Appendices

A Review of error analysis for matrix cross approximation

We first review the following result which establishes an element-wise approximation guarantee for a
particular cross approximation.

Theorem 5 [53] For any A € R™*" if U = A(I,J) is anr X r submatrix of maximal volume
(maximum absolute value of the determinant), then

|A—CU'R|_ . < (r+1)o41(A),

max —

where || Al| ., = max; [ag;].

On one hand, similar to Theorem 1, Theorem 5 ensures no approximation error when A is low-rank.
On the other hand, when A is approximately low-rank, Theorem 5 ensures that cross approximation
via the maximal volume principle is stable as each entry is perturbed at most proportionally to
or+1(A) which is expected to be small. However, if we are interested in an approximation guarantee
for the entire matrix (say in the Frobenius norm) instead of each entry, then directly applying the

above result leads to the loose bound
|A—-CUR||, < (r+1)y/mn-o,41(A),

which could be much worse than the best rank-r approximation. The recent work [58] provides a
much tighter approximation guarantee in the Frobenius norm for cross approximation.

Theorem 6 [58] For any A € R™*", there exist indices I € [m],J € [n] such that the cross
approximation (1) satisfies

|A-CUR|, <(r+1)[|A- A,
where A,. denotes the best rank-r approximation of A measured by the Frobenius norm.

Theorem 6 shows that cross approximation could be stable and have approximation error comparable
to the best rank-r approximation up to a factor of (r + 1). Theorem 6 is proved by viewing
I € [m]and J € [n] with [I| = |J| = r as random variables and studying the expectation
of ||A - CUTRH - over all (I, J). Note that Theorem 6 is not valid for cross approximations
constructed using submatrices of maximum volume. In other words, one [58] could construct a
counter-example A for which the cross approximations CU ~! R constructed using submatrices of
maximum volume have approximation error larger than /max(m,n) |A — A, | . On the other
hand, ignoring the worst-case examples, the work [59] establishes a similar guarantee for cross
approximations constructed using submatrices of maximum projective volume for random matrices.
Finally, we note that a derandomized algorithm is proposed in [60] that finds a cross approximation
achieving the bound in Theorem 6. The work [62, Corollary 4.3] studies the approximation guarantee
of cross approximation for the best rank-r A,. with any selected rows and columns. Below we extend
this result for A.

Theorem 7 Let A € R™*"™ be an approximately low-rank matrix that can be decomposed as

A = A, + F. Then the cross approximation (1) with rank(A,.(I, J)) = r satisfies

|A = CUR||r < (IWH(L,) 2 + [VI(:)ll2 + 3IWHI )2V |2 + DI F| e
WL 2 + VI )2 + W) VI )2 + DU |1 F(1F.(13)

where A, = WXV T is the compact SVD of A,.

Note that (13) holds for any cross approximation as long as A,.(I, J) has rank r, but the quality

of the cross approximation depends on the matrix A as well as the selected rows and columns as

reflected by |[WT(I,:)|2, |VT(J,:)|l2, and |UT||2. For example, on one hand, |W (I, :)||> and

|[VT(J,:)||2 can achieve their smallest possible value 1 when the singular vectors W and V are
the canonical basis. On the other hand, one may construct examples with large |W (I, :)||2 and

15



|[VT(J,:)||2. Nevertheless, these quantities can be upper bounded by selecting appropriate rows and
columns [62, Proposition 5.1]. In particular, for any orthonormal matrix W, if we select I such that
W (I, :) has maximal volume among all |I| x r submatrices of W, then we can always upper bound

[WH(I,:)||2 by /1 + T‘Y‘n_jﬂ) A similar result also holds for |[V't(.J; )| 2. Likewise, according to

[62, Proposition 5.1], ||UT||5 can be upper bounded by \/1 + "%’:ﬂ) \/1 + T(,T 7!f1 | A2

Proof (of Theorem 7)
First note that

|A—-CU'R|r <||A~A,|r+|A. — CU'R||r = |F|r + | A - CU'R| .
The proof is then completed by invoking [62, Corollary 4.3]:
1A, = CUR||p < (IWT(L,5)ll2 + VI3 ll2 + 3IW L )2 V(L) )1 F | -
+ (WL )2 + IVl + W )2V ) 2 + DIUT 2] -

