
Appendix for “A Unified Framework for Deep Symbolic Regression”

A Expanded pseudocode for uDSR

In Algorithm 2, we provide pseudocode for uDSR in more detail than Algorithm 1. Note that CONST
and LINEAR optimization is only described in lines 22-25 and Lines 26-31, respectively, but these
also occur implicitly within GP operators (Line 19) and during RL pre-training (Line 10).

Algorithm 2 Unified deep symbolic regression. Color key: AIF, LSPT, DSR, GP, LM
input Symbolic regression problem P consisting of tabular data (X, y)
output Best fitting expression ⌧?

1: // Phase I: Pre-training
2: Initialize controller with RNN parameters ✓ and encoder parameters  
3: while budget not exceeded do
4: T ?  {⌧?i ⇠ pG(·)}Bi=1 . Sample B problem instances from prior
5: D  {(X, y)i ⇠ DatasetGenerator(⌧?i )}Bi=1 . Sample B corresponding (X, y) datasets
6: if SL pre-training then
7: ✓,  train ✓, on T using SL . Train using SL
8: else if RL pre-training then
9: T  {⌧ (j)i ⇠ p(·|✓, , (X, y)i}B,NB

i,j=1 . Sample NB expressions for each dataset
10: ✓,  train ✓, on T using RL . Train using RL

11: // Phase II: Test problem
12: P1, . . . ,Pm  RecursiveSimplify(P) . Use AIF to recursively simplify P into m sub-problems
13: for each sub-problem Pi and corresponding dataset (X, y)i do
14: ✓,  ✓?, ? . Load pre-trained contorller and encoder weights
15: while budget not exceeded do
16: TRNN  {⌧ (j) ⇠ p(·|✓, , (X, y)i)}Nj=1 . Sample N expressions, conditioned on (X, y)i
17: T (0)

GP  TRNN . Seed GP with RNN batch
18: for s = 1, . . . , S do
19: T (s)

GP  �
⇣
T (s�1)

GP

⌘
. Apply GP operator

20: TGP  top k from T (1)
GP [ · · · [ T (S)

GP . Filter best k samples from GP
21: T  TRNN [ TGP . Join RNN and best GP samples
22: for j = 1, . . . , N do
23: if CONST 2 ⌧ (j) then
24: ⇠?  argmax⇠ R(⌧ (j); ⇠) . Maximize R w.r.t. ⇠, e.g. with BFGS
25: ⌧ (j)  ReplaceConstants(⌧ (j), ⇠?) . Replace placeholder constants

26: if LINEAR 2 ⌧ (j) then
27: Let y = f(X, LINEAR) . Instantiate expression
28: Find G such that LINEAR = G(X, y) . Solve equation for LINEAR
29: Compute y0 = G(X, y) . Evaluate G on (X, y)i data
30: �?  argmin� k

P
i �i�i(X)� y0k22 . Optimize �, e.g. using LASSO

31: ⌧ (j)  ReplaceCoefficients(⌧ (j),�?) . Replace LINEAR coefficients
32: ✓  train ✓ (with  fixed) on T . Train using fine-tuning objective
33: ⌧ (i)  store best expression for problem Pi

34: ⌧?  Combine(⌧ (1), . . . , ⌧ (m)) . Use AIF to combine m solutions into final solution
35: return ⌧?
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B List of in situ priors and constraints

Autoregressive sampling within DSR affords the opportunity to apply user-specified priors and
constraints to the search space in situ, i.e., during the sampling process. In each step of autoregressive
sampling, the DSR controller emits logits `✓. Before these logits are passed through a softmax, DSR
computes a prior denoted `�, which is an additional set of logits that are computed using all available
information so far (namely, the partial traversal and the (X, y) data). The prior logits are added to
the controller emissions before a token is sampled via ⌧i ⇠ Categorical(Softmax(`✓ + `�)). Priors
allow users to incorporate a priori knowledge during the search. Notably, when a prior includes
�1 entries, this constrains particular tokens from being sampled, thereby pruning the combinatorial
search space. Such priors have been used by several works using DSR (Petersen et al., 2021a,b;
Landajuela et al., 2021b; Mundhenk et al., 2021; Kim et al., 2021), as well as other non-SR works
using similar autoregressive sampling procedures (Popova et al., 2019; Landajuela et al., 2021a).

These priors are enabled during pre-training, both by the problem instance generator and the controller,
as well as during fine-tuning. When integrated with GP, constraints are applied post hoc. Specifically,
if a genetic operator would result in an expression tree that violates any constraint, that genetic
operator is reverted, and instead the parent expression tree is returned.

We first summarize priors that have already been included in works utilizing DSR:

• Length constraint. Following Petersen et al. (2021a), traversals are constrained to have a
length no less than 4 and no more than 64. The minimum length constraint is implemented
by constraining terminal tokens when selecting would end the traversal before the minimum
length. For example, given the partial traversal ⌧ = [SIN], terminal tokens are constrained
because choosing one would end the traversal with length 2. The maximum length constraint
is implemented by constraining unary and/or binary tokens when selecting one, followed
by selection of only terminal tokens, would result in a traversal that exceeds the maximum
length. For example, given a partial traversal consisting of 31 instances of +, binary tokens
would be constrained because choosing one, followed by 32 terminal tokens, would not
complete the end of the traversal by length 64.

• Trigonometry constraint. Following Petersen et al. (2021a), trigonometric tokens that
would be descendants of other trigonometric tokens are constrained. For example, given the
partial traversal ⌧ = [+, x1, COS, ÷, 1.0], SIN and COS are constrained because they would
be descendants of COS.

• Constant constraint. Following Petersen et al. (2021a), we constrain that constant tokens
(namely, CONST and 1.0) cannot be the only unique child of a token, because the result
would simply be another constant. For example, given the partial traversal ⌧ = [+, CONST]
or ⌧ = [SIN], CONST and 1.0 are constrained.

• CONST repeat constraint. Following Petersen et al. (2021a), we limit the maximum number
of CONST tokens to 3 per expression, since nonlinear optimization of CONST tokens can be
computationally expensive.

• Soft length prior. Following Landajuela et al. (2021b), we include a soft length prior that
biases expressions to have length somewhere between the minimum and maximum. See
Landajuela et al. (2021b) for details.

• Uniform arity prior. Following Landajuela et al. (2021b), we include a prior that biases the
controller to have an equal likelihood of selecting a binary, unary, or terminal token. See
Landajuela et al. (2021b) for details.

Next, we describe priors that are newly introduced in this work:

• Available input variables constraint. Our architecture used for pre-training assumes a
maximum of d = 6 input dimensions. However, not all problems include all 6 dimensions.
Since the dimensionality of an SR problem is known at runtime, we constrain input variables
beyond the dimensionality of the given problem. For example, x5 and x6 are always
constrained for 4-dimensional problems. This constraint is enabled when using LSPT.

• Constraints for LINEAR. As discussed in Section 4, the LINEAR token requires three
constraints. First, CONST and LINEAR are mutually exclusive. For example, given the
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partial traversal ⌧ = [+, CONST], LINEAR cannot be included anywhere in this traversal.
Second, LINEAR cannot be a direct ancestor of a non-invertible token (namely, SIN, COS, or
SQRT). For example, given the partial traversal ⌧ = [SQRT,+, x1], LINEAR cannot be chosen
because SQRT is a direct ancestor. Third, LINEAR can only be selected at most once per
traversal. These constraints are enabled whenever LINEAR is in the library.

• Use each input variable constraint. We include a constraint that each input variable,
x1, . . . , xd for a d-dimensional sub-problem, must appear in the traversal at least once. This
constraint is implemented by preventing an expression from ending if it would end without
including all input variables (or the LINEAR token, which may arbitrarily include all input
variables). For example, given the partial traversal ⌧ = [⇥, +, x1, x3] for a 3-dimensional
problem, terminals other than x2 or LINEAR are constrained because x2 has not yet been
chosen. This constraint is enabled for all sub-problems up to 10 dimensions.

C Additional details on integrating LM

C.1 Efficient sparse linear regression

From the perspective of the LINEAR token, the linear regression problem to solve can be described as:
min
�2Rk

k�X� � y
0k22, (4)

where �X 2 Rm⇥k is a Vandermonde matrix (data) computed by applying basis functions �(X)

to input data X , � 2 Rk is the vector of coefficients (unknown), and y
0 2 Rm (denoted f

�1
(y) in

Section 4) is the independent variable (data) computed by solving for the LINEAR token as described
in Section 4 and Algorithm 2. In addition, we would like � to be sparse, with at most l⌧ k non-zero
entries, to avoid over-fitting in cases where the functional form of the expression is not correct. Under
this constraint, we have (4):

min
�2Rk

k�X� � y
0k22

s.t. k�k0  k

(5)

In our application, we need to solve (5) many thousands of times (each time LINEAR is selected), for
identical matrices �X (coming from independent variables in the given SR problem) and varying
values of y

0 (coming from solving different candidate expression trees for the LINEAR token).

Problem (5) is non-convex. It can be re-formulated as a mixed-integer linear problem, but solving it
with mixed-integer programming techniques would be prohibitively expensive. LASSO regression
(Tibshirani, 1996), as used by (Brunton et al., 2016), is the standard approach to deal with sparse
regression, but presents two issues for our application: setting the weights of the L1 penalty is
non-trivial, and it is still one or two orders of magnitude more expensive than regular least squares.

We propose a heuristic approach to solve (5) based on standard least squares, statistical indicators,
and constrained quadratic programming. We start by computing the minimizer of the unconstrained
problem in (4), �LS := �†

Xy
0, where �†

X = (�T
X�X)�1�T

X is the Moore-Penrose pseudo-inverse of
�X , as well as the corresponding p-values of each coefficient �LS for the null hypothesis �LS

i = 0
for i = 1, . . . , k (t-test). We then find the k � l coefficients with the largest p-values among �LS and
store their indices in I

0 2 Nk�l. Finally, we solve the following constrained quadratic programming
problem:

min
�2Rk

k�X� � y
0k22

s.t. C� = 0 (z)
(6)

where C 2 {0, 1}(k�l)⇥k, with Ci,I0
i

= 1 for all i = 1, . . . , k � l, and 0 otherwise, and z 2 Rk�l

are dual variables. The constraints in (6) ensure that all entries at I
0 positions zero in its minimizer

�
?, which can be found by solving the following linear system:


�T

X�X C
T

C 0

� 
�
?

z
?

