A Roadmap

In Appendix [C| we establish the main consequences of the RZWDC that are then used to prove
Theorem 4.4, Then in Appendix D, we prove Lemma|[5.2/showing that a Gaussian generative network
satisfies the RZWDC with high probability. In Appendix [E]we analyze the perturbation of the gradient
and objective function due to the noise term 7, and provide the proof of Lemma([5.3| Extension of the
recovery guarantees for Phase Retrieval, Denosing, and Spiked Matrix Recovery are discussed in
Appendices [F.T}[F.2, [F3]respectively. Finally, in Appendix[G we give an example of a network with
contractive layers, satisfying the assumptions of our main theorems, and in Appendix [H we verify the
prediction of our theory with synthetic experiments.

B Notation

For any vector z we denote with ||z|| its Euclidean norm and for any matrix A we denote with || A]| its
spectral norm and with || A||  its Frobenius norm. The euclidean inner product between two vectors
a and b is {(a,b). For a set S we will write |S| for its cardinality and S° for its complement. Let
B(z,r) be the Euclidean ball of radius r centered at x, and S~ be the unit sphere in R¥. We will
use a = b+ O1(5) when |ja — b|| < J, where the norm is understood to be the absolute value for
scalars, the Euclidean norm for vectors and the spectral norm for matrices.

C Consequences of the R2ZWDC

Following [18]], we define the function g : [0, 7] — R which describes how the operator x — W, ,
distorts angles:

g() == cos™! ((W_Q)CC:0+Sin9). (18)

For two nonzero vectors x, y we let fy = /(x,%) and define inductively 6; := g(6;_1). Then we set

= 1 . 71'79_1' ! sinéi . ™ — Gj N
hay = 57 | (1] —==)v+ 2 ——C 1] =) Iliz|. (19)

1=0 i=1 Jj=i+1

Proposition C.1. Fix € > 0 such that max(2de, 10€) < 1. Let G be a generative network as in
satisfying the R2ZWDC with constant €. Then for any x € R* and j € [d]

l2l? (5~ ) < IGs@IP < (5 +¢) ll? 200)
I6@)7 < 257 . (200)
Moreover, for any x # 0, y # 0, j € [d], the angle 0; = Z(G;(z),G;(y)) is well-defined and
0, —g(0;-1)| < 4v/e (21a)
(C(@),G) > 1~ gellally] @1b)
dB/fe

(G(2), G(y)) — (2, hay)| < 24

where g is given in and h in (19).

The next result is used to prove concentration of the gradient of the objective function around its
expectation.

Proposition C.2. Fix0 < ¢ < d~*/(167)2 and d > 2. Suppose that G as in [2)) satisfies the R2WDC
with constant €. Let v € R¥ be a point where G(x) is differentiable, and y € R \ {0}, then

sa Izl (21¢)

1+ 4ed 13 1
gz < —9d S 19ad (22)
1 4ed
[AG oAz — ﬁIkH S 57 (23)
~ d3./e
1AL Ay — Py | < 2055 ) 24)

2d
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The next proposition uses the RZWDC to bound the local Lipschitz constant of the ReLU-networks
{Gj}iela
Proposition C.3. Suppose that v € B(z, d+/€||y||) and G satisfies the R2ZWDC with e < 1/(200)*/dC.
Then for every i € [d), it holds that
1.2
1Gi(2) = GiW < Sz lle =yl (25)

The next proposition is used to show that when z is close to y, the gradient of the objective function
points in a direction that decreases the distance between of = and y.

Proposition C.4. Suppose x € B(y, d+\/€||yl|) is a differentiable point for G, and the R2ZWDC holds
with e < 1/(200)*/dC. Then it holds that

1 11
AL (Aez = Ayy) = o5 (@ —y) + 55 76ll = wllOL(1) (26)

We can now prove Theorem 4.4
Proof of Theoremd.4] The proof of Theorem 3.1 in [21] only uses the inequality (20a)-(26), which
are proved for a network satisfying the WDC. The previous propositions have shown that such

inequalities hold under the weaker RZWDC. Therefore from the proof of Theorem 3.1 in [21]]
combined with the Propositions|C.T{C.4, we obtain automatically the proof of Theorem 4.4} O

C.1 Supplemental Results for Section[C
Proof of Proposition[C.1]

Proof. For z,y € R* and j € [d], below we write z; := G;(x) and y; := G, (y).

- Proof of (20a)
Notice that by () for x € R*

1 1
(5 = )zl < Nl < (5 + ) gl

which proceeding by induction gives (20a).

- Proof of (20Db)
Next observe that since log(1 + z) < z, €* < 1+ 2z for z < 1 and 2de < 1, from (20a) we have
(1+ 2¢)? 1 ylos(1s2e 1+ 4ed
|Ga(@)|* < g ll2l|* < e +29z|| < —— x|,

which corresponds to (20b).

