A Analysis

A.1 Preliminaries

We present two well-known inequalities that connect the concept of expected supremum to the metric
entropy of T denoted by log N (T, d, ¢).

First, we state Dudley’s inequality, which as stated by [49]] gives the supremum of X} in terms of the
metric entropy of 7' denoted by log N'(T', d, €).

Theorem 6 (Dudley’s integral inequality). Let (X;)icr be a mean-zero random process on a
metric space (T, d) with sub-Gaussian increments. Then, there exists a constant C' > 0 such

that -
E [sup Xt} < CK/ V1og N (T, d, €)de.
0

teT

We refer the reader to [49] for a detailed discussion and a proof of the theorem.

One can also obtain a lower bound on E [sup,. X;| by Sudakov’s inequality (see Theorem 7.4.1
by [49]) stated below.

Theorem 7 (Sudakov’s inequality). Let (X;)ier be a mean-zero Gaussian process on a
metric space (T, d). Then, for any € > 0, we have

E [supXt} > cev/log N (T, d,€),

teT

where d is the canonical metric d(t, s) = (E(X; — X,)?)/2.

A.2 One-dimensional case
A.2.1 Upper bound

We first derive an upper bound on the expected supremum of X/ introduced in Eq. (2).

Theorem 1 (Upper bound, 1-D case). Consider the stochastic process X} defined by
dXH = pX.dt + cdBl,
with Xo = 0,0 € Rand |3| < 1. Then, fort € [0,1],

E|sup X/| <C U\/Cﬁ+0\/% ,
t€(0,1] H

where Cg = e3P and C are positive constants (independent of H).

Proof. We will use the bound on the supremum of a stochastic process X, discussed in Theorem [6
that requires defining a metric 6 on [0, 1] such that

e (52 ) <2

First, we note that Z, ; := XtH - X f is known to be randomly distributed [3]. For X, we have
E[Z; 5] = 0 since E[X#] = X¢eP* = 0. The variance of the increments of the process is derived
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in [3,129] as
Var[ X — XH] = var[X ] + Var[ X ] — 2Cov(X [, X T

t—s t—s
= g2 He 2Pt / P2H1P2 0, 4 g2 He 208 / PH=1e=Bzq,  (6)
0 0

Next, we upper bound the two integrals. We assume w.l.0.g. that S is positive. Else, we can simply
exchange the bound on the two integrals (since we have e =7 in one integral and e in the other
integral). Then we obtain

t—s t—s
/ 2H-1eBz 0, < eﬁ/ 22H=1q, @)
0 0

< 2(t—s)*H, (8)

=S

where we used e”* < e in the first inequality since (t — s) < 1 (because ¢ € [0, 1]) and Cs = €” in

the last inequality.

—~

For the other integral,

t—s t—s 1
/ P2H-1e=Pzq, < / 2H-1g, < —(t— S)QH. 9)

Therefore, for s < t,
15 1
Var[ X! — XH] < iazCﬁge*th(t — )2 ¢ 50'2672ﬁs(t — )2
< Cpo®(t —s)*M, (10)
where we used Cj > 1 and Cj := €%/,
Let Z ~ N(0,1) and f is the probability density function of Z. We have

2 oo (i) <2 o (5 5]
= [ O; fz(z) exp (Cﬁaza(;(; 32HZQ> =
_ /O; \/%exp <_Z22> exp (CﬁGZg(; §§2H22> dz

[ d (3 S

V2
Recall that the integral of the Gaussian function f(z) = e~ fora > 0 is ffooo e~ dg = -
therefore )
72 1 /1 24 \2HN\ T3
E |exp t,s - ,_M , an
82(t, s) V2 \2 02(t, s)

2 2H
where we need (% - %) < 0.

Next, we choose ¢ such that

L 1_ C[—}O’Q(tfs)zH _% <
V2 \2 5(t, 5)
1 Cgo?(t—s)*H 1
A S IS
- <2 52(t, 5) =38
Cgo?(t — s)?H

<3
02(t, s) -8
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e.g.
5(t,s) = 24/Cpo(t — )2
Then

Ug(t()) t to) < 6}

= { Dt =t < (20\5/07>
U, (

|-

T

forr := (20\/073) . So

el

) + 1 ([] Gauss bracket).