�
=


�T

Xy
0

0

�
(7)

The linear system in (7) has significant structure, which we exploit as follows. Observe that �? =
�

LS � (�T
X�X)�1

C
T
z
?, thus C(�T

X�X)�1
C

T
z
? = C�

LS. Because �X is a Vandermonde matrix,
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Figure 5: An example illustrating how to obtain the target data f�1
(y) for LINEAR. In this case, F (x, LINEAR) =
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.

�T
X�X is symmetric positive definite, and so is C(�T

X�X)�1
C

T. Furthermore, since C is an
elementary matrix, we can form C(�T

X�X)�1
C

T very efficiently whenever (�T
X�X)�1 is available.

Thus, we solve the linear system in (7) by first solving C(�T
X�X)�1

C
T
z
? = C�

LS using Cholesky
decomposition, then computing �? = �

LS � (�T
X�X)�1

C
T
z
?.

To efficiently carry out the above procedure repeatedly with �X constant for a given SR problem, we
compute �†

X and (�T
X�X)�1 only once and store the results for all future solutions to the LINEAR

token with the same data (i.e., for the duration of the given SR problem). Thus, after the first solution
to LINEAR, subsequent solutions do not require recomputing �†

X or (�T
X�X)�1.

C.2 Example illustration of solving LINEAR token

In Figure 5, we show an example of how to obtain the target data programmatically solve for target
data f

�1
(y) = G(x, y) given F (x, LINEAR), which is then used to compute the sparse coefficients

of the LINEAR token according to (6).

D Additional details on integrating LSPT

D.1 Pre-training architecture

Following Biggio et al. (2021), we use a set transformer (ST) (Lee et al., 2019) as the encoder for
each input dataset (X, y). This architecture is chosen because it is permutation invariant, i.e., the
output of the model does not change under any permutation of the rows of (X, y), and because it
can process input sets of variable size. We use the ST architecture introduced in Lee et al. (2019)
with the following hyperparameters (we refer to the paper for their precise definitions): embedding
dimensions for ST encoder and ST decoder is 20, number of attention heads in ST encoder and ST
decoder is 2 and number of seed vectors in Pooling Multihead Attention Block is 2.

To interface with the remainder of the RNN-based controller, the encoding of (X, y) is used to
produce the initial cell and hidden state of the RNN (illustrated in Figure 1), which in this way acts as
a decoder. For our RNN architecture (consisting of 1 layer of 32 LSTM cells), the decoder outputs
h0 2 R64; the 32 first entries are used for the initial RNN cell state and the last 32 for the initial
RNN hidden state. This way of using an RNN as a decoder is inspired by image-to-caption systems
(Karpathy and Fei-Fei, 2015).
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Following Biggio et al. (2021), to allow the same model to treat problems of different dimensionality
(i.e., problems with different number of columns in X), we keep the number of input columns d

constant, and implement a zero-padding strategy in which unused columns of X are zero-padded up
to d columns. We use d = 6 for all experiments. During pre-training, randomly generated problem
instances are thus limited to 6 dimensions.

At test time, when problems can yield arbitrary dimension, we disable the encoder architecture
whenever dimensionality exceeds 6, using zero-valued initial state and randomly initialized controller
weights (just as in ablations with LSPT “off”). For ablations including AIF, this “triage” is applied
per sub-problem. For example, given a 10-dimensional problem, the root node will not leverage the
pre-trained model, but sub-problems up to 6 dimensions will use the pre-trained model. This flexibility
maximizes the use of the pre-trained models, and is made available by virtue of combining LSPT,
AIF, and DSR to enable pre-trained models, enable sub-problems with sufficiently low dimensionality,
and enable training without a pre-trained model, respectively. This is different from the published
algorithm in Biggio et al. (2021), which is restricted to problems with d  3 dimensions.

The whole encoder-decoder model is trained on millions of expressions and corresponding (X, y)
datasets that are randomly generated on-the-fly during pre-training. Problem instance generation is
described below. To enable all possible ablation experiments, we pre-trained four models: two trained
using SL and two trained using RL, each with and without the LINEAR token. Each pre-trained model
was trained for 8 days on a single GPU, seeing a total of ⇠15M different problem instances each.

D.2 Characterization of pre-trained models

In this section, we characterize the pre-trained models p(⌧ |✓?, ?, (X, y)) where ✓?, ? are pre-
trained using either SL or RL objectives. As a reference, we also provide results obtained with
p(⌧ |✓R

, 
R
, (X, y)) where (✓R

, 
R) are randomly initialized.

In Figures 6 and 7, we show the average reward and entropy, respectively, over 1000 expressions
sampled from each pre-trained model, computed across the 116 Feynman benchmark SR problems
(which all have dimensionality at most 6) stratified by problem dimensionality. The entropy is
computed column-wise over the batch of traversals, i.e., 1

L

PL
i=1 H̄[{⌧ (j)

i }1000
j=1 ], where H̄ is empirical

entropy and L is the maximum traversal length in the batch.

Figure 8 shows traces of the top 5% of the 1000 samples from randomly initialized, SL pre-trained, or
RL pre-trained models, over a series of one-dimensional problems. By visual inspection, both SL and
RL pre-trained models produce traces that are qualitatively closer to the real data than the randomly
initialized model. Comparing traces between SL and RL pre-trained models, RL is closer to the real
data than SL. This is not surprising because the RL objective directly aims to reduce residuals (i.e.,
generate traces close to the real data). In contrast, the SL objective only learns a mapping, though in
the SR search space, a small deviation in traversal space may result in a large reduction in fitness to
the data.

D.3 Problem instance generation

Here, we describe additional details for the SR problem instance generator, used to generate on-the-fly
expressions ⌧ and corresponding datasets (X, y) during SL and RL pre-training. Pseudocode for this
process is given in Algorithm 3.

To sample pre-training problem instances, we leverage the fact that the distribution induced by
DSR includes a prior (Petersen et al., 2021b). Specifically, DSR samples each token ⌧i according
to ⌧i ⇠ Categorical(Softmax(`✓ + `�)), where `✓ are logits emitted by the RNN under current
parameters ✓, and `� are the logits defined by the prior (see Appendix B and Landajuela et al. (2021b)
for details). To generate training problems, we ignore emissions `✓ and only sample from the prior,
`�. Since softmax is defined only up to a constant, this process is equivalent to sampling from a
prior-informed uniform distribution, i.e. `✓ ⌘ constant.

After sampling an expression ⌧ , we generate (X, y) data from it similarly to Biggio et al. (2021).
First, if there is a LINEAR token in ⌧ , we sample linear coefficient values using a spike-and-slab
distribution. Similarly, if there are any CONST tokens in ⌧ , we sample their values according to
U(�5, 5). Next, we generate 500 data points using the expression induced by ⌧ . To do so, for each
dimension of X , we sample its domain extrema a, b according to U(�10, 10), then sample each X
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Figure 6: Average reward over 1000 expressions sampled from the pre-trained initial models (SL, RL) and
a randomly initialized model (R) with and without the LINEAR token (LM) computed over the Feynman
benchmarks. Results are stratified by problem dimension. The term “Full” refers to averages over the entire
batch, and “Sub” refers to averages over the top 5% of samples in the batch.

Figure 7: Average empirical entropy over 1000 expressions sampled from the pre-trained initial models (SL,
RL) and a randomly initialized model (R) with and without the LINEAR token computed over the Feynman
benchmarks. Results are stratified by problem dimension. The term “Full” refers to averages over the entire
batch, and “Sub” refers to averages over the top 5% of samples in the batch.

coordinate according to U(min(a, b), max(a, b)). Finally, we instantiate ⌧ as an expression f and
compute y values as y = f(X). To ensure numerical stability of ⌧ and the corresponding (X, y)
data, we re-sample coordinates if |y| > 100 or is undefined until obtaining 500 points. If 500 points
cannot be obtained within 5000 attempts, (e.g., given a, b < 0 and f(X) = log(X)), ⌧ is discarded
and re-sampled.

D.4 RL pre-training using risk-seeking policy gradients

Direct optimization of (3) would maximize expected reward of sampled expressions for a given
s = (X, y) (to simplify notation, we use s to refer to a dataset (X, y) in this section). However, in
SR we are generally interested in best case performance, i.e.,

argmax⌧R(⌧, s), 8s. (8)

As a surrogate (relaxed) version of (8), we consider the following dual formulation of the problem:

argmax(✓, )JriskRL(✓, ) := Esg⇠pG

⇥
E⌧⇠p(⌧ |✓, ,sg) [R(⌧, sg)|R(⌧, sg) � R"(✓, , sg)]

⇤
,

where R"(✓, , sg) is the (1� ")-quantile of the random variable R(⌧, sg), ⌧ ⇠ p(⌧ |✓, , sg). While
(8) is not suitable for gradient-based optimization (as R(⌧, s) is not continuous), we can compute the
gradient of JriskRL(✓, ) using the risk-seeking policy gradient introduced in Petersen et al. (2021a),

20



Figure 8: Traces of the top 5% of 1000 expression sampled from the pre-trained models for a series of one-
dimensional problems. Columns correspond to controllers with random weights, SL pre-trained weights, and RL
pre-trained weights, respectively. The blue traces correspond to the real (X, y) data.

giving:

r✓, JriskRL(✓, ) = Esg⇠pG

⇥
r✓, E⌧⇠p(⌧ |✓, ,sg) [R(⌧, sg)|R(⌧, sg) � R"(✓, , sg)]

⇤

= Esg⇠pG

⇥
E⌧⇠p(⌧ |✓, ,sg) [(R(⌧, sg)�R"(✓, , sg))

r✓, log p(⌧ |✓, , sg)|R(⌧, sg) � R"(✓, , sg)]] .

A Monte Carlo estimate of the above is given by:

r✓, JriskRL(✓, ) ⇡

1

B · "N

BX

i=1

NBX

j=1

(R(⌧ (j)
i , si)� R̃"(✓, , si))r✓, log p(⌧ (j)

i |✓, , si)1R(⌧ (j)
i ,si)�R̃"(✓, ,si)

,

(9)

Algorithm 3 Symbolic regression pre-training problem instance generator

input Expression generator pG(⌧)
output Symbolic regression problem instance (X, y)

1: ⌧ ⇠ pG(·) . Sample expression
2: m dim(⌧) . Get dimensionality of ⌧
3: if LINEAR 2 ⌧ then
4: ci ⇠ 0.5U(�10, 10) + 0.5�(0) . Sample linear coefficient values
5: for CONST 2 ⌧ do
6: c ⇠ U(�5, 5) . Sample constant value
7: for i 2 1, . . . , m do
8: a, b ⇠ U(�10, 10) . Sample domain extrema
9: for j 2 1, . . . , 500 do

10: Xi,j ⇠ U(min(a, b), max(a, b)) . Sample X coordinate
11: y = f(X) . Compute y values
12: return (X, y)
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with 1C the characteristic function for set C, s1, . . . , sB ⇠ pG ,
8
>><

>>:

⌧
(1)
1 , . . . ⌧

(NB)
1 ⇠ p(⌧ |✓, , s1)
...

