Supplement to ''FourierFormer: Transformer Meets Generalized
Fourier Integral Theorem"

In the supplementary material, we collect proofs, additional theories, and experiment results deferred
from the main text. In Appendix C, we provide additional theoretical results for generalized Fourier
density estimator and for generalized Fourier nonparametric regression estimator. We provide proofs
of key results in the main text and additional theories in Appendix D. We present experiment details
in Appendix A while including additional experimental results in Appendix E.

A Experiment Details

This section provides the details of the model and training for experiments in Section 4. All of our
experiments are conducted on a server with 4 NVIDIA A100 GPUs.

A.1 Language Modeling

Datasets and metrics WikiText-103 is a collection of articles from Wikipedia, which have long
contextual dependencies. The training set consists of about 28 K articles containing 103\ running
words; this corresponds to text blocks of about 3600 words. The validation and test sets have 218 K
and 246 K running words, respectively. Each of them contains 60 articles and about 268 K" words. Our
experiment follows the standard setting [46, 71] and splits the training data into L-word independent
long segments. For evaluation, we use a batch size of 1, and process the text sequence with a sliding
window of size L. The last position is used for computing perplexity (PPL) except in the first segment,
where all positions are evaluated as in [1, 71].

Models and baselines Our implementation is based on the public code by [71].! We use their
small and medium models in our experiments. In particular, for small models, the key, value, and
query dimension are set to 128, and the training and evaluation context length are set to 256. For
medium models, the key, value, and query dimension are set to 256, and the training and evaluation
context length are set to 384. In both configurations, the number of heads is 8, the feed-forward layer
dimension is 2048, and the number of layers is 16.

In our experiments on WikiText-103 in Section 4.1, we let R be a learnable scalar initialized to 2
and choose ¢(z) = . The same setting is used for all attention units in the model; each unit has a
different R. We observe that by setting R to be a learnable vector [Ry, ..., Rp] ', the FourierFormer
gains advantage in accuracy but with the cost of the increase in the number of parameters. When R is
a vector [Ry, ..., Rp]", the equation of the Fourier Attention is given by

N D sin(R; (gij—kij))
Zi:1 AL Hj:l ¢ (W)
N D sin(R;(qij—ki;
S e (M)

We provide an ablation study for the effect of R and ¢ in Section E.

hi = fn.r(a;) = Vie[N]. (16)

A.2 Image Classification

Datasets and metrics The ImageNet dataset [22, 67] consists of 1.28 M training images and 50K
validation images. For this benchmark, the model learns to predict the category of the input image
among 1000 categories. Top-1 and top-5 classification accuracies are reported.

Models and baselines We use the DeiT-tiny model [79] with 12 transformer layers, 4 at-
tention heads per layer, and a model dimension of 192. To train the models, we follow the same
setting and configuration as for the baseline [79].?

Similar to the setting for language modeling, in our experiments on ImageNet image classification,
we set R to be a learnable scalar initialized to 1 and choose ¢(x) = 2*. Different attention units have
different R.

A.3 UEA Time Series Classification

Following [93], we choose 10 out of 30 datasets in the benchmark [5], which vary in input sequence
lengths, the number of classes, and dimensionality, to evaluate our models on temporal sequences.

"Implementation available at https://github.com/IDSTA/Imtool-fwp.
*Implementation available at https:/github.com/facebookresearch/deit.
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The test accuracy is reported as an evaluation for the benchmark.

Models and baseline For all experiments in this task, we adapt the setups and configura-
tions as in [93] 3 (for the PEMS-SF, SelfRegulationSCP2, UWaveGestureLibrary datasets) and [95]
4 (for the other tasks). The number of heads is 8 in all models, whereas the model dimension and
number of transformer layers are varied.

A.4 Reinforcement learning on the D4RL benchmark

Datasets and metrics In the D4RL benchmark [29], which consists of the continuous control tasks
for offline reinforcement learning, we choose HalfCheetah, Hopper, and Walker as experiment
environments and Medium-Expert, Medium, and Medium-Replay as behavior policies. This selection
is adapted from [93].

Models and baseline The models trained on this benchmark has the same configuration as
in [93], with 3 transformer layers and 4 heads per layer. In our DARL experiments, we choose
¢ = z* and the initial value of the learnable scalar R to be 1.

A.5 Machine Translation

Datasets and metrics The IWSLT’ 14 De-En dataset consists of 170K training sentence pairs, 7K
validation pairs, and 7K test pairs. In this task, the model does the translation from German to
English. To measure the performance of the trained model, the BLEU score [55] is used

Models and baselines The architecture of the Fourierformer and the baseline contains 12
transformer layers with 4 heads per layer. Our implementation is based on the public code
https://github.com/pytorch/fairseq/tree/main/examples/translation. In our Fourierformer models, we
choose ¢(z) = 22 and the initialization R;,;; = 1.0.

B Background

B.1 Kernel Density Estimation

Kernel density estimation (KDE) is the application of kernel smoothing for probability density
estimation, i.e., a non-parametric method to estimate the probability density function of a random
variable based on kernels as weights. Let (z1,xo,...,z,) be i.i.d. samples drawn from some
univarite distribution with an unknown density f at any given point . We are interested in estimating
the shape of this function f. Its kernel density estimator is

s 1 — 1 & —
fh(x):nZKh(x—mi)znth<x hl‘)7 a7
i=1 i=1

where K is the kernel and h > 0 is a smoothing parameter called the bandwidth. A kernel with
subscript h is called the scaled kernel and defined as K (x) = 1/hK (z/h).

