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A Background

To keep the paper self-contained, we collect the relevant definitions and theorems from prior work
that are used in proving the main results of our paper.

Central Limit Theorems. We first recall a central limit theorem for studentized statistics by
tkus and Gotze| (1996).

Fact 11 (Berry Esseen CLT). For some i.i.d. ~ P random variables W1, ..., W,, define the statistic
2 n .
XMMD = i Wi . IfEp[W;] = 0and 0 < Ep[W?] < oo, then there exists a
& i (Wi W)
universal constant C' < oo such that

Ep[|W3]
Pp (T < — @ <(C———7F—"—.
sup [P (T'< @) = ®(@)| < O parss 7

Remark 12. Note that by Cauchy—Schwarz inequality, we have

Ep[Wi] =Ep[Wi x W] < \/Ep[WHEp[WE].

This implies the following

Ep[W}] Ep[Wi \'"*
EP[W5]3/2<<]EP[W12]2) '
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Thus a sufficient condition for applying to show the convergence in distribution to N (0, 1)
for a triangular sequence {W; , : 1 <i <n, n > 1}, with {W; , : 1 < i < n} drawn ii.d. from
some distribution P, is

i P Winl Wial _ 0

n— oo IEPn [’IIWIQ,H]Q e

We next recall a consequence of Lindeberg’s Central Limit Theorem (CLT), as stated in (Lehmann
and Romano)} 2006, Lemma 11.3.3).

2

Fact 13. Let Z1, Zs, . .. be a sequence of i.i.d. zero-mean random variables with finite variance o~.
Let cq,ca, ... be a real-valued sequence, satisfying:

2
G _g

lim max =5+
, n 2
n—oo 1<i<n Zj:l Cj

Then, we have

n
i—1 CiYi

L GV 4, g g2
Zj:l 0]2‘

Null distribution of MMD statistic. Assuming that (n,m) are such that n/m — ¢ for some
¢ > 0,and let {u; : I > 1} and {v; : I > 1} denote two independent sequences of i.i.d. N(0,1)
random variables. Furthermore, let {)\; : [ > 1} denote the eigenvalues of the kernel operator
f() = [, f(x)k(-,x)dP(z). Using techniques from the theory of U-statistics, Gretton et al.
(2012a) showed that

2
_— 2 g, = (cl/Qul — Ul) (1+¢)?
MMD — . 1
(n+m) —>lzzl)\l< Tte . (10)

shows that the null distribution of MMD is an infinite combination of chi-squared random
variables, weighted by the eigenvalues of the kernel operator. Due to this form, the null distribution
has a complex dependence on the kernel and the null distribution P.

Gaussian kernel calculations. Next, we recall some facts derived byLi and Yuan|(2019), about the
the Gaussian kernel k,(z,y) := exp (—s||z — y||3), and probability distributions that admit density

functions lying in the Sobolev ball € W#32(M).

Fact 14. Consider a Gaussian kernel that varies with sample size, k,(z,y) = exp(—sn||z — yl|3)-
Let ky, be as defined in (I3), X = RY and X1, X4, X3, X4 ~ P, i.id, Y1,Ys ~ Q., where P, and
Q.. have densities p,, and q,, in W*2(M) and ||p, — qu||12 = An, for some real valued sequence
{A,, : n > 1} converging to 0. Then, we have the following:

Ep, [k2(X1, Xo)] < 52, and Eq, [k (Y1,Ys)] < s~ U2 (11)
Ep, [k (X1, X2)] < 572, (12)
Ep, [k (X1, Xo)k2 (X1, X3)] S 57544, (13)
Yo (Pay Qn) = MMD(Py, Q) 2 5,2 Ay, (14)

Additional Notation. We use U = op(uy,) and U = Op(u,,) to denote that U/u,, 5 0 and that
U /uy, is stochastically bounded. For real valued sequences, we use a,, < b, if there exists a constant
C such that a,, < Cb,, for all n. We use a,, < b, if a,, < b, and b, < ay,.

/‘\2
B Gaussian limiting distribution of xXMMD

2
In this section, we present the results about the limiting null distribution of the statistic XMMD . The
general outline of the section is as follows:
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* In[Appendix B.1] we state the most general version of the result on the limiting distribution

——
of XMMD (Theorem 15|), that we alluded to in We then prove this result
in|Appendix B.1.1}
* In[Appendix B3] we show how the general result can be used to prove [Theorem 5| where

the kernel is allowed to change with n while the distribution P is fixed.

* Finally, in[Appendix B.3] we show how [Theorem 3|can be used to conclude the result for

the case when both the kernel k£ and null distribution P are fixed with n.

B.1 Statement of the general result (both k,, and P,, changing with n)

As stated in[Remark 3] we assume that m = m,, is some non-decreasing function of n. We consider
a sequence of positive-definite kernels {k,, : n > 2}, and probability distributions {P,, : n > 1,2},
and define

]%(x7y) = kn(may) = <kn(m7 ) — UP,, kn(lh ) - ;u'Pn>k?7 (15)

where p1p, denotes the embedding of the distribution P, into the RKHS associated with the kernel
k,,. For any fixed values of n, we use {(A;n, ¥1.) : { > 1} to denote the eigenvalue-eigenfunction

sequence associated with the integral operator g — [ k(-, 2)g(x)dP, (). If k happens to be square-
integrable (in addition to being symmetric), it has the following representation:

E,L(x,y) = Z/\Z,M;Ol,n(x)@l,n(y)' (16)
=1

We now state the assumption required to prove the limiting normal distribution of the statistic

2
XMMD . As we will see in , in the special case of fixed P, the condition in (T7) is a
weaker version of that used in[Theorem 5l

Assumption 1. For k introduced in (3), {(\i.n, 1.n) : | > 1} introduced in (16) and for a sequence
{P,, : n > 1}, we assume that

Ep, [F* (X1, Xo)[(n~" +m; ") + Ep, [k* (X1, X3)k* (X2, X5)]
Ep, (X0, X))? (=)

n—14+m;!

— 0, and a7

2

lim exists.

1,n
o 2
n—o0 37, /\l,n
‘We now state the main result of this section.

Theorem 15. Suppose the sequence {m,, : n > 1} satisfies lim,,_,oc n/m,, exists and is non-
zero. Let {k,, : n > 1} be a sequence of positive definite kernels, and let 737(10) denote a family of

distributions such that, for everyn > 1 and P,, 777(10), is satisfied by the pair (ky, P,,)
with k,, defined in (13). Then, we have that

2
lim sup sup |Pp, (XMMD < z)— ®(z)| = 0.
n—oo PTLGP?(LO) (LGR

We now present the proof of this result.

B.1.1 Proof of the general result with changing k,, and P,

To simplify the notation, we will drop the subscripts from k,,, kn, P, Aln,m and ¢y 5y, in this proof
outline. Furthermore, note that as mentioned in[Remark 3| we assume that ny = n/2 and ny = m/2.

For any z € X, introduce the term k(z, -) to denote k(z, -) — s1. Next, we define the following terms
=g2

Sx = (1 — p, (iz — p) — (V2 — ), and Sy = (V1 — 1, g2),
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2 _ _
and note that we can write xMMD = Ux — Uy = Sx — Sy (Sx differs from Ux due to the extra
w1 term in the first argument of the inner product). Recall that we use i and v to denote the kernel
embeddings of the distributions P and Q).