- Proof of

Assume that 2,y € R¥ \ {0}. Then, the assumption 2de < 1 and the lower bound in imply that

6; are well-defined for all j € [d]. To prove then notice that it is sufficient to prove that for any

j € [d] it holds that

(7T — 9]‘_1) COS 9]‘_1 + sin Gj_l
s

’cosﬁjf ‘§5€

By homogeneity of the ReLU activation function, we can assume without loss of generality that
lzj—1ll = llyj—1ll = 1. Let

01 = (wj-1, (Wf+,ij,+7y = Quy vy Vi-1)
(52 = <l‘j*17 (WJ/J:“+7£EWj)+7w - Ik/z)yji])
03 := (Yj—1, (WJT+,ijv+vy ~ Lk/2)yj-1)
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and notice that by the RZWDC we have max(|d1], |92/, |d3]) < €. Thus,

(25,9;)

cosf; =
AN

<$j—17W]+wW +yYi- 1>
\/<$j—17W] 4o Wit aTj— 1)(Y5i-1 Wj,+,ij7+,yyj—1>

_ 2<xj—17 ijflyyjflyj_1> + 51
V(1 +202)(1 + 263)

Finally, notice that 2(x;_1,Qu,_, y;_,¥j—1) = [(1 —0;_1) cos0;_1 +sinb;_1]/7 so

1
V(1 +268,)(1 + 263)

lcos0; — 2(xj—1, Qu; ;1 Yi-1)| < 20 (@j-1, Quj sy 1 ¥j—1)||1 —

2|61
V(14 265)(1 + 2653)
< ‘1 _ n 2€
- (1 —2¢) (1 —2¢)
< 5e

where the second inequality follows from [2(x; 1, Qz,_, y,_,¥;j—1)| < 1 and max(|d1], |d2],[d3]) <
€, and the third inequality from 10e < 1.

- Proof of (21D))

By (20a) and € < 1/2, it follows that ||z4]||yal| > 529 12| [ly]| 252%. Moreover, let § := 4/,
then by we have that §; = g(6,_1) + 01(5). Thus, §; = g(g( -g(g(8p) + 01(3)) +
O1(8)--+) + 01(9))) + O1(3) and for § = g°%(fy), so that, using ¢’(#) < 1 for all §, we have

104 — 84| < d6. 27
Then by (27), 04 < cos™'(1/7) for d > 2, and 16md /e < 1, follows that cos 4 > 3/(4n).
Finally, if 2de < 2/3, we can then conclude that

11
(G(2), G(y)) = cos(ba)llzalllyall = o5 ll= ]yl

- Proof of (21¢)

The following result on a recurrence relation will be used in the subsequent analysis

d

Ly=silar+ra, To=y = Fd—(Hsz)y+Z(n I1 %) 28)

=1 Jj=i+1
Define I'y := <$d7 yd>, then

Iq=(x4-1, ng1,+,do71,+,1yd71>
= <$d717de71,yd Ya—1) + O01()|[ya-1lll|za-1,

T —04_1 sin 9d 1
=5 Ta1+ [za—1lllya—1ll + Or()llya—1llllza-1l,
=041 Sin9d,1 1zl vl ded
=—Tg 1+ —- ( 2(1+4 d) 1),
m— b1 sin a1 [yl ||y|||| o
=—77"4 11de
S P TS Ou(1),
Where the second equality follows from the R2ZWDC , the third from the definition of (), ;. The rest
of the proof proceeds as in the proof of Lemma 8 in [18§]]. O
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Proof of Proposition[C.2]

Proof.
- Proof of (23).

Let = € R¥ be a point where G is differentiable, and notice that for small enough z, by local linearity
of G, we have G(x + z) = A, z. Then the RZWDC gives for j € [d]

(W Wi — Tk /2) N1 02, A1 02)| < ellAjo1a]?]2))?

for all z, which in turn implies

1
AT A — §AT Aj1all < elA] ) A 1]l (30)

j—1,x j—1,x
Let now My := AL Ay, with My = I, then

1
Mq = 5Ma—1 + [Ma-1][O1(e). €2y

‘We then obtain 4
(1+ 2¢) 1+ 4ed
THMOH < —od

where the second inequality, and the third inequality uses 2de < 1 and the same reasoning as in the
proof of (20b). From and we obtain the following recurrence relation

1+4e(d—1)
—ger )

1
IMall < (5 +€) IMa-a]) <

1
Mg = iMd—l + O <6

which, using and 4ed < 1, gives

d .
Md: 1I}C'FE:Ol(Gl—i_Zk(Z_1)) 1

2 pt 21—1 2d—’i
1 ded
= —0(1
o'k + od 1(1)
- Proof of (24).
Notice again that if € R” is a differentiable point for G, the R2WDC gives for any j € [d]
AT 2 Ay = AT 1 2 Qay sy M-yl < el Aj—rallll G- ()] (32)

We then let Iy := AdTJAd,yy and observe that

Fa= Ag—l,LEQxd—lyyd—lAd_Lyy + [[Ad—1,2[[|Ga—1(y)]|O1(€)

T —04_ sinf,_ _
_ 17 Yd-1 1Fd_1 + a1 Hyd 1” Ag_LxAd—l,ac‘T + 6(

21 21 gl

where the first equality is from (32), and the second uses the definition of @, ,,, (20b) and (22). The
rest of the proof follows as in the proof of Equation (7) in Lemma 8 in [18]. O

