Trajectory of Mini-Batch Momentum:
Batch Size Saturation and Convergence in High Dimensions
Supplementary material

The appendix is organized into 4 sections as follows:

1. Appendix A derives the Volterra equation and proves the main concentration for the dynamics
of SGD+M (Theorem 1).

2. We show in Appendix B that the error terms associated with concentration of measure on
the high-dimensional orthogonal group disappear in the large-n limit.

3. Appendix C derives main results including Proposition 3 and speed up of convergence rate
of SGD+M (Proposition 5) in the large batch regime, as well as the lower bound convergence
rate in the small batch regime (Proposition 6). We also provide a proof of Proposition 7 in
this section.

4. Appendix D contains details on the numerical simulations.

Potential societal impacts. The results presented in this paper concern the analysis of existing
methods on a simple least squares problems. The results are theoretical and we do not anticipate any
direct ethical and societal issues. We believe the results will be used by machine learning practitioners
and we encourage them to use it to build a more just, prosperous world.

Notation. In this paper, we adhere whenever possible to the following notation. We denote vectors
in lowercase boldface (x) and matrices in upper boldface (A). The entries of a vector (or matrix)
are denoted by subscripts. Unless otherwise specified, the norm || - ||2 is taken to be the standard
Euclidean norm if it is applied to a vector and the operator 2-norm if it is applied to a matrix. For
a matrix A and a vector b, we denote constants depending on A and b, C'(A, b), as those bounded
by an absolute constant multiplied by || A|| and ||b]|. We say an event B holds with overwhelming
probability (w.o.p.) if, for every fixed D > 0, Pr(B) > 1 — Cpd~P for some Cp independent of d.

Lastly, for n € N, [n] denotes the set of natural numbers up to n, i.e., [n] &ef {1,2,--- ,n}.

A Derivation of the dynamics of SGD+M

In this section, we establish the fundamental of the proof of Theorem 1. Let us state the theorem in
full detail first.

Theorem 3 (Theorem 1, detailed version). Suppose Assumptions 1.1 and 1.2 hold with the learning
rate v < 252 and the batch size satisfies 3 /n = ( for some { > 0. Let the constant T € N. Then

CU’?YL(LJL'
there exists C' > 0 such that for any ¢ > 0, there exists D > 0 satisfying
Pr [ sup | f(zy) —¥(t)] > nc} < Dn™°¢, (28)
0<t<T,teN

for sufficiently large n € N. x; are the iterates of SGD+M and the function 1 is the solution to the
Volterra equation
t

Y1) = Sha(t 1)+ ot + 1)+ Y0 2C0 — QHat — kyb(k), and (0) = f(ao),

k=0
forcing noise
(29)
where for k =0, 1,
1~ 2(03)* 1 1
hi(t) = o m (AVC(UJQ‘) AT 5(/‘@2,1‘ —A)% () + 5(5373' —A)?- (>\3,j)t) ;
i=1
and
] i1, Ly Ly
Hy(t) = ngg;_u(—ﬁ 5 N,
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Here Q0j, X2 j, A3 j, K2 j, K35, ] € [n] are defined as
Ao (s e ()
2,§°%5 , Kaj = 3,4°%) . an
/\273' + A )\3,]‘ + A

—2A +QF +,/Q2(Q2 — 44) —2A 4+ Q2 — | /Q3(Q2 — 4A)
)\z,j = .

Ngj =
2 » 8 2

Qj:1—7<0]2-+A7 Koj = d

A.1 Change of basis

Consider the singular value decomposition of A = UXV”, where U and V are orthogonal matrices,
ie. VVT = VTV = I and X is the n x d singular value matrix with diagonal entries diag(c;), j =
1,...,n (in the case n > d, we extend the set of singular values so that 6411 = --- = g, = 0). We

define the spectral weight vector vy & VT (2, — ), which therefore evolves like

Vi1 = Vg — ’YETUTPk(UEVk — ’l’]) + A(Vk — I/kfl). (30)
Moreover, we can define
wy =X, —UTn, 31
so that
1 T2 _ 1 - 2
f(z) = §HEVt—U nllz = §;wt,j' (32)
Then (30) can be translated as
wig1 = wy, — YESTUT PLUw;, + A(wy, — wi—1). (33)

From this point, we focus on the evolution of w rather than the iterates .

A.2 Evolution of f

Now we would like to demonstrate the recurrence relation of wy, and eventually that of f(¢), which
will lead to a Volterra equation and error terms in a large scale. First, for j € [n] and ¢ € N, (33)
implies that

Wiy1,j = Wy — Y05 Zwt,l(z UijUn) + Awe j — wi—1,5), (34
! i€B;

where B; = B denotes a randomly chosen mini-batch at the ¢-th iteration, whose size is given by
B < n. We interchangeably use the notation of B; and B, because it is independently chosen at each
iteration. By taking squares on both sides, we have

2

wt2+17j = | w,; — 'yojz Z wt’l(z UiiUi) + A(wy,j — wi—1,5)

l€[n] i€ By
2
= wi,; +7°0;( Z wt,l(z Ui;Uin))" — 2v07 w5 Z wt,l(z UiUir)
l€[n] 1€ By leln] 1€ By

+ A2 (wyj; — we1,5)? + 208wy j(wr; — w1 ;)

- 2’)’%2-A Z wt,l(z UijUi)(we,j — we—1,5).

le[n] 1€ By
Now let us denote the following error caused by mini-batching, i.e.,
(1,5) def B
Ex” E D Ualy = 0. (35)
i€B
where 0; ; is the Kronecker-delta symbol, meaning

Forl,j € [n], 6;; =1 ifl = j, and O otherwise.
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Then the iteration on w7, ; reduces to

Wiy =wi (14 A%+ 2A) 4 wi ) jA% + wy jwe_q j(—2A% — 2A)

— 2903w Y we(EG7 + g‘sld)
l€[n]
. 2
— 29020 > wig(wey —wio1,)(E57 + g%) + 20 (D wea(d_ UigUn))
I l€ln]  ieB

B

:wij(l—&—A2+2A 27027—2A'yo2 )—i—wt UAQ

+ wy jwi—1 j(—2A% — 2A + 2ij g)

+720 (3w (Yo UyUn)” + | =2v07wes Y €57 wi

l€[n] i€B leln]
dot D
“o B RI0)

+ —2’yoj2»A Z Sg’j)wt’l(wt’j — Wi—1,5)
l€[n]

defg(7) (t)

When it comes to (), we can decompose it into its expectation over the mini-batch B and the error
generated by it. By applying the technique from [27, Lemma 8], we have

2
E[®|}—t]:72031 555:3“’”"‘ <ﬁ ﬁﬁ_ ) Z ZUzlwtl
l€[n]
_ 2. .
ez, LD 2 )0 4 £, 00,
l€[n]
where
r; < q¢o?,
2
e -1
e ot | (BB - Yup, + (—Bgﬁ +¢) X 03 (X ] |

i€[n] l€[n]

:\'—‘

(ZUWH>2.