⌧
(1)
B , . . . ⌧

(NB)
B ⇠ p(⌧ |✓, , sB),

and 8
>><

>>:

R̃"(✓, , s1) = Q1�"(R(⌧ (1)
1 , s1), . . . , R(⌧ (NB)

1 , s1))
...

R̃"(✓, , sB) = Q1�"(R(⌧ (1)
B , sB), . . . , R(⌧ (NB)

B , sB)),

where Q↵(x) is the empirical ↵ quantile of the vector x. This motivates a procedure to compute an
approximation of the gradient r✓, JriskRL(✓, ): first, sample B problem instances si = (X, y)i

from pG , then, sample NB expressions ⌧ (j)
i per problem instance si from p(⌧ |✓, , si), then compute

(9) using their rewards R(⌧ (j)
i , si) and the empirical (1� ")-quantile.

E Short descriptions of the 14 original SRBench baselines

Below, we provide short descriptions of the 14 original SR baseline methods used by SRBench in
Figures 2 and 3. We refer readers to the original papers for additional details.

• Age-fitness Pareto optimization (AFP): Schmidt and Lipson (2011) propose a GP approach
that avoids premature convergence by adding a multidimensional optimization objective that
evaluates solutions based on fitness and age.

• AFP with co-evolved fitness estimates (AFP-FE): Schmidt and Lipson (2009) extend
standard AFP with a new method for fitness estimation (Schmidt and Lipson, 2008).

• AIF: The AIF algorithm (Udrescu et al., 2020) used in this work, using BF/PF as its
underlying search algorithm.

• Bayesian symbolic regression (BSR): Jin et al. (2019) propose a method that incorporates
prior knowledge and samples expression trees from a posterior distribution using an efficient
Markov Chain Monte Carlo algorithm that is robust to hyperparameter settings and finds
more concise solutions than purely GP-based approaches.

• Deep symbolic regression (DSR): The DSR algorithm (Petersen et al., 2021a) used in
this work. Notably, this uses the predecessor to the version of DSR used in this work, and
does not include improvements introduced in Landajuela et al. (2021b) or Mundhenk et al.
(2021).

• "-lexicase selection (EPLEX): La Cava et al. (2019) propose a method that improves the
parent selection process in GP by considering performance on data samples individually
instead of in aggregate or average, rewarding expressions that perform well on harder parts
of the problem.

• Feature engineering automation tool (FEAT): La Cava et al. (2018) propose a method that
aims at finding simple solutions that generalize well by maintaining an archive of solutions
with accuracy-complexity trade-offs to improve generalization and interpretation.

• Fast function extraction (FFX): McConaghy (2011) propose a non-evolutionary technique
for SR based on pathwise learning (Friedman et al., 2010) that generates a set of solutions
that trade off error versus complexity, while being orders of magnitude faster than GP and
providing deterministic convergence.

• GP version of the gene-pool optimal mixing evolutionary algorithm (GP-GOMEA):
Virgolin et al. (2021) propose to combine GP with linkage learning, an approach that learns
a model of interdependencies to estimate what patterns to propagate and proposes small and
interpretable solutions.

• GP (gplearn): Basic, Koza-style GP (Koza, 1994) for SR using the open software library
gplearn (https://github.com/trevorstephens/gplearn). This implementation is very similar to
the GP component used in uDSR.
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• Interaction-transformation evolutionary algorithm (ITEA): de França and Aldeia (2021)
introduce a mutation-based evolutionary algorithm based on six mutation heuristics that
allows both learning high-performing solutions and extracting the importance of each
original feature of a data set as an analytical function.

• Multiple regression genetic programming (MRGP): Arnaldo et al. (2014) propose a
method that decouples and linearly combines sub-expressions via multiple regression on the
target variable as a cost-neutral extension to basic GP.

• SR with Non-linear least squares (Operon): Kommenda et al. (2020) incorporate non-
linear least squares optimization into GP as a local search mechanism for offspring selection
to improve generalization.

• Semantic backpropagation genetic programming (SBP-GP): Virgolin et al. (2019) mod-
ify the random desired operator algorithm (Pawlak et al., 2014), a GP approach using
semantic backpropagation, by incorporating the principles of linear scaling, making the
algorithm much more effective despite being computationally more expensive.

F Hyperparameter selection

Hyperparameters for uDSR are listed in Table 3. In general, we used default hyperparameters from
of each constituent method, with a few exceptions we justify below. For DSR, we used default
hyperparameters given by Mundhenk et al. (2021), with the exception of increasing maximum
expression length from 30 to 64 to accommodate more challenging problems than those attempted in
Mundhenk et al. (2021). Note that, following Mundhenk et al. (2021), these hyperparameters use
priority queue training (Abolafia et al., 2018) during fine-tuning as an alternative to the risk-seeking
policy gradient. For GP, we used all default hyperparameters given by Mundhenk et al. (2021).
For AIF, we used all default hyperparameters given by Udrescu et al. (2020). For LSPT, we used
all default hyperparameters for the set encoder given by Lee et al. (2019). For pre-training, we
increased the maximum input dimension of the set transformer from 3 (in Biggio et al. (2021)) to 6 to
accommodate higher dimensional problems. For RL pre-training, since this has never been performed
for SR to date, we estimated the learning rate and batch size, and tuned the entropy weight and risk
factor via a small grid search of entropy weight 2 {0, 0.3} and risk factor in 2 {0.05, 0.2}. For LM,
since we used a novel formulation of sparse linear regression instead of LASSO, we set the maximum
number of terms to 10. For simplicity, we considered basis functions comprising monomials up to
degree 3, e.g. x

2
1x3, x

3
2, or x1x2.

G Marginal gains

The modularity of uDSR allows one to activate each individual component independently of other com-
ponents. We measured the improvement r(ci,on, c�i)� r(ci,off, c�i) for r = symbolic solution rate
and r = accuracy solution rate, for each component c, for all possible combinations of settings for
other components c�i (LSPT has two “on” states, denoted “RL” and “SL”). Figure 9 shows that
individually enabling AIF, GP, LM (i.e., LINEAR token), and DSR leads to positive improvement in
symbolic solution rate and accuracy solution rate, averaged over all possible configurations of other
components. Notably, LM almost always improves the symbolic solution rate, AIF always improves
the accuracy solution rate, and DSR provides the highest worst case improvement. Pre-training with
LSPT is negative on average, but it provides positive improvement in certain cases; specifically, the
highest-performing combination uses LSPT (RL) (see Figure 4).

H Runtimes

We evaluate the runtime of uDSR and its constituent components in two ways: (1) runtime per
expression evaluation and (2) runtime per SR problem.

For runtime per expression evaluation, we consider the components GP, SINDy, and DSR. LSPT
does not significantly affect runtime per expression because the embedding at test time is computed
only once, and the subsequent architecture and algorithm is otherwise the same. While AIF affects
overall runtime by generating sub-problems, it does not affect runtime per expression. We show
average runtime per expression evaluation in Table 4. The effect of GP ranges from no effect to a
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Table 3: Hyperparameters for uDSR. Most values were selected from the default values of their appropriate
works. Values marked “estimated” were hand-selected and not tuned. Values marked “tuned” were tuned during
pre-training using grid search.

Hyperparameter Symbol Value Source
DSR
Batch size N 500 Mundhenk et al. (2021)
Risk factor " 0.02 Mundhenk et al. (2021)
Priority queue size – 10 Mundhenk et al. (2021)
Learning rate – 0.0025 Mundhenk et al. (2021)
Entropy weight – 0.3 Landajuela et al. (2021b)
Entropy weight decay factor – 0.7 Landajuela et al. (2021b)
Reward function R Inverse NRMSE Landajuela et al. (2021b)
LSTM layer sizes – [32] Landajuela et al. (2021b)
Minimum expression length – 4 Landajuela et al. (2021b)
Maximum expression length – 64 Estimated
Maximum constants – 3 Landajuela et al. (2021b)
Soft length prior mean – 10 Landajuela et al. (2021b)
Soft length prior standard deviation – 5 Landajuela et al. (2021b)

GP
Generations S 25 Mundhenk et al. (2021)
Crossover probability – 0.5 Mundhenk et al. (2021)
Mutation probability – 0.5 Mundhenk et al. (2021)
Tournament size – 5 Mundhenk et al. (2021)
Samples used to train controller k 50 Mundhenk et al. (2021)

AIF
Learning rate – 0.01 Udrescu et al. (2020)
Training epochs – 500 Udrescu et al. (2020)
Hidden layer sizes – [128, 128, 64, 64] Udrescu et al. (2020)
Brute force try time – 600 Udrescu et al. (2020)
Polynomial fit degree – 3 Udrescu et al. (2020)

LSPT
Maximum input dimension d 6 Estimated
ST embedding size – 20 Lee et al. (2019)
ST attention heads – 2 Lee et al. (2019)
ST seed vectors – 2 Lee et al. (2019)
Learning rate (SL) – 0.0005 Estimated
Problem instances per batch (SL) B 40 Estimated
Learning rate (RL) – 0.0005 Estimated
Problem instances per batch (RL) B 50 Estimated
Samples per problem instance (RL only) NB 10 Estimated
Entropy weight (RL only) – 0.3 Tuned {0, 0.3}
Risk factor (RL only) " 0.05 Tuned {0.05, 0.2}
LM
Basis functions � Monomials Estimated
Maximum monomial degree D 3 Estimated
Maximum non-zero terms – 10 Estimated
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Figure 9: Distribution of improvement to symbolic solution rate (left) and accuracy solution rate (right) when
each component is enabled, over all combinations of other components.

2-fold increase in runtime. LM actually decreases runtime in many cases. This can occur because
LINEAR “competes” with the CONST token, as both are terminal tokens and the tokens are mutually
exclusive (see Appendix B). Since (non-linear) CONST optimization is typically much slower than
LINEAR optimization, this results into an overall reduction in runtime. Lastly, disabling DSR (i.e.,
not training the controller) has little to no effect on runtime, demonstrating that backpropagation is
not a computational bottleneck for uDSR at test time.