We can further rewrite Sx and Sy in terms of {W; : 1
follows:

IN

i<mtand {Z; : 1 < j < my}as

=W; ::Zj
| o —— |
SX = Fz<k(Xz7)a g2>k; and Sy = miz:(k(YJ’)’ 92>7€ (18)
L) L
With these terms defined, we proceed in the following steps:

* Step 1: First, we consider the standardized random variables 7’5 x and T y, defined as

/TSy TSy
Tox = —YMOX and Ty o= YOV
X Ep, [W2[Xe, Yo YT Ep, [221X0, Y

and prove that they converge in distribution to N(0,1) conditioned on (X2,Ys3). To
Ep, W} [X5,Ys]

prove that the limiting distribution is Gaussian, we verify that MEr VG L 0

4
%% % 0. This is formally shown in[Lemma 16/below.

and

* Step 2: Next, building upon the previous result, and using the conditional independence
of T, x and Ty, we show in Cemma 17| below, that the standardized statistic Ty =
(Sx — Sy)/\/ny 'Ep, [W2|Xa, Yo] + m'Ep, [Z2|Xy, Yo also converges in distribution
to N(0,1).

e Step 3: We then prove in below that the ratio
ny 'Ep, [W7[X2,Yo]+m| 'Ep, [Z7[X2,Yo]

152, +my 157, converges in probability to 1.

It only remains to state and prove the three lemmas used above, which we do after this proof. Barring
that, combining the above three steps completes the proof of the theorem. O

Before proceeding, we first introduce the terms a; = (k(X;, ), iz — p)x and b; = (K(X;, ), Uy — )&
and note that we can further decomposeN W;intoa; — b; for1 < i < ni. Similarly, for 1 < j < mgq,
we can write Z; as ¢; — d; with ¢; = (k(Yj},-), o — p)r and d; = (k(Yj,-), V2 — i) .
We now state and prove the intermediate results to obtain
Lemma 16. Under the conditions of[Theorem 13| we have the following:
Ep, [W2[Xg, Yo Ep, [Zf\Xg,Yﬂ
nmEp, [W2|Xs, Yo]? mi1Ep, [Z]2|X2, Ys)?
Hence, as a consequence of the Lyapunov form of CLT (see|Fact I1|and|Remark 12|in|Appendix A)),
this means that Ty x LI N(0,1) and Ty 4, N(0,1) conditioned on (Xz2,Ys).

50, and 50.

Proof. We describe the steps for proving the first statement (involving W;), noting that the other
statement follows in an entirely analogous manner. Throughout this proof, we will use the shorthand
Es[] to denote the Ep, [-|Xo, Y.

By two applications of the AM-GM inequality, we observe that W} = (a; — b;)* < 16(a} + b}).
Hence, we have the following:

Eo[W}'] Eg[af + bj]
16TL1E2[W12]2 - nlEz[(ai — bZ)Z]
_ 1B [af] . Ep, [k(X1, X2)?]? ma By [b] . Ep, k(Y o))
Ep, [k(X1,X2)?2 ~ niEs[(ai —b:)2]  Ep,[k(Y1,Y2)%)2 ~ miEs[(a; = bi)?]
= A1 X Ag + B1 X BQ. (20)

Thus, to complete the proof, it suffices to show that A; x As and By x Bs converge in probability to
0. This can be shown in two steps:

17



* Under the assumptions of , we have A; 2 0 and B; % 0. To prove this result,
it suffices to show that Ep [A;] — 0 and Ep_ [B1] — 0. The result then follows by an
application of Markov’s inequality.

* Aj and Bs are bounded in probability.

We first show that Ep_ [A1] — 0. The result for By follows similarly.

Er ] = it e (B2 4]
. - o 7
@ 0 [l};(:(ll o <]EPn [k 7(1)?(1,)(2)} n 3»711(77;11 D]E[lcz(Xl,Xg)kQ(Xz,XS)])
1.4
= &, [k:()?()l,ng] (EP" £ T(L?hXQ)] + nllE[kz(Xl’Xza)kQ(Xg,Xg)]) ,

which goes to 0 as required, by invoking the condition in of For (i), we used the
expression derived by [Kim and Ramdas| (2020) while proving their Theorem 6.

To complete the proof, we show that A5 is bounded in probability (the result for Bs follows similarly).
We consider two cases, depending on whether p; = lim,, 00 Z /\2 is equal to O or greater than
0 (the existence of this limit is assumed).

Case 1: py > 0. We first observe that as a consequence of (I5) and the orthonormality of the
eigenfunctions, we have

Ep, [F(X1, X2)*) = Ep, | > MAre(X1) e (X1)pi(Xa)pr (Xo) Z/\Q
LU
Using this, we obtain the following:

1 n1Es [CL? + b? — 2aibi]

(Az)1/2 Yt A

By repeated use of (I3), we can show that the following identities hold:

Esa?] = ﬁz)\? <ZSDZ(X1")> )
=1 i

2

EQ[bf]:mzy% Z‘Pl(yj’) , and

Eola;bi] = (n— nl)(lm —my) Z 2 <Z (pl(Xi’)> Zg@l(Y] )
=1 i’ J’

Plugging these equalities in the expression for A, and using p; = ﬁ we get
N

1

2
m S (e S (X — 5k Ty (81
1

2
P1 (n\iﬁ Zi’ ‘Pl(Xi/) - m@l Zj' (,01(}/]‘/))

(A2)1/2 —

IN

18



Since ny = n/2, my = m/2, we have \/n1/(n —ny) = \/2/n and \/ni/(m —m1) = v/2n/m.
Introduce the notation uw;; = \/2/n/y/1+n/mand vy = (v/2n/m)/+/1 + n/m, and note that

(A2>1/2 1 2
(1+2) (Zi’ w1 (Xir) = D25 vjwm(Yj/))
1

p1 (Zw wirpr (Xir) = 35 ”j'%(yj'))z

IN

2n

Next, we note that

i uz + v , 2 2
im max = lim
n—o0 il o ug vy nmeon4n?/mo om+m?/n

. 1 1
< lim 2(+> =0.
n— 00 n m
Thus, by an application of Lindeberg’s CLT, we observe that the denominator in (21]) converges in
distribution to N (0, p;)?. This implies that Ay = Op(1), as required.

Case 2: p1 = 0. Again, we observe that

—1/2 nl]Eg [af] nlEg [bﬂ n1E2 [aibi]
(As) = = 5+ = o — 2 - o
Ep, [k(X1, X2)?] ~ Ep,[k(X1,X2)%]  Ep, [k(X1, X2)?]
The first two terms in the display above are 1 4+ op(1), as shown in (Kim and Ramdas, 2020, pg 55,
Step 2). For the last term, we introduce the notation g(z,y) = Ep, [k(X, z)k(X,y)], and note the
following:

n1E2 [aib,-] ni
e — = Xila Y‘/ .
B, (700, X o= ) = ) 2 /50 19)

Since X/ and Y}, are independent, we observe that Ep_ [g(X;/,Y;/)] = 0, and hence Ep, [R] = 0.
Furthermore, the variance of R satisfies

21 _ nt Ep, [9(X1, X>)?]
Ep, [R7] = >
(n —na)(m —m1) Ep, [k(X1, X2)?]
_ i Ep, [k(X1, X3)?k(Xs, X3)?]
(n—n1)(m —my) Ep, [k(X1, X2)%?
_ Zl /\? < )‘% )‘lz )‘2 =0
Qo AD? ~ XA v AY Zz' )‘12/ '
This implies that the term R is op (1), and hence we have
1
ANV = ———— = 0p(1),
(42) 2 +o0p(1) r(l)
as required. This completes the proof. O

Next, we show that we can use to obtain the limiting distribution of the standardized

statistic Ty = = Sx—Sy -
V/nTTE[W2|Xq, Yol +my TE[Z2]Xs, Y]

Lemma 17. Under the conditions of[Theorem 13| the standardized statistic T, converges in distribu-
tion to N(0,1).

Proof. This statement simply follows from the observation that Eo[Z%] = Eo[W?#] almost surely
under the null hypothesis. Then, the term cv,, == (\/nflEg [le])/(\/nflEg [(W2] +my 'Ee[23]) =

1/(1 +mnymi ") converges to a constant (say a € (0,1)).
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Using the result of , we can then conclude that o, T x i> N (O,a2) and

1-— Q%Ts’y i) N(0,1— a2). This implies, due to Lévy’s continuity theorem (Durrett, 2019,
Theorem 3.3.17. (1)), the pointwise convergence of the characteristic functions of these sequences.