1+ 4ed
W)Ilyll

Proof of Proposition[C.3]

Lemma C.5. Suppose G satisfies the R2WDC with constant e. Then for any x,y € R* \ {0} and
i € [d], it holds that

1Gi(x) = Gily)l| < <\/ % tet 2(26+9i—1)> [Gia(2) = Gia(y)]

where 0;_1 = Z(Gi(z), G;(y)).
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Proof of Lemma|C.5. We have
1G;(x) = G < NWi) 4,0 (@j—1 = gD + 1 (Wjs o = Wit y)yi—all- (33)
We begin analyzing the first term, noticing that by the R2ZWDC
1
2
1 2
< (5 + 6) 21 =yl (34)

1
IWjtw(@j—1 —yi—)II? = (o1 —yim) "W Wihe — =1y (21 —yi1) + llzi-1 = yial?

We next analyze the second term. Let W, ; € R'*"i-1 be the i-th row of W; then

n

H (Wj’+7w - Wj,+,y)yj71||2 = Z (]le,iwj—1>0 - ]le,iyj71>0)

i=1

<Y (w0 — Tw,ys0) (Wi(a 1 — y5-1)
=1

2
(Wjiyj—1)?

n
= Z Lw; sa>0lw, sy<oWii(zj—1 — yj—1)
=1

+ Z Tw, ;e<olw, y>oWji(zj—1 — yj-1)

i=1
= (@51 = 1) ") Ty (W) = W) ) (51 = 50)

(o =y )WL, ((Wj)+,yj71 - (Wj)+,xjfl)($j—1 —Yj-1)-
(35)

Observe now that by the RZWDC we have
(2 =y )" WL, ((Wj)+,yj_1 - (Wj)+,xj_1>($jfl —yj-1)]
<|[(zj-1— yj—l)T((Wj)JTr,yj,l(Wj)Jr,y,-fl - Ik/Q) (xj—1—yj-1)l
+[(zj-1 — yjfl)T((Wj)z,yj,l(Wj)+,1j71 - Qmj,hy,-,l) (-1 —yj—1)]

+ (@1 —y—1)" (Im_l/2 - sz_l,yjﬂ)(xjfl —yj-1)]
< (2e+0;1) 71—y,
which together with gives

I(Wjto = Wit ) gi-1l® < 22 +0;-1)l|lzj—1 — g1l (36)
We conclude using and in (33). O
Proof of Proposition[C4]

We next prove the convexity-like property in Proposition [C.4.

Proof of Proposition|C.4. We begin observing that by we have |0; — 0;] < 4i\/e < 4d./e.
Furthermore, since = € B(y, dv/€||y||) it follows that
0; < 0y < 2d/e.

Thus by the assumption on €, we have

= 1
ﬁ\/9i+2€§\/§ 9i+4d\/g+26§\/§\/2d\ﬁ+4d\@+26§307\/§d 37
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Let now I'g := A]  (Ag @ — Agyy). Then notice that
La=A7 1 Wi o(WagaDio1 00— Wa i yNi_1yy)

= AL Wiy W a(Dao120 —Na1yy) + AL, (Wa g o — Was y)Aa-14y

1
= 5la-1 +ellAa-10ll|Aa-1.02 = Aa-1yy[|OL(L) + [Aaell|(Wa s o = Wa s y)Aa-1,49]101(1)

1 1
= 5la1 + (6 +ty/g tev2(2et ed,l)) [Ad—1[l[[Ad—1,07 — Ag—1,4y]|O1(1)

1 1 1.24/1 + 4ed
= Ta1+ (64 /5 + V20 + 8a)) =25 llz — y| 01 (1)

2
1 1 Lz =yl
- Ty 2( ) 0.1 38
5 12 5n0ias t 30080/ 201 1(1) (38)
where the third equality follows from the RZWDC, the fourth the RZWDC and , the fifth from

and Proposition|C.3] and sixth from and the assumption on e. Finally, from and
we obtain

1 1 ||m—y||
I'y=— — + — O4(1

D Proof of Lemmal5.2

In this section, we prove that a generative network GG with random weights satisfies the R2ZWDC with
high-probability (Lemma[5.2)). Our proof is inspired by the proof of Proposition 3 in [17].

Notice that because of the piecewise-linear nature of the ReLU activation function, the output of a
ReLU network is a subset of a union of affine subspaces. The following lemma from [22] provides an
upper bound on the number of such subspaces.

Lemma D.1 (Lemma 7 in [22]]). Consider a generative network G as in and assume that n; > k
Sfori € [d]. Then for i € [d], range(G,) is contained in a union of affine subspaces. Precisely,

i N\ k
range(Gi) C Ujerw,Si,; where W < H (%) '

Jj=1

Here each S; j is some k-dimensional affine subspace (which depends on {W}cp;)) in R™.

We next give the main result upon which the proof of Proposition [5.2]rests.