Average runtime per SR problem is given in Table 5 for all uDSR ablations. Because uDSR uses
early stopping, these values are largely dominated by how early and how often each ablation achieves
the early stopping criterion (defined as in Petersen et al. (2021a) as achieving a normalized MSE less
than 10�16), as opposed to reaching all 500,000 expression evaluations per problem-instance or the
24 hr walltime limit. The fold-increase in computational cost incurred by AIF is also evident in these
results.

Table 4: Runtime per expression on a single CPU for uDSR and several ablations on the 14 Strogatz benchmark
SR problems. 0: Component disabled. 1: Component enabled.

GP LM DSR Runtime per expression (s)

0 0 0 0.0605 ± 0.0014
1 0.0606 ± 0.0015

1 0 0.0605 ± 0.0021
1 0.0905 ± 0.0021

1 0 0 0.1105 ± 0.0878
1 0.1205 ± 0.0774

1 0 0.0705 ± 0.0364
1 0.0905 ± 0.0364
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Table 5: Runtime per SR problem (with early stopping) on a single CPU for uDSR ablations on the 130
ground-truth SR problems. 0: Component disabled. 1: Component enabled.

GP LM AIF DSR LSPT Runtime (min)

0 0 0 0 0 47.5 ± 26.1
RL 527.9 ± 496.5
SL 55.5 ± 25.1

1 0 147.2 ± 122.4
RL 323.1 ± 240.3
SL 68.7 ± 40.1

1 0 0 193.3 ± 183.3
RL 1061.4 ± 550.5
SL 227.2 ± 198.7

1 0 435.8 ± 465.3
RL 672.1 ± 569.0
SL 289.1 ± 288.2

1 0 0 0 39.4 ± 35.8
RL 251.7 ± 205.4
SL 46.6 ± 35.0

1 0 39.1 ± 41.7
RL 137.9 ± 108.7
SL 45.3 ± 38.0

1 0 0 170.5 ± 209.9
RL 549.2 ± 462.8
SL 206.5 ± 227.7

1 0 167.9 ± 223.7
RL 391.4 ± 450.5
SL 193.8 ± 237.0

1 0 0 0 0 102.0 ± 108.2
RL 215.3 ± 183.8
SL 30.9 ± 53.7

1 0 129.4 ± 135.4
RL 214.8 ± 173.5
SL 59.7 ± 89.1

1 0 0 336.6 ± 474.5
RL 478.1 ± 437.5
SL 117.8 ± 142.3

1 0 383.6 ± 520.8
RL 484.0 ± 435.0
SL 185.9 ± 238.8

1 0 0 0 14.4 ± 18.8
RL 42.0 ± 43.7
SL 13.8 ± 17.2

1 0 16.4 ± 21.5
RL 34.5 ± 31.7
SL 18.1 ± 24.1

1 0 0 90.7 ± 162.6
RL 132.6 ± 176.1
SL 72.6 ± 121.7

1 0 106.5 ± 189.4
RL 128.5 ± 180.7
SL 89.9 ± 155.2

I Accuracy vs complexity for GP and LM components

In our ablations on ground-truth SR problems, both GP and the LINEAR token (LM) yield considerable
gains in symbolic solution rate and accuracy solution rate. However, GP can lead to longer expressions
due to crossover operators (referred to as “bloat”), while LINEAR can result in longer expressions by
adding many linear terms. To assess the trade-offs between accuracy and complexity, we performed a
small ablation study comprising four configurations: GP 2 [on, off] ⇥ LM 2 [on, off], with all other
components enabled. In Figure 10, we see that the four configurations form a Pareto front in terms of
accuracy (R2 on held-out test data) vs complexity (expression length, computed as number of nodes
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Figure 10: Accuracy vs complexity trade-offs for uDSR ablations with and without GP, and with and without
the LINEAR token (LM). Each point is the median of 10 independent runs, averaged over the 122 SRBench
black-box SR problems.

in the SymPy-parsed expression tree). This reinforces how the modularity of uDSR allows it to be
configured based on use case.

J Software, data, and computational resources

Our implementation of uDSR combines several open-source software projects. For DSR, we use
the Deep Symbolic Optimization software framework3, which includes the base implementation of
DSR and facilities to integrate GP using the Distributed Evolutionary Algorithms in Python software4

(Fortin et al., 2012). We integrate AIF using its open-source implementation5. We implement the
LINEAR token using standard numerical libraries. The set transformer used for pre-training is based
on an open-source TensorFlow implementation6. Our empirical evaluation uses SRBench7. The
SRBench benchmark datasets are taken from the open-source PMLB database8 (Olson et al., 2017).

Pre-training experiments were performed on a single NVIDIA TitanX GPU. All other experiments
were performed on a single TOSS 3 2.4 GHz CPU. A total of 73,700 independent trials of uDSR were
run across all experiments. Approximately 1% of runs were stopped early at the 24 hr walltime limit.

K Originally published methods versus corresponding uDSR components

K.1 Methodological differences

uDSR integrates the key capabilities (listed in Table 1) of each of the five integrated solution strategies.
In this section, we identify the closest standalone SR algorithm in the literature corresponding to
each single-component uDSR ablation and summarize the key methodological differences.

AIF. The key difference between the published, standalone AIF algorithm (Udrescu et al., 2020) and
our use of recursive simplification is that the original AIF obtains expressions using BF/PF as its
underlying SR algorithm, whereas our module obtains expressions sampled from a parameterized
distribution over expressions. Another detail is that the original AIF used a slightly different set of

3https://github.com/brendenpetersen/deep-symbolic-optimization. BDS-3-Clause license.
4https://github.com/DEAP/deap. LGPL-3.0 license.
5https://github.com/SJ001/AI-Feynman. MIT license.
6https://github.com/arrigonialberto86/set_transformer. Unlicensed.
7https://github.com/cavalab/srbench. GPL-3.0 license.
8https://github.com/EpistasisLab/pmlb. MIT license.
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tokens that were tailored to the Feynman benchmark problems, whereas our component used a more
generic set of tokens.

LSPT. The closest standalone algorithm to our LSPT component is NeSymReS (Biggio et al., 2021).
The key difference between NeSymReS (Biggio et al., 2021) and our LSPT component lies in
how expressions are sampled at test time. NeSymReS uses beam search at test time to identify
high-likelihood expressions under the model conditioned on the test problem. In contrast, our LSPT
module fine-tunes the controller (conditioned on the test problem) by continuing to train non-encoder
parameters at test time. Differences during pre-training are that NeSymReS generates problems of
up to 3 input variables, whereas our module generates problems of up to 6, and that NeSymReS
trains using SL, whereas our module can alternative train using RL using a modified version of the
risk-seeking policy gradient.

GP. Our GP component is most similar to a vanilla, “Koza-style” GP algorithm (Koza, 1994). There
are two key differences between the published, standalone GP algorithm (Koza, 1994) and our GP
component. (1) In standalone GP, starting populations are sampled using the traditional “half-and-half”
method, in which half the starting population is sampled using the “full” protocol and the other half
is sampled using the “grow” protocol, as defined in Luke and Panait (2001). In contrast, uDSR’s
GP starting populations are sampled from the controller. (2) In standalone GP, there is only a single
starting population per run, and all generations are performed until the algorithm completes. In our
module, a relatively small number of generations are performed before a new starting population is
sampled from the controller. Thus, GP module operates in a random restart-like fashion, restarting
with new starting populations as the controller learns.

LM. Our LM component is most similar to the SINDy algorithm (Brunton et al., 2016). The
key difference between the published, standalone SINDy algorithm (Brunton et al., 2016) and our
LINEAR token is that the original SINDy algorithm finds expressions of fixed functional form (given
basis functions �), whereas LINEAR occurs within a functional form “wrapper” sampled from the
distribution over expressions. Essentially, the original SINDy algorithm computes a single functional
form with traversal ⌧ = [LINEAR], whereas even the LM-only uDSR ablation includes LINEAR within
nonlinear functional forms. Two minor differences are that: (1) The original SINDy algorithm used
LASSO to learn sparse coefficients, whereas our module uses a modified version of least squares, and
(2) The original SINDy algorithm chose both linear and nonlinear basis functions in �, e.g. sin(x1),
whereas we used a simpler set of monomials up to degree 3.

DSR. Unlike the other four components, our DSR module does not exhibit any algorithmic changes
relative to the published DSR in Landajuela et al. (2021b), as DSR was used as a starting point into
which we integrated the other four solution strategies. However, note that in Figures 2 and 3, the
SRBench baseline used the original DSR version in Petersen et al. (2021a) without the improvements
introduced in Landajuela et al. (2021b).

K.2 Performance differences

The methodological differences described above may result in differences in performance. In Figure
11, we compare each single-component uDSR ablation to the corresponding “closest” standalone SR
method. Note that Figure 11 uses the same raw data as in Figures 2 and 4, but is reformatted here to
enable facile comparison. Also note that, besides the methodological differences listed above, there
are additional differences in the experimental setting used between the original papers and this work.
For example, AIF uses a different token set than the AIF-only uDSR ablation. For simplicity, for the
original methods, we use the experimental workflow used in the original papers.

AIF is the only standalone algorithm that outperforms the corresponding AIF-only uDSR ablation.
This may be due to AIF using a different token set tailored to solving the Feynman benchmark
problems, and/or because BF/PF outperforms sampling from a randomly-initialized controller. The
GP-only uDSR ablation greatly outperforms standalone GP. This is consistent with the finding by
Mundhenk et al. (2021) that standard GP excels in a random restart-like fashion. The two LSPT-only
uDSR ablations (particularly with RL pre-training) outperform standalone NeSymReS, which may
be attributed to the fact that standalone NeSymReS was only trained on SR problems of up to 3 input
variables, whereas most SRBench problems have > 3 input variables. (For problems with > 3 input
variables, it cannot select input variables beyond x3.) The DSR-only uDSR ablation outperforms the
standalone DSR used by SRBench (Petersen et al., 2021a); however, when using the updated version
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Figure 11: Comparisons between each of the five single-component uDSR ablations and its closest corresponding
standalone SR algorithm, averaged across 130 ground-truth noiseless SR problems. Left: symbolic solution rate.
Right: accuracy solution rate. Error bars represent standard error across 10 random seeds per problem.

of DSR given by Landajuela et al. (2021b), performance is identical to the DSR-only uDSR ablation,
by construction. The LM-only uDSR ablation greatly outperforms standalone SINDy. This is because
SINDy only optimizes a single linear solution, whereas the LM-only uDSR ablation is still able to
embed the LINEAR token into highly non-linear functional forms (in particular, rational expressions).