€
Nis(e) < <20\/C—B

Hence

o0 204/Cpg 204/Cjs
/0 log(Ns(e))de = /0 log (N3 (e))de < /0 log <205073> w1 )de

20\/@ 9 /70 %
</ log 2<U€ﬁ>

~Jo

T~

20 C[—; 2 /C
= / log(2) + 1 log (H) de
0 H €

Then, using Theorem@ we obtain that there exists a constant Cy such that

1 20 C[g 2 /C
< a4 24/log(2)o/Cp + 4/ E/ log (ag;;) de
0

E | sup XtH
t€0,1]

Finally, we obtain an analytical form for the integral using fo V0og(£)dx = PRV " (which can be

derived using fo log( Ydx = VT combined with a change of variables).

A.2.2 Lower bound

We now turn our attention to a lower bound. This will demonstrate that the result obtained in the
upper bound is actually sharp in terms of the dependency to the Hurst parameter H.
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Theorem 2 (Lower bound, 1-D case). Consider the stochastic process X} defined by
dXF = —BX,dt + odBF,
with Xo = 0,0 € Rand |3| < 1. Then

1 C
sup XtH >cqe 24 —log (U lﬁ) ,
te[0,1] H e~ 3

where Cg = e218 and c are positive constants (independent of H ).

Nl

E

Proof. We will use Sudakov’s inequality that relies on the canonical metric

8(t,s) = (B(X[T — X[T)*)V/2.

In order to get an expression for 4(t, s), we first note that Z; s = X}/ — X2 is known to be randomly
distributed [3]. For Xy, we have E[Z, ;] = 0 since E[X/T] = Xyef* = 0. The variance of the
increments of the process is given in [3[29] as

Var[ X1 — XH] = var[ XT] 4 Var[ X ] — 2Cov(XH , X F)

t—s t—s
= 02H€—2ﬁt/ 2H1eP2q, 4 g2 He 2P / 2H-1e=Pz g, (12)
0 0

Next, we lower bound the two integrals. We assume w.l.0.g. that 3 is positive. Else, we can simply
exchange the bound on the two integrals (since we have e %7 in one integral and e’ in the other
integral). Then we obtain

t—s t—s ﬁ222
/ ZzH—leBzdzz/ L2H-1 <1+52+ 5 +...>dz
0 0

IR S D P D s
2H 2H +1 2H +2
(t _ S)2H (t _ S)2H+1
> 13
- 2H +5 2H +1 (13)
For the other integral,
t—s t—s 2H 2H+1

L B t—s) (t—1s)
2H-1 ,Bzd > 2H—-1 1— dz = ( _ 14
/0 z e z_/o z (1—pB2)dz SH Ié] S 11 (14)

Therefore, for s < t,
B t— 3)2H (t _ 8)2H+1
H _ yH] > 52 28t (
Var[X;" — X.'] > 0“He < 5H + SH 11
2H 2H+1
27 —ogs (((E—3) (t—s)
H _
Hotie < or P om
t—s)2H
>o0“He Y aE
—_ 0_26—25t(t _ 8)2H

=o2Cp(t — 5)*, (15)

where Cj5 = e 2151,

We therefore obtain the following canonical metric

8(t,s) = (E(X; — X)HY2 = 0Cs(t — 5)F.
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Then
U2 (to)

By Sudakov’s inequality (Theorem[7)), we have

E l sup XtH} >c sup ey/logNs(e) (16)

te€[0,1] 0<e<oCp

From our previous calculation, we have

T
log Ns(g) > log (005) =g log (Ucﬁ>

1 1 C

0<€S0’Cﬁ

A.3 Multi-dimensional case
A.3.1 Lower bound
We first derive a lower bound on the expected supremum of X/? introduced in Eq. [2) in the multi-
dimensional case.
Theorem 5 (Lower bound, d-dimensional case). Consider the d-dimensional stochastic
process X} € R? defined by
dX}F = AX,dt + dBf , Xy = ¢,

where A € R gnd BE = (B! ... B is a fBM with H € (0, 1). Denote by
a;;(t) the matrix entries of exp(tA)A and assume that there exists ig € {1,...d} such that
minse(o,1] Gigio (t) > —1 + C1, where 0 < Cy < 1. Then

1 2C
E[sup 17 - B 2 et 0w (257,

te[0,1]

where c is a constant independent of H.

