +04) + (04 €4(6))0.4 — £4(0)), (107)
’I“A A

where £4 := 14 © & Weused 74 = —Ar4q — 104 - £(0) (Theorem . Note that %((9,4 .

£.4(0))0.4 — £.4(0)) has no 6 4 component; i.e., it is orthogonal to 8 4. When & = 0, Equation (107)
is equivalent to 04 = f%VAf(OAA). When & = £, note that from Equation (99),

. 1
0.4+ &oa = 5(-IIVAFO)I* + A1) . (108)
Therefore,
L 11 - 2p A2
(64 -€04)0a = =55 [IVaf(04+04)["0a + 04 (109)
) 2
Also,
oa = %]lA © (H(O)V () + H(0)8 + \Vf(0) + \?0) (110)
= %(]u OHO)VF(O)+ 40 H(O)(O4+04)+AVAL(O)+2204) (111)
= %(]u O HO)V(0)+AHA(0)04 + AV AV f(0)04 + AV Af(0) +2204) (112)
= %(M@H(e)w(e) FAVAV [ f(0)0.4c + 220 4) . (113)
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Therefore,

(0.4 €04(8))0.4 — Eoa (114)
11
=T IVAf (04 + 0.4)|[70.4 + —HA - Q(M ® HO)VF(0) + AVAV i f(0)0.4 + 1204)
(115)
11 2 24 1 T A T
=- §7|\VAf(9A +6.4c)[[70.4 — S VAV fO)Vf(0)— §VAVAcf(9)9Ac (116)
11 1 1
=T IVAf(04+0.4)|?04 — §HA( WVaf(0) - §VAVI\cf(9)VAcf(9>
- vavAcf(e)/\eAc (117)
1 1 1
= |\VAf(9A+9AC)|| 04— §*HAVAf(9A+9Ac)
1 1
- §—VAVAcf(0A+0Ac)(VAcf(0)+)\0Ac). (118)
Hence,
A 1 A .
4= 5 Vaf(0a+0u) — 5 (Ha(O)Vaf(Bu+64)
T 27‘A
N 1 N ~
+ VAV f (04 + 04) (VA f(0)NOae) + TTHVAJC(HA +6.4)[°0.4) (119)
y)
- U+ S HA(0)
Ta

1\3\3

1, ) A
(Vacf(8 )+A9Ac)-VAC+gﬁaAv;f(eA+0Ac))vAf(9A+eAc) (120)
A

= (T4 DHAO) + DV (8) +204) - V.a

R
+ 204VLF(O)Vaf(Oa+0.). (121)
O
A.10 Proof of Corollary[5.2]
Proof. We use Lemmas[A.4|and[A.5] The angular update is defined as
cos A(t) = 0a(t) Balt+m) (122)

Ta(t) ralt+n)
We evaluate the higher order terms in 6 4 (¢t + n) and r 4 (¢t + 7). First,
. 2 ..
O.a(t +n) =0.4(t) +104(t) + %9A<t) +0(n*)
2

=0.(t) = 1V F(B.4(1)) — nAOA(L) — 1P€4(8(8) + L-a(t) + O(P) . (123)

The second derivative 6(t) is given by
d .

04 = %9*‘ (124)
jt< VAf(8) — A84) + O(n) (125)
=—(0-V)VAf(0) —X0.4+0(n) (126)

= VAV F(0)(Vf(0) + A0) + A(V.af(8) + A04) + O(n) (127)
=140 H(O)VF(O)+  NHA(0)0.4 + AV AV 1 f(0)0.4c + AV Af(0) + A\20.4 + O(n) (128)

— 14O H(O)VF(0) + AVAV 1 £(8)04 + A\204+O(n) . (129)
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Therefore,

0.4t +n) = 0.4(t) =V af(O()) — nAOA(t) — n*EA(6(1))
2
773(]%4 O H(O)VF(O(1) + AV.AV i f(8(1))0.4c(t) + A20.4(1)) + O(n*) .
(130)
Next,
72
rA(t+m) = ralt) + Fan + Lialt) + OW). (131)
Because 74 = —Argq — néA - & (use Equation and r.ZA = 2r AT 4),
ra(t+n) =ra(t) = nhra(t) —n°60.a(t) - £a(6(t)) + %27'“}4(15) +0(n’). (132)
In addition, because i 4 = —Ai"4 + O(n) = Ar4 + O(n),
At 1) = ralt) — () — P0a()-€00) + DAl 1 OGY) . (133
Therefore,
_0a(t) Oa(t+n)
0 AMO= 00 raltn) 9
=040 (9.(t) — 1V aF(01)) — A0 — n?€4(60(0)
ra(t)
+ %(]IA O HO)Vf(O(1) + AV.AV 4 f(O(1))04c(t) + AQ@A(U))/(M@) —nAra(t)
2
—120.4() - E(O) + TA2ra(t))
+0(n?). (135)