In particular, let v, x and v, y denote the characteristic functions of a,, Ty x and /1 — a%Tsy
respectively. Then, due to the conditional independence of T x and T y given (X3, Ys), we note

that the characteristic function of Ty = ,, Ts x = /1 — a2T y, denoted by 1, (), satisfies
n(t) = Ep, [exp (itTs) | Xz, Y2
=Ep,[exp (it @, Ts x) [X2, Yo] X Ep, {exp (—it 1— a%TS,y> |X2,Y2}
= Un x (t) X Pny (—1).

Now, taking the limit n — oo, we get that

Jim a(t) = T vn,x (8) X Yy (=)
~exp (<1 e2)) x o (4 (0 o))
o (-5)

Thus, we have shown that conditioned on (Xy, Y5), the characteristic function, v,, of T converges
pointwise to the characteristic function of a N (0, 1) distribution. Hence, by the other direction of

Lévy’s continuity theorem (Durrett, 2019, Theorem 3.3.17. (ii)), we conclude that 7 i> N(0,1).

Finally, we pass from the conditional statement to the unconditional one by notmg that T’ 4 N(0 (0,1

)
conditioned on (X, Yy) implies that sup, cg | Pp, (Ts < 2) — ®(x)| - 0, because the N (0,1)
distribution is continuous. This fact, coupled with the boundedness of sup,cp | Pp, (Ts < ) — ()|
implies that it also converges in expectation, as required. Thus, we have shown that the limiting
distribution of the standardized statistic Ty is N (0, 1) unconditionally. O

We now prove that the studentized statistic also has the same limiting distribution as the standardized
statistic T by appealing to Slutsky’s theorem and the continuous mapping theorem.

Lemma 18. The ratio of 52 and the conditional variance ny *Eo[W3] + my *Eo[Z3] converges in
probability to 1. Stated formally,

EEPN —1~2
ny UX+m1 O'Y

p
21
ny ' Eo[WE] 4+ my B[ 27

Recall that we use the notation Ey|-] to denote the conditional expectation on the second half of the
data, i.e., Epn HXQ, Yg]

Proof. Since Eo[W3] = E[Z?] almost surely, it suffices to show the following two statements to
conclude the result:
~2 ~2
ag X p g Y p
— 1, and 1
Ea[W7] Es[Z7]

We provide the details of the first statement, since the second can be obtained similarly. Consider the
following:

(ny — 1)1 (Wi — Ux)? = Bo[WE] D07 (Wi — Ux)? — (ny — DEo[W?]  Ep, [k2(X1, X2)]

E,[W7] Ep, [F2(X1, X5)] T — DES[W]
= Cl X 02.

Note that Cy =

of|[Lemma 16| Hence, to complete the proof, we will show that C —2 0. This can be concluded by

As, where Ay was introduced in (20) and shown to be Op (1) in the proof

20



noting that Ep_[C7] = 0, and that the variance of C satisfies:
Vp,[Ci] =Ep,[Vp,[C1[X2, Yo]] + Vp, [Ep, [C1]X2, Y2

(ny —1)? 1 &

— _TT)\2
N Epn [/%2(X1,X2)]2EPH ny — 1 ;(WZ UX)

(m=1?  Ep, W] _ _ mEp, Wi _ . mEp,of +b]
S Ep RO G)E m o Ep (X, XG)E T Ep, R(X, X))
=16 (A; + By),

where the terms A; and B; were introduced in (I9). As mentioned during the proof of [Cemma |§
both of these terms can be shown to converge in probability to 0 as required.

Vp,

The previous three lemmas prove that for any sequence {P,, : n > 1} with P, € PT(LO), we have

2
lim,, 00 SUP R |PP, ()‘(MMD < x) —®(x)| = 0. This is sufficient to conclude the uniform result

2
lim sup sup|Pp, (XMMD < x) —®(z)| =0.
n—oo Pnefpglo) z€R

This is because we can select a sequence P/, such that for all n, we have

2 2
sup [Pp, ()‘(MMD ) —®(z)] < sup sup|Pp, ()‘(MMD ) — O(x)]

zeR PnEPT(LO) zeR
_—2 1
< sup |Pp/ (XMMD ) — ®(2)| + ~.
z€R " n

Since the left and right terms converge to zero, it follows that the middle term does too, as required.
This completes the proof of

B.2 Fixed P, changing k,,

We note that the statement of requires an additional technical assumption on the eigen-
values of the kernel operator, introduced in (I3). We repeat the statement of with this
additional requirement below.

Theorem 5°. Suppose P is fixed, but the kernel &,, changes with n. If

. ]Ep[/%n(Xl,Xg)Al] 1 1 . )\%
| = —+—1]=0 d 1 —_—— t 22
novoo Ep[kn (X1, X2)%)% \n * My A= Py >‘2 xSt 22

2
then we have XMMD  —%» N(0,1).

Proof. The proof of this statement will follow the general outline of the proof of
However, in this special case when P is fixed, we can remove the condition that lim,,_,, m, /n
exists and is non-zero, that is required by [Theorem 15}

We will carry over the notations used in the proof of [Theorem 13| and in particular, we will use
Ux = 771 >t W; and Uy = 1 Zm_ll Z;. Since W; and Z; are identically distributed under

the null, we have Ep[W2|Xa, Yg] Ep[Z3|X2, Y], and we will use o3 to denote this conditional
variance. Then, note the following:

-1 -1
— — — — o2 ( ny +my )
2 _ _
D = XU Ux — Uy x -
g 1 _1 g
(D) <\/n1 + my )
= T1 X Tg. (23)

To complete the proof, we will show that T} AN (0,1) and T3 —25 1. The result then follows by
an application of Slutsky’s theorem.
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First, we consider the term 77 in (23). Let W, = W, /o9 and Zj := Z; /0. Then, conditioned on
(X32,Ys), the terms W; and Z; are independent and identically distributed. Introducing the constants

U =, /m and v; = m, we can write
ni my
T = ZuZWZ — Zngj.
i=1 j=1
We can check that the constants (u;) and (v;) satisfy the property:
uf + vj2 1 1

lim max —7 < lim max — + — =0.

PR m —_ P
n—oo ij ol ug YNl vh T oo g omy o m

Thus, by an application of Lindeberg’s CLT, we note that T} 4 N (0,1) conditioned
on (Xs,Ys). Since the limiting distribution (in this case, standard normal) is continu-
ous, this also means that the 77 converges to N(0,1) in the Kolmogorov-Smirnov met-
ric, that is, lim, o sup,cg [Pp (71 < 2|Xa,Ya) — ®(z)] 2+ 0. Since the random vari-
able sup,cp |Pp (Th < z|X3,Ys) — ®(x)| is bounded, convergence in probability implies
that lim, o Ep [sup,cp [Pp (Th < 2[X3,Ys) — ®(x)]] = 0, which in turn implies that
lim,, o0 SUp e |[Ep [Pp (Th < z|Xs,Ys) — ®(z)] | = 0, as required.

‘We now consider the second term, 75, in @) It remains to show that 75 24 1. We will show that
1/T% -1 250, and the result will follow by an application of the continuous mapping theorem.