B Proof of Theorem 2

B.1 Overview of the Analysis

To bound the difference between 7 and 7, we use a similar approach as in [65] that exploits the
approximate low-rankness in 7 and the same structures within 7 and T. The point of departure is
the fact that according to the expression for ’? in (4), if we let T<*) be the k-th unfolding of 7A‘, then
there exist C and R such that T*) = C[T™ (1=F, =ML R. Note that C and R depend on k,

but we omit such dependence to simplify the notation. On the other hand, T*) (the k-th unfolding
matrix of T) is approximately low-rank, and thus can be approximated by the cross approximation in

the form of C[T*) (I=F, 1>%)]f 1. R. Therefore, the difference between Tk and T s controlled
by the differences between C' ind C and R and R. We can then adopt the same approach to bound
the difference between C and C by noting that C = T*)(:, I>*) contains selected columns of T'{¥?,
which if reshaped to another matrix (corresponding to another unfolding matrix T) with &' > k)

is also low-rank as shown in Figure 2. The difference between R and R can also be analyzed by
the same approach. We can repeat the above step several times until the ground level where the

associated matrices C' and R are equal to C and R, respectively.
Each step of the recursive procedure may amplify the approximation error. To reduce the total number

of steps, we use the balanced canonical dimension tree [79, 65]. As an example, in Figure 4 (a modifi-
cation of [65, Figure 1]), we illustrate the above mentioned interpolation steps with balanced canonical

~ 7 = HT<4) —T® H , in the top level (i.e., 3-rd level) of the figure,
F F

we split the multi-index {dy, ..., dg} in two parts {dy, ... ,ds} and {ds, . .., ds}. Recall that I =¥ and
{d; - - - dj} (both have size ;) denote the selected row indices from the multi-index and column in-

dices from the multi- index {di41---dn}, respectively. Since TW = Cyy [T<4> (I, 1)L Ry
and T ~ Cy[T™ (I5%,17F)]1, R4y, where C(4) = TW(:, 1) and R(4) = TW(I=4))
(similarly for C(4) and R4)), the task of analyzing HT<4> —TW HF can be reduced to analyzing

dimension tree. Since ‘

|C 4y — CyllF and || Res) — Ryay| - Taking ||C sy — Ca ||  as an example, we can represent Cy)
through the 2-nd unfolding matrix T e, Cu = T4 (:, I>*) contains the same entries as T<?>> »
where T<2> {4 1s a submatrix of T2 with the multi-index ds - - - dg restricted to I>*. Here T< 1>> 4 has
size dydy x dsdyr) but is low-rank, and thus can be approximated by C s [T. <1>>4(I<2 I>2)]L Ra),
where Co) = Tf1>>4(.,l>2) and Ry = 1“:fl>4(.7§27 :). Therefore, ||C(4) C(4)||F can also
be bounded through ||6‘(2) — C(2)llr and ||ﬁ(2) — Ry||F, where CA’(Q = T<1>>4( I7?) and
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Ry = T:f?)>4([52, :). We can further analyze ||C(2) — C(2)||r by connecting these matrices to
T and JA“<1>, which have the same entries in the sampled locations. A similar approach can be
applied for ||ﬁ(2) — R(9)| r by connecting to the 2-nd unfolding of the tensors. Thus, as shown in
Figure 4, the analysis for an 8-th order tensor involves a three-step decomposition until the ground
level with no errors in the sampled locations. For a general N-th order tensor, the analysis will
involve [log, N steps of such a decomposition. The main task is to study how the approximation
error depends on the previous layer.

[ dy,da,ds, dy, ds, ds, d7, ds ]3‘1'(1 level
L Y )

reshape / d1dadsdy X dsdgdrds \
[ dy,da,ds,dy [ >4 I 754 ’ ds,dg,d7,ds ] 2-nd level
\ A )

reshape dlde X d3d4rfl \ / Tédg’,dﬁ X Yd7d8

[ dy,ds [[>QI[S2| ds,dy [I>4II§4] ds, dg [[>GI[§6] dr,ds ]1-st level

\ A JL A )
reshape ><Yd2r’2 rhds ><Yd4rﬁl rgd; X dgrg redy >Y< dg
/ \ \
[ d I>1}151 do I>2}152 ds [>3’[53 AR REASER [>6}1§6 dy I>7’[g7 ds ]
\ A A A A
reshape ! Y Y Y Y s Y A Y k Y g1{0und level

dy X1y T Xdy Xy rhy Xdg X1y ryxdy Xy vy xds Xy rg X dg X 16 re X d7 X 15 T4 X dg

Figure 4: Interpolation steps on the balanced canonical dimension tree.