Substituting £ 4 = éoA, and using

oa = %(M ® H(O)V f(0) + AV AV e f(0)0.4c + N*6.4) (Equation[I13) (136)

04 €oa = %(*HVAJ”(@)Hz +A*r%)  (Equation[T08), (137)
we have
cosA(t) =240 0.4(t) —nVaf(O(t) — nAOA(t) 2 + 00
rat) ra(t) = nAra(t) = 5o (<VaF(O)]2 + X2r% (1) + L A2r a(t)
(138)
(1= n\)r4(t) o). (139)

(L= N4 (8) + 5 I Vaf (04 +6.40)] 12

At equilibrium, we have r?% 1700y 2 T = \/ axpazcs and IVAf(0(t) + 6.4(1))]| =25 ¢,
because of Corollary[5.1] Thus,

2
cos A, = g 77)\)7°A* 2 +0(n?®) (140)
(1 - 77)‘)7',4* + 27“2
1—nA
NEPYr +0(°), (141)

and we have shown the first statement of the theorem.
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The second statement follows from Equation (T41). By definition of cosine and tangent, we have

V=P = (=) _ VIR 2PN

t A* _ 3 3
an R +00°) — o)
(142)
Therefore, using Taylor’s series of the tangent function, we have
1 2
A, =tanA, — §A§ — 1—5Af: — =200+ O((A)*/?). (143)
This concludes the proof. O
A.11 Proof of Theorem[5.2]
We use the following Lemma:
Lemma A.7. For translation-invariant layers A, the following equations hold:
04104, =0 (144)
14-Vf(0)=14-Vaf(@)=0 (145)
PVf(0)=PVaf(0)=0 (146)
041 -Vf(0) =64 -Vaf(0)=0 (147)
H(O0)14=0 (148)
PH(0) =0 (149)
H(0)04, =0 (150)
Vf(0)=Vf(O0u +0a) (151)
H(O) :H(GAH +04). (152)

Proof. Note that PT = P, P? = P, and thus, P (I — P) = P(I — P) = P — P = 0. Therefore,

04104 =0,P (I—P)04=0. (153)
Next, differentiating f(0) = f(6 + a1 4) with respect to a, we have
14-VFO+aly)=0. (154)
For o« = 0, we have
La-Vf(O)=1a-Vaf(6)=0. (155)
Therefore,
1
PVf(0) =PVaf(0)=1a- Vf(9))a11A =0 (156)
and
14-6 14-6
Ou1 - VI(0) = = =14 VI(0) = =14 Vaf(0) =0. (157)
A A
Next, differentiating Equation [I53| with respect to 8, we have
H(O0)14=0. (158)
Therefore,
PH(6) = H—An;H(a) =0 (159)
da
and
1y -
H(0)0.4, = Ad BAH(B)]IA =0. (160)
A
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Next, differentiating f(0) = f(0 + a1 4) with respect to 8, we have
V(0)=Vf(0+ala)

and
H(O)=H(0+aly).
For a = —Lﬁ)é, we have
ViO)=Vf(O0—POA) =V (0a+04 —PO4)=V[f(04 +64)
and

H(Q):H(OA” +604).

We begin the proof of Theorem [5.2]

Proof. We use Lemma[A.7]
OuL = PO =DP(—Vaf(0) — N04 —n&a) = —N0a1L —nPEA.
When 6 = 0, EoM is
041 (t) = —A04(1) .

When & = £ 4, note that

& = %(H(e)w(e) +AVF(0) + \H(0)0 + )\*0)

and
B B 2
So-Ta=8oa-Ta= 14 04
Thus,
~ )2
P&y = —04,.
2
Therefore,
. - A2 nA?
0ar = —A0aL =P = —A0aL — 15041 = —(A+ -)0aL.
Using v(t) = —av(t) & v(t) = v(0)e*, we can show the remaining equations.

A.12 Proof of Theorem D.1]
Proof. We use Lemma[A.7] First, note that

éA\I =04—04..