Note that £7) (¢) is generated by the error between 3(8 — 1)/(n(n — 1)) and ¢2 = 32/n2, whereas

Sg 1.(t) is generated by the replacement of Ufj by 1/n; In Appendix B, we establish that this
error can be bounded by the Key Lemma (this is where the acronym “K L” comes from). Let

5](3j2)( t) & @ — E[®|F,]. Then observe
(1- C)’Yaj L,
a2

and ) (1) E 2o~ ¢ (U]
1€[n]

@ =T2w?; + w?, + EG() + EL) (1) + ELL(1).

le[n]
Therefore, we obtain

(1= (o3l
Wiy = 2wl + A%} — 200wy w4 3w 6
l€[n]

+ &I &)+ ELL ) +EP @),
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where

eP () Eed)(t) + €9, () + €9L(t).
Similarly, we have

Wit W = Wi g(wey =707 Y wea( D UsUn) + Alwe; — wi-r5))
l€[n] i€B,

= w}; — oty Y w(EFT + g%) + Awyj(wyj — we-1,5)
1€[n] (37)

(1,9)
—Qw” Awy jwe—1,j — Wawtjg ER wyy,
1

:%81(3_7‘1)1 (t)
def
where Q; =1 -T; + A,
Therefore, (36) and (37) imply
wt2+1,] sz A? —2A8); th,j Nt,j + gl(j)(t)
wt ¥ = 1 0 0 wt2—1,j + () , (38)
wt+1,jwt,j QJ O _A wt’ju}til,j 52(.7) (t)
difMj £, J &y, Fi

where

D—‘N

el ) Eed) (¢ >+5<” () + E€9(t), and

&) () & -8 1)
Let us rewrite (38) as R R ~
X1y = M;&s 5 + Vi
= sz-)(tfl,j + M;Yio1;+ Ve
t
= Mj&;+ 3 M D
k=1

The eigendecomposition of M; is given by M; = XjAijl, Aj = diag(A1j, Ao j, A35), X =
(71,5, 72,5, xS,j)T where

—2A 4 QF 4, /(Q23)(Q23 - 44) —2A +QF — /(92)(Q2 - 44)
Aj =4 = > A3, = > )
A )\Qj )\3 Vi
ande: 1 1 1 Withliijz i J
Q]‘ ? )\1 + A
3 Rz k3
(39)
Also, its inverse, assuming det X; # 0, is given by
5 -1 A Q
xt=——_= (1 A3, —K
T weaal|y o
2 2 2,J

Note that for each j € [n] and i € {2, 3}, k; ; satisfies
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2 ). - = .
* ki ;= Aijand ki ; = \/A; j when €; >0,
* Ko+ k3, =, and
* Ko kg = A

This implies that
Nij + €7 (k)

M *Y ;= XA X 0
57 (k)
. [ (Ve + &2 (0)) + QA58 (k)
=X;- 2 iA INF (Niy + &P () - K37j/\§,jk‘c"2(j (k)

)

In particular, if we just focus on the (first coordinate of /\N’tﬂ, j) = w? +1,j» We have

o+

5 2 _ >\2 A3, n
Wiy = (MjX )1 + mZ(—Al,j‘Xi,f Y ]k+ LAl > wi
J k=1 le[n]
2 A ek Aay
Yo 4AZ A A N S A EY (k)
k=1
4AZ (A1, - N TF = ks e - A — ko s - Aéjk)f(])( )

(Here (-); denotes the first coordinate of a vector). Summing over j € [n] and dividing both sides by
2 gives

1 1
22 i1 QZ(MfXLj)l
j=1 j=1
Lo 20V t—k | A25 yi—k , A3 yt—k
O | g AN S A S | F)
k=1 \j=1"J
, . (40)
1 bk, A2 vi—k , A3g - k()
+ 2792_4A(*A‘>‘1,j + 5 Ay JF* Az )€ (k)
k=1 \j=1"1J
t n 1 .
+ Zm(a A AT = kg ATF — ko - AER (k)
k=1 \j=1"1J

Note that Z;;l (MX, ;) describes the forcing term (see Section 2). In order to analyze this term,
observe

- w (1 =Ty)%wg ; + <p] Zl wg + Ebem( )+ E90) + £9(0)
le = wg X — wo
; g (
P10 (1-Tj)wg; — 153]1(0)
(1- Fj)Q(%af + %) + 2007 £(0) + bem( )+ €9 (0) + €9(0) + (1 - T,)268)
= E gL(UJO)
(1= (o} + ) S O
- (1—F-)2 20 n)f<0) g(])( ) 4 (1*F-)2 | 0
= (Eaf- + E) 1 J N j 0 1 +51550) ) J +5§7)(0) <0> |
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where

. R R
El(uj)défwgﬂ—E[w?]:wQ-— —o? + =),
0 0,7 0,3 0,7 (n J n) , 1)
E(0) = £7,(0) + £, + €70, and £ (0) = ~5 €5, (0)

Therefore, by using the eigendecomposition of M again, the first coordinate of M Jt 221’ ; 1s given by

—(1-T)? - A+9;(1-T)

3 _ 2 R R
(M X = | XA | 5(1=T))% 4+ 5% =g, (1-T)) 4A( ot red)
3(1=T5)% + 554 — ko (1 - T)
(T 2 () ) Sy 2 )
+ XA (172 .m(z% £(0) + & (0)) + XA —hay | g &0
1/2 J —R2j J 1
2(802 4 £) 1 1
J
280, —AFw)\t“qL}(lfF-—n SEED VUEE 1(17r — kg )% ALTE
Q2 AN J 1,5 2 J 3,7 2,5 2,j 3,7
29";”) 1, t+1 f+1
+ o g A (A N +f AN ) 2£(0)

2 1, Loy 1 i ()
+<Qz 4A( AL +§'>‘2,j +§')‘3,j) £7°(0)
9 .
+ (QQ A UA AT =g N 2 Agﬂ.)) £90).

Simple algebra shows 1 —T'; — k3; = (5 — A) — (Q; — K2;) = A — Ko j, and similarly,
1-T; — ke j = A — K3 ;. Hence, we conclude that

fit+1)= ghl(t +1)+ %ho(t +1)+ ) 71— QO Ha(t — k) f(k) + E(t).

k=0

Here for k = 0,1,

hy(t) = . 2": 22(%2)]6 ( AT - A"+ (A — kg ) - N (A —r35)" A5 >7
(e Q2 —4A il 9 J
and
Hy(t) = Tlljzi:l Q;jiA ( ALy >\t+1 n )\t+1).
Also, the error term £(t) is defined as
E(t) E E10(t) + Eneta(t) + Exi(t) + Ens (1), (42)
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1 1 1 .
Erc(t) & > REETN (—Al“j AT F(A- Ka)? A+ J(A- Kaj)? - A?,T) £y,
j€ln] "I
def 1 t—k | A25 =k, A3 \t—ky ()
5beta(t) = Z Z m(—A A + T : )\27j + D) ')\3,3' )gbeta(k) )
k=0 \je[n] 7
def : 1 t—k )‘Zj t—k >‘3,j t—k\ o(d)
Exr(t) = > gz (CAATE R S T S ATERL(R) | and
k=0 \jeln] 7
def 1 k| A25 =k, A3 \i—ky ()
Em(t) = Z m(*A A + 9 )‘Q,j + o )‘3,3' )€p" (k)
k=0 \j€n] 7
t
1 _ _ _ .
+ Z m(QjA . At k_ H3,j)\2,j . )\;,jk — IiQ’jA&j . )\gdk)gz(j)(k‘)

k=0 \j€[n] J

A few comments on the naming of errors: IC in ¢ (t) stands for initial condition. This error is
generated from the initial bias on wa i On the other hand, M in &y, (t) stands for Martingale; the
error is an accumulation of martingales over each time iteration. We deal with these errors in detail
in following sections. And note that Theorem 3 can be proved once we control the error £(t) with
overwhelming probability.

B Estimates based on concentration of measure on the high—dimensional
orthogonal group

In this section, we give a high-level overview of the errors and how to bound them with overwhelming
probability. Recall that we have the following error pieces:

EW) L E10(t) + Epeta(t) + Exn(t) + Enr (D). (43)

In order to bound the errors, we follow the methods that are used in [27]: we would like to make an a
priori estimate that shows the function values remain bounded. Thus, we define the stopping time,
for any fixed 6 > 0 and large enough n € N, by

9 L inf {t>0: [Jw|(= |USw, —n|)) > n’}.

We then need to show:
Lemma 1. For any 0 > 0, and for any T' > 0, 9 > T with overwhelming probability.