In a nutshell, the analysis mainly involves the following two procedures:

* Error bound for how approximation error transfers to next level: Forany 1 <p <k < ¢ < N,
we first define TI@J,I >q & asubmatrix of T¢*) when row and column indices 7<P~! and > are

respectively chosen from the multi-index {d; - - - d,p—1} and {dg41 - - - dw }. Following the above
discussion, TI@’*,IN ~ C[U]! R since T1<24J>q is low-rank and f}’;i,,l’m = (AZ’[U]I,CIA%

according to (4), where C = T'¥ (. >F), R=T" (ISk ), U = T® (Isk 17F)

Isp—1[>q ISp—1 [>q

as T'F) (I<F [>F) is the same as T;g,l >0 (ISF,I17%), and same notation holds for C and R.

We will bound HTI@J,1 P f}g,l >4l F from above in the form of

T s ey = T ulle < b+ ha(|Eollp, | Brlle), (14)
where R N
Ec=C-C, ErR=R-R (15)
In (14), hq is independent to E and Eg, while ha (|| Ec||r, || Er|| r) highlights how the approxi-
mation error depends on the previous layer, or how the error transfers to next layer.

Error bound for the entire tensor: We can then recursively apply (14) at most [log, N times to

get the bound for ||7 — 7| s~. In particular, let ¢, denote the largest approximation error of || E¢||
and || Eg||F in the [-th layer as in Figure 4. Then (14) implies that

err1 < hi + ha(er, ). (16)
Using ep = 0, we recursively apply the above equation to get the bound for ef,g, N7, Which

corresponds to HT — '7'H .
F
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B.2 Main Proofs

Proof We now prove Theorem 2 by following the above two procedures.

Error bound for how approximation error transfers to next level: Our goal is to derive (14) with
7, = 0. Since TI<<?D 1 1>q 15 @ submatrix of T and the latter satisﬁes e = |T® — T g, it

follows that TI<<?D 1 1>q 18 also approximately low-rank with H T<p-1 p>a — T’rii>ISP*1,]>q .

§ €k.

Thus, Theorem 6 ensures that there exist indices 7=* and I>* such that

H . —CU” 1RH (r + 1)e, (17)
where € = maxy—1,_ ny_1€xand r = maxz—1_ n_17k C = TIUEL § I>q( o)
We now bound the difference between TI<<2) 11> and TIUQ, 11> by
HTIUSCL—l,pq - f;ISC)P*17l>q P

- HT}’;L_”N (C—Ec)U(R- ER)H

< |z .. - CUT'R| +|BcUR|, +|CU " Exl, + | BcU " Er],
< (r+De+ |Eclp U Rz + [|CUT 2 || Erll p + | EcU |2 | Bl
< (r+De+rl|Ecllp+ | Erllp + 5| Erllp
< (r+ e+ 3smax{[|Ec|p, | Erl ¢}, (18)
where the third inequality follows becauseC I@p 1 154 (1, 17%) is a submatrix of T k) (:, I7F)
which implies that [|CU ||, < H a7 TR (IS 17F) H < k and by a similar
2

argument we have HU’IRH2 < k and ||ECU 1H2 < K.
Error bound for the entire tensor: Following the same notation as (16), (18) shows that

eir1 < (r+ 1)e+ 3key, (19)
which together with ey = 0 implies that
(3r)Moe2 N1 _ 1

<
L

(r+1)e. (20)

C Proof of Theorem 3

Before proving Theorem 3, we provide several useful results.

Lemma 1 [62, Proposition 6.4] For any rank-r A € R™*™ with compact SVD A = WXV T
where W € R™*" % € R™", and V € R™ ", suppose CU' R is its CUR decomposition with
selected row indices I and column indices J. Then

leut|l, = Wi,

U'R|, = V(9]

Tk

Noting that T',Z;,_, I is a submatrix of T'¢*) which is approximately low-rank, we can approximate

T;Q,17 >q DY cross approximation. In particular, using Theorem 7 and Lemma 1 for T1<<i e
we can obtain the following result.