Because
04 =—Vaf(0) = X041 — 1
and
Oar = —Nar —nPa,
we have

éAH =04— 041 =-Vaf(0) - A0 4 —n(I — P)éa
= —Vaf(0u +04)—Nq —n(I —P)éy4.
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Note that 0',4” is orthogonal to 6 4 because 6.4 'éA\l = —041-Vaf(0)—2041-04 —UBIM(I—
P)éoa=0—0—0=0(weused 8, (I— P)=0,PT(I—P)=0L(P—P)=0).
When £ = 0, we have

04 =—Vaf(0) =04 = —Vaf(Oq +0.4)— Ny (176)
When £ = £~0, we have
04 = —Vaf(0) — A0y

2
(G AH(O)V(0) + AVAF(0) + Xu® H(0)0 + N04) — 501 (a77)
=-Vaf(0)— )‘OAH — 77(%]1_,4 O HO)Vf(O)+ %V.Af(e) + %]lA © H(0)0 + )\)\220AH)
(178)
nA? nA n nA
= =M — 50— Vaf(@)— 7VAf(9) —5la® H(O)Vf(0) — S La® H(6)6
(179)

- 1+ %)(VAf(e) +A04)

- gHA(O)VAf(O) - gvAva(e)vAcfw) . %HA(H)OA - %wv;cf(e)eﬁ

(180)
B nx_ . n
= —(I+ 5T+ G HA(04) +04)(Vaf (0.4 +60.4) + A0
- gVAVI\Cf(HA“ H0.4) (Vacf(Ba) + 0.4c) + A0ac) (181)
A A
= -\ + %[ + gHA(GAH + OAC))GAH —(I+ %I + gHA(B-AH + 0 4)
+ gl((VAcf(HAH +04) + A0ac) - Vo)) Vaf (Oa + Oac) - (182)
O
A.13 Proof of Theorem B.1]
Proof. First, note that
V£(6)-G(8,0) =0, (183)

which can be shown by differentiating f(6) = f(G(6,)) with respect to .. Thus, assuming
0-((Vf(0) V)G(0,x))and using 8(t) = =V f(0(t)) — AO(t) — n€(O(t)), we have

S(0(0) GO(), ) (184
=0-G(8,a)+6-(0-VG(6,n)) (185)
=—Vf(0) G(0,0) -0 -G(0,a) —n&(0) - G(8,0) + 8- (—(Vf(0) V) - A0 V)

—né(6) - V)G(0, o) (186)
=-XN0-G(0,0) +0-((0-V)G(0,0))) —1&(0) - G(0,a) — 0 - ((1£(0) - V)G(O, a)zm)

Using v(t) = —av(t) + ut < v(t) = v(0)e~* + fg dre= =T (1), we have
6(t) - G(O(t), ) (188)
= 6(0)- G(6(0), ) (189)
—)\/ dre 2=1Q(7) - ((8(7) - V)G(O(7), o)) (190)
0

—n [ dreNTT(EB(T)) - G(B(r). ) +6(7) - ((€(B(r)) - V)G(B(r), ).  (191)
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B Learning Dynamics Induced by Symmetry Breaking: Neural Mechanics

To show the benefits of the counter term, we apply it to broken conservation laws [31]. In [31]],
the authors build relationships between the symmetries of weights and conserved quantities (i.e.,
Noether’s theorem [57, 58] for DNNs), and they also investigate the dynamics of DNNs under
symmetry breaking. We address three shortcomings of their analysis: 1) it includes a counter term
only up to order one, 2) a discretization error analysis is missing, and 3) their experiment makes too
optimistic an assumption on gradients.

First, we generalize broken conservation laws (Equations (18-20) in [31]]) by adding all orders of the
counter term. Let G(0, ) := 0, (0, o), which is called the generator of symmetry transformation
.

Theorem B.1 (Generalized broken conservation law). Let f be symmetric under transformation .
Assume that G satisfies 0(t) - {(Vf(0(t)) - V)G(6(t),)} = 0. Then,

d
5(01)-G(0(t),q)) =

—A0(t) - G(B(t),a) — AB(t) - {(6() - V)G(O(t), )} —n(£(6(1)) - V) - (§(6(2)) - G(O(t),(flxg)%)-

Note that the assumption holds for translation, scale, and rescale transformation [31|]. Furthermore,
Equation can be formally solved:

0(t) - G(8(t),a) = 0(0) - G(0(0),a)e~ M
2 / e =19 (7). {(6(7) - V)G(B(), ) }dr
0
— / AN (E(O(r) - V)(EO(T)) - G(8(7), a))dr . (193)

The proof is given in Appendix Now, Equation (193) includes all orders of the counter term

€ = > & We can reproduce [31]] by setting & = &. In addition, we already know the
discretization error (Corollary A1), which is lacking in [31]]. We also provide empirical results on
Equation (T93) in the following sections.