~2 ~2
1 9x 4 % ~2 ~2
1= | < |2 g | D (24)
T; J§<L+L) o3 o3

ny mi

Thus, it suffices to show that both terms in (24) converge in probability to 0. This is exactly the

result that is proved in[Lemma I8|under the two conditions listed in The condition
on eigenvalues is already assumed in the statement of Theore?‘%[ and thus we will show that the

condition on the kernels, stated in (]T_ZI), implies the condition . To prove this, we first, we note
that

1/2 1/2

Ep [kn (X1, X2)kn (X1, X3)%] <Ep [kn (X1, X2)"]
=Ep [kn(X1,X2)"] .
Thus, the term in is upper bounded by
Ep [k, (X1, X2)*] /1 1 1 1
p [fa(Xs, X)) (+> <1++>.
Ep [kn(X1,X2)2]" \ M no My

Since, we have assumed that lim,,_,., m, — oo, there exists and ng, such that for all n > ny,
1 1 . . . . . . . . . .

1+ 5 + 5, < 2. This implies that if (22) is satisfied, then (T7) in|Assumption 1|is also satisfied, as

required. O

Ep [kn(X1,X3)"]

B.3 Fixed k, and fixed P (Theorem 4)

We prove by showing that under the bounded fourth moment assumption on k, both the
conditions required by Theorem [5’] are satisfied.

Note that since Ep[k(X;, X2)] = 0, the positive and finite fourth moment also implies that the
second moment of k(X7, X5) is also positive and finite. Hence, we have that

This, in turn, implies

. Ep[k(X1,X2)4 /1 1
lim Lo L (2 0,
n oo Ep[R(X1, X2)22 \nn

n My,
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as required by [Theorem 3|

For the second part of the condition, we note that as kernel £ and probability distribution P are

fixed, the term doesn’t change with n, and hence its limit exists. Thus, both the conditions

E /\2
for Theorem 5] are satlsﬁed as required.

C Consistency against fixed and local alternatives
C.1 Proof of (General conditions for consistency)
Proof. We begin by noting that
Ep, o.[1 - U(X,Y)] = Pp, o, (imz < zl,a) =Pp, o, (;d\TM\DQ < zl,aa) .

Now, introduce the event £ = {52 < E[5?]/6,,}, where (§,,) is a positive sequence converging to
zero. By an application of Markov’s inequality, we have Pp, o, (£°) < 6, which implies that

2 9
HDPn,Qn (XMMD S Z1—aV 82) = ]P)Pan ({XMMD S Z1—aV 6'\2} n 8)
—2
+Pp, . ((MMD < 21 ,V52} N E°)

—2
S ]P)Pn7Qn (XMMD S Rl—a ]EPruQn [82]/6n> + ]P)Pn7Qn (EC)

2
<Pp, 0., (XMMD <Zi_a 7Qn|: }/5 ) (25)

By the assumption that §,, — 0, it suffices to show that the worst-case value of the first term in (23)
converges to zero to complete the proof.

To do this, we observe that implies that there exists a finite value of n, say ng, such that for all
n > ng and m > my,,, we have

Ep,@.[0%] _ 1

sup >~
7;41 5” 42%—0(

(Pn,Qn)ePV

)

2
which implies that z1_4+/Ep, o, [02]/0, < ~2/2. Furthermore, since xMMD = (fi; — Uy, fia —

2
Us), it follows that Ep, ¢, [xMMD ] = 2. Combining these two observations, we get for all
n > ng:

2 2 _— 2 2
]IDPan, <XMMD § Zl—a Emen [82]/5n) S IPP,,,,Q,, (XMMD — Emen [XMMD ] S 77” — 7121)

(1) Vp Qn (XMMD )
T ’
where (i) follows from Chebychev’s inequality. This implies that

sup ]P’PTL ,Qn ()_(MMD < Zl—a) g sup L’n()
(Pni@u)€PL (Po@uerl  Tn

2
The required conclusion that sup , o 1 o) PP, Q. (XMMD < z;_,) — 0 now follows from the
second term in (7). O

C.2 Proof of (Consistency against fixed alternative)

We prove[Theorem 7]by showing that the sufficient conditions for consistency, as derived in[Theorem 8]
are satisfied under the assumptions of
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First, since the kernel is assumed to be characteristic, and P, = P # @ = @Q,, it means that
the kernel-MMD distance between P and () must be strictly positive. In other words, we have
¥ = MMD(P, Q) := v > 0 for all n > 1. Hence, in order to verify the condition (7)), it suffices to
show that the following two properties hold:

P P
lim ERQ[E |= h_)m IEPQ[JX] + —EPQ[OY] =0, and (26)
Jim Vpg (XMMD ) —0. 27)

In the equality in (26), we used the fact that ny = n/2 and m; = m,, /2 (see Remark 3).

Verifying (26). We begin by noting that it suffices to show that Ep [0%] < oo and Ep g[0%] < 0o
to conclude @ (this is because we have assumed in[Remark 3| that lim,, o m,, = o). We present
the details for 5% as the same arguments can be used to conclude the result for o3

Recall that 3% = n—ll St ((B(X5, ), 920 — UX) , where gy = ig — 1. Since X1,..., X, are
1.i.d., this implies that

ni

Eral6k] = Erg | - D ((Xi )02k — Ux)*| = Eng [((H(X1, ), g2 — Ox)’]

L3 Sy
=Epq [(k(X1,) = fi1, 92)7) = Epq [(k(X1,-) — fir, fiz — D2)7] (28)
<Epq [[[k(X1,-) = funll 12 — 72[7] (29)
<Epgq [[[k(X1,") — mllk] Epq (|72 — 7l|7] (30)
< (2Epq [[Ik(X1, )l + 171l7]) x (2Epq [l + 1721%]) (1)
< (4Epq [k(X1, X1)]) X (2Ep,q [k(X2, X2) 4+ k(Y1,Y1)]) < cc. (32)
In the above display:

(28) uses the fact that Xl\fMT)i = (i1, 92)r = ({1, i2 — V2), and the linearity of inner product,
(29) uses the Cauchy—Schwarz inequality,

(30) uses the fact that the two terms inside the expectation are independent,

(BT) uses the fact that [|a — b7 < ([laflx + |bl)* < 2 (lall} + [|b]}} ), and

(B2) uses the facts that [[k(X1,-)||7 = k(X1,X1), EpglllinlZ] < Epolk(Xi,X1)l,
Epglli2lli] < Epglk(Xa, X3)] for Xo ~ P independent of X; and Epgl||i2|/?] and
Epgll72l7] < Epglk(Y1,Y:)] for Y1 ~ Q. We show the details for the bound for Ep o||7i1]%]
below:

n/2 n/2
Epallfnlf] =Erq | 25 0 D (X ) k(X
=1 =1
4 n/2 n/2
< 52> Erglk(Xi, Xi)Epqlk(Xi, X))

i=1 1=1

= EP,Q[k(Xl? Xl)]?
where the inequality follows from an application of Cauchy—Schwarz inequality. The bounds for
Epg[|lfiz]|2] and Ep o[||72]|3] also follow from the same steps.

Thus, we have shown that Ep g [6%] < co. The result for Ep o[ ] follows in an analogous manner.

Verifying (27). We begin by noting that the expected value of XMMD = (i1 — V1, lia — Do) =
Ux — Uy is equal to MMD?(P, Q) = || — v||? = +°. Thus, we have

Vpo(MMD ) = Epg [(XMMD = vy — u>k)1

=Erg |((Ox = (=) = (Oy = (=)’

=2Epq [(UX —{p, o — l/>k)2:| +2Epq [(Uy — (v, u— V>k)2} . (33)
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We present the details for showing that the first term in (33) converges to 0 with n. The result for the
second term can be proved similarly.

Before proceeding, we introduce some notation: we will use ji; to denote fi; — i, the centered version
of fi1. Similarly, we will use fi2, 71, U2 and g5 to represent fio — p, U1 — v, Vo — v and go — (1 — V)
respectively. With these notations, note that we can write

- 2 - -
Epq [(UX — (v — 1)) ] =Epq |:(<N1792>k + <u,92>k)2]
< 2Epgq [(fi1, 92)3] + 2Epq [(1, G2)7] - (34)
We now show that the first term of (34) is O(1/n).