Lemma 2 Suppose Tﬁf ) is the best rank i approximation of the k-th unfolding matrix T'*), such

that TF) = Tr<,f> + F%). For any 1 < p < k < q < N and indices ISP~ and 1”9, we have
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T;Q,,IJN = T:fflﬁpfl,ﬁq + F<<ZJ WeSr where T 7" and F*) are

I<p—1 > rk,ISP*1J>‘1 I<p—1[1>q
respectively submatrices of T*), r<,€ ) and F*). Let Tr<k ) = W, )E(;C)V(k) be the compact SVD
0fT,«<,53>. Then for any (ISF, I>*) as long as rank(Tﬁ? (ISF 7)) = ry, we have

k
|75 s T PO a0 |

<[IF® (II[W(@ (=2 N 2+ IV (17, )]l 430 Wy (155, )] P21 [V (17, ) [l2+1

+d(II[W<k>(1§k7t)]TII2+II[V(/c>(I>'“ D]l 1 Wy (152, 1 12 [Va (17, )]TII2+1)>7

where d = ||[T*) (I=F, I7F)]T|,.
The following result extends Lemma 1 to the case where the matrix is only approximately low-rank.
Lemma 3 Suppose A is approximately low-rank of the form A = A, + F = WXV T + F, where
A, has rank r with compact SVD A, = WXV ', Then for any selected row and column indices
I,J, and ™ > 0, we have

1A, DA D, < (W), + O+ W) (AT DR, IFC Des @D

and

(AT, DITAUI ||, < IVIL )2 + @+ VI 2) TAT D, 1FT ) e (22)

Proof Noting that A(:,J) = A,.(:,J) + F(;,J) and A(I,:) = A, (I,:) + F(I,:), we have
|AG, J)[AT, D)L,

= (A, )+ F G, DDA ]2

< ARG DIAU DLz + |1 F G, DA, D))l

< A DAL DA AT D)2 + |1 FGL D)2 /I[A, DL

< A DAL D2 (AU, T) = F(OLINAL D2 + 1F G, D2 AT, D)2
< A DAL T2 (1+HF(I Dl2M[AT, D) + 1 FG, D)2 /I[AU, DL

< W), + (L + W) ll) [[FAU DI, TF G D e (23)

where the penultimate line follows because || A(I, J)[A(I, J)]f|2 < 1 and in the last line we use
Lemma 1. Likewise, we can obtain (22) with a similar argument.

We are now ready to prove Theorem 3.
Proof (of Theorem 3)

Recall the following definitions that will be used to simplify the presentation:

<k . _ k.
a=,_max (W=l e, b= max  [[Vin (")) b,

k=1,....N—
c= max |[T®UIF PR, r= max ., e= max ||F Mg
k=1,...,N—1 k=1,...,.N—1 k=1

,4..,

Error bound for how approximation error transfers to next level: To derive (14), we first exploit

the approximate low-rankness of TI<<E, 1 1>q 1O write it as

T, ., =ClULR+HY, , (24)

where H é?p,l >4 18 the residual of the cross approximation.
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Furthermore, by the construction of TI<<2, 1 1>q> WE can also express it by the following cross
approximation

~ o~

T - CUIl R. (25)

I<p—1 [>q
We now quantify the difference between T1<<i) e and TI<<Z, L r>q A8
T8 oy =T e
=llcwi R+ HY,_, ., - ClUT, R|r
<|HY, . ..|r+|CUR-CU R|r (26)
=|H%,_, ..|F+|CUI, R~ (C~ Ec)UI!, (R— Ep)|r

k
<|H, . ., |lr+ |CU, Exllr + | Ec[U), Eg|r + | Ec[U)!, R|r.

Below we provide upper bounds for the four terms in the above equation. First, utilizing Lemma 3
gives

ICIUL, Exl
< |CWUL, M Erllr < T ¢, )T (155, M) 12| Erl e
< (IWay (I=F N oA (LN Wy (155, )T ) TS (155, 790, (2|l B G 175) [ e) | Erll e
<(a+ (1+a)ce)|ErlF. 27)
With the same argument, we have
IIEc[ RIF < (b+ (1 +b)ce)l| Eclr. (28)
Also, noting that [|[U]1. ||> < - L we get
1
IEc[UL, Erllr < U]}, |2l Eclr|Erlr < - 1EclelErllp. (29)