B.1 Scale-invariant Layers

|[6.4]|?. Therefore, Equation describes the temporal evolution of the weight norm of scale-
invariant layers. Figure [7| shows the temporal evolution of ||04]|? for the network explained in
Section [6] Figure[8|shows the gap of ||6.4]|? between GD and its theoretical predictions (GF and
EoM) (Equation [193)). We see that the counter term reduces the gap. There is an improvement in
the experimental settings compared with [31]. As described in [31], they substitute the gradients
computed in GD for the gradients used for GF’s simulation instead of using small learning rates to
simulate continuous trajectories of GF. This approximation reduces computational costs, but it causes
an additional gap between the surrogate gradients and the true gradients of GF along the continuous
trajectories. Therefore, we avoid this approximation; we use a small learning rate (7 = 10~°) to
simulate GF and EoM, as explained in Section @

For scale transformation, G(0 ﬁ = a 40, and thus, the left hand side of Equation l) becomes
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Figure 7: Dynamics of squared weight norm of scale-invariant layer. LR and WD mean learning
rate and weight decay, respectively. See Section |§| for experimental settings.
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Figure 8: Discrepancy between actual dynamics of GD and its theoretical prediction (GF and
EoM) of squared weight norm of scale-invariant layer. We see that our counter term reduces the
gap between the actual dynamics of GD and its theoretical prediction. See Section [6]for experimental
settings.
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B.2 Translation-invariant Layers

We also provide an empirical result for translation-invariant layers. For translation transformation,
G (0, ) = al 4 and thus the left hand side of Equation becomes 1 4 - 6 4 (sum of weights).
Therefore, Equation describes the temporal evolution of the sum of weights of translation-
invariant layers. Figtg% shows the temporal evolution of 1 4 - 6 4 for the network described in
Section[6} Figure[T0]shows the gap of 1 4 - 8.4 between GD and its theoretical predictions (GF and

EoM) (Equation . We see that the counter term reduces the gap.
o _
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Figure 9: Sum of weights of translation-invariant layer. LR and WD mean learning rate and weight
decay, respectively. See Section |§|f0r experimental settings.
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Figure 10: Discrepancy between actual dynamics of GD and its theoretical prediction (GF and

EoM) of sum of weights of translation-invariant layer. We see that our counter term reduces the

gap. See Section |§|f0r experimental settings.
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C Equation of Motion for 0 n

For completeness, we construct the EoM for 64 for scale-invariant layers A. See Section [5.1|for the
EoM for 7 4.

Theorem C.1 (EoM for 64). EoM gives éA(t) = —%VAf(éA(t)) + TA"(t)((HA(t) .
£(0(1))) O.4(t) — £(O(1))). Specifically, this is equivalent to:

04(t) = oY Vaf(0a(t)) (194)
A( )
forEzO(GF)and
6.4 = —a (1+ ZHA®) + 2I(T 4 (0) + X0a) - Vo) + 204V f(8)) V. (B + 0.1)
(195)

for &€ = &, (EoM), where H4(04) := (1.4 ® V)(14 ® V)Tf(e)\e:éA.
The proof is given in Appendix[A.9]

Effective learning rate. ThlS result highlights the differences between GD and GF on scale-
invariant layers. The factor (Equatlon 194)), which is —- at discretization, is called the effective

learning rate 29}, 142,130, 43, 44, 3311451341146l 47]]. The dynamlcs of OA is induced by VAf(BA +
60 1<) with the effective learning rate 7% not 17. We find that the counter term corrects the effective

learning rate to a matrix operator form (Equation (I93))). Let us see the meaning of each correction
in order. First, I (identity matrix) corresponds to the original effective learning rate. Second, % H 4

directs the gradient V 4 f (0 4 + 0 4c) toward the maximum eigenvector of H 4, i.e., a flat direction.
Therefore, GD tends to go through flatter regions than GF. Third, 21((V 4c f(6) + A0.c) - V 4c)
involves V 4 f into the learning dynamics of A; therefore, A is explicitly affected by A€ in GD,
unlike in GF. This point is often missing in the literature on scale-invariant networks because it

is often assumed that the whole network is scale invariant. Fourth, 260 4V, 4.f(0) cancels the 6.4
component of the right hand side of Equation ( » which may not seem obvious but can be seen

from the proof of Theorem 1{(see Appendix|A.9), and thus, 64 is orthogonal to 6 4, which should
be satisfied anyway because |[04]|2 =1 = 204 - 64 = 0.
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D Equation of Motion for 0 4