L Illustrative example of solution discovery

By tracing the formation of an expression solution, it is possible to identify which tokens in the
solution ⌧ (i.e. which parts of the expression) can be attributed to which individual uDSR components.
In Figure 12, we provide an illustrative example of this process, which highlights how the five uDSR
components work together to find a final solution. In this illustrative example: (1) AIF first identifies
multiplicative separability, which simplifies the original problem P into two sub-problems, P1 and
P2. The solution to P is then the product of the solutions to P1 and P2; thus, AIF essentially learned
that the root node of the expression tree is ⇥. (2) The simple solution to P1 is found quickly by DSR.
(3) DSR, conditioning the controller on P1 data (X, y)2 using the LSPT encoder, samples candidate
solutions to P2. (4) The GP crossover operator recombines two candidate solutions into the solution
to P2. (5) Lastly, since the solution to P2 includes a LINEAR token, the linear combination of basis
functions is optimized according to the (X, y) data of P2.

M Additional details

M.1 Behavior of LINEAR for non-finite target data.

When solving for target data f
�1

(y) given F (x, LINEAR) (by performing successive application of
the root node’s inverse operations), it may be the case that infinite or undefined values arise. For
example, given the traversal ⌧ = [EXP, LINEAR] and negative values in y, the function for target
data f

�1
(y) = log(y) produces undefined values. In these cases, the LINEAR token returns a default

value of 1, i.e., coefficients � are all zero except for the constant. This process is similar to the CONST
token defaulting to a value of 1 when L-BFGS-B encounters undefined values (Petersen et al., 2021a).
Note that if the candidate functional form is correct (e.g., the traversal ⌧ = [exp, LINEAR] when the
(X, y) data is generated from ground-truth expression e

x2
1+0.5x2 ), then, by construction, it will never

be the case that f̄
�1(y) yields undefined values.
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<latexit sha1_base64="jnuzHG6BfMdY+z+mCNdX/50tMcA="></latexit>

y = sin(x1)⇥
cos(x2)

x
2
2 + 0.5x2x3 + 0.7

<latexit sha1_base64="UGkm41dtUVyRL5omiTeQyEhOrj8=">AAACIXicbVDLTsJAFJ3iC+ur6sKFm4nExISkaRHFJdGNS0zkkUBtptMpTJg+MjMlEMLXsNUPcWfcGT/DH3CALgQ8yU1Ozn3MmeMljAppWV9abmNza3snv6vv7R8cHhnHJw0RpxyTOo5ZzFseEoTRiNQllYy0Ek5Q6DHS9PoPs35zQLigcfQsRwlxQtSNaEAxkkpyjbOhW3opFS3zBiqm6hoWoWVWXKNgmdYccJ3YGSmADDXX+On4MU5DEknMkBBt20qkM0ZcUszIRO+kgiQI91GXtBWNUEiEM55/YAIvleLDIOaqIgnn6t+NMQqFGIWemgyR7InV3kz8r9dOZXDnjGmUpJJEePFQkDIoYzhLA/qUEyzZSBGEOVVeIe4hjrBUmS1d8gc0EZnr4cK2rquU7NVM1kmjZNq3ZvmpXKjeZ3nlwTm4AFfABhVQBY+gBuoAgwmYglfwpk21d+1D+1yM5rRs5xQsQfv+BffZoRQ=</latexit>

x
2
2 + 0.5x2x3 + 0.7

<latexit sha1_base64="1o5k999jJUCBZRwoTb92JA4od3I="></latexit>�

�
| | | | | |
1 x2 x

2
2 x2x3 . . . x

3
2

| | | | | |

�

�

�

��
�1
...

�k

�

�� =

�

��
f̄

�1 (y1)
...

f̄
�1 (yn)

�

��

<latexit sha1_base64="Iu4IweALDLfkvVMZMt6KVeMSrSA=">AAACKnicbVC7TsMwFHXKq4RXgJHFokJiqhJUAWMFC2NB9CE1IXJct7XqOJHtVFRRVr6mK3wIW8XKH/ADOG0G2nIkS0fnvo5PEDMqlW3PjNLG5tb2TnnX3Ns/ODyyjk9aMkoEJk0csUh0AiQJo5w0FVWMdGJBUBgw0g5G93m9PSZC0og/q0lMvBANOO1TjJSWfAu6jSH1Oy7l0A2RGgZB+pS9pNxVNCQSjjLfqthVew64TpyCVECBhm/9uL0IJyHhCjMkZdexY+WlSCiKGclMN5EkRniEBqSrKUf6jpfOf5LBC630YD8S+nEF5+rfiRSFUk7CQHfmbuVqLRf/q3UT1b/1UsrjRBGOF4f6CYMqgnkssEcFwYpNNEFYUO0V4iESCCsd3tKm3pjGsnD9urBtmjolZzWTddK6qjrX1dpjrVK/K/IqgzNwDi6BA25AHTyABmgCDN7AFLyDD2NqfBoz42vRWjKKmVOwBOP7F9cdqCw=</latexit>

�X 2 Rn⇥k
<latexit sha1_base64="HBfrhjpw+Q8NTGYMHPkXXgnNUAE=">AAACIHicbVDLSsNAFJ34rPEVFdy4GSyCq5JIUZdFNy6r2Ac0sUwmk3boZBJmJsUS+zPd6oe4E5f6G/6AkzYL23pg4HDOvXcOx08Ylcq2v4yV1bX1jc3Slrm9s7u3bx0cNmWcCkwaOGaxaPtIEkY5aSiqGGkngqDIZ6TlD25zvzUkQtKYP6pRQrwI9TgNKUZKS13r2PWJQtClHLoRUn3fzx7GT4OuVbYr9hRwmTgFKYMC9a714wYxTiPCFWZIyo5jJ8rLkFAUMzI23VSSBOEB6pGOphxFRHrZNP8YnmklgGEs9OMKTtW/GxmKpBxFvp7MM8pFLxf/8zqpCq+9jPIkVYTj2UdhyqCKYV4GDKggWLGRJggLqrNC3EcCYaUrm7sUDGkii9TPs9imqVtyFjtZJs2LinNZqd5Xy7Wboq8SOAGn4Bw44ArUwB2ogwbA4AVMwCt4MybGu/FhfM5GV4xi5wjMwfj+BTCVo6g=</latexit>

� 2 Rk
<latexit sha1_base64="XVkhp2X6j8FYpPXtWIyBEoSOl9A=">AAACKXicbVC9TsMwGHTKXyl/BUYGLCqkMlAlqALGChbGguiP1KSV4zqtVceJbKciijLyNF3hQdiAlUfgBXDbDLRwkqXT3ffZ53NDRqUyzQ8jt7K6tr6R3yxsbe/s7hX3D5oyiAQmDRywQLRdJAmjnDQUVYy0Q0GQ7zLScke3U781JkLSgD+qOCSOjwacehQjpaVe8dh2kUi8tJucW2k5PrMph7aP1NB1k4e0qydKZsWcAf4lVkZKIEO9V/y2+wGOfMIVZkjKjmWGykmQUBQzkhbsSJIQ4REakI6mHPlEOsnsIyk81UofeoHQhys4U39vJMiXMvZdPTnNKJe9qfif14mUd+0klIeRIhzPH/IiBlUAp63APhUEKxZrgrCgOivEQyQQVrq7hZv6YxrKLPXTPHahoFuyljv5S5oXFeuyUr2vlmo3WV95cAROQBlY4ArUwB2ogwbA4BlMwAt4NSbGm/FufM5Hc0a2cwgWYHz9AFlZp1o=</latexit>

f̄
�1(y) 2 Rn

<latexit sha1_base64="ch4BBdtd3/KRyV221Yez7ygiCaY=">AAACG3icbVDLTsJAFJ3iC+ur6NLNRGKCG9Iaoi6JblxiwiuBSqbTKUyYTpuZKUIaPoWtfog749aF3+EPOEAXAp5kkpNz7r1zcryYUals+9vIbW3v7O7l982Dw6PjE6tw2pRRIjBp4IhFou0hSRjlpKGoYqQdC4JCj5GWN3yY+60REZJGvK4mMXFD1Oc0oBgpLfWsQrc2oLA0voJdjygEn+s9q2iX7QXgJnEyUgQZaj3rp+tHOAkJV5ghKTuOHSs3RUJRzMjU7CaSxAgPUZ90NOUoJNJNF9Gn8FIrPgwioR9XcKH+3UhRKOUk9PRkiNRArntz8T+vk6jgzk0pjxNFOF5+FCQMqgjOe4A+FQQrNtEEYUF1VogHSCCsdFsrl/wRjWWWeryMbZq6JWe9k03SvC47N+XKU6VYvc/6yoNzcAFKwAG3oAoeQQ00AAYvYAZewZsxM96ND+NzOZozsp0zsALj6xdqGKB+</latexit>

�(x)�T

<latexit sha1_base64="2Z/HRk3KgXNlINrYB5BFzNP9ZF0=">AAAB+HicbVDLSgNBEJyNrxgfWfXoZTAInsJuEPUY9OIxgnlAsoTZSScZMvtgpleMS77EiwdFvPop3vwbZ5M9aGJBQ1HVPdNdfiyFRsf5tgpr6xubW8Xt0s7u3n7ZPjhs6ShRHJo8kpHq+EyDFCE0UaCETqyABb6Etj+5yfz2AygtovAepzF4ARuFYig4QyP17XIP4RE1T7MHmJr17YpTdeagq8TNSYXkaPTtr94g4kkAIXLJtO66ToxeyhQKLmFW6iUaYsYnbARdQ0MWgPbS+eIzemqUAR1GylSIdK7+nkhZoPU08E1nwHCsl71M/M/rJji88lIRxglCyBcfDRNJMaJZCnQgFHCUU0MYV8LsSvmYKcbRZFUyIbjLJ6+SVq3qXlTP72qV+nUeR5EckxNyRlxySerkljRIk3CSkGfySt6sJ+vFerc+Fq0FK585In9gff4AlW6Tsg==</latexit>

linear

<latexit sha1_base64="rsCo1yds2zXVe+TimUGE6msipBQ="></latexit>

[⇥, sin, x1, ÷, cos, x2, linear]
<latexit sha1_base64="K/0R9zSaaPHSCIJX3FSWHn56VtQ=">AAACGnicbVDLSsNAFJ34rPEVdekmWARXJSmi4qooiMsK9gFtKDeTSTt0Mgkzk2IJ/ZNu9UPciVs3foc/4KTNwrYeGDicc+/MmeMnjErlON/G2vrG5tZ2acfc3ds/OLSOjpsyTgUmDRyzWLR9kIRRThqKKkbaiSAQ+Yy0/OF97rdGREga82c1TogXQZ/TkGJQWupZ1gPlwGwlIJ8Cdtuzyk7FmcFeJW5ByqhAvWf9dIMYpxHhCjOQsuM6ifIyEIpiRiZmN5UkATyEPuloyiEi0stmySf2uVYCO4yFPlzZM/XvRgaRlOPI15MRqIFc9nLxP6+TqvDGyyhPUkU4nj8UpvqjsZ3XYAdUEKzYWBPAguqsNh6AAKx0DQs3BSOayCL1yzy2aeqW3OVOVkmzWnGvKpdP1XLtruirhE7RGbpALrpGNfSI6qiBMBqhKXpFb8bUeDc+jM/56JpR7JygBRhfv5A6oTo=</latexit>