Proof. From (33), we have
wis1 = (1 + A, —EXTUTPU) wy, — Awy_1,

where I,, denotes an identity matrix of dimension n X n. Therefore, by taking norm on both sides
and applying triangle inequality, we have

[l < (14 A +AS]3) wll + Aflwk—1]-

Let C := 1+2A+7||2||3 and € > 0 is small enough so that CT - n¢ < n?. By induction hypothesis,
if we are given |Jw;|| < C'n forl =0,--- ,k < T, we have

lwiiall < (1424 + ’yafnax)cknf < OFFlpe

and this finishes the proof once we check the initial conditions, i.e., ||wq||, ||w1 || are small enough
with overwhelming probability. Observe, for any ¢ > 0 and sufficiently large n,

2
ol = 37 (o0, — @ n);) < 20%clivollf + ml3) = O(1) <,

J€[n]
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w.0.p. by assumption 1.1. Similarly, w; is generated by the following formula
wy = (I, —vEETUTPU) w,
and applying norm on both sides gives
lwr || < (1 + 9050 lwoll < (1+ 707,00 < Onc.
O
We will need the result in what follows. Also, as an input, we work with the stopped process defined
for any ¢ > 0 by w? &f wypy. Moreover, we condition on 3 going forward.
B.1 Control of the errors from the Initial Conditions

In this section, we focus on controlling the errors generated by the initial conditions:

frc) = 3= gy (AT M S8 —ma)® A+ S8 ) £
j=1""7
where )
. R i
&Sfo) = wg,j - E[waj] = wg,j _ (EU? T E)

The next Proposition shows that the error £7¢(t) can be bounded w.o.p.

Proposition 8. For any T' > 0 and for any € > 0, with overwhelming probability,

< 6—1/2.
Joax, I€rc ()] <n

Proof. The proof is similar to that of [27, Lemma 10]. We rely on Chebyshev’s inequality and the
law of total probability to control the error. Fix ¢ € [T and let

1

cO )¢
02 —4A

1 1
(-Arj A+ §(A — k) MG+ §(A —K3;)? A@jj) ;

and
n

W) E Y09t
j=1
so that £7¢(t) = W (t) — E[W(t)]. From [27, Lemma 10], we know that the vector 3 follows
the Dirichlet distribution (recall vy, = V' (x, — &)), and in particular, E(vg ;) < O(n~?) leads to
E(wé’ j) < O(n™?) (also recall wy, = Zvy, — U, (31)). Therefore, the (conditional) variance of
W (t) is bounded by

2

Var[W(t)} =E iC(j)(t)wg,j - Xn:c(j)(t)(f%z + %)

2

< e | 0) (it~ (o2 B))
j=1
= LIS (o) (wemd, - (ro? + %) | = 0( L),
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where the Cauchy-Schwarz inequality was used in the second last line. Therefore, for e > 0,
Chebyshev inequality gives

R
G (¢ ) (¢ S pe-1/2| < { }
Pr ZIC Z Cf ( ) >n < —— Var|W(?) — 0.
J=
Now applying the law of total probability (over ¢t = 1,--- ,T) to this gives the claim. O

B.2 Control of the beta errors

In this section, we control the errors generated by the difference of fb Efi :B and (2 = ( )2. For
t € [T A Y], recall

3,

t n
1 e Aoy A3,
Evera®) =D | Y g gm (AN + S A+ S “Med (k)]
1 J

with

2
einn =7 | (S~ ) b+ (g + ) S0 <Z Ui, )
First of all, note that

def 5(5 1)
n(n—1)

Then we can show the following:

é. (6_1)n_5<n_1) _ C(C_ 1) _ O(TLil).

2 _
—¢= n(n —1) n—1

Proposition 9. For any T' > 0 and for any € > 0, with overwhelming probability,

< a—1/2
OSItnSa'J)"(/\ﬂ |5beta (t)| =n )

forsome1/4 > a > e

Proof. Let

2 4
Fya A- )\t k )\QJ

- A
4A 2

cO(t, k)< ;

—k -k
A+ A5

Then CY)(t, k), j € [n] are uniformly bounded by our assumptions, and we have

2
Eveta(t ZZC(” t.k) [ow?, —52 (Z Uilwt,l>
l

k=0 j=1

Now Lemma 1 (boundedness on the norm of w;) and Lemma 3 (uniform boundedness on the
coordinates of Uw,) gives

Eveta(t AY) < CO([[w] | + 1 max(Uwy)?) = O(n**7h),

for some C > 0, which shows our claim. O

B.3 Control of the Key lemma errors

In this section, we show that Ex 1, () can be bounded with overwhelming probability. The following
Key Lemma from [27, Lemma 14] will be useful in the following:

Lemma 2 (Key Lemma). For any T > 0 and for any ¢ > 0, for some {C9)(t)},5 € [n],0 <t < T
that are uniformly bounded, with overwhelming probability

ZC(j)(t)<(eJTUTei)2 B i)‘ < pel/2,
j=1

max max
1<i<n 0<t<T
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Given this lemma, combined with the Key Lemma, we can bound the error £k, (t) with overwhelming
probability.
Proposition 10. For any T' > 0 and for any € > 0, with overwhelming probability,

Exr ()] < n /2,
ngtnga;,iw| k()| <n

Proof. By definition, we have

t

Ealt) = Y0 | 30 gurga (i M+ TR+ S e B |
k=0 \j€[n] 7
with )
ELL(t) = a3 (¢~ C)Z ZUzlwtl
i€[n] leln

Thus for a sufficiently small € > 0 and some C' > 0, and by applylng Lemma 2 and Lemma 1,
t n
ERLEAN < CID " (FUw)) - n™ /2 < OTn 2 - ] P < /2,

k=0 i=1

B.4 Control of the Martingale error

In this section, we bound the error caused by Martingale terms. Recall that

t
t—k 2,j t—k 3,7 t—ky o(J)
kzo ;} 0 4A( ACATR SN+ S5 )E ()
—o \jem
t
+ Z 4A(QjA'At_k—’f3,j)\2’j')\§} — K2,jA3,j - )\éjk)g(])() 7

k=0 \j€[n] J

where () ) () )
Ep’(t) = Exa (1) + EL (1) + EFu (1),
with
£u) j (3) (3) () 1 0) :
B (1) = 2 (1) + € (1) + £ (1), and £ (t) = — €5 (1), with

Sg)l( )= 72fya Wy, Z 5 (4:3)4y ¢l E(Z’J) ZUUU” ¢o14,

le[n] €D
Eg)z(t) = —2y0;A Z SgJ)wt,g(wt,j — wy—1,5), and
l€[n]
5};2 (t) = ’yQa Z wy ) Z Ui;Ua)) —E [D].
l€[n] i€B
dcl'CD

In view of the expression of £y (t), we define

t
def 1 B Ao A3 .
Esa)E Y| X g (AN SR+ SR NER () |
k=0 \j€[n] 7

and
t
ROED DD 1 (CA Mk A2j ek )\3,; ARED (k)
B2(t) = 02 _ 4A 1,5 2 2,5 3.7
k=0 \j€n] 7
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Then it is easy to see that controlling these two terms will lead to the control of the entire Martingale
error. Control of £p 2(t), which can be defined similarly to £ 1(t), can be done with exactly the

same as that of £g 1 (¢). As for the second term of () which includes 52“ ) (t), our analysis will
show that the coefficients won’t play an important rule in the control of the error; so that term can be
controlled for the same reason as Eg 1 (1).

We organize the proof as follows. First, we introduce a proposition from [5] that gives an overwhelm-
ing probability concentration for sampling with replacement. Also, we claim that {Uw; },t € [T A1)
is uniformly distributed with overwhelming probability over different coordinates. This lemma will
lead to bounding the “first-order” error £p 1 (t) (similarly for £p 2(t)). As for bounding the “second-
order” error Egz(t), we will use the Hanson-Wright inequality for sampling without replacement

[1].
B.4.1 Control of £ ()

The Martinagle error originates from randomly sampling a mini-batch at every iteration. We begin by
presenting the following Bernstein-type concentration result for sampling without replacement so
that we see that randomness does not deviate too much from the “expectation”.