For completeness, we provide the EoM for 6 4. The proof is given in Appendix
Theorem D.1 (EoM for 6 4)). EoM (1)) gives

0.4 (t) = =204 (1) = V(8.4 (1) — n(I — P)&(6(t)) - (196)
Specifically, this is equivalent to:

9A|\(t) = _)\GAH(t) — Vf(e_A”(t) + GAC) (197)
for € =0 (GF) and

) nA- . n
0_A‘|(t) = —)\(I + 7[ + iHA(HAH + HAC))HAH

A
- (1 + %I + gHA(HAH Y O4) + gI((VAcf(HA“ F04)+ N04) - VAC))VAf(HAH +04)
(198)

for & = &, (EoM).

This result highlights the differences between the dynamics of GD and GF. The two factors %I in

Equation (I98) mean that the existence of weight decay increases the learning rate (increases the
velocity 0 |- The factor 7 H means that, as mentioned in Appendix |C, GD tends to go along sharper
paths than GF. Note that velocity éAH is orthogonal to 8 41 because V f, 0 4, and H(V f + A\ 4))
are orthogonal to @ 41. H(V f 4 A0 4)) L 6.4 follows because Hv L 64, for arbitrary non-zero
vectorv € R (- Hl 4 = HO 4, = 0) (see Lemma. FI((Vacf(Oa) 4 04c) + N0.4c) - V 4c)
involves V 4¢ f into the learning dynamics of .A. We see that the dynamics of 8 4 is also independent
of that of 8 4 , and thus, they are completely separable. A summary of Theorems and is
given in Figure[5]
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E Details of Experiment

We provide detailed experimental settings (see also Section [6)). Our computational infrastructure is a
DGX-1 server. The fundamental libraries used in the experiment are TensorFlow 2.3 [59], Numpy
1.18 [60], and Python 3.6.8 [61]. The random seeds used for TensorFlow and Numpy are both 7. The
input image is first divided by 127.5 and subtracted by 1. The maximum total number of iterations is 5
million steps for GF and EoM. The total runtime is approximately a month. We use least square fitting
(np.polyfit) to calculate the decay rates in Table 1] More information and detailed experimental
results can be found in our code.

In Figures 2 and the theoretical prediction of discretization error is defined as ||eg|| =
%H Z]:;é (H(0(sn)) + AD)g(0(sn))|| (Equation ). To reduce computational costs, we ap-
: . (00D)+eg(0(1))) —g(0(t) —eg(6(t))) ;
proximate the rh.s.: (H(0(t)) + M\)g(0(t)) ~ & g ) 2ng 1 = , where € is set to
10~7. The green curve in Figure 2[is defined as e, = €100 + 5 > .00 (H(0(sn)) + A)g(0(sn))
(compare this with Equation (I2))), where €1 is the actual discretization error at the 100th step that

is obtained from GD. Therefore, the green curve represents the theoretical prediction of discretization
error after the 100th step, given €;¢g.
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F Supplementary Experiment

F.1 Relative Discretization Error

We provide the relative discretization error, which is defined as ||ex||/||0k|| (k € Z>0). See Figure
We can see that a large learning rate (p = 10~ !) leads to a large discretization error (Figure
(a) and (c)). We also see that the counter term reduces the discretization error as expected (Figure|l 1

(b) and (d)).
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Figure 11: Relative discretization error. In (a) and (c), the LR1e-1 curves overlap each other, and
the LR1e-2 and LR1e-3 curves collapse in the lower region of the figure. The LR1e-2 and LR1e-3
are magnified and shown in (c) and (d). See Section|§|and Appendix@for experimental settings.
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F.2 Theoretical Prediction Vs. Experimental Result of Discretization Error