B.2 Nonparametric Kernel Regression

Kernel regression is a nonparametric technique to estimate the conditional expectation of a random
variable. The objective is to find a non-linear relation between a pair of random variables X and Y. In
any nonparametric regression, the conditional expectation of a variable Y relative to a variable X may
be written:

E(Y|X) = m(X), (18)
where m is an unknown function.
Nadaraya—Watson kernel regression Nadaraya—Watson kernel regression estimates m as a locally
weighted average, using a kernel as a weighting function. The Nadaraya—Watson estimator is given
by

ﬁlh(x) _ Zznzl Kh(l‘ — xl)yl
Z?:l Knp(x — ;) ’

where K, is a scaled kernel with a bandwidth h.

19)

3Implementation available at https://github.com/thuml/Flowformer.
“Implementation available at https://github.com/gzerveas/mvts_transformer.
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B.3 Fourier Integral Theorem

The Fourier integral theorem [92, 7] has been used in nonparametric mode clustering, deconvolution
problem, and generative modeling [33]. It is a combination of Fourier transform and Fourier inverse
transform. In particular, for any function p € Ly (R”), the Fourier integral theorem is given by

pa) = ﬁ / |, costs™ @ =~ wptw)agds
oo dm [ [ (s @ - )i

1P
1 sin(R(x; —y;))
=1 Jm / py)dy, (20)
7P RS RD]-:-[l (J—yj) )

where ¢ = (z1,...,2p),y = (y1,.-.,YD), 8 = (81,...,8p), and R is the radius. Here, the first
equality in equation (20) is due to

lim cos(s' (x —y))ds = / cos(s' (x —y))ds

R—o0 [-R,R)P RD

and the final equality in equation (20) is due to
= sin(R(z; — y;))
/ cos(s' (x —y))ds = H SR ~ i)
[-R.R]P j i

for all y € RP. Equation (20) suggests that pr(x) := 25 o HJD=1 %p(y)dy can be
J "I
used as an estimator of the function p.

C Additional Theoretical Results

In this section, we provide additional theoretical results for generalized Fourier density estimator in
Appendix C.1 and for generalized Fourier nonparametric regression estimator in Appendix C.2.

C.1 Generalized Fourier density estimator

We now establish the MISE rate of p%’R in equation (12) when ¢(2) = 2! and I € {1,2}. We
consider the following tail bounds on the Fourier transform of the true density function p as follows.

Definition 3 (/) We say that p is supersmooth of order « if we have universal constants C and Cy
such that the following inequalities hold for almost surely x € RP:

D
Pa)] < Crexp | —Co [ > |yl

Here, p denotes the Fourier transform of the function p.

(2) The function p is ordinary smooth of order 3 if there exists universal constant c such that the
following inequality holds for almost surely x € RP:

D 1

P()] < c- .Hl7<1+|xj|ﬁ>'

The notions of supersmoothness and ordinary smoothness had been used widely in deconvolution
problems [28] and density estimation problems [20, 82, 33]. The supersmooth condition is satisfied
when the function p is Gaussian distribution or Cauchy distribution while the ordinary smooth
condition is satisfied when the function p is Laplace distribution and Beta distribution.

Based on the smoothness conditions in Definition 3, we have the following result regarding the
mean-square integrated error (MISE) of the function generalized Fourier density estimator (12) (see
equation (13) for a definition of MISE) when ¢(z) = 2! and | € {1, 2}.
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Theorem 3 (a) When ¢(z) = z, the following holds:

* (Supersmooth setting) If the true density function p is supersmooth function of order « for
some o > 0, then there exists universal constants Cy,Cao, and Cs such that as long as
R > Cy we have

_ . _ RD
MISE(p%’R) < Oy (Rmdx{l—a,O} eXp(—CgRO‘) + N) .

* (Ordinary smooth setting) If the true density function p is ordinary smooth function of order
B for some 3 > 1, then there exists universal constants ¢ such that

RD
MISE(pY, ) < ¢ (R—BH + N) .

(b) When ¢(z) = 22, the following holds

* (Supersmooth setting) If the true density function p is supersmooth function of order o for
some o > 0, then there exists universal constants C| and C) such that as long as R > C
we have

1 RP
) /

* (Ordinary smooth setting) If the true density function p is ordinary smooth function of order

B for some 3 > 3, then there exists universal constants ¢’ such that

" (1  RP

Proof of Theorem 3 is in Appendix D.2. A few comments with the results of Theorem 3 are in order.

When ¢(z) = z: As part (a) of Theorem 3 indicates, when the function p is supersmooth, by choosing

1/
the radius R to balance the bias and variance, we have the optimal R as R = (%) and the

log(N)D/u
N

MISE rate of the generalized Fourier density estimator p‘ﬁh , becomes O ( ) . It indicates

that, the MISE rate of p(ﬁ,  1s parametric when the function p is supersmooth. On the other hand,

when the function p is ordinary smooth, the optimal R becomes R = O(N BT ) and the MISE

B—1
rate becomes O (N T D1 ) . It is slower than the MISE rate when the function p is supersmooth.

When ¢(z) = z2: The results of part (b) of Theorem 3 demonstrate that the upper bounds for the
MISE rate of the generalized Fourier density estimator p‘ﬁh  1s similar for both the supersmooth and

ordinary smooth settings. The optimal radius R = O (N D+r2> and the MISE rate of the estimator is
o (N"7%).
C.2 Generalized Fourier nonparametric regression estimator

In this appendix, we provide additional result for the mean square error (MSE) rate of the generalized
Fourier nonparametric regression estimator fx, i in equation (14) when ¢(z) = z, namely, the setting
of the Fourier integral theorem. The results when ¢(z) = z! for | € {2,3,4,5} are left for the future
work.