Proposition 11 (Proposition 1.4, [5]). Let X = (x1,- -+ ,xz,) be a finite population of n points and
Xi,---,Xg be a random sample drawn without replacement from X. Let

a = min x; and b= max x;.
1<i<n 1<i<n

Also let

n

w=— ZI7 and o* Z( — p)?

=1
be the mean and variance of X, respecttvely. Then for all € > 0,

1 Be?
i (/3 2 Ximnz ) =P (‘202 T30 a)e) |

Now we can show that Uw;, is more or less uniformly distributed over coordinates.

Lemma 3. maxy, |(Uw})| = O(n®~'/2) with overwhelming probability for some 1/4 > a > e.

Proof. We show a more general result, which is

MB® ¥ max max \B ml=0(n =12y wo.p.,
1<k<n 1<m<n

(t) def - 9 (44)
where B, = ZUk‘jth and 1/4 > (T ANY) > a((TAI) —1) > - > a(0) > e
j=1
Note that B,(:Zl = (Uw}))}, s0 max;<j<,, |(Uw})r] < MB®. One approach is to apply the
Proposition 11 and the induction hypothesis. Note that the initial condition for the induction
hypothesis will be treated later. From (34), we have

9 9 9 9 9
Wipq,; = Wy — 7032' Z wy Z UiiUi) + A(wg ; — wi_q ;).

le[n] i€Bt11
By multiplying Uy; and summing over j = 1, --- ,m, on both sides, we have
(erl = WZUQU]CJ Z wtl Z U’L]Ull +A B(t) _B(t 1)) (45)
l€[n] i€B¢ 41
d::t<D

Let

z(tlz m = ZU2UkJ ij Z Ullwtl - UZmUT)Zk(Uwf)’ia
l€[n]
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where 3,, = diag(of,- - ,07,,0,---,0),sothat O = >, . | X Note that we can assume

» Y m> i,k,m"

that k ¢ Byy1 so that k # 4, because we can deal with the term X,S;wn = (USZUT) e (Uw))
separately. In order to use Proposition 11, we evaluate

1 . 1 & ) 1 — o
p= 3 X = D 0 U Y wlidin = Y o Uk,
i€[n] Jj=1 le[n] j=1

and

[\v]

1 1
o? = =3 (X, -1 = S S UBLUT(Uw)? - i,

Now observe,
1. As for u, by applying Abel’s inequality,

1 1
< 202  max B(t) < Zg2 MB®,
1% max k,m
n m ’ n

max
2. When it comes to controlling o2, by using Lemma 1,

1
7t < o (ma OZLUT P ) 1wl 4 42 < 042 (g (OZ20T)al )

n

When i # k, by referring to [27, Lemma 25],
(US3UT )| = | ZU?UijUkﬂ = O(n~Y* ) w.o.p.
j=1

Therefore, we have, with overwhelming probability,

02 _ O(n—2+29+2e) )

3. Observe,

b= max X = max(UE3,U" )i (Uw}); < O(n) max |(Uwy);| < O(n%) - MB®
= O(nT*®M=1/2) wo.p., and similar for & = min |Xl(t,2m\

Now applying Proposition 11 gives

1 82
P (ﬂ 2 Xigm == t) =P (_ 202 + (2/3)(b — a)t> ’

i=1

where the concentration with overwhelming probability is attained for ¢t = n =3/ 2Ha’(t) o (t) >
a(t) > 0 + ¢, and therefore

B
P (ZX(t) —Bu > €> — 0asn — oo when é = n~1/2F'(®),

i,k,m
i=1
So applying this to (45) gives

B}(gif;l) _ Bl(thn T Xlgtl)cm B (BM+ O(n—1/2+a’(t))) n A(Bl(c?n _ Bz(:,;l))’
or
IBUTD| < MB® 4 62, MB® + (éafmeB(t) + O(n*“”“'(t)))
n

k,m
+ AMB® + MBtY)
< C(k,m)o(n—l/Q—i-a/(t)),
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for some C'*™) > (0. Now taking maximum on k and m gives

MBI < (max O ) O(n 12+ 0) = O(n~1/2+0(t4D) wop,

k,m

for some a(t + 1) > o/(t). Now once we show that the initial value M B(%) is small enough, by the
induction hypothesis, we prove the theorem. Note that as n — oo, we can always make the increment
a(t+1) —aft),t € [T A9 — 1] small enough so that (T’ A 9) < 1/4.

Now it suffices to check the initial condition, i.e., M B () is small enough:
Claim. M B(®) = max; max,, \B£03n| =0n*O=1/2) wop., a(0)>60+e.
First note that wy ; = ojv9; — (UTn)j, vy = VT (x; — &). Therefore

Bzﬁ?f)n = Ukjlojvo; = Uiym) ZJJU’C]VOJ ZUkJ > Uym).-
j=1

l€[n] le[n]

def

@ dcf@
We first show that By, ,,, = B ,(607)71 for a fixed k and m attains the desired error order. As for (I), we
show that f,,(Uy) def (D is a Lipschitz function on S™~!: observe, for Uy, U, € Sn1

fm(Ug) = fm(Uy,) = Z%‘(Ukj — Upj)vo.j

Zo V2| Y (Ukj — Up,)? < C|Uy — U2,

j=1

IN

for some C' > 0. Therefore, the concentration result for Lipschitz function ([34, Ex 5.1.12]) gives
Pr{| fn(Uy) — Efm(Us)| > t} < 2exp(—cnt?),
and the overwhelming probability concentration is attained for t = n—1/2%¢ ¢ > 0.

As for (2), observe that
@= Z g;(t ); (6" U);,

where gj(t) =1forl <j <mand 0 otherw1se, a = e, and b = 1. Given 7 fixed, we have
E,[@|n] = 2. Therefore, by [27, Lemma 25], @) = Zn;, + O(n“"'/2) w.o.p. As maxy, ;| <
nY2 w.o.p. (f(xr) = max; |z;|, € S"'isa Lipschitz function on S™~! with Lipschitz constant
1), we conclude that @ = O(n~1/2) w.o.p. Therefore B{") = O(n®(©)=1/2) w.o.p. for arbitrarily
small enough € + 6 < «(0) < 1/4 and taking maximum over k and m shows our claim. O

Above lemma leads to the control of £p 1(t). Note that control of £ »(t) can be done very similarly
to 5311 (t) .
Proposition 12 (Error bound for £p 1 (¢)).

)] = On* Y2y wo.p.
oJax €1 (f)] = O(n ) wo.p.,

where 1/2 > o' > «, with o from Lemma 3.

Proof. Our strategy is to apply Proposition 11 as well as Lemma 3. Recall that

t
1 P VS VT
€B$1(t):z Zm(—A')\i,jk‘*‘ 2j')‘§,jk+ 2J')\§,jk)51(3j,)1(k) ;
k

=0 \j€[n] 7
t

= ST Wt kywe; Y 5w |
k=0 \j€[n] l€[n]
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where CO) (¢, k) & ﬁ(—A AT+ 224 . 5, t 254 . A - (—2702-). Let us define
X SN O k) Uijw); Y Uiy, and e gy Z X = Z CO(t k) (w)})?,
Jj€[n] le[n] ze[n] j

so that €1 (£ A ) = 34— (ZieB X" - ﬂM(t,k)). Let 07, ;) be the variance of x0.