Proof. The solution X; (we omit the superscript H for simplicity) is given by

t
X, = o(t) (5 + [oany ds) + BH, a”
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where ¢(t) is the fundamental solution, that solves the matrix equation

o(t) = Ag(t),  ¢(0) = Id. (18)

In the case where the matrix A is constant with time, the fundamental solution is given by

o k
p(t) =€t =" (t‘,j!) : (19)
k=0
By centering X;, we get
t
X, =X, -E[X)] = / o(t)p~*(s) ABHds + BE. (20)

——
=exp((t—s)A)

Using the stationarity of X, we find that for t; < to,

1Xe, — Xoy llr2(0) = 1 Xt — Xo, — E[Xy, — Xi,]ll22(0)
= | Xt,—t,ll22(0)- (21)

Denote by a;; () the matrix entries of exp(tA)A. We have

_ to—t1 2
1 Xts—t, 11720y = E H/O exp((t2 —t1 — s)A)ABHds + Bf
2
d to—t; d ) H{
= Z]E / Zaij(tg — tl — S)Bf"]dS + BtQZtl
i=1 0 j=1
2
d to—t; d ) s
=> {E / > aij(ts—t1 —s)BMds | | +E[(B{",)?]
i=1 0 j=1
to—t1 d R
+ 2/ Zaij(tZ -t — S)E[BsH’jBtgitst}
0 -
j=1
2
(@) tamt :
= Z { E / Zaij(fg — 11 — s)Bf’]ds -th — t1|2H
i=1 0 j=1
=:A
to—t; d
+/ Zaij(tg — tl — S) (|t2 — tl‘QH + |S|2H — |t2 — tl — S|2H) dS}
0 .
Jj=1

=:B

to—1t1
> / a“‘(tg —t — S) (|t2 — tl‘gH + |S|2H — |t2 —t — S|2H) ds + |t2 — t1‘2H
0

where (i) uses E[(B/’, ) = it — t*" and E[BTIB/’, ]
3 (Jt2 — o P2+ [s]2H — |ta — t1 — s|?H).

Next, assume that there exists 49 € {1, ...d} such that

in_a;,(t) > —1+Ch,
trerfég]aoo()f +Ch
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where 0 < C; < 1. Then
1 Xe, — Xty 22) > I1X52 — X{2 20

to—tq1
> / (<14 1) (b — 8227 4 |85 — [ty — b1 — ) ds + |t — 127
0

= (=14 C))[ta — t |2 4 |ty — t1?H
> (=14 Oty — t1 |22 4 |ty — t1)?H
> Oty — t1]?H.

Taking 6(t2,t1) = Cy|ta — t1|* as the metric on [0, 1], we obtain

Ud(te) : ={te€0,1]:5(tty) <e}
_ {te 0,1] : |t — to| < (é)H}
= U?(tO)

T~

forr := (C%) . So

N5(E) >

1
B ~H
(@) ]
By Sudakov’s inequality (Theorem[7)), we have

>c sup ey/logNs(e).

E l sup (£X7°)

te[0,1] 0<e<2C,
where C5 is a constant independent of H.
From our previous calculation, we have
1
H 1

2C 2C
log Ns(e) > log (;) T log <€1>

_ ! (log(2C1) —log(e)).

Since arg max.¢ (o 1) €/ — log(e) = e~ 2, we get
1 201
sup ey/log Ns(e) > e 24/ —=log | —F ).
0<e<2C, H e 2

We conclude that

- 1 2C
E| sup [ X¢]l| > ce 24/ = log <11>
t€0,1] H e 2
O
Alternative proof for lower bound Recall we have shown that
~ d to—t1 d ) 2
el =B [ [ S aulte—tr = )BIds | | 41tz o
i=1 0 j=1
=:A
to—1t1 d
+/ Zaij(tg - tl — S) (|t2 - t1|2H + |S|2H - |t2 — tl — $|2H) ds }
0 -
j=1

=:B
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Let’s first focus on the term A:

2
to—t1 d )
E / Z (%7 (tg — tl — s)Bf’st
0 j=1
t2—t1 d X t2_t1 d .
=K / Z ;5 (tz — tl — Sl)Bg"jdsl / Z aij(tg — tl — SQ)Bg’]dSQ
0 . 0 -
j=1 j=1

ta—t1 pta—ti d . d )
/ / E Z ;5 (tg — tl — Sl)Bg’j Z ;5 (tz — tl — SQ)B;ZJ d81d82
0 0 ; :
Jj=1 Jj=1

to—t1  ps2 d ‘ d ‘
= 2/ / E Zaij(tg — tl — Sl)Bg’j Zaij(tg — tl — SQ)Bg’J d81d82
0 0 =1 j=1
to—1t1 S2 d . .
= 2/ / Zaij(tg — 1t — Sl)aij(tg —t1 — SQ)]E [Bg’ng’j] d51d52
0 0
J=1

tz—tl So d
= / / Zaij(tg — tl — Sl)aij(tg — tl — 82)(‘82|2H + ‘81|2H + |52 — 81|2H>d81d82
0 0 :
Jj=1

d

to—tq1 S2
> dmin min aij(u1)aij(u2)/ / (|82|2H + |81‘2H + |82 — 81|2H)d81d82.
J=1 u1,u2€[0,1] 0 0

Then, note that

‘82|2H+1 |52|2H+1

S2
2H 2H 2H 2H+1 _ 2H+1
— ds, = = .
/0 ([s2[*7 +[s1]%7 + [s2 — 517 )ds1 = [s2] + SH + 1 SH =1 |52l

Therefore
2
ta—t1 _d ) d ta—t1
E / Zaij(tg —t; —s)BMids >dmin min aij(ul)aij(uz)/ |52 ds,
0 = J=1 uy,u2€[0,1] 0
d |t2 _ t1|2H+2
— dmi ; | 2=
Bl )
For the term B, we have
to—1t1 d
/ Zaij(tg — tl — S) (|t2 — tl‘QH =+ |$|2H — |t2 — t1 — $|2H) dS
0 =
d 5 fmh 2H 2H 2H
> dmin min aij(u)/ (|t — 1P + |s[*" — [t — t1 — s|*") ds
J=1 ugl0,1] 0
d
> dmin min_a;;(u)[ty — t;[2F
J=1 u€[0,1]
Combining the lower bounds on A and B, we obtain
1 Xto—t2 1720
d _ |ty — t1]2H+2 d . 2H+1 2H
>dmin min  a;i(u1)a;i(ug)—————— +dmin min a;;(u)|ts — ¢ gty — ¢
= dmin iy o)) =oE 5 min min ai;()ltz =t Itz — 1]
d d

d
. . 2 . . 2H
= |z R, y o)) [ = din i, a0 41 =1

=:a1 (%) =:a2 (i)
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Let C7 = mingep,1)(a1(i)t* + az(é)t + 1) > 0. We can then choose the metric on [0, 1] as

S(ta,t1) = Cy |ty — t1|H.

The rest of the proof is identical but we obtain a different constant C that covers different scenarios

of the entries of the matrix A.

A.3.2 Upper bound

We now turn our attention to an upper bound. This will demonstrate that the result obtained in the

lower bound is actually sharp in terms of the dependency to the Hurst parameter H.

Theorem 4 (Upper bound, d-dimensional case). Consider the d-dimensional stochastic

process X1 € R? defined by
dX} = AX,dt + dBf , Xy = ¢,

where A € R¥® and BE = (B!, ... B["%) is a fBM with H € (0,1). Denote by a;;(t)

the matrix entries of exp(tA)A. Then

Cd2C.
E | sup |1X7 — E[X/]) | < ca2c, + CE0VT
te[0,1] 2vH

where Cy = max{,_, SuPye(o,1 |as; ()[* + max{ Supeo,1) laij(t)| + 1and C > Oisa

constant independent of H.

Proof. The solution X; (we omit the superscript H for simplicity) is given by

t
X = ¢(t) (5 + /0 ng_l(s)Ades) B,

where ¢(t) is the fundamental solution, that solves the matrix equation

o(t) = Ap(t),  #(0) =Id.

In the case where the matrix A is constant with time, the fundamental solution is given by

e k
d)(t) _ etA — Z (t‘:‘) )
k=0

By centering X;, we get

t
X, =X, — E[X{] :/ o(t)p~*(s) ABHds + BE.