Proposition D.2. Fix(0 < e < landf <n. Let W € R™*™ have i.i.d. N(0,1/m). Let R, S be
(-dimensional subspaces of R™, and T be an {'-dimensional subspaces of R™ with I’ > 1. Then if
m > C.l', we have that

|<WJ::7TW+7SU,U> —(Qrsu,v)| < €lull2]|v|lz Yu,veT,VreR,Vses, (39)
with probability exceeding

1- ’y(%) “ exp(—cem)

Furthermore, let U =\, Uy, V = U2, V; V = UM, Vi, R= U2 Ry and S = U2, S, be
union of subspaces of R™ of dimension at most {. Then if m > 2C ('

|<WIyT,W+7Su,v> —(Qrsu,v)| < €llullz|lvlle YueU veV,VreR, VseS, (40)
with probability exceeding

emn 2¢
7) exp(—cem).

Here c. depends polynomially on €, C. depends polynomially on €', and ~y is a positive universal
constant.

1-— 7N1N2N3N4(
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With the above two results, we are in a position to prove Lemma|[5.2]

Proof of Lemma We begin establishing the proposition in the d = 2 case.
If ny > 2C.k by the second part of Proposition With U,V,R,S = R*, W satisfies (9) with

probability at least
2k
1- 7(621 ) exp(—ceny).

We next consider the bound (9) for ;7 = 2. Fix W; and observe that, by Lemma range(G1)
is contained in the union of at most ¥; number of k-dimensional affine subspaces of R™ and
{G1(z1) — G1(x2) : x1, 22 € RF} is contained in the union of at most ¥ number of 2k-dimensional
affine subspaces of R™. Since then an /-dimensional affine subspace is also contained in an ¢ + 1
subspace. We have that range(G1) C Rq where R is the union of at most ¥; number of k + 1-

dimensional subspaces and {G'1(x1) — G1(z2) : z1, 72 € R¥} C Uy where U, is the union of at
most ¥% number of 2k + 1-dimensional subspaces.

By applying the second part of Proposition[D.2]to the sets U, U1, R1 and R4, we have that for fixed
Wy,
‘<((W2)JTDG1(Z)(W2)+,G1(y) - ch(z),Gl(y)) (Gi(z1) = Gi(a2)), Gi(w3) — Gi(24))
< €l|lGi(x1) = Gi(z2)l2l|Gr(23) — Gilza)ll2 (A1)

with probability at least

eng \2k2 eng \% _,
1_7qj?<k+1> ¢ 6221_7(/%4—1) e

provided that ny > 12¢. 1 log Wy and ny > 2C,(2k + 1). In particular the above holds provided that

ny > Ceklog(eny/ k) where C. depends polynomially on ¢~*.

Integrating over the probability space of W7, independence of W5 and W5 implies that (1)) holds for
random W, with the same probability bound. This allows us to conclude that a two-layer random
generative network G satisfies the R2ZWDC with probability at least

eng\2k eng \4k
1— (7) Ceny __ ( ) c€n2/2.
N%) € Nk+1) ©

The proof of the d > 2 case follows similarly. In particular, to establish (9) for W; notice that
range(G;_1) is contained in the union of at most ¥,_; number k + 1 subspaces, and {G;_1(z1) —
Gi_1(x2) : 1,29 € R*} in the union of at most U2 | number of 2k + 1-dimensional subspaces.
Applying Proposition Mto these subspaces we have that for fixed {W};¢fi—1

(V071 W41 201~ 01.6120) (Gt (1)~ G (2)) s ()G (1)
< €)|Gici(z1) — Gim1(x2)]2]|Gizi1(z3) — Gizi(za)|]2 (42)

with probability at least

en; \4k
1— ( 1 ) —cemn; /2
Nrr1) ¢

provided that

i—1
~ enj

S k- 7.
n; > Ce -k 1k

<.
Il

Integrating over the probability space of {W;};c[;_1]) indpendence of W; and (W1, ..., W;_1) gives
that holds with the same probability bound. O

We will devote the following section to the proof of Proposition[D.2]
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D.1 Proof of Proposition [D.2]

We begin by proving a weaker form of Proposition [D.2] that characterizes the concentration of
Wf}TWJr,S around its mean for fixed r, s and when acting on /-dimensional subspaces.

Lemma D.3. Fix0 < e < land k < n. Let W € R™ "™ have i.i.d. N'(0,1/m) entries and fix
r,s € R™. LetT be a {-dimensional subspace of R™. Then if m > C14, we have that with probability

exceeding 1 — 2 exp(—é; m),
|(WI’TW+’Su,u> —(Qr,su, u)| < e|\u||§ YueT (43)
and
(W W s, v) = (Qrat, v)] < Bellullzflv]l2 Vu,veT, (44)
Furthermore, let U = vazll UiandV = U;Vil V; where U; and V; are subspaces of R™ of dimension
at most £ for all i € [Ny] and j € [Na]. Then if m > 2C1{
(WL W su,v) = (Qrsu,v)| < 3ellullz|lv]e YueUVvey, 45)

with probability exceeding 1 — 2N1 N exp(—¢&ym). Here ¢ depends polynomially on € and Cy =
Qe tloge™1).