2 2
def 1 1 ;
iy &5 3 | Z 00t vty | - (13 000 mty
i€[n] \j€[n] J€[n]
In order to determine its order, note that
2
1 . 1
- S O kUwl )Y Ul | = - > (UScw)); (Uwy),
i€[n] \j€[n] l i€[n]

where 3¢ &t diag{CV)(t,k)} je[n]- By applying Lemma 3, we have with overwhelming probability

2

1 (o3
Ol < max |(Uw])i[*~[UScw} |5 < max||(Uw))i]]*~[[Be/3w! |3 < O@n* 7207,

Now Proposition 11 gives

s pe
< ZX — He) 2 6>§6XP< 202 F (2/3)(ba)€>’

where, by using Cauchy—Schwarz s inequality and applying Lemma 3 again,

b= max Z C(j)(t, k)Uszzy Z Ul'lwgl
j l

1<i<n

< max |(Uw});| | > (CO(tk 2 [N UZ =0m0H012) wop.

j€[n] J€[n]

So by applying the same argument used in Proposition 11, and applying the union bound, we have

B
Z X0 Btk

i=1

P (€51 (1)] > 7) gT.p<

> c€> \, 0 as n — oo when & = n~ /2’ (1)

for ¢ = 1/t and any 1/2 > o/(t) > a(t) + 6. Note that § can be taken as small as possible. Now

taking maximum over t,0 < ¢t < T A 9,t € N, gives the claim, with o’ def o/ (T N). O
B.4.2 Control of 6'](3]2 (t)
This section deals with controlling the error 6’](37;) (t). Recall that
: 1 ) A
_ 25 yi— 30yt j
Epx(t) =D | Y grmga ha A A AR (R)
k=0 \j€[n] 7
¢
_ S cOit, k) ( > wa Y UsUa)* —E[( Y w2 UijUil))Q‘]-'k}> ,
k=0 \j€[n] l€[n] 1€By, l€[n] i€By,

where CU)(t, k) o QZ U4A( A1 Xi,_jk + /\QTJ : )‘tz_Jk

in the summand of k can be translated as a quadratic Sform:

ST R (S wiea( Y UiUa))? Z O (t,k) (TUT PiUwy)’

jE€[n] l€[n] 1€ By

’\32’j . /\g_f) Observe that the expression

= (ka) TPUSUT P (Uwy),
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where ¢ & diag{CU)(t, k)};cpn)- Let X & Py(Uwy,) and D & USUT. Note that, for a
fixed time ¢ and k, and conditioned on U, D is a fixed symmetric matrix and X has a randomness
only depending on Py. Therefore, our error Egz(t) can be expressed as

t
Epe(t) =Y (X[ DXy — E[X] DX\ |Fy]) . (46)
k=0

As we did in the previous section, in view of union bounds, it suffices to impose bounds on each
summand of (46) at k = 0, - - - ,t. In order to have the Hanson-Wright type concentration for our
expression, we introduce the concept of Convex concentration property.

Definition 1 (Convex concentration property, [1]). Let X be a random vector in R™. We will say that
X has the convex concentration property with constant K if for every 1—Lipschitz convex function
¢ : R™ = R. we have E[p(X)] < oo and for every t > 0,

Pr(jo(X) —Ep(X)| > t) < 2exp(—t*/K?).

Remark 2. By a simple scaling, the previous remark can extend to x1,- -+ ,x,, € |a,b], in which
case K in the definition above will be replaced by K (b — a).

What is interesting for us is that vectors obtained via sampling without replacement follow the convex
concentration property ([1, Remark 2.3]). More precisely, if 21, - , 2, € [0, 1] and for m < n the
random vector X = (X1, -, X,,) is obtained by sampling without replacement m numbers from
the set {x1, - ,z,}, then X satisfies the convex concentration property with an absolute constant
K. In this sense, the following lemma ([1, Theorem 2.5]) will be useful to us.

Lemma 4 (Hanson-Wright concentration for sampling without replacement). Let X be a mean zero
random vector in R™. If X has the convex concentration property with constant K, then for any
n X n matrix A and every t > 0,

1 t? t
PIXTAX ~EXTAX|>1t) <2exp (—min < , )) ,
C 2K4| A% K2[| A

for some universal constant C.

Remark 3. The assumption that X is centered is introduced just to simplify the statement of the
theorem. Note that if X has the convex concentration property with constant K, then so does

X = X — EX. Moreover, observe,
XTAX = (X +EX)TAX +EX) = XTAX + XTA(EX)+(EX)TAX + (EX)TA(EX),
and this implies
P(|XTAX —-EXTAX|>1t)
<P(|XTAX —EXTAX|>1t/3)+ P(|XTAEX)-EXTAEX)| > t/3)
+ P(|(EX)TAX —E(EX)TAX| >1/3)

1 t? t t?
§2exp<—min( , >>+2-2exp(—).
c 2- 9K Alffs" 3K Al IK?| A(EX)II3

Finally, we can bound the error g2 (t) using Lemma 4.

Proposition 13. For any e > 0, we have

Ep=(t)] = O(n~Y212%) yo.p.
Oggngagwlw()l (n ) w.o.p.,

where 1/4 > & > «, with « from Lemma 3.

Proof. Recall that
t

Ep(t) =) (X{ DXy — EIX[ DX/ Fi])
k=0
and we apply Lemma 4 to each summand of Eg2 (¢t A 1). More precisely,
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« K is replaced by K - Mj,, where M, & max;e(, [(Uw}),| = O(n**¥)~1/2) by Lemma
3.

¢ Observe that ) )
HDHHS < HECHHS = 0(n),
and
D] = [|Zcll = 0(1).
« EX) = (11, , o) where py = 2(Uw})y, 1 € [n], sothat [ DEX |5 < || D|2]|EX |2 <
O(n?).

Therefore, by using Lemma 4, we have
P(|XI'DX, -EXIDX,| > ¢Fu)

1 &2 €
<2 —— mi
= eXp( c”““(2~9M,3K4|D|%{s’3MzK2||D||>)

E2
+2-2exp ( ) ,
ME?||D(EX})|3

and for € = n2¢(")=1/2 1/4 > (k) > a(k), we obtain the desired concentration result. Now taking
union bound over k = 0, --- ;T A ¥} gives the desired result, with & &ef a(T N D). O

B.5 Proof of Theorem 3

Proof of Theorem 3. We have observed that Proposition 8, Proposition 9, Proposition 10, Proposition
12 and Proposition 13 imply that there exists C' > 0 such that for any ¢ > 0, there exists D > 0 such
that

Pr sup lEt)] >n"C| < Dn~.
0<t<TAD,teN
Now combining this result with Lemma 1 proves the Theorem. O

C Proof of Main Results

In this section, we prove various statements from Section 3. First, we analyze assumptions on the
learning rate ~y so that the kernel K is convergent (Proposition 2). Second, we define the Malthusian
exponent and show under which conditions the convergence rate of our algorithm is determined by
A2,max (Proposition 3). Third, We find an optimal set of learning rate and momentum parameter so
that the SGD+M outperforms SGD in the large batch regime (Proposition 5). Lastly, we show the
lower bound of the convergence rate of SGD+M in the small batch regime (Proposition 6).

C.1 Learning rate assumption and kernel bound

First, we show that the kernel K is always a nonnegative function, regardless of whether the
eigenvalues {2 j, A3 ;},j € [n] are real or complex values.

Lemma 5 (Positivity of the kernel). The kernel function satisfies K (t) > 0 for any t > 0.

Proof. Fix j € [n] and let
204

1 1
Hag() & G n (= A AT Dl Moy + Shay )
J

be the j-th summand of Hy(t). We address two cases. In the first case, assume 02 —4A > 0.
Then A2 ; and A3 ; are positive real numbers and one can easily verify that Ay ; > A > Asz; and
A2 ;A3 ; = A2 By the arithmetic-geometric inequality, we have

4 4

207 207
(1) 2 gz (= A+ N ) = g (- At + At —o.
J J
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In the second case, we assume Q? —4A < 0. In this case, Ay j and A3 ; are complex conjugates with
magnitude A, and therefore we have the relation

M, = At and AL = Ale 0,
for some 6; € R. By Euler’s formula, we obtain
1
—A 4 3 ()\;fjl + Agy) = A" 4 A cos(9;t) < 0.

and combined with the condition Q? —4A < 0 gives Hy ;(t) > 0. Hence these two cases give the
claim. O

The next proposition establishes that, under an upper bound on the learning rate, the maximum of

. . . . def
the eigenvalues {\o ;} for j € [n] has its magnitude less than one. Let Ay pmax = max; [Ag ;|- A
simple computation shows that when A, ; is complex then |A2 ;| = A. In particular, when all the
eigenvalues A, ; are complex numbers, A2 max = A. Otherwise, A2 max > A. Recall again that

o2 and o2 be the largest and smallest (nonzero) eigenvalue of A AT, respectively.
Proposition 14. If v < 2044) 4nd 0 <A <1, then Ay max < 1.