—exp((t—s)A)

Using the stationarity of X;, we find that for £; < to,

||Xt2 - XHHLQ(Q) = ||Xt2 - Xt1 - ]E[XtQ - Xt1]||L2(Q)

= ||Xt2—751 HLZ(Q)
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Denote by a,;(t) the matrix entries of exp(tA)A. We have

~ ta—t 2
Kol =B [ el -1 - 9aBlas + B,
2
d to—t; d , .
= ZE / Z Qij (tQ —t1 — s)Bf"]ds + Btzitl
i=1 0 =1
2
d to—t1 d ) ]
(e[| [ Sastta-t-sBids | | ¢ BB
i=1 0 j=1
to—t; d ) )
b2 [0 aylta - - SEIBIBLY, Jds)
0 =
2
URS e & -
DS (e | [ St -1 — B8 | | 4l
i=1 0 j=1
=A
to—t1 _d
+/ Zaij(tg — tl — S) (|t2 — t1|2H + |S|2H — |t2 — tl — S|2H) ds },
0 N
j=1
=:B
where (i) uses E[(Bi,)?] = it — t[*! and E[BFIB/, ] =

% (|t2 — t1|2H + |S|2H - |t2 - tl - S|2H).

We will once again build on the proof in the 1-dimensional case. To do so, we first observe that, given
an interval 7' = [0, 1],

sup || X,[| < sup | X[+ -+ sup | X{|
teT teT teT

<sup X} +sup—X} + - +sup X + sup — X7,
teT teT teT teT

thus

E {sup ||)~(t||} <E {sup th} +E [sup —th] +---+E {sup )N(td} +E [sup —Xf} .
teT teT teT teT teT

Focusing on the i-th coordinate, we first get for the term A that
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to—t; d ‘
E / Z ;5 (tz —t — S)Bf’JdS
0 j=1
to—t1 d ) to—11 d .
=E / Z (2% (t2 —t] — Sl)Bg’JdS1 / Z aij(tg —t1 — Sz)Bg’deQ
0 . 0 -
j=1 j=1

to—1t1 to—t1 d ) d .
/ / E E (2% (tz —t — Sl)Bﬁ’] E 2% (tQ —t] — 82)35’] d81d82
0 0 i i
j=1 Jj=1

to—tq1 . d .
/ E Z 2% t2 —t] — Sl)Bg’j Z A (tQ —t — 82)35’] d51d82

j=1

2

S~

2

S~
i

to—tq d
/ Za to —t1 — sl)a” (tg — 1t — 52)]E [Bg’]Bg’J] d81d82
Jj=1
d

to—t1
/ / ZCLU tl — Sl)aij(tz — tl — 82)(‘52|2H —+ ‘51|2H —+ |52 — 51|2H)d51d52

(=)

t2—t1 S92
< dmax sup Jag;( )|2/ / (|s2)?H + |81 27 + |59 — 51| )ds1dsa.
J=1 tefo,1] 0 0

Then, note that

. 2H 2H 2H 2H+1 [so2FH 5o P 2H+1
— d = — = .
PP s = s P = s 4 S = B = s
Therefore
2
to—t; d . to—t1
E / Zaij(tg —t, — s)BMids < dmax sup |ag;( )|2/ |02 ds,
0 = J=1 te0,1) 0
o — 1 |2H+2
= dmhx sup |a;;(t )|2%
7=1 tef0,1] 2H +2
For the term B, we have
to—1t1 d
/ Zaij(tz — 1t — ) (|t2 — 1P s =ty — 1 — 5|2H) ds < dr?af( sup |aq;(t)[[t2 — t [P
0 - = telo,1]
Jj=1

Combining the bound on the terms A and B, we obtain the following

- t2_t1|2H+2 d
X — X! <dmax sup |a 2|7+dmax sup |a to — t1 |2 4 |ty — 1 |2H
I, — X e < dpiby sup Jos (OF Pt s+ dmihs s la (Ol 6P 4 -0

< dCylty — t1|*H,

where Cy = max{ ;_; sup, (o 1 ai; (t)[?

+ man,j:l SUP¢e[0,1] |aij| + 1.

Taking §2(ta,t1) = dCaty — t1|* as the metric on [0, 1], we obtain

Ul(to) : ={te[0,1]:6(t to) <e}
_ {te[O,l] t—t0|<(dO>H}
= Ur(tO)
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Hence

dCs

[ Vet = [ Ve < [ m<@ay

dCo =
<[ 1%@@@)>¢

0 &

dCs 1 dCly
— log(2) + — log [ =22 )d
/0 \/og()+H0g(6>€

dc.
2 1
< log(2) + I log <d02> de

-
+
—
~_—
QU
L)

3

0
[1 [ dCs
= dC+/log(2) + ﬁ/o log (5>d€'

Then, using Theorem [6] applied to each centered component process (with positive and negative sign),
we obtain that there exists a constant C' such that

y 1 [dc:
E [sup || X:||| < C2d*Cav/log(2) + C2d4 —/ log ac de.
teT H J, €

Finally, we obtain an analytical form for the integral using foc V0og($)dx = c@ (which can be
derived using fol 7/ log(%)dx = @ combined with a change of variables).