Proof. The proof follows the one in Proposition 4 of [[I7] with minor variations. Set X, , :=
WT W, s—Qrs. and notice that for fixed u € R" ™1, (X, su,u) = 1", Y; where Y; = X;—E[X,],
Xi = 1w, 1 >0L(w,,s)>0(ws, u)? and each w; ~ N(0, I, /m). We then notice that the Y; are sub-
exponential random variables and by standard e-net argument we can show that holds with
high-probability. Proposition 5 in [[17] can then be adapted to this case as well and used to derive
from (43)). Finally @3] follows by a union bound over all subspaces of the form span(U;, V;). 0O

We next observe that the rows of a sufficiently tall random matrix W tessellate the unit sphere in
regions of small diameter.

Lemma D4. Fix0 < e < 1. Let W € R™*™ have i.i.d. N'(0,1/m) entries with rows {w,}}" . Let
Z be a l-dimensional subspace of R"™. Define Ez v to be the event that there exists a set Zy C Z
with the following properties:

i) each zy € Zy satisfies (wy, zo) # 0 for all £ € [m),
ii) | Zo| < (<), and
iii) for all z € Z such that ||z||a = 1, there exists zo € Zy such that ||z — zg||2 < e

Ifm > Cyl, then P(Ezw) > 1 — Cyexp(—caem). Here Ca and co are positive absolute constants

and Cs depends polynomially on e 1.

Proof. The proof of this lemma follows the one in Lemma 24 in [[17]. The upper bound | Z| < (<7* )¢
is due to Lemma|[D.6|in Appendix O

We are now ready to present the proof of Proposition

Proof of Proposition|D.2] Let Er w be the event defined in Lemma@ corresponding to the matrix
W and subspace . On the event Ep y there exists a finite set Ry C R satisfying properties i) - iii)
of Lemma Similarly, we can define the event Eg y for the matrix 1V and subspace .S, and the
finite set Sy C S satisfying properties i) - iii).

We can then define the event Er s := Er.w N Esy so thatif m > Caf’ by Lemmawe have
P(ERrs) > 1 —2C; exp(—cgem).

For fixed rg € Ry and sg € Sy, Lemma gives that if m > 20, ¢ with probability at least
1 —2exp(—é&m)

(WL g Wk 01, 0) = (@Qrowgtis 0)] < Beflullaffvlla Vu,v € T.
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Next, let Ey be the event that
(W Wt 5ot ) = (Qrg o, v)| < Bellull2]lv]lz Vu,v € T, o € Ro, so € So.

Then, on Er g, a union bound gives

. em) 2 .
P(Ey) > 1 —2|Rp||So|exp(—¢1m/2) > 1 — 2(7> exp(—éim/2).

We will next work on the event Fy N Eg 5. Fix nonzero » € R and s € S, and define the set of
indices

Qs ={j €[m]: (w;,ry=0o0r (wj,s) =0}
Observe then that by the definition of W, . and €2, ; the following holds

WI,TWJF s Z IL (w; 7”)>0IL (wj,s)y>0W;W

= § ]]-(wJ,7’>>0]]-<wj,s)>0ijj + E wj r)>01(wj s)>0W;W
JEQrs JEQS o

Z ]]-wj,r>>0]]- (wj,s)> >oW;w
JEQE

On the event E'r g, there exist therefore rg € Ry and sg € Sy such that for all j € Qﬁ , it holds that
sgn((w;,r)) = sgn((w;, o)) and  sgn((w;,s)) = sgn({w;, so))-
In particular, we can write
WI,TWJF,S = Z ]]-(wj,r>>0]]-(wj,s)>0ij3

e,

_ T
= W+,7-0W+750 - Z ]]‘<Wj7T0>>O]]‘<wj,So>>0ijJ
JEQr s

T wT T
= W+,T0W+7SO - W+7’I‘DW+;30
The next lemma shows that the residual WI,TO WJDSO has small norm when acting on 7'.

Lemma D.5. Fix0 < € < 1 and ¢ < m. Suppose that W € R™*" has i.i.d. N'(0,1/m) entries. Let
T C R" be an {-dimensional subspace and Ry and Sy be subsets of R™. Let E be the event the
following inequality holds for all set of indexes ) C [m] with cardinality |Q| < 2¢:

(W We s, 0)| < ellullzflolla Yu,v € T, 70 € Ro, s0 € So

where o
T —
W+,T0W+,So = E ]l(wj-,ro)>0]1<wj780>>0ijj
JjEQ

There exists a 6. > 0 such that if m > 9¢ =10 an 20 < §.m, then P(E1) > 1 — 2mexp(—em/36).

We now consider the event E := E; N Ey N Er g where F; is the event defined in the previous
lemma. On F forallr € R, s € Sand u,v € T,

(WL Wt 0) = (Qrstty 0)] = (W, Wit 0) = (W Wi 0, 0) = (@t )
< ‘(WI’TOWJ“SD%@ — {(Qrg.50Us V)
o |(@rostts0) = (Qri )|
+ ’<W+T,TOW+,SOu,v>‘

60
< 3eflullzllvllz + —ellullzllvllz + ellull2v]2

< 24e]lullo[v]l2; (46)
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where the first equality used the event E'r g and the definition of ’varo V~V+750. The second inequality
used instead the event [y N Ey and the Lipschitz continuity of @, s (Lemma[D.7).