2
Ca7naz

Proof. First observe that

2(14+ A) def

Qmin =

CO_Q 1_7C012nax+A>_1_Aa

so we conclude ©2; > —1 — A forall j € [n]. Note that 2; increases as o; decreases. Fix j € [n].
First, when €2; is non-positive, i.e.

OZQ]‘>*17A,

this implies 0 < Q; < (14 A)?. Second, let €2; > 0. Then by the definition of Q; = 1 —~(o7 + A,
and as o’?- > 0, we have ; <1+ A, or Qf < (1 + A)2. So in both cases, we have

Q7 < (1+A)>2 47)

Then plugging in (47) into the expression of Ay ; gives

—2A 407+, /03 —4A)’ ) ’M + 1/ T AP 24 1 1)

eyl =| v )
AT+ 1 /(1T4+ AR(A-1)2
B 2
AP H1+(14+A)(1-A)
B 2
= 1’
where the second last inequality comes from the constraint 0 < A < 1. O

Now we are ready to prove Proposition 2.

Proof of Proposition 2

Proof. Note that v < £2- implies not only A2,max < 1 from Proposition 14, but also €; > 0

Co—]%lax
for all j € [n]. Let C; & 2¢ (1 = ¢)oj/(S%; — 4A) for the following. Using the the fact that
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)\g’j)\g’j = A2 and )\27j + >‘3,j = —2A + 9327 we have

oo

SR = 1(2”:0( PT N UNE WD VAR WY ))

n
t=0 t=0

1 x A A2, A3j
= C(_2 + ) + ) )
jz; J 1-A 1-— )\27]' 1-— )‘3,j

3|
Il

<

1 Lé —2A —2A 4+ QF — 2A?

_E; 1-A T125- Q?+A2

B Z Yo} (14 A)(QF —4A)

- 92 A=A +FAFQ)(1+FA Q)
1 z": —Q)yor (14 A)(QF —44A)

Ot Q§—4A (1-A)1+A+9Q)

712": o} (1+A4)

n~(1-A +A+Qj)

- 'Wj 1-¢y 1 T
< — — -
_n; —A A ntr(A A) <1

where €2; > 0 was used in the last inequality. O

When the norm of the kernel is less than 1, we can specify the limit of the solution v (¢) to the Volterra
equation when ¢ — oo, as Proposition 1 states.

Proof of Proposition 1

Proof. This is immediate from [4, Proposition 7.4]. In particular, from our expression of the renewal
equation (13), we have
F(0)
P(t) > ——== as t— oo.
1=K
Now the proof is done once we evaluate the limit of F'(t) = Zhy(t) + Zho(t). Note that
limy;_, o0 h1(t) = 0. On the other hand, as for ho(t),if n > d, 0; = 0 for j = d +1,---,n. And
for such j’s satisfying o; = 0, we can easily verify that Ao ; = 1, A3 ; = A%, Q; = 1 + A Ko j =
1, k3,; = A. Therefore,

Jim ho(t) = lim ¢ — Z o 4A(0+ (1—A) 1+0) =——=1-r
j =d+1
and this proves the claim. U
C.2 Malthusian exponent and convergence rate
In this section, we show that the Malthusian exponent = is always smaller than )\2 . for a finite

dimension n. Also, in the problem constrained regime we show that SGD+M shares the same
convergence rate with full batch gradient descent with momentum with adjusted learning rate.

Proposition 15. The Malthusian exponent defined in (15) satisfies
E < (>\2,max)_1

when the dimension n is finite.

Proof. Tt suffices to observe that the convergence rate of Hy(t) is determined by A2 max; if all
A2.j,7 € [n], are real numbers, then we can easily show that Ay ; > A > A3 ;. Therefore \a max
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takes over the convergence rate of Hy(t). If, for some j € [n], A2 ; and A3 ; are both complex
numbers, observe that |A2 ;| = |A3 ;| = A. In that case, if we let Ao ; = Aexp(i6,) for some
9]' €R, )‘3,j = Aexp(—iBj) then

1 1 1
—A 4 5/\?&1 + 5)\?,;-1 =AM 4 §At+1 -2cos(i(t +1)8;) = A" (=1 + cos(i(t + 1)8;)).

Therefore, A is the governing convergence rate of such j-th summand of Hs(t) and the overall
convergence rate of Hy(t) is still determined by Ao max. If all Ag ;, 7 € [n], are complex numbers
then the observation above shows that the governing convergence rate of Ha(t) should be A = g 1ax
and this proves our claim. O

When A max takes over the convergence behavior of SGD+M, we can easily see that its convergence
dynamics is nothing but its analogue with full batch size but with adjusted learning rate. This can be
easily obtained by ( = 1 in Theorem 1, but we provide a statement for full batch SGD+M and its
proof for completeness.

Proof of Proposition 4

Proof. Basically, we follow the same arguments introduced in A.2, but with ( = 1; so we would not

have any errors generated by selecting mini-batches. In other words, Eg’j ) = 0. This implies the
following, which is an analogue of (38),

2 2 2 2
Wiy Q7 A —2AQ; wy
wtz,j =11 0 0 wt2—1,j . (48)
Wi+1,j Wt j Q; 0 -A Wi, jWe—1,5
:Mj

This implies w} 1= (M ;/XN’L ;)1 and following the same arguments in A.2 gives

t 3 2(%‘712' + g) 41, 1 2 ye41, 1 2 yt+1
(M}X1 )1 = 0 —ap (AT AL+ 5(1 =T = kg )" A + 5(1 =Ly = k25)7 - Ag)
J
26 1 1
+ 7 IA <_AFJ AT+ F(L=Tj = r55)° A+ S (L =T —ra)* AQ?) :
J

Therefore, this leads to

Flt+1) = ghl(t 1)+ gho(t S+ E),

with the error term E(t) = £;¢(t). Now taking n — oo combined with Proposition 8 gives (20).

(full) (full

Note that the convergence rate of ¥ (t) is determined by A; 2. := max; [y ; ) |, where

full full) def
)‘é,l;‘) = 5 ; Q§u = 1 —yuno’ + A.
And observing that Agf;u) = Ao ; if yqun = ¢ gives our conclusion. O

C.3 Choice of optimal learning rate and momentum
In this section, we prove Proposition 3 which states a sufficient condition for a set of learning rate
and momentum parameters to be in the problem constrained regime. We also offer the proof of

Proposition 5, which gives an optimal learning rate and momentum so that SGD+M outperforms
SGD in terms of convergence rate. Finally, the proof of Proposition 6 will be given as well.

Proof of Proposition 3
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Remark on the assumption. The first assumption on the learning rate, i.e., 7 < CI;A im-
plies that Q; > 0 for all j € [n]. On the other hand, the second condition, i.e., v < u&fﬂ
implies that Qumax > 2VA. Note that when Quax = 2VA, A2 max = (—2A+ Q2 +
\/Qmax max 4A)) A.
. (n ) (1- C)A/a T;
Proof. First recall that ¢; ——"7%"7 and observe that, for 1 < T < \; 1 max>
def - - <P(n)
TEY YKMH =) (Z g% oA 2A (TA15) Ay (TAz)" + Ag j - (T)\s,j)t))
t=0 t=0 \j=1
_ zn: @gn) —2A i )\Q’j n )\3’j
(2 —4A\1—-TA 1-TXy; 1-TA3;
=117 p ,
nopl _9A —2A + Q2 — 2TA?
*Zm—m —71A " 14+ T(2A — Q2) + T2A2
j:1 J J
N 2": (1= ¢)¢y?a] (1+TA)
_Fl n (1-TA)(1—T(-2A+9Q%) +T2A2)
B E": C¢yof < (1-A)(1+7TA) )
= \(1=TA) 1 +TA+VTQ)(1+TA - VTQ;) )
where C' = (1 — ¢)y/(1 — A). Observe, as 2; > 0,
- ¢y -
K(Y) < . (49)
n 1_TA j:11+TA \/TQJ

Let us analyze the denominator of the summand first. Let f;(2) := 1+ 2?A —2Q;,1 < z < VAL,
Then the denominator in the summand is f;(v/Y). Especially, fumin () := min; f;(z) = 1 +22A —
2maxs Qmax = 1 — YCOmin? + A. Note that fmin(z) is a quadratic function of 2 and the solution to
fmin(x) =0isx = )\2_ max (the other root 4 /A3’ ! .. exceeds the valid domain of x). Also, observe
that this is where the assumption 5 > 2v/A is used.