Final traversal:

<latexit sha1_base64="y3BO4zNjZd9ha/4fSttnPw2e5EE=">AAACHHicbVDLSgMxFM34rPVV69JNsAiuykwRFVdFQVxWsA9oh5LJ3GlDM5khyZSWob/SrX6IO3Er+B3+gGk7C9t6IXA495ybw/FizpS27W9rY3Nre2c3t5ffPzg8Oi6cFBsqSiSFOo14JFseUcCZgLpmmkMrlkBCj0PTGzzM9s0hSMUi8aLHMbgh6QkWMEq0obqF4iMThGMYGZeaqe5wt1Cyy/Z88DpwMlBC2dS6hZ+OH9EkBKEpJ0q1HTvWbkqkZpTDJN9JFMSEDkgP2gYKEoJy03n2Cb4wjI+DSJonNJ6zfx0pCZUah55RhkT31epuRv63ayc6uHVTJuJEg6CLj4KEYx3hWRHYZxKo5mMDCJXMZMW0TySh2tS1dMkfslhlqUeL2Pm8aclZ7WQdNCpl57p89VwpVe+zvnLoDJ2jS+SgG1RFT6iG6oiiEZqiV/RmTa1368P6XEg3rMxzipbG+voF6Fqh6g==</latexit>

Final expression:

<latexit sha1_base64="VNTzn3iCoQ+ubKQNgtGe3LWjjXo=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWw2m3bp7ibsbgol9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXoA15UzStmGG016iKBYBp91gcp/73SlVmsXyycwS6gs8kixiBJtcGoRsOqzW3Lq7AFonXkFqUKA1rH4NwpikgkpDONa677mJ8TOsDCOcziuDVNMEkwke0b6lEguq/Wxx6xxdWCVEUaxsSYMW6u+JDAutZyKwnQKbsV71cvE/r5+a6NbPmExSQyVZLopSjkyM8sdRyBQlhs8swUQxeysiY6wwMTaeig3BW315nXSu6t51vfHYqDXvijjKcAbncAke3EATHqAFbSAwhmd4hTdHOC/Ou/OxbC05xcwp/IHz+QMZZ45K</latexit>

÷

<latexit sha1_base64="AR8bw1iLV+h/TJ1WtHIGvCZC5c0=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStm7KFfvqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AECKNqg==</latexit>

x2

<latexit sha1_base64="aKNuWiL2Rm6zQIcEvwokS9372Vg=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOSJcxOZpMh81hmZoWw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFCWfG+v63V1pb39jcKm9Xdnb39g+qh0dto1JNaIsornQ3woZyJmnLMstpN9EUi4jTTjS5y/3OE9WGKflopwkNBR5JFjOCbS71iTKDas2v+3OgVRIUpAYFmoPqV3+oSCqotIRjY3qBn9gww9oywums0k8NTTCZ4BHtOSqxoCbM5rfO0JlThihW2pW0aK7+nsiwMGYqItcpsB2bZS8X//N6qY1vwozJJLVUksWiOOXIKpQ/joZMU2L51BFMNHO3IjLGGhPr4qm4EILll1dJ+6IeXNUvHy5rjdsijjKcwCmcQwDX0IB7aEILCIzhGV7hzRPei/fufSxaS14xcwx/4H3+ABxzjkw=</latexit>cos
<latexit sha1_base64="+uQyNRflh6ZfpBt0Osl+e4sjuBk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6quNBg==</latexit>

y

<latexit sha1_base64="H1Cj5hhQvQ3X9Fm/Cbtl/FvWUd0=">AAACGXicbVC7TsMwFHXKq4RHA4wsFhVSGagSVAFjBQtjkehDakPlOE5r1XEi26mIon5JV/gQNsTKxHfwA7htBtpyJEtH59x7fXS8mFGpbPvbKGxsbm3vFHfNvf2Dw5J1dNySUSIwaeKIRaLjIUkY5aSpqGKkEwuCQo+Rtje6n/ntMRGSRvxJpTFxQzTgNKAYKS31rVLPQyILJs/ZpTOppBd9q2xX7TngOnFyUgY5Gn3rp+dHOAkJV5ghKbuOHSs3Q0JRzMjE7CWSxAiP0IB0NeUoJNLN5sEn8FwrPgwioR9XcK7+3chQKGUaenoyRGooV72Z+J/XTVRw62aUx4kiHC8+ChIGVQRnLUCfCoIVSzVBWFCdFeIhEggr3dXSJX9MY5mnflnENk3dkrPayTppXVWd62rtsVau3+V9FcEpOAMV4IAbUAcPoAGaAIMETMEreDOmxrvxYXwuRgtGvnMClmB8/QJOOKCH</latexit>

f̄
�1(y)

<latexit sha1_base64="p857jKGD5ajvdtz2QkVt+mOUss0="></latexit>

2

<latexit sha1_base64="rHu4zrk9gLpnKnyhuKArXPPJnCQ="></latexit>

4

<latexit sha1_base64="qwmUOiQwF3evVRfAEnNMl5trKPQ="></latexit>

5a

<latexit sha1_base64="GNgW/BepBeGyJGryRi0zBqqhY14="></latexit>

5b

<latexit sha1_base64="6VGh9ukZl1ovco9AoBZ2DtlEXjI="></latexit>

5c

<latexit sha1_base64="+VhehVSpJkQCoM7xC4L/dZL+HMA="></latexit>

3

<latexit sha1_base64="jGMAe4z5vfDPH9rjismYEJzF6Tc="></latexit>=

<latexit sha1_base64="SIpjPIqexevZKNyd7QWc3YmGqMc=">AAACIXicbVDLSsNAFJ34rPUVdelmsAgVpCSlaJdFNy6r2Ac0sUym03boZBJmJkII+RU3/oobF4p0J/6MkzYL23rgwuGce7n3Hi9kVCrL+jbW1jc2t7YLO8Xdvf2DQ/PouC2DSGDSwgELRNdDkjDKSUtRxUg3FAT5HiMdb3Kb+Z1nIiQN+KOKQ+L6aMTpkGKktNQ36+XuZXzRr0KHcuj4SI09L3lInxLuKOoTCaspzNmCm/bNklWxZoCrxM5JCeRo9s2pMwhw5BOuMENS9mwrVG6ChKKYkbToRJKECE/QiPQ05UjvdJPZhyk818oADgOhiys4U/9OJMiXMvY93ZldKZe9TPzP60VqWHcTysNIEY7ni4YRgyqAWVxwQAXBisWaICyovhXiMRIIKx1qUYdgL7+8StrVin1Vqd3XSo2bPI4COAVnoAxscA0a4A40QQtg8ALewAf4NF6Nd+PLmM5b14x85gQswPj5Bemro3Q=</latexit>

(X, y)2 2 Rn⇥2 ⇥ Rn

<latexit sha1_base64="60MNrq+hmkAgYahtSB/RL0GC8JM=">AAACH3icbVDLSsNAFJ34rPUVdelmsAgVpCRaqsuiG5dV7AOaWCbTaTt0MgkzEyGE/Ikbf8WNC0XEXf/GSZuFbT1w4XDOvdx7jxcyKpVlTYyV1bX1jc3CVnF7Z3dv3zw4bMkgEpg0ccAC0fGQJIxy0lRUMdIJBUG+x0jbG99mfvuZCEkD/qjikLg+GnI6oBgpLfXMWrlzHp9Bh3Lo+EiNPC95SJ8S7ijqEwkvU5izOTftmSWrYk0Bl4mdkxLI0eiZP04/wJFPuMIMSdm1rVC5CRKKYkbSohNJEiI8RkPS1ZQjvdNNpv+l8FQrfTgIhC6u4FT9O5EgX8rY93RndqVc9DLxP68bqcG1m1AeRopwPFs0iBhUAczCgn0qCFYs1gRhQfWtEI+QQFjpSIs6BHvx5WXSuqjYtUr1vlqq3+RxFMAxOAFlYIMrUAd3oAGaAIMX8AY+wKfxarwbX8b3rHXFyGeOwByMyS+l26LQ</latexit>

(X, y) 2 Rn⇥3 ⇥ Rn

<latexit sha1_base64="ZCuz3RGNUtCDFUbO21hk3xjnZJY=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0WoICWRoi6LblxWsQ9oYphMp+3QySTMTIQQ8htu/BU3LhRxqSv/xkmbhbYeuHA4517uvcePGJXKsr6N0tLyyupaeb2ysbm1vWPu7nVkGAtM2jhkoej5SBJGOWkrqhjpRYKgwGek60+ucr/7QISkIb9TSUTcAI04HVKMlJY806r1TpJjz4YO5dAJkBr7fnqb3ac8g46iAZFzqmdWrbo1BVwkdkGqoEDLMz+dQYjjgHCFGZKyb1uRclMkFMWMZBUnliRCeIJGpK8pR3qnm04/y+CRVgZwGApdXMGp+nsiRYGUSeDrzvxKOe/l4n9eP1bDCzelPIoV4Xi2aBgzqEKYxwQHVBCsWKIJwoLqWyEeI4Gw0mFWdAj2/MuLpHNat8/qjZtGtXlZxFEGB+AQ1IANzkETXIMWaAMMHsEzeAVvxpPxYrwbH7PWklHM7IM/ML5+AOfaoFM=</latexit>