When ¢(z) = z, the MSE rate of fx r had been established in Theorem 9 of Ho et al. [33] when the
function p is supersmooth function. Here, we restate that result for the completeness.

Theorem 4 Assume that the function p is supersmooth function of order « for some o« > 0 and
supgerp |P(k)| < oo. Furthermore, we assume that the function f in the nonparametric regression

model (3) is such that supgcgro | f2(k)p(k)| < oo and

D
[Fp@®)] < CLQ(tal, ltal, -ty exp | —Co | Do 14517 | |
j=1
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where f.p(t) is the Fourier transform of the function f.p, Cy and Cs are some universal constants,
and Q(|t11, |t2l, - - -, [tp|) is some polynomial function of |t1], . . ., |t p| with non-negative coefficients.
Then, we can find universal constants C's, Cy, C5 such that as long as R > C3 we have

maX{Qdeg(Q)+2_2a’0} _ o M
E [(fw.r(k) - f(k)?] < G2 exp (—2C,R) 4 UL+C

p*(k)J(R) 7
where deg(Q) denotes the degree of the polynomial function Q, J(R) = 1 —
Rmax{2—2a,0} Cxp(72CQRa)+RD 101%(1\11%)

p?(k) )

Proof of Theorem 4 is similar to the proof of Theorem 9 of Ho et al. [33]; therefore, it is omitted.

1/
The result of Theorem 4 indicates that the optimal radius R = (%) and the MSE rate of the

10g(N)D/"‘)
N .

generalized Fourier nonparametric regression estimator fy g is O (
D Proofs
In this Appendix, we provide proofs for key results in the paper and in Appendix C.

D.1 Proof of Theorem 1

Recall that, k1, ko, ..., ky € RP arei.i.d. samples from the density function p. In equation (12),
the generalized Fourier density estimator of p is given by:
p¢ <sm ; —kij)))
N,R — )
i=1 j=1 R(k; k”)

where A = qus(““(z>)dz ki = (ki,...,kip), and k = (k1,...,kp). Direct calculation
demonstrates that

b o sin i — Y
Elp} p(k)] = %) /RD H ¢ (W) p(y)dy

(kj — ;)
D
1 / sin(y;) Y
=—= ¢< p(k:——) dy. 21
AP RD ]];[1 Yj R
An application of Taylor expansion up to the m-th order indicates that
p(k-2)= 3 H ) SR k) + Riky) 22)
R R|a\a' , / aka e
0<|al<m
where a = (a1, ..., aq), |a] = Z;l:l a;j, and R(k,y) is Taylor remainder admitting the following
form:
_ m+1l & O™ p
Rk, y) = Z m+151 H / (=" DleP (k - R) dt. (23)
|B|l=m+1
Plugging equations (22) and (23) into equation (21), we find that
E[pY, n(k)]
k 1 sin(y; d 3"1‘]) k)d
OBV EDY Rla\a'/RD,H ( )H " ke (k)Y
1<]la|<m =1 j=1
D 1 m—+1
1 m+1 sin yJ m 0" g ty
+EIBI Rm+1ﬂ'/ H ( )1:[ / (=" (k= 3 ) dydt.
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According to the hypothesis that [, ¢ ( m(z)> 23dz = 0forall 1 < j < m, we obtain that

/RD H <Sm - ) ﬁ(_yj)aj aa‘:f (k)dy =0

Yj =1

for any o = (s, ..., aq) such that 1 < |a| < m. Collecting the above results, we arrive at

E[p% 7 (k)] — (k)|

1 +1 = L am+1
~|aD RTZL@-HBI/ H¢(Sln >H / (=™

|Bl=m+1
<sm Yj >
Yj
p

D
1 m+1 /
<a5 > g ), 1L
— D m—+1 2|
|8l=m+1 R Bl Jgo j=1
am
Since the function p € C™T(RP), we can find positive constant M such that || T (B)||oo <M
forall 3 = (B1,...,0Bq) such that |5| = m + 1. Therefore, we find that

D
Elpb n (k)] —p(k)| < o5 %/RDH <smyjyj>

|Bl=m+1 j=1

i X . H! ()

[Bl=m+1

y
k— Y dydt
R>y

m+1
(1 ‘3 ( )’ddt.

b

|5de/ (1 —t)™dt

Hly % dy.

For any 5 = (1, ..., 0p) such that | 3| = m + 1, an application of the AM-GM inequality indicates
that Hle ly;|% < m(Z]D:l ly;|™*1). Hence, putting these results together leads to

E[pS, n(k)] - p(k)| < Ajfgﬂ Py 6, H\ (ni) y)\ Zw et dy,

sin(z)

From the hypothesis, we have f ‘qﬁ ( ) ‘ |z|m*T1dz < co. As a consequence, we can find a
universal constant C' depending on A and d such that
C
E[p o (k)] —p(k)| < Rl

forall k € RP.