Note that f;(1) = ’)/CJJZ. Simple algebra shows that for 1 < z < a < 3, c1(z — a)? < ca(z —

a)(z — B) where ¢y, ¢y > 0 satisfies ¢1(1 — a)? = co(1 — a)(1 — ), i.e. two functions coincide at
r=1landzr =a.If Ay ; >0, or Qf — 4A > 0, then the argument above gives

/y—1
1 + )\2,max) Z ’Y<0'12nin.

fmi“( 2 4

Now for any j € [n], note that f;(x) — fumin(z) = 27¢(0F — 02s,)
2 € R. So observe,

fj(l + \/Azfnax) N fmin(l + /A2 tmax

2 2

is an increasing function of

) +9¢(03 = o)

’ygo-?nin 1 1
z— °t Z’Y((UJZ‘ ~ Omin) = ZVCUJQ'-

14+4/A5 %
Therefore, when vT = w (49) gives

. 4C (1-A) )
K(T)SY-WZU.



def

Moreover, in order to bound the denominator (1 — TA) on the right-hand side, if we define g(z)
1 — Az?, g is a decreasing function on [1,vA~1] and

1+ )‘2 ,max > 1+ A1 > 1-—
(R 5 (LR > 128,
by considering a linear line passing through ( 1,1- A) and (\/ A~1/0) that lies below g. Therefore,

g

- ac 1 - = C)'y Loar
K(T) < — AT A).
S RIEL = T
]
Proof of Proposition 5
Proof. First, when the assumption (1co\ﬁ)2 < (1;“45)2 is met, we have
1-vA _ 1
1+VA = V2k
Solving this inequality with respect to A gives
10\ 2
= 1
1+ 7
Furthermore, from Proposition 3, when v = (150\2/5 observe that Ao max = A and
1-— 1 1-0)(1-vVA?21 1-— 1-—
8( C)’thr(ATA) — 8( 2<)( \/7) - tI‘(ATA) — 8( C) \/7— < 1.
Therefore, this condition implies
1-vVA _ c
1+VA E
where C = C(() & ¢/(8(1 — ¢)) and solving this inequality gives
1-=
VA > £
1+ Z
O

Next, we present the proof of Proposition 6.
Proof of Proposition 6

Proof. For brevity and clarity, we define the following quantities:

def 1+ A def (1 - \/K)Z def 1 1-A
) :723 and’)’3:7 2 T o

Qo’max O min KO min 1- C
Note that the assumptions on the learning rate  in Proposition 2 imply that v < min(vyy,73).

—4A < 0 and therefore

"=

First, let us assume that v > 7. Recall that this condition implies that 22
A2 max = A. In this case, v < v < 73 implies that

(1-VA)? 1 1-A 1-VA ¢
Co-rQnin S Ro-?nin. 1_C ~ 1+\/K§ (1_<)R7

1— —S_
VA > (1-Q)r

- ¢
1+ =g

max

or
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So, combining the condition { < 1/2 with the above inequality gives the claim. Therefore, for
the following arguments, we assume that v < ~5. It is worthwhile to note that by the definition of
A2 max and Qe =1 — ¢ afmn + A, we know that Ay nax iS an increasing function of €2y,,x When
Qﬁlax —4A > 0 and Qpax > 0 and Oy is a decreasing function of 7. Therefore, A2 max attains its
minimum at the maximum feasible learning rate ~y.

First, let as assume that v < 3 < 71. Then Az max attains its minimum at v = 3 and

1 1-A ¢
Omax >1+A (o2 - — = = =14 A——> (1 —A).

By observing that

Qmax + v/ QIQI’la,X —4A
V4 /\2,max = 2 ’

we have

1+A—ci(1-A)+/1+A—c;(1-A)2—4A

V )\2,max Z D) = fl (A),

where c; def ﬁ < 1. One can easily verify that f; is an increasing function of A, 0 < A < 1, so
we conclude that

\/)\Q,max > \/)\27max‘A:0 =1-a,
and we obtain the claim with the condition ¢ < 1/2.
Second, now we assume that 7y < 71 < 3. Then g max attains its minimum at v = ; and

Qmale‘i’A*l—;AO'rzmn:(].‘FA)(].*l)
KR

Um ax

Therefore, for the same argument as above, we have

\/ )\Q,max 2 (1 + A)(l — 62) i \/(; + A)2(1 — 02)2 —4a = fQ(A)7

where co def 1/k. On the other hand, the condition v; < 73 gives
1+A< 1 1-A 1—A>R 1-¢

. é J—
Co2 TRt 1-¢C 1+A-w ¢ "
e (50)
A< = =: A,.
= EL1=¢ *
[

def g 1-¢ : c
Let us define c3 = f < 1. Then it suffices to show that \/Ag max > 1 — Di for some D > 0.
. . . 1—x/2¢0— 2
Simple algebra shows that f5 is a concave function on [0, A, ] where A, & #

. . . . 1—cot+r/—2co+c2+c2
ical in the numerator of f5 vanish. Also, one can verify that f5(0) = 1 —co > Tre: 2773

fo(AL) and A, < Ay, so that fo(A) > fo(Ay) on [0,A,]. Hence, it suffices to show that
fa(A) >1— Dz—; for some D > 0. Observe,

1—co++/—2co + 2+ 32
f2(Ay) = S

makes the rad-

1+c3
1—62+63 1—%
o 1+c3
202—02
1_C2+C3(1_ =2 2)
> 3
- 1+c3
1 %(24—03—02)
1+Cg
Z 1_327
€3
and we finish the proof. O
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Proof of Proposition 7

Proof. First, you could easily verify the following (by just setting A = 0 in the proof of the
proposition), which is an analogue of Proposition 3 for SGD without momentum.

Corollary 2. If the learning rate y < —3—, with the trace condition 8(1 — )y - L tr(ATA) < 1,

Co-gnuz
then y is in the problem constrained regime with e = 1/2.

Note that when A = 0, A\ ; = 0, A2 ; = Q? = (1 —vC0;)%, A3,; = 050 that Ao max = Q2. =
(1—~¢ amin)Q. Besides, the assumption on ¥ makes the learning rate reside in the problem constrained

region by Corollary 2. Observe, when v = 1/(¢o2,,.),

1\2
)\2,max = (1 - ’YCUfnin)Q = (1 - 7) .

On the other hand, when v = (8(1 — () - £ tr(AT A)) ~! we have

Aomax = (1 = Comin)* = (1 - #>2 - (1 B j>2'

D Numerical Simulations

To illustrate our theoretical results, we compare SGD+M’s dynamics to (29) on moderately sized
problems (n =~ 1000) under the setting of section 1. Moreover, the dynamics were also compared
using the MNIST data set. Finally, heat maps were displayed to illustrate the interplay between the
algorithmic and problem constraints. For all MNIST experiments the hyperparameters R and R were
found by running a grid-search. For simulated data experiments, we fixed R and Rand generated the
data according to assumption 1.1.