(X, y)1 2 Rn ⇥ Rn

<latexit sha1_base64="FKJz179qPk43xyvGKYgmjM2rxP8=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVRIRdVl047KifUATwmQ6aYdOHszciCVk68ZfceNCEbf+gTv/xkmbhbYeGDiccy9zz/ETwRVY1rdRWVpeWV2rrtc2Nre2d8zdvY6KU0lZm8Yilj2fKCZ4xNrAQbBeIhkJfcG6/viq8Lv3TCoeR3cwSZgbkmHEA04JaMkzsQPsAbLbWKSFgCHGuRMSGFEislbu2Z5ZtxrWFHiR2CWpoxItz/xyBjFNQxYBFUSpvm0l4GZEAqeC5TUnVSwhdEyGrK9pREKm3GyaJMdHWhngIJb6RYCn6u+NjIRKTUJfTxZHqnmvEP/z+ikEF27GoyQFFtHZR0EqirxFLXjAJaMgJpoQKrm+FdMRkYSCLq+mS7DnIy+SzknDPmuc3pzWm5dlHVV0gA7RMbLROWqia9RCbUTRI3pGr+jNeDJejHfjYzZaMcqdffQHxucPIDyamw==</latexit> S
ol

u
ti

on
to

P 1

<latexit sha1_base64="aickM5UnAYbb2DVoBzGzqAPyJmw=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVZJS1GXRjcuK9gFtCJPppB06eTBzI5aQrRt/xY0LRdz6B+78GydtFtp6YOBwzr3MPceLBVdgWd9GaWV1bX2jvFnZ2t7Z3TP3DzoqSiRlbRqJSPY8opjgIWsDB8F6sWQk8ATrepOr3O/eM6l4FN7BNGZOQEYh9zkloCXXxANgD5DeRiLJBQwRzgYBgTElIm1lbt01q1bNmgEvE7sgVVSg5Zpfg2FEk4CFQAVRqm9bMTgpkcCpYFllkCgWEzohI9bXNCQBU046S5LhE60MsR9J/ULAM/X3RkoCpaaBpyfzI9Wil4v/ef0E/Asn5WGcAAvp/CM/EXnevBY85JJREFNNCJVc34rpmEhCQZdX0SXYi5GXSades89qjZtGtXlZ1FFGR+gYnSIbnaMmukYt1EYUPaJn9IrejCfjxXg3PuajJaPYOUR/YHz+ACHAmpw=</latexit> S
ol

u
ti

on
to

P 2

+

<latexit sha1_base64="gQwIcu2ZzIafXsArmAfVwr/rOe0="></latexit>

✓
<latexit sha1_base64="PIFel4gBgP0inT2LyVOBFG0DZ2M="></latexit>

 

<latexit sha1_base64="g3XOPMthRPC6nphiZpQTVvZ9iug="></latexit>

Encoder

<latexit sha1_base64="MhUtqTRYpv/3ivLIDJ+OLT3lhFc="></latexit> sa
m

p
le

<latexit sha1_base64="4sS7STyEA9OJtRPS9DF9deMRJm0="></latexit> en
co

d
e

<latexit sha1_base64="kC3Y70djc5DS4kokmH8GesrzHiI="></latexit> co
nd

it
io

n

<latexit sha1_base64="aDc7e7ZRQtgsNvdEWrSE3WKgpOQ="></latexit>

Controller

<latexit sha1_base64="gQwIcu2ZzIafXsArmAfVwr/rOe0="></latexit>

✓
<latexit sha1_base64="PIFel4gBgP0inT2LyVOBFG0DZ2M="></latexit>

 

<latexit sha1_base64="g3XOPMthRPC6nphiZpQTVvZ9iug="></latexit>

Encoder

<latexit sha1_base64="MhUtqTRYpv/3ivLIDJ+OLT3lhFc="></latexit> sa
m

p
le

<latexit sha1_base64="4sS7STyEA9OJtRPS9DF9deMRJm0="></latexit> en
co

d
e

<latexit sha1_base64="kC3Y70djc5DS4kokmH8GesrzHiI="></latexit> co
nd

it
io

n

<latexit sha1_base64="aDc7e7ZRQtgsNvdEWrSE3WKgpOQ="></latexit>

Controller

<latexit sha1_base64="aKNuWiL2Rm6zQIcEvwokS9372Vg=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOSJcxOZpMh81hmZoWw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFCWfG+v63V1pb39jcKm9Xdnb39g+qh0dto1JNaIsornQ3woZyJmnLMstpN9EUi4jTTjS5y/3OE9WGKflopwkNBR5JFjOCbS71iTKDas2v+3OgVRIUpAYFmoPqV3+oSCqotIRjY3qBn9gww9oywums0k8NTTCZ4BHtOSqxoCbM5rfO0JlThihW2pW0aK7+nsiwMGYqItcpsB2bZS8X//N6qY1vwozJJLVUksWiOOXIKpQ/joZMU2L51BFMNHO3IjLGGhPr4qm4EILll1dJ+6IeXNUvHy5rjdsijjKcwCmcQwDX0IB7aEILCIzhGV7hzRPei/fufSxaS14xcwx/4H3+ABxzjkw=</latexit>cos

<latexit sha1_base64="AR8bw1iLV+h/TJ1WtHIGvCZC5c0=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStm7KFfvqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AECKNqg==</latexit>

x2

<latexit sha1_base64="2Z/HRk3KgXNlINrYB5BFzNP9ZF0=">AAAB+HicbVDLSgNBEJyNrxgfWfXoZTAInsJuEPUY9OIxgnlAsoTZSScZMvtgpleMS77EiwdFvPop3vwbZ5M9aGJBQ1HVPdNdfiyFRsf5tgpr6xubW8Xt0s7u3n7ZPjhs6ShRHJo8kpHq+EyDFCE0UaCETqyABb6Etj+5yfz2AygtovAepzF4ARuFYig4QyP17XIP4RE1T7MHmJr17YpTdeagq8TNSYXkaPTtr94g4kkAIXLJtO66ToxeyhQKLmFW6iUaYsYnbARdQ0MWgPbS+eIzemqUAR1GylSIdK7+nkhZoPU08E1nwHCsl71M/M/rJji88lIRxglCyBcfDRNJMaJZCnQgFHCUU0MYV8LsSvmYKcbRZFUyIbjLJ6+SVq3qXlTP72qV+nUeR5EckxNyRlxySerkljRIk3CSkGfySt6sJ+vFerc+Fq0FK585In9gff4AlW6Tsg==</latexit>

linear

<latexit sha1_base64="VNTzn3iCoQ+ubKQNgtGe3LWjjXo=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWw2m3bp7ibsbgol9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXoA15UzStmGG016iKBYBp91gcp/73SlVmsXyycwS6gs8kixiBJtcGoRsOqzW3Lq7AFonXkFqUKA1rH4NwpikgkpDONa677mJ8TOsDCOcziuDVNMEkwke0b6lEguq/Wxx6xxdWCVEUaxsSYMW6u+JDAutZyKwnQKbsV71cvE/r5+a6NbPmExSQyVZLopSjkyM8sdRyBQlhs8swUQxeysiY6wwMTaeig3BW315nXSu6t51vfHYqDXvijjKcAbncAke3EATHqAFbSAwhmd4hTdHOC/Ou/OxbC05xcwp/IHz+QMZZ45K</latexit>

÷

<latexit sha1_base64="1Tj2m9UrgDUayK69RBAU3SS2Utk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2k3bpZhN2N2Ip/QtePCji1T/kzX/jps1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4NvPbj6g0j+WDmSToR3QoecgZNZnUw6ekX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGn1JlOBM4K/VSjQllYzrErqWSRqj96fzWGTmzyoCEsbIlDZmrvyemNNJ6EgW2M6JmpJe9TPzP66YmvPanXCapQckWi8JUEBOT7HEy4AqZERNLKFPc3krYiCrKjI2nZEPwll9eJa2LqndZrd3XKvWbPI4inMApnIMHV1CHO2hAExiM4Ble4c2JnBfn3flYtBacfOYY/sD5/AEooI5U</latexit>exp

<latexit sha1_base64="oHKEjBPa1NpTI9acyZHKjpoa4aI=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF48Y5ZHAhswOA0yYnd3M9BrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGN1O/+ci1EZF6wHHM/ZAOlOgLRtFK90/d826x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/lp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaNs7J3Ua7cVUrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNkc6L8+58zFtzTjZzCH/gfP4AEaaNqw==</latexit>

x3

<latexit sha1_base64="swyh5o6EMt6F/aethEBNGa4KQDg=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOSJcxOZpMh81hmZoWw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFCWfG+v63V1pb39jcKm9Xdnb39g+qh0dto1JNaIsornQ3woZyJmnLMstpN9EUi4jTTjS5y/3OE9WGKflopwkNBR5JFjOCbS71uRoNqjW/7s+BVklQkBoUaA6qX/2hIqmg0hKOjekFfmLDDGvLCKezSj81NMFkgke056jEgpowm986Q2dOGaJYaVfSorn6eyLDwpipiFynwHZslr1c/M/rpTa+CTMmk9RSSRaL4pQjq1D+OBoyTYnlU0cw0czdisgYa0ysi6fiQgiWX14l7Yt6cFW/fLisNW6LOMpwAqdwDgFcQwPuoQktIDCGZ3iFN094L96797FoLXnFzDH8gff5Axf5jkk=</latexit>

log
<latexit sha1_base64="TPO1t+soVr8p8cYQbknFtOnM8I4=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSJUkLJbinosevFYwX5Au5Rsmm1Ds9mQZIVl6Y/w4kERr/4eb/4b03YP2vpg4PHeDDPzAsmZNq777aytb2xubRd2irt7+weHpaPjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5G7md56o0iwWjyaV1I/wSLCQEWys1Kl0L9OLQW1QKrtVdw60SryclCFHc1D66g9jkkRUGMKx1j3PlcbPsDKMcDot9hNNJSYTPKI9SwWOqPaz+blTdG6VIQpjZUsYNFd/T2Q40jqNAtsZYTPWy95M/M/rJSa88TMmZGKoIItFYcKRidHsdzRkihLDU0swUczeisgYK0yMTahoQ/CWX14l7VrVu6rWH+rlxm0eRwFO4Qwq4ME1NOAemtACAhN4hld4c6Tz4rw7H4vWNSefOYE/cD5/AOxajqg=</latexit>