Bounding the variance: We now move to bound the variance of p}’i, (k). Indeed, direct computation
indicates that

2P sin .
VarlpS (k)] = i Var H¢( (Rl 1))

nA2D H¢ (Sln KK;)))

A2D/}RDH (SlnyJ )p(k;{z)d _RDEL;;%O/RDH&(&H% >

where the variance and the expectation are taken with respect to K = (K 1,..., K 4) ~ p. As

fR ®? (%) dz < oo, there exists a universal constant C’ depending on A and D such that

C'RP
Var[p}y (k)] < =

As a consequence, we obtain the conclusion of the theorem.
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D.2 Proof of Theorem 3
From the Plancherel theorem, we obtain that

L, [0t =)k = [ [ i) =00 . @)

where ﬁ‘ﬁ[ r and D are respectively the Fourier transforms of py r and p. From the definition of

generalized Fourier density estimator p(ﬁ[’ g in equation (12), it is clear that
1 D
PR () = 5 D exp(it ki) [ Ka(t)).
i=1 j=1

o7

for any ¢ = (t1,...,tp) € RP where we define Kg(y) := % [, Ro (%) exp(iyz)dx
for any y € R. To ease the presentation, we denote Kr(t) := Hle Kr(t;) and pn(t) =
LSV exp(itTk;) forany t = (t1,ta,...,tp) € RP. Based on these notations, we can rewrite

PRr(®) = on(t)Kr(?)

Direct calculation shows that By~ [on(¢)] = P(t) for any t € RP where kI := (ky,...,k,).
Furthermore, we have

By low ()] = Elpw (ton(~t)] = B [(}V > exput%)) G, > exp(—itTk»)]

= % (N]\_f 1)E [exp(it " k) exp(—it ' k)]
= 3+ S e

Collecting the above results, we have the following equations:

e [ [ a0~ 0] dt] =By [ [ fow01Kn(o) - pie)) e
~ g | [ [6onl) = HODKR(E) ~ 501~ Kn(0)]”at
= [, Bap [ton(®) ~ OF] K3(6) + 700 - Knlt)*dt

~ = 1 - _
- [ o0 -Ea@pas g [ o- |p<t>|2>K%<t>c(i;)

Combining the results from equations (24) and (25), we find that
¢ ¢ 2
MISE(S, ) = By | [ [0 a0 ~ 98] ]

= (271)0 (/RD pP(t)(1— Kg(t)*dt + %/Ro(l — |ﬁ(t)|2)f(§(t)dt) . (26)

D.2.1 When ¢(z) = z

We first consider the setting when ¢(z) = z, namely, the setting of the Fourier integral theorem.
Under this setting, direct computation indicates that

d
Kr(t) =[] Lui<n-
i=1
Given the smoothness assumptions on the function p, we have two settings on that function.
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Supersmooth setting of the function p: When the function p is supersmooth density, we have

D
Pt)] < Crexp | —Co | > [t;1* ] |,
j=1

where C7 and C5 are some universal constants. Therefore, we find that

D
/ PA(t)(1 — Kg(t))*dt :/ pA(t)dt < Cl/ exp | —Cs Z|tj|“ dt
RD RP\[-R,R]P RP\[-R,R]P =

D D
<oy [ ew|-ca| Sl |t
i=1"DBi j=1
(27

where B; := {t € R : |t;| > R}. We now proceed to bound [, exp (—02 (Zle |tj|a)) dt for
all i € [D]. Indeed, we have that

D D—1
[oew|-co [Tl | Jat=([ew(-calela) - [ expl-Calal s
B = R lz|>R

C D-1
= 2% 51 / exp(—Calz|™)dx.
(2C2I'(1/ ) |2|>R

k3

When o« > 1, we have that

/ exp (—Cox®) dx < / 2 Lexp (—Coz®) dr = exp(—CyR*)/(Cha).
R R

When « € (0,1), then we find that

/ eXp(—nga)dx:/ 2 7z exp(—Chx®)dx

R R
Ri=%exp (—CoRY) 1—-a [™
< —Cox™)d
= Char * ChaRe /R exp(=Caa)dz,
When the R is such that R* > 2%;3) , the above inequality becomes
© 2RI~ —(C9 R
/ exp(—Caz®)dx < exp (=C3 )
R CQO[

Collecting the above results, we arrive at
4Rmax{17a,0}
/ exp(—Csz|*)de < ———— exp(—CyR%). (28)
jo|>R Cra

Plugging the inequality (28) into the inequality (31), there exists universal constant C's depending on
« and D such that

/ P2(t)(1 — Kg(t))%dt < C3 R>{1=2.0} exp(—C, R?). (29)
RD
On the other hand, we also have
L apwpRima< L [ ki< (30)
N RD p R - N ]RD R - N ’

Combining the results from equations (29) and (30), we obtain that

; RP
MISE(p%’R) <Cy (Rmax{l—a,o} exp(—C1 R®) + N) )
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As a consequence, we obtain the conclusion of Theorem 3 under the supersmooth setting of the
function p and ¢(z) = z.

Ordinary smooth setting of the function p: The proof of Theorem 3 when the function p is ordinary
smooth also proceeds in the similar fashion as that when p is supersmooth. In particular, we have

D D
_ 1
p2(t)(1 — Kp(t))%dt < §/ ||7dt, 31
/Rnp()( ~(®)) _673:1 B, 1o (1+14517) b

where B; := {t € R : |t;| > R}. By simple algebra, we obtain that

D D-1
1 1 1
Ildtz(/dx) / ———dx
/B o (L 1517) ® 1+ |z/° wl>r 1+ [2]P

1 b=l 9
< - d — = _RAHL
(41+uwm> 51

Putting the above results together leads to
/ PP = Kp(t))*dt < e R7, (32)
R

where c¢; is some universal constant.

Similar to the supersmooth setting, we also can bound the variance & [ (1 — [D(2)|?) K3 (¢)dt
under the ordinary smooth setting as follows:

1 ~ . RP
N [, (1 PO Kx(E)dt < (33)

N
Combining the results from equations (32) and (23), we obtain that

RD
MISE(p}, ;) < c2 (R—ﬁ“ + N) ,

where ¢, is a universal constant. As a consequence, we obtain the conclusion of Theorem 3 under the
ordinary smooth setting of the function p and ¢(z) = z.