In conclusion, there exist C, and ¢, such that if m > C.¢' then

20
P(E1NEyNERg) > 1—2mexp(—em/36) — 2(%) exp(—éim/2) — 2C5 exp(—caem)

em

> 15 () explcan)

Here C. depends polynomially on ¢! and ¢, depends polynomially on €, and -y is positive absolute
constant.

Notice that gives a bound in terms of 24¢l|u||2||v]|2- To obtain a bound as in simply rescale
€ by 1/24 in the discussion above, and modify ¢, and C, accordingly.

To extend to the union of subspaces, we consider the subspace T; ; = span(U;, V;) with
dimension at most 2¢'. Then use with subspaces T; ;, R, and S, and take a union bound. [

D.2 Supplemental Results for SectionD

We begin this section by providing an upper bound on the number of activation patterns of a ReLU
layer. This result is used in the proof of Lemma[D.4]

Lemma D.6. Let S be an (-dimensional subspace of R™ and m > (. Let W € R™*™ have i.i.d
N(0,1/m) entries. Then with probability 1,

em\*
{diag(Ws > 0)W |s € S} < (7)

Proof. Observe that by rotational invariance of the Gaussian distribution we may take, without loss
of generality, S to be the span of the first ¢ standard basis vector, i.e. S = span(ey, ..., ep). We can
then also take W € R™*¢ and S = R’.

Let {w;}}]L; be the rows of the matrix W. Notice that for fixed W, [{diag(Ws > 0)W |s € S}|
equals the number of binary vectors (1, v)>0)je[n] for v € S*~1. Each (L(w;,0)>0)je[n) uniquely
identifies a region of the partitioning of R induced by the set of hyperplanes H := {z : (w;,z) = 0}.
From the theory of hyperplane arrangements [29] we know that m > ¢ hyperplanes in R? partition

the space in at most Zﬁ:o (T) Thus, with probability 1 we have

¢ m
[{diag(Ws > 0)W |s € S}| < ; (j)

ST CO)

~

Next we prove Lemma D.SL providing an upper bound for the random matrix WTW when acting on
low-dimensional subspaces.

Proof of Lemma|D.3] Notice that for any Q C [m], u,v € T, rg € Rg and s¢ € Sp, it holds that

(W, W sou,v)| = |(diag(Ware > 0) © diag(Wasoe > 0)Wau, Waov)|
< ||diag(WQr0 > 0) ® diag(WQso > O)”HWQ’U”HWQU”
< [Woull[Woul|.

Therefore, it is sufficient to show that
[Waul|| < Vellul Vu € T VQ C [m] satisfying || < 20 < §cm.

The rest of the proof follows, mutatis mutandis, as in Lemma 26 of [17]. O
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We will next show that ) , is a Lipschitz function of its arguments.

Lemma D7, Fix0 < ¢ < landx,%y.§ € 8"\ [f|# — x| < cand |5~ y|| < e, then
2
Q25— Qagll < (= +2v79)e

Proof. Recall the following facts:

lz —yll = 2sin(£(z, y)/2), Vr,y e S (47)
|4(£L’1,$2)| > |4($1,y) - 4(x27y)|7 V(El,.’tg,y € Sn_l (48)
sin(6/2) > 0/4, V0 € [0, 7] (49)

Let 0z, = Z(%,z) and 05 , = Z(y,y), then

|02,y — 0z 5] N H sin @ sin @

z,Y M:v
o D)

1@y — Qagll < -

By it holds that
102,y — 03,51 <102,y — Ozy] + 102,y — Oz,5] < 10z,0] + 05,4/,

while from and it follows that

””meyH

|07.0] < 4sin(0;./2) < 2e,
105.] < 4sin(0y,/2) < 2.

Thus |0, , — 03 5| < 4e. Lemma B.3 in [10] then proves that
sin 6, sin 0z 5

‘ 5 — Y Moy — 5 < 279,

which concludes the proof. O

Mg

E Proof of Lemmal5.3|

In this section we prove Lemma|[5.3 which is used to bound the perturbation of the objective function
fes and its gradient due to the presence of the noise term 7.

Proof of Lemma Fix z, 2 € S¥~! and notice that by the properties of the Gaussian distribution,
for ¢ > 0 it holds that

B2l 1) = 2o [y = 1222l y) < o5
Jm y Jm Jm ] <
If z = x use (20b), while if z # x and G differentiable at = use (22)), to obtain that

Pa [(z,ALATn) >

13 |l _t -2
T AT et 102 L
Pa [(= ATATy) >\ 1500 W} <e®

Let J\/1 s bea i—net over S¥~1 such that |N 1 /2\ < 5% (see for example [38]). Recall that by Lemma
@the number of different matrices A, is bounded by ¥,. Thus, a union bound gives

3l _t

P [( ALAT) 2/ 15 90m

Ve, z € Sk 1} < \N%|\I/dIE”[< AL AT) > gd/||2 \ﬁ}

42
< exp(fi +log 5+ log ¥y)

Choosing t = 2\/k log(5 H;i:l “¢*) we obtain the theses.
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F Extensions

F.1 Compressive Phase Retrieval with a Generative Prior

Consider a generative network G : R¥ — R" as in (2)). The compressive phase retrieval problem
with a generative network prior can be formulated as follows.