(X, y)2

<latexit sha1_base64="TPO1t+soVr8p8cYQbknFtOnM8I4=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSJUkLJbinosevFYwX5Au5Rsmm1Ds9mQZIVl6Y/w4kERr/4eb/4b03YP2vpg4PHeDDPzAsmZNq777aytb2xubRd2irt7+weHpaPjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5G7md56o0iwWjyaV1I/wSLCQEWys1Kl0L9OLQW1QKrtVdw60SryclCFHc1D66g9jkkRUGMKx1j3PlcbPsDKMcDot9hNNJSYTPKI9SwWOqPaz+blTdG6VIQpjZUsYNFd/T2Q40jqNAtsZYTPWy95M/M/rJSa88TMmZGKoIItFYcKRidHsdzRkihLDU0swUczeisgYK0yMTahoQ/CWX14l7VrVu6rWH+rlxm0eRwFO4Qwq4ME1NOAemtACAhN4hld4c6Tz4rw7H4vWNSefOYE/cD5/AOxajqg=</latexit>

(X, y)2

<latexit sha1_base64="oHKEjBPa1NpTI9acyZHKjpoa4aI=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF48Y5ZHAhswOA0yYnd3M9BrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGN1O/+ci1EZF6wHHM/ZAOlOgLRtFK90/d826x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/lp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaNs7J3Ua7cVUrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNkc6L8+58zFtzTjZzCH/gfP4AEaaNqw==</latexit>

x3

<latexit sha1_base64="meOHJ5pmR/lS4J5lfyAI/ByYuZA="></latexit>

AIF identifies multiplicative
separability, simplifying P
into P1 and P2

<latexit sha1_base64="dApdzz2UUcfa+6pg30XDgejdH1c="></latexit>

Solution to P1 is
found by DSR

<latexit sha1_base64="ZUFIXlaqXr2xwrOG3ruOWbBzFM0="></latexit>

GP crossover
operator
recombines
the candidates
to form P2

<latexit sha1_base64="ikd208yzkkB4VGDVSPYns6aeJ60="></latexit>

Solve the solution to
P2 for the linear token
(as in Figure 5), yielding
f̄

�1(y)

<latexit sha1_base64="UpcCPqgH1VLTY5S4OkW1vz9w6FE="></latexit>

Solve for � using sparse
linear regression

<latexit sha1_base64="0HEGXKXq6nbLyOQ0z9UbV/r2yMQ="></latexit>

The final linear
token is given by:

<latexit sha1_base64="i/aoiJxNMUoD4tEetTNMw9p4EjU=">AAACGXicbVDLSsNAFL2pr1pfUZduBlvBVUmKqLgqunFZwT6gDWUymbRDJw9mJsUS+iW61f9wJ25d+Rt+gZM2C9t6YOBwzr13DseNOZPKsr6Nwtr6xuZWcbu0s7u3f2AeHrVklAhCmyTikei4WFLOQtpUTHHaiQXFgctp2x3dZX57TIVkUfioJjF1AjwImc8IVlrqm2alF2A1JJinjWkF3aC+Wbaq1gxoldg5KUOORt/86XkRSQIaKsKxlF3bipWTYqEY4XRa6iWSxpiM8IB2NQ1xQKWTzpJP0ZlWPORHQr9QoZn6dyPFgZSTwNWTWUy57GXif143Uf61k7IwThQNyfwjP+FIRSirAXlMUKL4RBNMBNNZERligYnSZS1c8sYslnnqp3nski7JXq5klbRqVfuyevFQK9dv87qKcAKncA42XEEd7qEBTSAwhhd4hTfj2Xg3PozP+WjByHeOYQHG1y+Vn6BS</latexit>

P :

<latexit sha1_base64="nvOYjMc7dYVSnDMqr1ER8+MPzTM=">AAACG3icbVDLSsNAFJ3UV62vWJduBlvBVUmKqLgqunFZwT6gDWEymbRDJ5MwMyktoZ+iW/0Pd+LWhb/hFzhps7CtBwYO59x753C8mFGpLOvbKGxsbm3vFHdLe/sHh0fmcbkto0Rg0sIRi0TXQ5IwyklLUcVINxYEhR4jHW90n/mdMRGSRvxJTWPihGjAaUAxUlpyzXK1HyI1xIilzZlrV+EtdM2KVbPmgOvEzkkF5Gi65k/fj3ASEq4wQ1L2bCtWToqEopiRWamfSBIjPEID0tOUo5BIJ51nn8FzrfgwiIR+XMG5+ncjRaGU09DTk1lQuepl4n9eL1HBjZNSHieKcLz4KEgYVBHMioA+FQQrNtUEYUF1VoiHSCCsdF1Ll/wxjWWeerKIXdIl2auVrJN2vWZf1S4f65XGXV5XEZyCM3ABbHANGuABNEELYDABL+AVvBnPxrvxYXwuRgtGvnMClmB8/QLYVaD2</latexit>

P1 :

<latexit sha1_base64="YR/Jy9DjyIxRLcwS9rc2tOFKHgI=">AAACG3icbVDLSsNAFJ3UV62vWJduBlvBVUmKqLgqunFZwT6gDWEymbRDJ5MwMyktoZ+iW/0Pd+LWhb/hFzhps7CtBwYO59x753C8mFGpLOvbKGxsbm3vFHdLe/sHh0fmcbkto0Rg0sIRi0TXQ5IwyklLUcVINxYEhR4jHW90n/mdMRGSRvxJTWPihGjAaUAxUlpyzXK1HyI1xIilzZlbr8Jb6JoVq2bNAdeJnZMKyNF0zZ++H+EkJFxhhqTs2VasnBQJRTEjs1I/kSRGeIQGpKcpRyGRTjrPPoPnWvFhEAn9uIJz9e9GikIpp6GnJ7OgctXLxP+8XqKCGyelPE4U4XjxUZAwqCKYFQF9KghWbKoJwoLqrBAPkUBY6bqWLvljGss89WQRu6RLslcrWSftes2+ql0+1iuNu7yuIjgFZ+AC2OAaNMADaIIWwGACXsAreDOejXfjw/hcjBaMfOcELMH4+gXZ/aD3</latexit>

P2 :
<latexit sha1_base64="8kqxlsXOWQB8pVzyM+1mEyNDMeo="></latexit>

DSR, conditioned on P2 data (X, y)2 via
LSPT, samples candidate solutions to P2

Figure 12: Illustrative example of how the five interacting uDSR components work together to find an expression
for dataset P . In the illustration of datasets P,P1 and P2, points’ coordinates are given by their X values
(giving 3, 2 and 1-dimensional representations respectively) and points are colored by their y value. In the final
solution, some parts of the expression may be traced back to particular components. Color key: AIF, LSPT,
DSR, GP, LM.

M.2 Additional details for SRBench

SRBench includes metrics for symbolic-based performance, accuracy-based performance, and so-
lution complexity. “Symbolic solution rate” is computed by comparing the ground-truth SymPy
expression to the SymPy-parsed expression returned by the algorithm. Floating-point values are
first rounded to 3 decimals. Expressions are then deemed symbolically equivalent if their symbolic
difference is “0” or their symbolic quotient is “1.” “Accuracy solution rate” is based on the coefficient
of determination (R2) on a held-out test dataset exceeding 0.999. R

2 is a useful metric because it
is normalized across datasets, allowing averaging performance metrics across multiple problems.
“Complexity” is defined by the number of nodes in the SymPy-parsed expression tree.

Most of the baselines in Figures 2 and 3 report results directly curated by SRBench. (SRBench
enables reproducibility, including across random number seeds, making such direct comparisons
appropriate.) The original SRBench study (La Cava et al., 2021) already included baselines for
standalone GP, DSR, and AIF. Since SINDy and NeSymReS (the standalone SR methods closest to
our LM and LSPT components, respectively) were not included in the original SRBench study, we
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Table 6: Performance of symbolic and accuracy-based solution rates for uDSR and 16 baselines, averaged across
the six SRBench problems whose input variables contain data outside the pre-training range, [�10, 10].

Algorithm Symbolic solution (%) Accuracy solution (%)

uDSR 100 100
Operon 11.7 91.7

LM 50 50
FEAT 0 87.5

GP-GOMEA 20.8 56.3
SBP-GP 2.1 70.8
MRGP 0 64.6

AIF 16.7 37
AFP-FE 6.7 26.7

BSR 0 29.2
ITEA 0 29.2
AFP 2.1 4.2
FFX 0 6.3
DSR 2.1 2.1

EPLEX 0 2.1
GP (gplearn) 0 0
NeSymReS 0 0

executed these ourselves using the SRBench pipeline. For NeSymReS (Biggio et al., 2021), since it
was trained on only up to 3 input variables, it ignores additional input variables if present.

M.3 Extrapolation and recommendations for LSPT

A key aspect regarding recommended use of LSPT is knowledge of how well the distribution over
(X, y) datasets sampled by problem instance generator pG is thought to be representative of the
user’s problems of interest. In particular, a key characteristic of pG is the extrema considered for
the domain of input variables ([�10, 10] in this study). A test time problem outside this domain
constitutes an extrapolation problem. While uDSR has mechanisms to escape such extrapolation
cases, either by fine-tuning or via components that do not depend on input variable domains (e.g.
AIF or GP), including the pre-trained network may be unnecessary or harmful. We investigate this in
Table 6, in which we show the performance of uDSR and baselines against the six SRBench ground-
truth problems whose input data exceed that considered during pre-training, [�10, 10]. Notably,
NeSymReS (which does not fine-tune) yields 0% in both symbolic and accuracy solution rates,
suggesting that pre-training without fine-tuning on problems outside the pre-training input ranges
can result in catastrophic failure. On the other hand, uDSR yields 100% in both symbolic and
accuracy solution rates over these problems, suggesting that pre-training was not harmful, and that the
algorithm’s fine-tuning and/or other components can render uDSR robust to this type of extrapolation.

In Figure 13, we also show how the minimum and maximum input variables of the Feynman, Strogatz,
and black-box SRBench problems compare to those of the pre-training dataset generator.
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Feynman

Strogatz

Black-box

Pre-training

Interval extremum

Figure 13: Kernel density estimates of the minimum (blue) and maximum (orange) input variable values across
the 116 Feynman, 14 Strogatz, and 122 black-box SRBench problems, as well as 1M problems sampled from
our pre-training dataset generator. Axes are truncated to [-100, 100] to highlight the regions of highest density.
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