D.2.2 When ¢(z) = 22

When ¢(2) = 22, which corresponds to the Féjer integral setting, we find that

d

_ 1 t;

Kr(t) = o5 II (2 - ‘RD 1t <2ry-
=1

Given the formulation of the function Kg, we first bound & [, (1 — [p(¢)|*)K%(t)dt. Indeed,
direct calculation shows that

D
1 R B 1 _ 1 |x‘
= 1—[p@)|>)K2(t)dt < — K% (t)dt = — / 2-—4d
N RD( [p(t)|") KR() = N Jao r(t) N2DP ( |z|<2R R ’
2D RP

Now, we proceed to upper bound [, , p*(£)(1 — Kpr(t))2dt. We have two settings of the function p.

Supersmooth setting of the function p: Given the above formulation of the function K z, we have

/ﬁ%ﬂ—mmwa:/ P2 (1)t
RD

RP\[-2R,2R]P
+ / (1) (1 -
[-2R,2R]P
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By using the similar argument as when ¢(z) = x, when p is supersmooth function, we obtain that
/ P(t)dt < CLR™ U= exp(—CyR?), (36)
RP\[-2R,2R]

where C{ and C7 are universal constants. On the other hand, we have

/[QR.’QR]D () (1 - ﬁ <1 _ ;;4))2 it

i=1

D D ] 2
SC’/ exp | —C i < ) dt
oo (e () ) (-1

=1

D
exp | =Ca | > [t]* H;%;n“dt (37)
j=1

where C is some universal constant. Here, iy, ...,1,, in the sum satisfy that they are pairwise
different and 1 < 44, ...,%,, < D. Now, simple calculations indicate that

S ILZ, 2
= K2
L oo |0 (1007 | e =

Jj=1

D
1
T /Dexp —Cy | Y 11" Ht2dt§R2m, (38)
R X
Jj=1

where C5 is some universal constant. Combining the results from equations (37) and (38), there
exists universal constant C's depending on D such that

D 2
-9 _ B M 03
/[—2R,2R]Dp ®) (1 H ( 2R>> dt < R (39)

i=1
Plugging the inequalities (36) and (39) to equation (35) leads to the following bound
Gy _ Ci

T2 S (40)

[, P00 - Ba(t)?de < CiRmx1-20) exp(-CR") +
RD

Combining the results from equations (34) and (40), we have

¢ ~ (1  RP

As a consequence, we obtain the conclusion of Theorem 3 when ¢(z) = 22 and the function p is
supersmooth function.

Ordinary smooth setting of the function p: Using similar proof argument as that of the supersmooth
setting of the function p, as 8 > 3, we find that

D 2
~2 7 2 ¢ H2 |t |
‘4Dp“x1_Khu»dt§Bﬁ14:42Rmpp(ﬂ<1_11<1_2R>> dt

=1
C C1 Co
SR TR S Ry
where c, ¢1, co are universal constants. Combining the inequalities (34) and (41), we obtain the

conclusion of Theorem 3 under the ordinary smooth setting of the function p and ¢(z) = 2.

D.3 Proof of Theorem 2

Our proof strategy is to first bound the bias of fx (k) and then establish an upper bound for the
variance of fy r(k) for each k € RP.

(41)
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D.3.1 Upper bound on the bias

Recall that in equation (14), we define fn g(k) as follows:
N sin(R(k; —kij))
Z‘—l Vi Hg 1 ¢ ( R(k; k,J)J ) . CLN)R(k)
sin(R(k; —k; T,
ST o (BRtad)  pg(k)
where p(ﬁ,’ (k) is generalized Fourier density estimator in equation (12) while a, r(k) is defined as

follows:
rD N D sin(R(k; — kij))
an,r(k) = WAD ;Vig¢ (R(k;—/fzg)) .

fNﬁ(k) =

)

Simple algebra leads to

a - ¢ - _p®
(k) — Flk) = ~.r(k) p(fk()k)PN,R(k) I (fn,r(E) f(k;(),il;(k) Pn,R(k))- (42)

Therefore, via an application of Cauchy-Schwarz inequality we obtain that

(E[fn,r(k)] — f(k))?

(Bt — 50 ®)])” (B [(nth) — 10 0) e n(8)])

< (k) " (k)

_ (Blavats) — s a])” Bt ~ 5B [(008) ~ )]

= (k) ! (k) "

where the second inequality is due to the standard inequality E?(XY') < E(X?)E(Y?) for all the
random variables X, Y.

According to the assumptions of Theorem 2 and the result of Theorem 1, we have

C CoRP
E [(p(k) ~ pn(k)?] < Sy + (44)

where C7 and C5 are some universal constants in Theorem 1.

Now, we proceed to bound |E [a ~N.r(k) — f(k)pn r(k)]|. Direct calculation demonstrates that

Blavak) = 45 [ U o (T ) s )y

i [T (M) By Baw

An application of Taylor expansion up to the m- th order indicates that

o, 01 _
p<k_%>: 2 lala!H ~Yj) 81@5 k) + Ri(k,y),

0<|a|<m
Y\ _ a\alf _
f <k B E> - Z R|a|a| H y] Ok k) + RQ(ka y)7 (46)
0<|a|<m
where a = (ax, ..., aaq), la] = 27:1 a;, and Rl(k, y), Ro(k, y) are Taylor remainders admitting
the following forms:
D
_ m + 1 am+1p
Ri(k,y) = Z m_Hﬁ' H —y;) / 1—6)™ B k— E dt,
|Bl=m+1
D
m + 1 Bj m 8m+1f ty
) mﬂ(—w) A (-5 z— 5 )d. (4D
|B]=m+1 j=1
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Combining equations (46) and (47), we obtain that