Erq [(A1,92)i] < Epq [IElRlIA2 — 2I7] < EpollmliRIErq [2 (18217 + I7217)]

<Epq [ll}] (2Epq[k(X1, X1)] + 2Epq[k(Y1, Y1)]) (35)
[ n/2 n/2
=0 ]EP,Q 2 ZZ Xla )> (36)
=1 1=1
i n/2
=0 |Epg 2 Z X, )>k (37)

=0 (iEP,Q [k(X1, X1) — ||M||i]) =0 (i) :

In the above display:
(B3) bounds Ep g [||fi2]|2] with Ep g [k(X1, X1)] and Ep o[||72]|3] with Ep g [k(Y1, Y1)] following
the same argument as in

(36) simply expands || 711 |3, and
(37) uses the fact that for [ # i, we have Ep o[(k(X;, ), k(X1,-))rh] = 0.

We next show that the second term in (34) is O(1/n + 1/m.,).
Erq [(1,92)%] < 2Epollullz] (Erq [IIA2lE + I7I1E])

2
< 2B gllul3] ( 2Erglb(x0, X0) ~ Iul}] + -Brglh(ti, ) - vl

1 1
=0 ( + ) .
no mp
Thus, since lim,,_,oc M, = o0, both the terms in (34) converge to 0 as n goes to infinity. This

completes the proof that lim,, oo Epo[(Ux — (i, t — v)x)?] = 0. We can use the same arguments
to show that lim,, oo Ep g [(Uy — (v, 1 — v)x)?] = 0. Together, these two statements imply that

2
lim,,—, o Vp,o(xMMD ) = 0 following (33).

C.3 Proof of (Type-I error control and consistency against local alternative)

Type-I error bound. To obtain the bound on the type-I error, we verify the conditions required
by [Theorem 13} by usmg the expressions for moments of the Gaussian kernel derived by [Li and Yuan
(2019), and recalled in[Fact 14}

First, we note that the scale parameters s,, = n*/(#+48) satisfies the property:

Sn . _4(]__d
lim = lim n-a(~am) = 0.
n—oo n /d n—00

In other words, we have s, = o(n*/®). We now verify the required conditions:

* Since we have assumed m,, = n in this case, lim,,_,o, n/m,, = 1 exists.
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* For checking the condition on the eigenvalues, it suffices to show that
Ep, 0. [Ep,.q. [k(X1, X2)k(X1, X3)|Xs, X3]?]

lim — =0,
oo Ep,.q.[k(X1, X3)?]?

2
since this is equivalent to lim,, ﬁ = (. This result follows by a combination of @)
L7

and (T3).
* We next check the condition (T7). We do this in two steps. First we consider the term,
Brq [F (0. XY s 1 s
Ep, g, U;n(Xla X2)2]2n2 ~ (57—1(1/2)2 n2 n2? )
where the first inequality uses (TI) and (T2), while the last step uses the fact that s,, =
o(n*/4). Next, we consider the quantity

Ep,,0u k2 (X1, Xo)k2(X1, X)) _ 1 52" s3/" :< Sn >d/4 0
n

nEp,.q. k2 (X1, X2)]? ~on (sn??2 na/d

. .. . . . /\2 .
Together with [Theorem 15| the above conditions imply that the statistic XMMD computed using
Gaussian kernel with scale parameter s, = n*/(+48) has a standard normal null distribution

uniformly over the class 737(10). This implies the required result about asymptotic type-I error of the
xMMD test W.

Consistency. To prove the consistency results, we verify that the sufficient conditions established
by the general result, are satisfied by the Gaussian kernel with scale parameter s,, =

nA/(d+4B)
2
We first check the condition on the variance of xXMMD . Note that we have the following:
Ux = (fi, iz — V) = (B + ps G2 + 0 — V)k
= (11, 92)k + (B, o — V)i + (1, G2)k + (o — V)i

Recall that we use [i; to denote fi; — p, and similarly use fi2, 7, U2 and g5 to denote fig — 1, 77 —
v, Vs — v and go — (u — v) respectively. Similarly, on expanding the term Uy, we get

Uy = (01, iz — Do) = (V1 + v, Go + 1 — V)i
= (V1,92)k + V1,0 — V)i + (Vs o)k + (Vs — V)i
Since X@Q = Ux — Uy, we get that
<MD = (i1 — D1, G2)k + (i — D1, o — V)i + (1 — v, Ga)i + 7o
Therefore, the variance of XI\TMTDQ is

Tl ~  ~ 2 g~ o~ 9 2
V(XMMD)*EP”,Qn [(f1 — D1, G2)% + (1 — D1, 0 — V)i + (0 — v, G2)3 ) » (38)

2
since all the cross terms are zero in expectation, due to the sample-splitting used in defining xMMD .
We now obtain upper bounds on the three terms in the right-hand-side of (38).

Ep, Q. [(fn =1, fia = 72)¢] <Ep, g, [In — 71l] Ep, q. [Il72 — P2|7]
<4(Ep, q, [lml}] +Er,.q. [I7117])
x (Ep,.q@. [IA2ll7] +Ep,.q. [I72[7])
_4 <]EPn,Qn [k(X, X)] L Erq. [/_f(KY)])
ny m

y (EP",Q" (X, X)] | Ep,.@. [k, Y)])

2 ma

32 _ )
<=5 (Ep,.q. [F(X,X)% +Ep, o, [k(Y,Y)?]) (39)

—d/2
_0 (Mj:;> . (40)
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In the above display, (39) follows uses Jensen’s inequality, while (@0) uses the upper bound on
the second moment of (X, X') and k(Y,Y") derived by LLi and Yuan|(2019), and recalled in (T1)
of For the second term in (38), we proceed as follows:

Ep,.q. [(i1 =01, n = V3] < 2|u—vIREp, q, [IIAl7 + [71117]

< ljl (\/EPan [k(X, X)?] + \/EP,,”Q,,L [k(Y, Y)Q])

9 —d/4
=0 <W> . 1)
n

Similarly, we can get the same bound on the third term of (38)

2 2sn
Ep,.q. [(iz = Pa,p—v)i] = O [ =—— . (42)
Thus, combining @0) (@T) and @2), we get that
2
Vhgu(MMD ) _ s, st s s/ 3
sup 4 ~ TL2 4 n 2~ 5 ,dA4 —d/2 A ( )
(P, Qn)ePS Tn Tn o MESn AL nsy, A2
d/2 d/4
Sn Sn

2A4 2"
n?A3:  nA?2

The second inequality in [@3)) uses (T4) that says 72 > s, 4/ A2 Finally, using the fact that the scale
parameter s,, =< n*/(4+46) we get that

—2
Vp, 0, xMMD ) < Jim 1 I 1 _
~ p—oo (nza/(d+4ﬁ)An)4 (nzﬁ/(d+4ﬁ)An)2 )

lim sup 7
—
T (Pa.QuePY) Tn

where the equality follows from the condition imposed on A,, in the statement of Thus,
2
we have verified the condition on the variance of xMMD as required by (7).

It remains to verify the condition on the expected empirical variance in (7).