COMPRESSIVE PHASE RETRIEVAL WITH A DEEP GENERATIVE PRIOR

Let: G :R* — R” generative network, A € R™*" measurement matrix.
Let: v, = G(x,) for some unknown z, € R¥.

Given: G and A.
Given: Measurements b = |Ay,| + 7 € R™ with m < n and n € R™ noise.

Estimate: y,.

\.

To estimate y,, [16] proposes to find the latent code & that minimizes the reconstruction error

- . 1
T = arg min for(2) := 5o~ [AG()][13, (50)
Yo = G(2).

In [[17] it is shown that Algorithm |I with inputs f,,, small enough step size and arbitrary initial
condition estimates y, up to the noise level in polynomial time, provided that the number of phaseless
measurements is up-to log-factors m > k - poly(d) and the generative network is logarithmically
expansive. The proof uses the WDC and an isometry condition akin to the RRIC. As before, the
RWDC can be replaced by the RZWDC and obtain the same convergence guarantees. Moreover,
as in the case of compressed sensing, the logarithmic factor in the number of measurements can be

improved using Lemma [D.T]

F.2 Denoising with a Generative Prior

Consider a generative network G : R¥ — R” as in (2). The denoising problem with a generative
network prior can be formulated as follows.

DENOISING WITH A DEEP GENERATIVE PRIOR

Let: G :R* — R™ generative network.
Let: 1y, = G(z,) for some unknown z, € R¥.

Given: G.
Given: Noisy signal b = y, +n € R™ with n ~ N (0,02 1,,) noise.

Estimate: y,.

To estimate y,, [20] proposes to find the latent code & that minimizes the reconstruction error

) . 1
T = arg min foen(w) 1= 5llb - G(2)]3, (51)
Y = G(T).

In [20] recovery guarantees based on this minimization problem are given for an expansive generative
network G. Specifically, it is shown that Algorithm|I| with input f4e,, small enough step size  and
arbitrary initial point x, reconstructs the signal y, up to an O(k/n) error. The random network G
is assumed to be logarithmically expansive in order to satisfy the WDC with high-probability, but
inspecting the proof it can be seen that the RZWDC is enough. Using Lemmal[5.2]we can extend the
result of [20] to the case of a generative network satisfying Assumptions[B]
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F.3 Spiked Matrix Recovery with a Generative Prior

Consider a generative network G : R¥ — R™ as in (2). The spiked Wishart matrix recovery with a
generative prior is formulated as follows.

SPIKED WISHART MATRIX RECOVERY
WITH A DEEP GENERATIVE PRIOR

Let: G :R* — R™ generative network.
Let: vy, = G(x,) for some unknown z, € R”.

Given: G@.
Given: Noisy matrix B = uy,” + 02 € RV*", with u ~ N(0, Iy)
and Z with i.i.d. N'(0, 1) entries.

Estimate: y,.

Similarly, the spiked Wigner matrix recovery with a generative prior is formulated as follows.

SPIKED WIGNER MATRIX RECOVERY
WITH A DEEP GENERATIVE PRIOR

Let: G :R* — R™ generative network.
Let: vy, = G(x,) for some unknown z, € R”.

Given: G@.
Given: Noisy matrix B = y, y,* + oH € R™*",

with H from a Gaussian Orthogonal Ensemble.

Estimate: y,.

To estimate y,, [8] proposes to find the latent code & that minimizes the reconstruction error

. : 1
& = arg min fopikea() = 5| M — G(2)G(2)"|1%

Yy = G(j) s
where

* in the spiked Wishart model M = BT B/N — o21,;
* in the spiked Wigner model M = B.

As shown in [9] Algorithmﬁ]with inputs fspiked, appropriate o and arbitrary initial point z¢, estimates
in polynomial time the signal y, with rate-optimal dependence on the noise level or sample complexity.
In particular, this shows that the absence of a computational-statistical gap in spiked matrix recovery
with an expansive (random) generative network prior. The proof uses the fact that for G satisfying
the WDC the bounds in Proposition[C.T}[C.2} [C.3 and [C.4 hold. Since these bounds hold under the
weaker RZWDC we can directly extend the results in [9] to non-expansive generative networks G
satisfying Assumptions

G An example of a contractive generative network

In this section we give an example of a generative network as in (2)) satisfying the conditions (12
and (17), and with contractive layers.

Let d > 2 and C, := max(C,, 16¢,* /log(2)). Then consider a d-layer generative network G such

that for ¢ € [d] B
n;:=Cec-k-d2d—1i)-a,

26



where o - C. € N and

« > max {.),log (eQC’E)}. 52)

We now demonstrate that n; satisfies (12). Notice that

log(eCe) + 2log(d)] + (d — 1) log(2c)
log(eCe) + 1] + (d — 1)
(

where in the second inequality we have used 2log(x) < x and log(2z) < z for > 0 and in the
third (52)). Next since d(2d — i) > (d* — 1) for every i € [d], n; satisfies for every i € [d].