AT A 1 b ey @l DS
(=) (k=F) = 3 e )™ G 0 g ®)
0<|al,|B|<m j=1

D
1 a_ala\p _
i B | (SRR OF RACRY
0<|a|<m ti=1

la| B ) )
2 Rl H(*yj)“"a f(k) Ri(k,y) + Ri(k,y)Ra(k,y).

sm(z)

As we have fR 0] 2/dz = 0forall 1 < j < m, plugging the equation in the above display to

equation (45) leads to
Elan,r(k)] = f(k)E [pf,ﬁ,,R(k:)} + B1 + Ba + B3 + By,
where By, By, B3, B, are defined as follows:

1 sin(y;) a]+5j olalp — alBlf

m+1<|a|+|8|<2m

D
sin 1 Qlal _
Bz = AD/ H < yj) > Farar L w)™ 8,:;0(’6) Ry (k, y)dy,
Ci=1

0<lal<m

sin(y; 8\ lf _
3 AD /RD H < ) Z |a|al H yﬂ (9]430‘ (k) Rl(kay)dy7

Yi 0<|a|<m

By = AD/ H (Sm ) 1(k, y) Ra (k. y)dy.

Since we have [, ‘gzb (“m(z )‘ |z7dz < oo forany m + 1 < j < 2m + 2 and pg, f € C™TL(RY),

we find that as long as R > ¢ for some given constant ¢

D
1 1 sin(y

Bl < — E _

|B1] < AD Rlel+8la14! /RDJH < )

m+1<|a|+|B|<2m =1
where ¢ is some universal constant depending on A, D, and ¢. Furthermore, we find that

C1
D
1 m+1 sin y]
1 __m+i
1Bl < 55 > Rlel+m+14141 /RD . ( )
=1

= R
0<|a|<m,|B]=m+1
1 m—+1
m ot f C2
X \/0 (1 - t) || 8’(:’6 ||00dydt —_ R7n+1’

where cs is some universal constant depending on A, d, and ¢. Similarly, we also can demonstrate
that B3 < ¢3/R™t! and By < c¢4/R*™*Y for some universal constants c3 and c4. Putting the
above results together, we arrive at the following bound:

H\ O ik S
Yi Ok " 9B 10

|°‘J +8;

/

c
[E [an.r(k) = £} o] < - (48)
Plugging the results from equations (44) and (48) to equation (43), we obtain that

2(c')? oF [(fn.r(k) — f(k))? C CyRP
(B [fn,r(k)] — f(k))* < pz(k)(Rz)(m“) + [ N};(z(;g) )] (Rz(mlﬂ) 2N ) '

(49)

28



D.3.2 Upper bound on the variance

Now, we study the variance of fn r(k). By taking variance both sides of the equation (42), we obtain
that

amﬂmf@b%ﬂ@+ﬁmﬂm)fﬂwp%)pﬂﬂmv
p

B (
var(fy,r(k)) = var ( p(k) (k)

(50)
Upper bound of 75: To upper bound 75, we utilize the following lemma.
Lemma 1 Assume that the function ¢ and pq satisfy the assumptions of Theorem 1. Furthermore,

#(2) < C as long as |z| < 1 for some universal constant C. Then, for almost all k € RP, there exist
universal constants C' such that

P (‘P?@,R(k) —p(k)\ > <R7,1L+1 b 10]%(2/5)» <.

Proof of Lemma 1 is given in Appendix D.4. Now given the result of Lemma 1, we denote B as the
event such that

‘p}’&,R(k)p(k)lgcf(RiH " RDI(};g](Q/é))

where C” is a universal constant in Lemma 1. Then, we obtain P(B) > 1 — . Hence, we have the
following bound with 75:

o = E |(f.r(k) = F(R)*(p(k) — p},(K))*|B| P(B)

+E [(fn.n(k) = (k) (p(R) ~ b n(R))*| B P(B°)

< 2K [(fn,r(k) — f(k))?] (R2(3n+1) + dl 13%[(2/6) +9 (pQ(k) + C/i’)) ’

where ¢’ is some universal constant and the final inequality is based on the inequalities: P(B¢) < §
and (p(k) — ply p(K))? < 2002 (k) + (0 p)?(K)) < 2 (p2(k) + C’jﬁ,”) where C'is a universal

constant such that ¢(z) < C when |z| < 1. By choosing ¢ such that § =
obtain that

RD
NG (R)+CPRIDAD) e

D
1 R log(NR)>7 51)

T, <'E [(fN,R(k’) - f(k))Q] (Rz(m+1) + N

for some universal constant ¢’/ when R is sufficiently large.

Upper bound of T1: As v; = f(k;) + ¢, for all i € [N], direct calculation shows that

EEK;i%iU%ﬂﬂmqi¢Cﬂ£$L£?v

1=

+
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An application of Cauchy-Schwarz inequality leads to

p N D sin j — Rij 2
Ty < 2R (iAP (f(ki)—f(k))H¢<m>)

2
1 = sin(R(k; — kij
+ 2E (NT['D Zeznd)(](%(k(_ku))))) =2(51 + 52).