— 1 ~ ~ 2
Er..q. [0%] =EP,.q. Z <<k’(Xi, )s 92)k — </~L1792>k) ]

=Ep, g, {(E(Xla -),g2>ﬂ <1 B 1)

ni

<Ep,q. [(M(X1,),2)8] +Ep, @, [(R(X1,) 10— v}

Ep, @, [k(X1, X1)] n Ep, Q. [k(Y1,1)]
) mo

< En, 0, [F(X1, X1)] (

—d/2

S _
S nT + VELSnd/zl'

) 2B, o, [F(X1, X1)]

Similarly, we can get the same upper bound for the term Ep, o, [6%]. Since 5% = n; '6% +m; ‘6%,
we get that
5 —d/2 —d/4
. E o2 ) s
lim sup %"[] < lim -
T (Pa@uer) T

We saw in (#3)) that this limit is equal to 0. Thus, the condition on & as required by (7) is also satisfied
for s, < n*/(@+45)_ Hence, by an application of the test ¥ with Gaussian kernel and s,, <
n*/(d+45) i5 consistent against the local alternatives with A, satisfying lim,, _, oo A,,n?8/(d+48) = o,
This completes the proof.
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D Gaussian Limit for General Two-Sample U-Statistic

We now generalize the asymptotic normality for kernel-MMD statistic stated in toa
larger class of two-sample U-statistics. As before, given X = (X7,...,X,) and Y = (Y1,...,Y},),
we consider the two-sample U-statistic with arbitrary kernel h defined as

Z > (X, X, Y5, V).
V<i§ <]
We assume that h is a degenerate kernel, similar to the MMD case, and satisfies
Ep[h(X,2",Y,y)] = Ep[h(z, X',y,Y")] = 0,
when X, X', Y, Y’ are i.i.d. random variables drawn from any distribution P.

With Xl = (Xh...,an) and Xg = (X7,1+1,...,Xn) and Yl = (Yl,...,le) and Yg =

(Yo, 41, - - -, Yin), we introduce the following terms:

11
O, y) = S (@, Xi,y,Yy), withny =n—ny, and mg = m — my(44)

M2 M2 Nk, viey

i/ =a2 tyreiz
_ 1
q(w1,22,2) == E[h(z1,22,Y,90)] and  q(x) = > q(z Xe V), (45)
NoMmao
Xi/€X25YjIeY2
(2,11,2) = E[h(X | oand )= Y (X Yp) @)
r(z = x and 7(y) = r(Xi,y,Y).
2, Y1, Y2 1 L2, Y1, Y2 Y Nt Y, X

Xi’ EXz,}/jl €Yo

Using the above terms, we can now define the statistic 7' = U /&, with

U:—— E E #(X;,Y;), and EQZU—X—&—U—Y, where
ny my ni my
X;€X1 V€Y,
2 2
) 1 ni 1 n1 X ) 1 mi Y 1 mi Y
o = — q X —_ — q o = — r ;) = — r .
Ox T ;:1 q(X) o ;:1 aXy) | , oy my ;:1 7(Y;) my ;:17"( 1)

Remark 19. Note that the cross U-statistic written above corresponds exactly with the definition
of the cross U-statistic for the kernel-MMD case in (2). To motivate the definitions of the em-
pirical variance terms, note that in the case of kernel-MMD statistic, we have h(x1,z2,y1,y2) =
(k(z1,-) — k(y1,-), k(x2,") — k(y2,-))x. We can check that in this case, we have g(z1, z2,y2) =
<k(:c1, ), k(21,-) = k(w2,-))k. This implies that g(X;) equals the term W; introduced (T8), and thus
n11 >t q(X;) is a centered analog of Ux . Hence, the term 0% defined above reduces exactly to the
7% introduced in (@).

We next state the assumptions required to show the limiting Gaussian distribution of the statistic T’
when X and Y are drawn independently from the same distribution.

Assumption 2. Let (h,, P,,) be a sequence of kernel and probability distribution pairs, and let X
and Y be two i.i.d. samples of sizes n and m., respectively, drawn independently from P,. With ¢, Gy,
and 7, as defined in @4), @3) and [@6) respectively, we assume the following are true:

Ep, [¢*(X1, Y1) (X, Yo

lim Ep, — 3 — 3
n—oe " [maEp, [q(X1)?[X2, Yo + nEp, [7(Y1)?|X2, Yo

[1 Ep, [@'(X)[Xs, Vo] 1 Ep,[r (Yl)IXQ,Yz]} —0
nEp,[¢?(X1)[Xg, Ya]?2 ~ my, Ep, [72(Y1)[Xz, Yo? '
Remark 20. Note that in specific the case of kernel-MMD statistic, we can check that
Ep, [¢(X1,Y1)?Xs,Ys] = Ep, [(X1)? + 7(Y1)?|X2, Yo]. Hence {7) always holds. The sec-
ond condition of [Assumption 2} stated in [8)), is a stronger version of the moment conditions used

by [Theorem 3| and [Theorem

We now state the main result of this section.

=0, and ()]

lim Ep

(48)
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Theorem 21. For every n > 1, let X and Y denote independent samples of sizes n and m,,
respectively, drawn from a distribution P,,. Suppose the sample-sizes are such that lim,,_, oo m,, /n
exists and is non-zero. Let (hy, P,,) denote a sequence satisfying the conditions of|
Then, we have that

lim sup |[Pp, (T <z)— ®(z)| =0.

n,m—00 pcR

D.1 Proof of [Theorem 21|

Before describing the details, we first present the outline of the proof.

1. We first consider the standardized version of the statistic, defined as T; = U/op,
where 03, = ny 'Ep, [q(X1)*[X2, Yo] + my 'Ep, [F(Y1)?|X2, Yo]. In[Lemma 22, we
show that the difference between T and its projected variant, Tp, = Up Jop =

(nfl Sa(X) +mpt > F(Yj)) /op, converges in probability to 0. Hence, we can

focus on the term T'p, . This result uses the condition 7)) of
2. We then show in|Lemma 23| that the statistic Tp ; converges in distribution to N (0, 1). This

combined with the previous result implies that 7’ 4N (0,1).

3. To complete the proof, we show in|Lemma 24} that the ratio of the empirical variance 2
and the conditional variance 0% converge in probability to 1. This fact combined with
the continuous mapping theorem and Slutsky’s theorem implies the result. The proof

of relies on the condition (@8] of [Assumption

We now present the details of the steps outlined above.

Consider the standardized statistic, T, defined as U/op, where 0% = Vp (Up|Xa,Ys) =
ni'Ep, [(*(X1)[X2, Yo] + mi ' Ep, [72(Y1)[Xs, Ya] = ny ‘0% x + mi 0%y . Introduce the term

%)
TP,S = ﬁ

Lemma 22. Under the conditions o we have T, — Tps 250

Proof. We first show that Ty — Tp g SN 0, conditioned on the second half of the observations,

(X2,Ys). As aresult of this, the conditional limiting distributions of the two random variables T

and T'p ¢ are the same. Since Up is the projection of U on the sum on independent (conditioned on

(X2, Ys)) random variables, we have

Vp,(Ts = Tps|XY2) = Vp, (Ts|X Y2) + Vp, (Tps|X Ya) = 2Ep, [(Trs + (Ts — Tp,s)) Trs|X2, Yo
=Vp, (I;IXY3) = Vp, (Tps|X Yz) = Vp, (T[X Yz) — 1,

using the fact that (T, — Tps) L Tp s conditioned on (Xs,Ys). Next, using the formula for the

variance of two-sample U-statistics, we have

o2 o2 1
Ve, (To]Xs, Y2) = ( BE 4 2 + ———Ep, [$(X1, X0)*[Xo, Vo] | Jop
n1 mq nima
14 1 Ep,[¢°(X1, X2)[Xs, Yy
nim 0% '
The result then follows by an application of the condition 7)) of and the fact that
ny =n/2and my = m,, /2. O

Our next result establishes the limiting distribution of the statistic T'p .

Lemma 23. Under we have Tp, g LN N(0,1).

Proof. Recall that TP,s = Up/O'p,WheI‘e UP = Up7x—l7p7y =1 Z:L:ll Q()(l)—L Zml f(}/j),

TTl mi Jj=1
1

2 _ 1.2 —1_2 - -1_2 —
and 0 = ny 0py + My opy. Introduce the terms Tx = Upx/\/ny 0py and Ty =

Upy/ mflal%’y. The result then follows in the following two steps:
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» We first observe that T'x and Ty conditioned on (X5, Ys) converge in distribution to N (0, 1).
The result follows by applying Lindeberg’s CLT.
* Next, using the assumption that lim,,_, -, m,/n exists, and is non-zero, we next observe

that Tp 4N (0,1). The proof of this result follows from the same argument used
in

O

Together, the previous two lemmas imply that T, 4N (0,1). To complete the proof, we need
to show that the ratio of the conditional variance 0%, and the empirical variance > converge in
probability to 1.