We now show that n; satisfies (17). We have
log(n;) = log(Ce - k- d(2d — i) - @)

= log(d(2d — i)a) + log(C.k)
d(2d —1 ~

< % + log(Cek)

- d(2d — i) N o

- 2 2

<d(2d —i)a,

where in the first inequality we have used 2 log(x) < z for > 0, in the second inequality and
in the third 2d? < d(2d — i) for every i € [d]. We therefore have

16-k-ct 16 k-ct

log(ni)~m <d2d—i) a- og () <d(2d—i)-a-C.-k=n,.

H Experiments

In this section, we verify the prediction of our theory (Theorem|[5.4) on synthetic data. We consider
the compressed sensing problem with generative prior formulated in Se ction [3 and show that a
practical implementation of Algorithm[I]can estimates the sought signal in the case of generative
networks with contractive layers.

At each step Algorithm|1|requires the computation of the subgradient of f at a point Z. This could be
achieved for example by computing V fcs(Z + §) where ¢ is sufficiently small and f. is differentiable
at fes(Z 4 0). As already shown in [21]], in practice, one can replace Algorithmwith Algorithm
below. In the Algorithmlzl, v, corresponds to the gradient of fcs at a point of differentiability. Ata
point of non-differentiability v’jt corresponds to the output of autograd applied to f.s as implemented
by the current deep learning libraries. Notice that the set of non-differentiability of f .5 has measure
zero and it is extremely unlikely that the iterates of the subgradient descent will hit this set. Hence, in
practice Algorithm [T|and Algorithm 2] are equivalent.

We then the performance of Algorithm [2] when solving compressed sensing with generative networks
G with two and three layers. The entries of the weights W; of G are drawn from A (0, I /n;), while
the entries of the measurements matrix A are drawn from N (0, I /m). In all the experiments we run
Algorithm 2 for 10,000 iterations, or until the norm of the v}, is below 10~'%, whichever comes
first. We fix the learning rate v to 0.7 and randomly initialize z¢. The target z, is chosen so that
Y = G(z4) has unit norm.

In the first experiment, we consider the noiseless case with = 0 and a fixed number of measurements
m = 300. The 2-layers generative networks have fixed layer widths of dimensions n; = 700 and
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Algorithm 2: PRACTICAL SUBGRADIENT DESCENT [21]]

Input: Objective function f, initial point xo € R* \ {0} and step size a
Output: An estimate of the target signal y, = G(x,) and latent vector z,
fort=0,1,... do

if f(—.’L‘t) < f(.]?t) then 7; «+ —x;

else 7; < x;

’U%t = AiftAT(AAd,it-%t - b)

Tyl fi’t — av%t
end
return z;, G(z;)
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Figure 1: Empirical probability of successful recovery the latent vector from compressed noiseless
random measurements versus the latent dimension. The 2-layers generative networks have fixed layer
widths of dimensions n; = 700 and n = ng = 600 and the 3-layers generative networks have fixed
layer widths of dimensions ny = 150, ne = 700 and n = ng = 600.

n = ny = 650 with varying latent dimension ny = k. The 3-layers generative networks have fixed
layer widths of dimensions n; = 150, no = 700 and n = ng = 600 with varying latent dimension
ng = k.

Figure [T]reports the empirical probability of successful recovery from 30 random independent trials
(over A and G) for of noiseless problems, where a run Algorithm [2)is called successful if the relative
reconstruction error ||z, — x7||/||z«|| is below 1073, These experiments show that recovery of x
from undersampled measurements can be achieved even in the case of non-expansive generative
networks and adding more layers makes the problem harder. Nonetheless, the algorithm succeeds in
wider range of parameters as predicted by our theory, in particular with a milder dependence on the
depth d.

In the second experiment we study the noisy compressive sensing problem with a fixed num-
ber of measurements m = 300. We consider 2-layers generative networks with fixed layer
widths of dimensions n; = 700 and n = ns = 600, and varying latent dimension ny = k in
{5,10, 15, 20, 25, 30, 35, 40, 45}. The measurements are taken to be b = Ay, + n where n = 7e
where ¢ is taken uniformly at random over the sphere S™~! and 7 is chosen so that the signal to
noise ratio (SNR) varies in {20,40, 80}. The SNR is defined as 10log;, (|[AG(z.)||/In]])-

In Figure [2 we plot the average reconstruction error ||G(z7) — y«||/||y«|| over 30 independent
random draws of A and G. As predicted by our theory this quantity scales linearly with the ratio
k/m. Furthermore, the error is proportional to the magnitude of the noise ||7]|.
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Figure 2: Reconstruction error ||y, — G(z)||/||y«|| from noisy compressed linear measurements at
varying level of SNR. The number of measurements m is fixed at 300 and latent dimension £ is
varied. The generative networks have outputs of dimension n = ny = 600 and hidden layers of

dimension n; = 700.

29