O
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B Additional experiments

B.1 Demonstration of the 1/v/H scaling from Theorems 1| and

o= 1.000 o= 0.100

£ sup xH

I3 £ sup xH
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t t
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Figure 5: Demonstration of the 1/+/H scaling of the expectation of the fOUP, as shown in Thms.lﬂand
Drift parameter 3 is set to 3 = 1/2. Each plot for a different value of ¢ € {1072,1072,10~%,10°}.
For all values of o, we get an almost perfect fit. More details in text.

In this section, we demonstrate the 1/+/H scaling of the expected supremum of the one-dimensional
fOUP. Recall that Theorem|[I]proved that

1
E | sup || XP|| <C—,
S =T

for C' > 0. Theorem 2]and Corollary [3]also provide a lower bound
1
vVH'

although they either require 1) o > /12 and [8] < 10r2) 0 < o < €2/%1=2 and || < 1.

E | sup | X >C
_te[o,l]

Here, we want to verify whether the lower bound E [supte[m] | XH ||} ~ \/% holds generally, even

outside the range required for o and 3. To this end, we ran a Monte Carlo simulation with 10>
simulations of this expectation and plotted it next to a function of the form f(z) = wo + w; ﬁ,

where we fitted (wg, w1 ) by ordinary least squares. For the discretization, we used 10° steps (i.e. a
step size i of 107°). For H, we chose an evenly spaced grid of mesh size 0.05 from 0.2 to 0.9

*We did not include H = 0.1 here because the Monte-Carlo approximation is known not be a good
approximation for such small values of H. This issue is described in more detail in [8] (see e.g. Figure
1 and description in the text). We remark that we still observe a relatively good fit (slightly worse than
H = 0.2) despite the poorer quality of the approximation; the relative errors in the four settings of Fig.|B.1|are
(0.19,0.10,0.17,0.17) then.
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The resulting plots are depicted in Fig.[B.1]for noise scales o € {1073,1072,10~*,10°}. In each
plot, we used 3 = 1/2 such that all values of o violate both conditions: 1) o > €2/#1=1/2 and | 8] < 1

or2)0 <o < e?Pl=3 and 18] < %. . Nonetheless, the fit between the simulation and the theoretical
scaling is almost perfect. This confirms our theoretical findings and shows that the scaling also holds
outside the regime of Theorem [2]and Corollary [3]

B.2 Justification for choice of o in Section

In this section, we justify the use of ¢ = 0.005 in all experiments from Section[5.2] There, we used
o = 0.005 forall H € {0.0,0.1,0.2,0.3,0.4,0.5} in Figure ] i.c. in both the Markovian {0.0,0.5}
and the non-Markovian cases {0.1,0.2,0.3,0.4}. Here, we explain why o is not chosen dependent
on H.

Our justification is simple: The choice of 0 = 0.005 is a good choice for all H. To see this, consider
Figure E For a fixed H € {0.0,0.1,0.2,0.3,0.4,0.5} and all ¢ € {0.05,0.005.,0.0005,0.00005},
they depict the performance on the regularized quadratic from Section [5.2] analogous to Figure 4]

We observe that indeed, for all choices of H, the curve for o = 0.005 is best — in the sense that it
exits the saddle fastest (by reaching a negative value) and converges quickly to the final minimum.
Clearly, for all H, there is no point in picking an even smaller or larger order of magnitude for o.
Hence, we conclude that the choice of o = 0.005 is close to the optimal choice for all . While we
acknowledge that grid-searching the optimal o at a finer scale would maybe uncover small differences
in the optimal o, such precision would be beyond our goal of a proof-of-concept and would distract
from the bigger picture. In fact, the constant o also ensures that the increments of fBM with different
H are distributed the same (but correlated differently). Thus, this experimental set-up allows us to
zoom in on the effect of the Hurst parameter H — with the result that the non-Markovian H = 0.3
performs best.