Lemma 24. Under|Assumption 2| we have g—j 251,
P

Proof. We begin by noting the following

~ —1 (22 2 —1 (22 2
o2 1= n (UX - UP,X) my (UY - UP,Y)
o o%
~2 ~2
g g
<= -1+ | 5= 1. (49)
Opx A%

Thus it suffices to show that the two terms in (49) converge in probability to 0. Since n1/(ny — 1)
converges to 1, it suffices to consider

n (= = N\2 _

(m — 1)~ 35 (0(X) — Upx)” — Ep, [q(X1)|Xs, Yo
Ep, [*(X1)[X2, Yo

First note that Ep, [E|X2, Ys] = 0. Hence, its variance can be written as

1 Ep [q*(X1)|X2, Yo
= < — n .
Vp (E)=Ep [Vp, (E|Xs,Ys)] < o Ep, Ep, 120X Xa, Val?

FE =

(50)

The last term in (50) converges to 0 by |Assumption 2} implying that

~2
IX converges in the second
9P x

moment to 1, which in turn implies their convergence in probability to 1. Following the same
2

arguments, we can also show that -2 also converge in probability to 1, as required. O
Y

op,

E Additional Experiments

Computing Infrastructure. All the experiments were performed on a workstation with Intel(R)
Core(TM) i7-9700K CPU 3.60GHz and 32 GB of RAM with an NVIDIA GTX 1080 GPU.

E.1 Implementation details of experiments reported in the main text

Details for [Figure 1} For the null distribution, we set n = 500 and m = 625 and generated both X

2
and Y from N (0, I;) for d = 10 and 100. In both cases, we computed the XMMD  statistic 2000
times to plot the histogram.

For the second figure, we obtain the power curves for the xMMD test and the MMD test with 200
permutations for testing P = N (0, I;) againt Q = N(a, j,I;). Here d = 10,j = 5 and ¢ = 0.2,
and recall that a. ; is the vector in R? obtained by setting the first j < d coordinates of 0 equal
to e. We selected n and m from 20 equally spaced points in the intervals [10,400] and [10, 500]
respectively, and ran 200 trials of the tests for every (n, m) pair to obtain the power curves. The error
regions in the figure correspond to one bootstrap standard deviation with 200 bootstrap samples.

For the third figure, we set d = 100, j = 20, ¢ = 0.1, P = N(0,1;) and Q = N(a. j,I4). We ran
the two tests, xMMD and MMD with 200 permutations, for 20 different (n,m) pairs in the range
[10, 500], and repeated the experiment 200 times for every such pair. The figure plots the wall-clock
time, measure by Python’s time.time () function, and plot the power against the average wall-clock
time over the 200 trials. The size of the marker is proportional to the sample size (i.e., n + m).
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Details for [Figure 3, The two kernels used in this figure are the Gaussian and Quadratic kernels.
The Gaussian kernel with scale parameter s > 0 is defined as ks (z,y) = exp(—s||z — y||3), while
the Quadratic kernel with scale s > 0 is defined as ko (z,y) = (1 + s(xTy))Q. With w denoting the

median of the pairwise distance between all the observations, we set s = 1/(2w?) for the Gaussian
kernel and s = 1/w for the Quadratic kernel.

Details for Given observations X, X, ..., X,i.i.d.P, consider the problem of one-
sample mean-testing, that is, testing Hy : E[X;] = 0 versus H; : E[X;] = a # 0. When the distribu-
tion P is a multivariate Gaussian, Kim and Ramdas|(2020) showed that power of their test using a

one-sample studentized U-statistic based on a bi-linear kernel is asymptotically ¢ <za 4+ _aa ) .

24/tr(22)
The power achieved by the test using the full U-statistic is ® (za + V%) , which differs from

the previous expression by a factor of v/2. A similar relation also holds for the problem of Gaussian
covariance testing. Our heuristic in () is based on these two observations.

Details for For plotting the ROC curves, we proceed as follows. We fix n = m =
200, and then compute the MMD, block-MMD, linear-MMD and cross-MMD statistics for 1000
independent repetitions of ‘null’ and ‘alternative’ trials. For every null trial, we calculate all the
statistics on independent samples of sizes n and m drawn from P = N(0, I;), while for every
alternative trial we calculate the statistics on independent samples of size n and m drawn from
P = N(0,1;) and @ = N(a.,j, 1) respectively. Recall that a. ; is obtained by setting the first j
coordinates of 0 equal to e. Having obtained 2000 values for every statistic, we then plot the tradeoff
between false positives (FP) and true positives (TP) as the rejection threshold is increased. The ability
of a statistic to distinguish between the null and the alternative is quantified by the area under the

curve. In[Figure 5 we used (d, 7, ¢) € {(10,5,0.1), (100, 20, 0.1), (500, 100,0.1)}.
E.2 Additional Figures

2
Null Distribution. denotes the null distribution of our proposed statistic (xXMMD ) along
with that of the usual MMD normalized by its empirical standard deviation. The null distribution
in is Dirichlet with parameter 2 x 1 € R? for d € {10,500}.

Power Curves. In we plot the power curves for the different tests using a Gaussian
Kernel, and we report the results of the same experiment with a polynomial kernel of degree 5
in[Figure 8] Recall that the polynomial kernel of degree  and scale parameter s > 0 is defined as
k(z,y) = (14 (z7y)/ s)r. In both instances, we selected the scale parameter using the median
heuristic.

From the figure, we can see that the xMMD test is competitive with the computationally more
costly tests, namely the MMD permutation test and the MMD-spectral test of |Gretton et al.| (2009).
Furthermore, the performance of xXMMD test is significantly better than the existing computationally
efficient tests, namely block-MMD test (with block-size /) and linear-MMD test.

ROC curves. In we plot some additional ROC curves for the different statistics. As
before, we used 1000 ‘null trials’ and another 1000 ’alternative trials’ with sample sizes n = 200 and
m = 200. The data generating distributions P and () were both Dirichlet with parameters 1 € R¢
and (1 +¢) x 1 € R%for (d,¢) € {(10,0.4), (100, 0.2), (500, 0.15)}.

E.3 Comparison with ME and SCF tests of |Jitkrittum et al. (2016)
We now present some experimental results comparing the performance of our cross-MDD test with
the linear time mean embedding (MD) and smoothed characteristic function (SCF) tests of Jitkrittum
et al.| (2016). These tests proceed in the following steps:

* Fix J, and choose points {vy,...,v;} from R?, where d is the dimension of the observation

space.
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Figure 6: The first two columns show the null distribution of the XMMD statistic (top row) and

2
the MMD statistic scaled by its empirical standard deviation (bottom row) using the Gaussian
kernel with scale-parameter chosen using the median heuristic. The last two columns show the null
distribution for the two statistics using the Polynomial kernel of degree 5 with scale parameter chosen

2
using the median heuristic. The figures demonstrate that the null distribution of MMD changes
significantly with dimension (d), the ratio n/m and the choice of the kernel, unlike our proposed
statistic.

(d=10,7=5,e =0.2) (d=50,7 =15,¢ =0.125) (d =100,5 = 20,e = 0.15)
Sa—— 1 14
—— MMD-perm
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Figure 7: Power Curves for the different tests using Gaussian kernel with scale parameter chosen
via median heuristic. The two distributions are P = N (0, I;) and Q = N (acj, l4) where a. ;
is obtained by setting the first j < d coordinates of 0 € R equal to e. The figures demonstrate
that the xMMD test is competitive with more computationally expensive tests (MMD-perm and
MMD-spectral), while performing significantly better than the low complexity alternatives (B-MMD
and L-MMD). The batch-size used in the B-MMD test was /n.