2
Since we have E {(11, Y oict Zi) } < ~E[Z2] + E2 [Zy] for any i.id. samples Z1, ..., Zx, we
obtain that

R2D 2D o [(sin(R(k; — X ;
S1 < Nz [(f(X)—f(k)) j];[lcb (M)

R2?D D /sin(R(k; — X))
I e (T2
AP [ ]1;[1 R(kj — X5)
where the outer expectation is taken with respectto X = (X 1,...,X 4) ~ p. From the result in

equation (48), we have

2D D sin i — X ¢
o s o () | < - o]

where ¢’ is some universal constant. In addition, an application of Cauchy-Schwarz inequality leads
to

e o s e (857
sﬁiﬁ (F2(X) + £ jfjlqs?(sm XX‘{”)]

- [ 11 (52 (e )l ) <
< 2R X Pl + 8 /RDH o2 (D) g

Since we have [, ¢?(sin(z)/z)dz < oo, it indicates that we can find a universal constant ¢’ such that

R?D o sin(R(k; — X ;))
E X) — (k)2 2 J J
e {(f( - s T (s 22)
Jj=1
Putting the above results together, we obtain that

< ¢"RE(|[f2 X plloo + f2(k))

"R (|12 x pllos + f2(K))
- N A2D :

81 < oty + 2D (52)
Similarly, since E(¢;) = 0 and var(e;) = o2 for all i € [N], we have
2R _ | 5 sin(R(k; — X ;)) "0 RP ||p||oe R
_ 7]}3 2 J -J < S 53
%2 = Nazp E ¢ ( R(kj — X ;) ) = NA2D 43
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where ¢’’’ is some universal constant. Combining the results from equation (52) and equation (53),
we find that

(54)

T <C((||f2><poo+f2(k)+0'2||p||oo)RD 1 )

N + R2(m+1)

where C'is some universal constant. Plugging the bounds of 73 and 75 from equations (51) and (54)
into equation (50), when R > C’ where C’ is some universal constant, we have

! D o
SB[t = 109°) (g + )
G (umchr 1
P2(k) N R2(m+1) )°

where C1, C}, CY, are some universal constants. Combining the results with bias and variance in
equations (49) and (55), we obtain the following bound:

2(c')? 2E [(fn.r(k) — f(k))?] ( G CzRD>
p2(k)R2(m+1) pQ(k) R2(m+1) N

var(fn r(k)) <

+ (55)

E [(fv,r(k) — f(k))?] <

C ) 1 RPlog(NR)
+ ZW}@)]E [(fn.r(K) = f(K))?] (RQ(W'H) + N )

Cy ((f(k)+C5RP 1
pQ(k) N + R2(m+1) |~
As a consequence, we obtain the conclusion of the theorem.

D.4 Proof of Lemma 1

Invoking triangle inequality, we obtain that

Phnlk) = (k)| < |p% p(k) — B [p% 5 (8)] | + [E o nW)] —pR)|. 56)

+

If we denote v; = ff—ﬁ Hle @ (%) for all i € [N], then as sin(R(k; — ki;)/(R(k; —
kij)) < 1forall j € [D] we have |v;| < CPRP /AP for all i € [N] where C is the constant such
that ¢(z) < C when |z| < 1. Furthermore, from the proof of Theorem 1 we have var(v;) < C'RP
where C’ > 0 is some universal constant. Given these bounds of v; and var(v;), for any ¢t € (0, C"']
Bernstein’s inequality shows that

1 & N2
P||— — K > <2 — .
( N ;V il = t) < 2exp ( 2C7RD ¢ ZCDRDt/(3AD))

By choosing t = C'y/RP log(2/5) /N, where C is some universal constant, we find that

P

/N

Phn(®) —E [p} a(k)]| > ¢) =P (‘Jif ﬁ:v R

> t) <. (57)

From the result of Theorem 1, there exists universal constant ¢ such that
B [0 (k)] = plk)| < c/R7H. (58)

Plugging the bounds (57) and (58) into the triangle inequality (56), we obtain the conclusion of the
lemma.

E Additional Experimental Results

E.1 Effect of ¢

Using the WikiText-103 language modeling as a case study, we analyze the effect of ¢(x) on the
performance of FourierFormer. In particular, we set ¢(z) = x* and compare the performance of
FourierFormer for £ = 1,2, 3,4 and 6. We keep other settings the same as in our experiments in
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Table 7. Ablation study on how the choice of ¢(x) = z* influences the performance of FourierFormer.
Odd values of k£ cause training to diverge. For even values of k, greater k yields better perplexity
(PPL), but the improvement is small for & > 4. Other choices of ¢ such as ¢(z) = |z|, ReLU(z), and
sigmoid(x) yield worse results.

Method Valid PPL Test PPL
Baseline dot-product (small) 33.15 34.29
FourierFormer, ¢(z) = 2 (small) 32.09 33.10
FourierFormer, ¢(z) = x* (small) 31.86 32.85
FourierFormer, ¢(z) = 2° (small) 31.84 32.81
FourierFormer, ¢(x) = z (small) not converge  not converge
FourierFormer, ¢(z) = x> (small) not converge  not converge
FourierFormer, ¢(z) = |z| (small) 33.12 34.18
FourierFormer, ¢(z) = ReLU(z) (small) 33.87 35.01
FourierFormer, ¢(z) = sigmoid(x) (small) not converge not converge

Table 8. Ablation study on how the initialization of R influences the performance of FourierFormer.
When R is initialized to a too small or too big value, the PPL of the trained FourierFormer is reduced.
Rinic = 1,2, 3 yield the best results. Fourierformer with learnable vectors R yields better results than
Fourierformer of the same setting using learnable scalars R with the cost of increasing the number of
parameters in the model.