B.3 Moving to better local minima in bi-stable potentials
We consider the behavior of fPGD in a bi-stable optimization landscape, given by

k1 ( a+c>2
v — — [z —
2 2
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where  is the indicator function and the parameters (vg, v1,v2, a, ¢, m) determine the position
and shape of two adjacent local minima. Similar landscapes have been studied in the context of
escaping spurious local minima [55] and in the context of generalization in machine learning by
selecting flat minima [33}, 53], which are by some believed to generalized better. We here study
both cases. For the former case, we set (vg, v1,v2,a,c¢,m) = (0.0,45.0, —12.5,3.5,13.9,18.0);
for the corresponding landscape see the upper left subplot of Fig. [7. For the latter case, we set
(vo, v1,v2,a,c,m) = (0.0,30.0,0.0,1.2,8.7,15.0); for the for the corresponding landscape see the
upper left subplot of Fig.

k
Xa<z<c T |:UQ + 72(1' - m)2 Xz>c)

k
f(ZC) = |:U0 + 20552:| Xz<a + 5

On these landscapes, we run fPGD with different choices of H. Note that, in the two minima (and
the saddle in between at (a+¢)/2) fPGD is indeed a discretization of a fractional Ornstein—Uhlenbeck
process, like the one considered in Theorems|T and [2. We thus expect that a small Hurst parameter
leads to a faster escape from the shallow minimum (left) to the deep minimum (right) in Fig.[7, or
from the sharp to the flat minimum in Fig.[8. In both cases, we run fPGD for N = 1000 iterations
with a fixed step size of n = 1.0, initialised at z = 0 (the bottom of the shallow/sharp minimum).
To stay in the setting of Theorems |I and |Z, we set 0 = 80.0 - N~H . Thus, for all H € (0,1),
the employed fBM B}, defined on the time interval t € [0, N], is by Rmk. E distributed like
80.0 - Bff ont € [0, 1] — in the sense that the discrete steps { Bf';k = 0, ..., N} are distributed like

{80.0 - B,f;N; k =0,...,N}. By this H-dependent choice of o, we give all fBMs the same final

variance of 80.0% which lets us zoom in on the impact of correlation. (Otherwise the perturbations
would have different variances; this way we disentangle the correlation from the variance.) We note
that here the experimental outcomes are not sensitive to the precise value of o.

Figs. [7]and|[8|depict our findings. We say that fPGD is in the shallow/sharp minimum at iteration & if
its iterate xj, is smaller than a, and in the deep/flat minimum if it is larger than c; both a and c are
plotted as dashed lines in the optimization landscape (top row) and in the trajectories (bottom row).
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Figure 6: Loss curves on the embedded saddle landscape, analogous to Figure . Each subplot
shows the loss curves for a fixed value of I and different values of o. For all H, the purple curve
is the best, which is the ¢ = 0.005 used in the main paper. (For the case H = 0.5, maybe the pink
curve is equally good, but not better than the curves for H = 0.3 or H = 0.4.) Our claim that the
non-Markovian H € {0.3,0.4} perform best in this setting is therefore confirmed.

In the bottom row, for all H, we start below the lower dashed line a (shallow/sharp minimum) and
then cross above the higher dashed line ¢ (deep/flat minimum). It is evident that a smaller H enables
faster crossings. We thus escape faster from the spurious shallow/sharp minimum to the desirable
deep/flat one. (Note, however, if the noise is not cooled down, one might oscillate back.) The upper
right plot depicts the cumulative distribution function of the first-exit time (i.e. the first time fPGD
reaches the deep/flat minimum, above c). Again, we can observe that for a small Hurst parameter the
probability of a fast exit is significantly higher.

Overall, these findings for fPGD match the continuous-time result of Theorems [T and 2 Note
that physicists [43] have also observed faster escapes for smaller Hurst parameters on a related
Kramer-like escape problem.
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Figure 7: Experiments with fPGD (@) on the bi-stable objective initialised at shallow minimum z = 0.
Objective depicted on the upper right. Behavior of fPGD for H € {0.4,0.5,0.6} in bottom row. Smaller
H gives faster switching between minima. Faster first-exit times from the shallow to the deep minimum are
demonstrated by the cumulative density functions (cdf), depicted on the upper right. The cdf is computed by
averaging over 1000 simulations. Details in text.
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Figure 8: Figure analogous to Figure [7, but with two minima of equal depth but different width.
Again, we find that a small Hurst parameters lead to faster fluctuations between the two minima
(bottom row). Also, a small H gives faster first-exit times from the sharp to the flat minimum (upper
left plot). All algorithmic parameters are as in Figure[7]
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