* Using X and Y with n = m, compute {z; : 1 < ¢ < n}, where z; =
[k(vs,Xi) — k(vs,Yi)]J=y € R’ for ME test, and z; = [I(X;)sin(X]v; —
1(Y;) sin(Y;v;), 1(X;) cos(X T vj) — i(K)cos(X/iij)]jzl € R?’ for the SCF test. De-

finez, = 13" z,and S, = Lo (2 — Z) (2 — Z0)T.
» Using the above, define the test statistic
] _ -1 _
Ap = zg (S + YD) Zn,

where 7, is some regularization parameter that converges to 0 with n, and I denotes the
identity matrix. For a fixed d and J, Jitkrittum et al.| (2016) show that the above statistic has
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Figure 8: Power curves of the different kernel-based tests using a polynomial kernel of degree 5, i.e.,
5 . . . - .
k(z,y) = (1 + (27y)/s)” with s chosen via the median heuristic.
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Figure 9: ROC curves using the different statistics with Gaussian kernel for testing two Dirichlet
distributions in dimensions d € {10, 100, 500} with sample-size n = m = 200. The two distributions
are P = Dirichlet(1) and Q = Dirichlet((1+ €) x 1) where 1 € R is the all-ones vector.

ax2(J) (resp. x2(2J)) limiting null distribution in the ME (resp. SCF) case. This result is
used to calibrate the test at a given level a.

In we plot the variation of type-I error and power with sample-size of the three tests for
the Gaussian Mean Difference (GMD) source with d = 10. As the figures suggest, the cross-MMD
achieves higher power and tighter control over the type-I error than the ME and SCF tests in this
regime.

The ME and SCF tests are calibrated based on the limiting distribution of their statistic in the low
dimensional regime: fixed d, and n — co. However, the high type-I error of these tests for small n
values suggests that their limiting distribution may be different in the high dimensional regime, when
both d and n go to infinity. We further observe this in|[Figure 11|when d = 100 and d/n > 1.

We end this section with a discussion of some key points of difference between the ME and SCF tests,
and our proposed cross-MMD test.

* The ME and SCF tests require the kernel to be uniformly bounded, whereas our test requires
only mild moment conditions that are even satisfied by unbounded kernels if the underlying
distributions are not too heavy-tailed (formally described in[Assumption ). Furthermore,
the ME and SCF tests have several tuning parameters: number of features J, {v1,...,v;},
bandwidth, step-size for gradient ascent etc. In practice, .J is usually set to 5, and the other
parameters are selected by solving a .Jd + 1 dimensional optimization problem via gradient
ascent. While each step of gradient ascent has linear in n complexity, the number of steps
needed may be large for higher dimensions, resulting in a higher computational overhead.
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Figure 10: The figures plot the variation of the type-I error (left) and the power (right) with sample-
size of the three tests: cross-MMD, and the two linear time tests, ME and SCF, proposed by [Jitkrittum
et al.|(2016).
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Figure 11: The ME and SCF tests provide poor control over the type-I error in the regime when d/n
is large, suggesting that the limiting null distribution is different (or the convergence rate is slow) in
this regime.

* More importantly, the ME and SCF tests are only valid in the ‘low-dimensional setting’:
fixed d and J, with n — oo. In the high dimensional setting, when (d, n) — oo, the limiting
null distribution may no longer be x?(.J). This is also suggested by the behavior of type-I
error of ME and SCF tests in|Figure 10|and |[Figure 11} This results in the following practical
issue: given a problem with n = 500 and d = 200, how should one calibrate the threshold
for those tests?

Our proposed test does not suffer from this, because in both high and low dimensional
settings, our statistic has the same limiting distribution. This is a significant practical
advantage of our cross-MMD test over ME and SCF tests.

In the regime where the number of features, J, is allowed to increase with n, we expect that
the resulting ME and SCF tests may have low power (for small regularization parameter ,,).

This is because, the test statistic \,, used by ME and SCF tests is similar to Hotelling’s 72
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statistic, for which Bai and Saranadasal (1996) characterized the asymptotic power in this
regime. In particular, their Theorem 2.1 implies that the power of the T2 test grows slowly
with n, especially when J/n = 1.

Finally, we note that our ideas also extend to more general degenerate U-statistics (as

discussed in[Appendix D.I)). Hence, they are also applicable in cases beyond MMD distance,
where we may not have good linear time alternatives.

E.4 Type-I Error and goodness-of-fit test of null distribution

2
In this section, we experimentally verify the limiting Gaussian distribution of the xMMD statistic
under the null. We first plot the variation of the type-I error of our cross-MMD test with sample
size in We considered the case when X and Y are both drawn i.i.d. from a multivariate
Gaussian vector in dimension d € {10,100}, and n = m.

Type-I error vs Sample-Size (d=10, 500 trials) 10 Type-| error vs Sample-Size (d=100, 500 trials)
0.8 0.8
S 06 S 06
5 5
& &
o o
204 204
02 02
00 200 400 600 800 1000 00 60 80 100 120 140 160 180 200
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Figure 12: The two figures show the variation of the type-I error of the cross-MMD test with sample-
size for dimensions d € {10,100}. The dashed horizontal line denotes the level & = 0.05. In
summary, these tests do not find evidence against the null hypothesis that the null distribution is
Gaussian.

Next, we plot the p-values for the test for normality proposed by [D’ Agostino and Pearson| (1973)),
and implemented in the function scipy.stats.normaltest in Python. We performed this test

2
at different sample-sizes (n), and for each value of n, we calculated the XMMD statistic on 200
different indpendent sample pairs. The results are shown in

p-value vs Sample-Size (d=10) p-value vs Sample-Size (d=100)
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Figure 13: The two figures show p-values for the test for normality proposed by |D’ Agostino and
Pearson|(1973) (using the implementation scipy.stats.normaltest) of the cross-MMD statistic
for dimensions d € {10, 100}. In both dimension regimes, the test does not find evidence against the
null that the cross-MMD statistic is normally distributed under the null.
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E.5 Comparison with Friedman-Rafsky test

We now compare the performance of our cross-MMD test with the Friedman-Rafsky two-sample test.
This test, proposed by |[Friedman and Rafsky|(1979)), uses a graph-based statistic that is a multivariate
generalization of the Wald-Wolfowitz runs statistic introduced by (Wald and Wolfowitz (1940). This
statistic, denoted by R, is constructed as follows:

* Pool the samples X and Y to get Z of size N = n + m. Construct the complete graph with
N nodes, and edge weights equal to the euclidean distance between two end points.

* Construct the minimal spanning tree (MST) of the complete graph GG, and denote the 0-1
valued adjacency matrix of this MST by M.

* The statistic R is defined as one more than the number of edges in M with endpoints from
different samples.

The statistic R is expected to take a large value under the null when X and Y are drawn from the
same distribution. Hence, the FR test rejects the null for small values of R. The rejection threshold
can be obtained either by the limiting distribution of R characterized by (Henze and Penrose, {1999,
Theorem 1), or using the permutation-test.

In we compare the power of the FR permutation-test with our cross-MMD test in a low
dimensional (d/n small) and a high dimensional (d/n large) problem. In both cases, it is observed
that the power of FR test is significantly smaller than that of cross-MMD test.

GMD Source (e = 1.2,d = 10) GMD Source (e = 2.0,d = 100)
— 14 —_—
—xMMD __— —— xMMD
FR FR
)
2 05
[
I I I I 0 T T I I
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Sample-Size (n+m) Sample-Size (n + m)

Figure 14: The figures show the power curves for Friedman-Rafsky (FR) test and our cross-MMD
test in the low (d = 10) and high (d = 100) dimensional settings with m = n in both plots. The
figures indicate that our cross-MMD test is significantly more powerful than the FR test.
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