Random least squares. In all simulations of the Gaussian random least squares problem, the initial
weight vector x is set to zero and the signal and noise vectors & and 7 are set to N (0, %I ) and

N(0, %I ) respectively with R = R = 1. Moreover, A is constructed by independently sampling its

entries A;; ~ N(0, 1) then row-normalized. Similarly, b is first sampled b ~ N (0, %I ) then the
i-th entry of b is divided by the norm of the i-th row of A. The objective function in which we run
1

SGD+M in all cases is the least squares objective function f(z) = 3||Az — b]|*.

Random features (RF). In Figure 5, we generate the data matrix A using a random features set-up.
The model was introduced by [30] as a randomized approach for scaling kernel methods to large data
sets, and has seen a surge of interest in recent years as a way to study the generalization properties of
neural networks [2, 12, 17, 23]. RF is a way to increase the number of parameters without changing
the data set for a least-squares problem.

In this model, the entries of A are the result of a matrix multiplication composed with a (potentially
non-linear) activation function o : R — R:

XWI..
Aij défa_ ([W> . where X € R0 and W € R”on. 51)

Vo

The entries of W (in Fig 5) are i.i.d. with zero mean and variance 1. The data matrix X is the MNIST
data set where each row of X is an image (i.e., ng = 784). In these experiments, the activation

function ¢ is the normalized ReLU function o(-) = (max{0, -} — 1/v27)/+/0.5 — 1/(27)); it is
normalized so that o applied to a standard Gaussian outputs a mean 0 and variance 1 random variable
(not necessarily Gaussian).
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Figure 6: SGD+M vs. Theory on even/odd MNIST. MNIST (60,000 x 28 x 28 images) [16] is
reshaped into a single matrix of dimension 60, 000 x 784 (preconditioned to have centered rows of
norm-1), representing 60,000 samples of 10 digits. The target b satisfies b; = 0.5 if the i*" sample is
an odd digit and b; = —0.5 otherwise. SGD+M was run 10 times with A = (.8, various values of (,
and learning rates v = 0.005, 0.001, 0.0005 (left to right, top to bottom) and empirical Volterra was
run once with (R = 11, 000, R= 5300). The R and R values were found by running a grid-search.
The 10%" to 90" percentile interval is displayed for the loss values of 10 runs of SGD+M. Volterra
predicts the convergent behavior of SGD+M in this setting.

Empirical Volterra equation. We assume that we have access to the eigenvalues of the matrix
AAT . The empirical Volterra equation (29) were computed using a dynamic programming approach
by using as inputs the eigenvalues of AA”. First, the values of ho(t), h1(t), Ho(t) were computed
and stored for values of ¢ € [T']. Then a dynamic programming approach is used to compute v (¢) for
values of t € [T]. The discrete convolution operation in (29) is computed by an array reversal and
Numpy dot product.

Volterra equation with Marchenko-Pastur distribution. In this setting, we use the theoretical
limiting distribution for a large class of random matrices. In a celebrated work by [21], when the
entries of (n x d) matrix A are drawn from a common, mean 0, variance 1/d distribution with fourth
moment O(d~?) (e.g., Gaussian N (0, 1)), it is known that the distribution of eigenvalues of AA”
converges to the Marchenko-Pastur law

r\/()\ —A7)(At =)
2T A

€ 1 e 1
where A~ & (1— \/7)2 and AT E(14+,/0)2
T

r

dparp(A) & 5o(A\) max{1 — r,0} +

A=, A+]s
(52)

For these experiments, we generated the data matrix A with entries N(0,1/d). Instead of using
the eigenvalues of AA7 in the Volterra equation (29), we used the Marchenko-Pastur distribution
directly. We used a Chebyshev quadrature rule to approximate the integrals with respect to the
Marchenko-Pastur distribution that arise in (29). Similar to the finite case, the integrand is computed
using dynamic-programming. However, the implementation of the quadrature rule ignores the point
mass at 0 so we manually add this at the end.

Volterra simulations remarks. Despite the numerical approximations to the integral, the resulting
solution to the Volterra equation ¢ (red line in figure 1) models the true behavior of SGD+M
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Figure 7: Different convergence rate regions for MNIST dataset. Plots are functions of momen-
tum (2-axis) and learning rate (y-axis). Optimal parameters that maximize A2 ,ax denoted by Polyak
parameters (orange circle, (17)) and the optimal parameters for SGD+M (orange dot); below red
line is the problem constrained region; otherwise the algorithmic constrained region. The MNIST
data set is standardized. As the batch fraction decreases (left { = 0.7 to right { = 0.25), the optimal
parameters of SGD+M and Polyak parameters are quite far from each other. The Malthusian exponent
(algorithmically constrained region) starts to control the SGD+M rate as batch fraction — 0.

remarkably well. Notably, the fit of the Volterra equation to SGD+M is extremely accurate across
various learning rates, batch sizes, and momentum parameters as long as the learning rate condition
is satisfied. In Figure 1, the red line corresponds to the Volterra equation with Marchenko-Pastur
distribution with values R = R = 1. Also, we opted to shade the 10t" to 90" percentile instead of
an a-confidence interval for an easier read. One can observe the exact same dynamics in either case.

Heat maps. The heat maps (Figures 4, 7, and 9) illustrate when the convergence rate is dictated by
the problem, (A2 max > = or by the algorithm (A2 max < =~1). The white regions of the heat
maps represent divergent behaviour (A2 max > 1). The threshold, denoted by the red line, describes
the boundary for two different regimes. Any non-white point above or to the right of the threshold
lies in the algorithmic constraint setting. Conversely, all non-white points lying below or to the left of
the threshold lies in the problem constraint setting.

The heat maps are generated by computing Az max and = (when it exists) across values of (A, 7).
Here A2 1ax 1S obtained by calculating

—2A 4+ Q2 Q2 (Q2.  —4A 1
/\z,max _ + max + \/2 max( max )’ Qmax _ 1_7<UI2nin+A7 and Ur2nin — (1_ ;)2
In order to compute =, recall that = is the solution of
- (oo}
KE) YN 2K () =1, (53)
t=0
when it exists. One can show (53) is equal to (see Appendix C.3 for detail)
z": C(1 =] < (14 E2A) > _, 1)
n (1 -ZA)(1+ZA +VEQ)(1+EA — VEQy) ’

j=1
which is computed using the Chebyshev quadrature rule.

For a given (A, ), we are interested in the algorithmic case (1 <= < A, ;ax) s0 if Ay Lo < 1lwe

assign a Nan value to =. Otherwise, because of monotonicity of K in (53), we perform a binary
search starting with initial endpoints 1 and A, %nax to find the solution = satisfying (53). Finally, with
= land A2, max computed for a given (A, ), we plot the maximum of the two.
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Figure 8: Convergence behavior near the ICR. For each value of batch fraction ¢, run SGD+M for
20 (left) and 50 (right) iterations (colored lines — blue, green, and purple) and record the function
value of the last iterate. The momentum and learning rate parameters are set to be near-optimal
(see (22)). Gray dot is the computed ICR (24), ¢ value. Data matrix A € R%" Gaussian entries,
&~ N(0,1/nl;), zo =0 (R =1.0),and n ~ N(0,0.0001/nI,) (R = 0.0001). Different colored
lines (blue, green, purple) correspond to running SGD+M with different values of the ratio d/n. At
the predicted ¢ = ICR (gray dot), there is a noticeable change in the behavior of the last iterate.
For ¢ values less than the ICR, the value of the last iterate gets smaller as { increases. Then the
batch fraction ( hits the ICR and we see little to no improvement in the value of the last iterate. This
agrees exactly with our theory for batch fraction saturation (Prop 5 and Prop. 6). For ¢ > ICR, the
convergence rate does not change; thus the values of the last iterates are approximately all equal in
this regime. For ¢ < ICR, our theory predicts the convergence rate improves as ( — ICR, O({/k).
Hence the value of the last iterate decreases here. Moreover (left), SGD+M dynamics match the
predicted last value given by the Volterra equation (red) (see Thm 1).
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Figure 9: Convergence rate regions for Gaussian random least squares. Same set-up as in
Figure 4 but for a wider range of batch fractions.
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