Method Valid PPL  Test PPL
Baseline dot-product (small) 33.15 34.29
FourierFormer, Rini = 0.1 (small) 32.04 33.01
FourierFormer, Ry = 1.0 (small) 31.89 32.87
FourierFormer, R = 2.0 (small) 31.86 32.85
FourierFormer, Rini = 3.0 (small) 31.90 32.88
FourierFormer, Rjnii = 4.0 (small) 32.58 33.65
FourierFormer, R, = 2.0 (small, R is a vector) 31.82 32.80

Section 4.1. We summarize our results in Table 7. We observe that for odd values of k such as
k =1, 3, the training diverges, confirming that negative density estimator cause instability in training
FourierFormer (see Remark 3.1). For even values of k such as k = 2,4, 6, we observe that the
greater value of k results in better valid and test PPL. However, the gap between k = 4 and k = 6 is
smaller compared to the gap between k£ = 2 and k = 4, suggesting that using £ > 4 does not add
much advantage in terms of accuracy. We have also studied other choices of ¢ that are nonnegative
functions such as ¢(x) = |z|, ReLU(z), and sigmoid(x). Those functions yield worse results than
¢(x) = x*™. We summarize these results in Table 7.

E.2 Effect of the Initialization of R

In this section, we study the effect of the initialization value of R on the performance of FourierFormer
when trained for the WikiText-103 language modeling and summarize our results in Table 8. Here we
choose R to be learnable scalars as in experiments described in our main text. Other settings are also
the same as in our experiments in Section 4.1. We observe that when R is initialized too small (e.g.
Rinit = 0.1) or too big (e.g. Rinie = 4), the PPL of the trained FourierFormer decreases. Riyy = 1,2, 3
yield best results. We also study the performance of the FourierFormer when R is chosen to be a
learnable vector, R = [Ry,..., R D}T. We report our result in the last row of Table 8. FourierFormer
with R be learnable vectors achieves better PPLs than FourierFormer with R be learnable scalars of
the same setting. As we mentioned in Section A, this advantage comes with an increase in the number
of parameters in the model. Finally, from our experiments, we observe that making R a learnable
parameter yields better PPLs than making R a constant and selecting its value via a careful search.

E.3 Efficiency Analysis

We have included quantitative results on the runtime and GPU memory usage of the FourierFormer
versus the baseline softmax transformer in Table 9.

E.4 Synthetic Examples for Density Estimation and Nonparametric Regression via The
Generalized Fourier Integral Theorem

We empirically confirm Theorem 1 for density estimation and Theorem 2 for nonparametric regression
using the Generalized Fourier Integral Theorem in this section. In Figure 1, we show that the
generalized Fourier density estimator can approximate (A) 1-D and (B) 2-D Gaussian distribution
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Table 9. Runtime and GPU memory usage of the FourierFormer vs. the baseline softmax transformer.
Both models are trained for the WikiText-103 language modeling task.

Model Runtime (Train) GPU Memory (Train) Runtime (Test) GPU Memory (Test)
(miliseconds/sample) (GB) (miliseconds/sample) (GB)

Baseline softmax (small) 5.41 1.43 1.53 0.94

FourierFormer (small) 6.00 1.43 1.70 0.94

~—— Ground Truth Density Estimated Density
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015 \
oo /

005 ”

Figure 1. (A) 1-D and (B) 2-D Gaussian distributions and their estimated densities via Fourier Integral
theorem.

@ Ground Truth Prediction

Figure 2: Non-parametric regression via the Fourier Integral theorem.

with a dense covariance matrix well, which further verify Theorem 1. In Figure 2, we show that the
generalized Fourier nonparametric regression estimator can approximate the function that maps from
a random variable to another random variable, which further verify Theorem 2.

In particular, for the density estimation experiments, we sample 100000 data points from the 1-D and
2-D Gaussian distribution and estimate the density for 1000 uniformly sampled test points. The mean
square errors (MSE) are 1.29 x 1075 and 2.42 x 10~ for the 1-D and 2-D case, respectively. For the
non-parametric regression task, we build a training dataset with 90000 correlated normally distributed
samples and choose a 3-degree polynomial as the ground truth function. The MSE between ground
truth labels and predictions is 0.06.

33



	Introduction
	Self-Attention
	Contribution

	A Nonparametric Regression Interpretation of Self-attention
	FourierFormer: Transformer via Generalized Fourier Integral Theorem
	Generalized Fourier Integral Theorems and Their Applications
	Density Estimation via Generalized Fourier Integral Theorems

	FourierFormer: Transformers with Fourier Attentions
	Nonparametric Regression via Generalized Fourier Integral Theorem
	FourierFormer

	An Efficient Implementation of the Fourier Attention

	Experimental Results
	Language Modeling on WikiText-103
	Image Classification on ImageNet
	UEA Time Series Classification
	Reinforcement learning on the D4RL benchmark
	Machine Translation on IWSLT’ 14 De-En
	FourierFormer Helps Reducing Head Redundancy

	Related Work
	Concluding Remarks
	Experiment Details
	Language Modeling
	Image Classification
	UEA Time Series Classification
	Reinforcement learning on the D4RL benchmark
	Machine Translation

	Background
	Kernel Density Estimation
	Nonparametric Kernel Regression
	Fourier Integral Theorem

	Additional Theoretical Results
	Generalized Fourier density estimator
	Generalized Fourier nonparametric regression estimator

	Proofs
	Proof of Theorem 1
	Proof of Theorem 3
	When (z) = z
	When (z) = z2

	Proof of Theorem 2
	Upper bound on the bias
	Upper bound on the variance

	Proof of Lemma 1

	Additional Experimental Results
	Effect of 
	Effect of the Initialization of R
	Efficiency Analysis
	Synthetic Examples for Density Estimation and Nonparametric Regression via The Generalized Fourier Integral Theorem