We compare the theoretical prediction of discretization error between GF and GD (Equation (I2)))

with the actual discretization error obtained in the experiment. The green curve is defined as

e, = €100 + § Z]:;lloo (H(9(sn)) + AI)g(8(sn)) + O(n®) (compare this with Equation ),

where €1 is the actual discretization error at the 100th step. Therefore, the green curve represents
the theoretical prediction of discretization error after the 100th step given €;¢q.
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Figure 12: Theoretical prediction (Equation (12)) vs. experimental result of discretization error
between GF and GD. The weight decay is 10™~. See Section |§| and Appendix [E| for experimental
settings.
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G Supplementary Discussion

Supplementary related work (Section 2). To show the benefits of EoM, we focus on scale-
invariant layers [29, 42, 130, 43| 44} |33} 145|134} 146, 147] and translation-invariant layers [31} |32] in
Section[5] To carry over the stability of a continuous optimization algorithm to a discretized system,
the authors of [19] add a feedback term to the optimization, and after that, they apply a discretization
method to it. The authors’ primary motivation is to keep the orthogonality of the weight parameters
of DNNs, which is different from ours.

Convergence of £ (Section [3.3). Note that the expansion of £ in terms of 7 is not necessarily
convergent, as is also pointed out in [35]. Thus, we have to truncate the expansion at a suitable order.
The discretization error at the truncation is given in Theorem [4.1]

Beyond leading order of discretization error (Theorem 3.2)and Section@d.1). In this work, we
analyze the leading order of discretization error. However, higher-order terms cannot always be
negligible. We discuss in Section d.1|that the higher-order terms are important at the beginning of
training.

Existence of A (Section[5). In our theoretical analysis of scale- and translation-invariant lay-
ers, the network contains both invariant (A) and non-invariant layers (A€), while previous works
assume the whole network is invariant for simplicity [29} |42} 30| 43| 44} 33 45| 34} |46} 147]]. We
avoid this assumption and show that such mixed networks require appropriate modifications to

analyses of invariant networks. For example, Vf(6) = 5V f (6) for invariant networks, while

Vaf(0)= HelTHVAf(éA + 6 4c) for mixed networks (Lemma , not mVAf(HAA). Such a
naive replacement is not allowed.

Higher-order corrections to decay rate of r 4 (Section[5.I). We can compute more corrections to
the decay rate of r 4 (A is a scale-invariant layer), using more counter terms. For example, a long
‘7

algebra gives decay rate n\(1 + % + g) for & = éo + 7751- The proof is similar to Appendix

On equilibrium assumptions in Corollaries[5.1]and [5.2] (Section[5.1). We make assumptions in
Corollaries ﬂandﬂ; there exist two constants r 4, > 0 and ¢, > 0 such that r 4(¢) il A+ and

IV 4f(B.4(E) + 6.4 ()| =55 ¢, These assumptions are similar to those given in previous studies

[29] 34]]. However, whether the assumptions are valid in the actual learning dynamics of DNNss is of
t—o00

independent interest. In fact, the equilibrium assumption (7 4. (t) and ||V 4 f (0.4 (t)+0 4 (t))|| ——
constant) could not be satisfied even at one million steps of GD, and potentially because of it, 7 4.
and A, have a large discrepancy between the empirical results and theoretical predictions. Deeper
analyses on this point are needed. Under what conditions are the equilibrium assumptions valid? Can
we relax the equilibrium assumptions and obtain realistic limiting dynamics of scale-invariant layers?
This is exciting future work.

In contrast to our empirical result mentioned above, in [34], their experiments dramatically match
their theoretical prediction. This is potentially because of differences in experimental settings; in
[34], SGD is used (ours is GD) and variance is induced, ResNet-50 [62, 63]] is used (ours is a
fully-connected network with three layers), ImageNet [64} 65] and MSCOCO [66] are used (ours is
MNIST [50]), and large learning rates (~ 10~1) and small weight decays (~ 10~%) are used (ours
are given in Appendix [E).

Extension of EoM to general settings (Section[7). While we focus on GD and GF for simplicity,
our counter-term-based approach and discretization error analysis can be extended to more general
settings, such as SGD, acceleration methods (e.g., momentum SGD), and adaptive optimizers (e.g.,
Adam [53]]). First, to extend our analysis to SGD, discretization error analysis of the Euler-Maruyama
method, e.g., [67], can be used. SDE’s error analysis [23| [24] is also relevant. Second, we can
extend our counter-term-based approach and discretization error analysis to acceleration methods
by modifying the analysis for different differential equations from GF and different discretization
schemes from the Euler method, as is discussed in [7, (14, [12]]. Third, [56] is the first work that
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provides a continuous approximation of Adam. However, its counter term and discretization error are
open questions.
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