The term HHIUQP,I’PQ || 7 can be upper bounded as
||H§’i>p L pallE
= ||T; I<p 11>« —CU'R+CU'R - C[U|! R||r
< | m 11>« —CU'R|r +|CU'R - C[U! R||r
= |1 . ., - CU'R|r + |CU'UWU' - [U]!,)UU'R|
=T, .., — CU'R|r + |CU'(U - [U],,)U'R| r
<|T* (' I>’“)[ TO IR, PR |U = U |[e |[T® (155, 9T (155,02
+ || <p Lrse T CU'R|p

< \/||F (I=k, IR |3 4 22| T G ) [T (=R, R |[T ™ (1%, 19T ™ (155,2)) |2
+ITE), -, o, — CU'R||r
(||F<k ||F+7“k7k)||T<k G, PR TS (I=F, ) o[ (158, TR (155, |2
HITE ., ..~ CU'R]s
< (a+ b+3ab+ De+ (a+b+ab+1)ce® + (e +rmi)(a+ (1 +a)ee)(b+ (1 +b)ce),  (30)
where C = CU'U, R=UU'R and U[U]} U = [U],, are respectively used in the second and

third equality, the third inequality follows because | U — U], ||r < \/||F<’€> (I=k, I>F)||% + rird,
and the last line uses Lemma 2 and Lemma 3.
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Plugging (27), (28), (29), and (30) into (26) gives
k k
1T, oy =T poalle

I<p—=1[>q Isp—1[>q

<(a+b+3ab+1)e+ (a+b+ab+1)ce® + (e +rm)(a+ (1 + a)ce)(b+ (1 + b)ce)
1
+ (a+ (1 +a)ce)|Erllr + (b+ (1 +b)ce) | Ecllr + EHECHFHERHF~ (€1

Error bound for the entire tensor: Following the same notation as (16), (31) shows that (by setting
71, = e; for the [-th level)

err1 < (a+b+3ab+1)e+ (a+b+ab+ 1)ce® + e(a+ (14 a)ee)(b+ (1 4 b)ce)
+(1+a+b+(1+a)e+ (1+b)ce+r(a+ (14 a)ce)(b+ (1+ b)ce))e
= (a+b+4ab+ 1)e+ (2a +2b + 3ab + 1)ce* + (1 +a + b + ab)c?e

+ (1+a+b+rab+ (2+a+b+ar+br+2ab7")ce+r(1+a+b+ab)0262>el,
(32)
which together with ey = 0 implies that
ai(a,b,c,e,r)oez N1 _ 1

ag(a,b,e e,r) —1

”T*%”F = €log, N <

/Bl(aabac7 E),
where
a1(a,b,ce,r) =1+a+b+rab+ (24 a+ b+ ar+ br + 2abr)ce + (1 4 a + b + ab)c*e?
Bi(a,b,c,e) = (a+b+4ab+ 1)e + (2a + 2b + 3ab + 1)ce® + (1 4+ a + b+ ab)c*e®

D Proof of Theorem 4

The proof is similar to the proof of Theorem 3. We include the proof for the sake of completeness.

Before deriving Theorem 4, we first consider matrix cross approximation with measurement error. In

this case, we obtain noisy columns C, rows R, and intersection matrix U. To simplify the notation,
we describe the measurement error in the selected rows I and columns J by E € R™*™ such that
FE has non-zero elements only in the rows I or columns J corresponding to the noise. We can then
rewrite

A=A+E, C=A(:J),U=A(l,J)),R= A, (33)
and CU' R can be viewed as cross approximation for A. However, we note that here we want to

ensure CUT R is a stable approximation to A rather than A. Thus, we extend Theorem 7 to this case.

Theorem 8 Let A € R™*"™ be an approximately low-rank matrix that can be decomposed as
A=A, + F, where A, is rank-r. Let A, = WXV be the compact SVD of A.,.. Then the noisy

cross approximation defined in CUT R (33) with rank(A,.(I,J)) = r satisfies
|A-CU'R|r
< (W) + IV ) + 3IW T, )|V, )| Bl +
(WLl + VI 2 + W) [ VL)l + DIF - +
W)l + VL)l + W) VI ) 2 + DITT (1B 2 + [ Flle)?. (34)

Proof In order to bound || A — C ﬁTINﬂ
|A, — CU'R||r
< (W)l + VI )2 + 3IWHE )2V ) l2) [ Ell e +
(W) l2 + VL2 + W) VI ) ) 1F|F +
WLz + 1Vl + W)V )l + DIT (B e + 1 F ) (35)

F, similar to the derivation of Theorem 7, we first get
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Combing ||[A — CU'R||p < ||F||r +||A, — CU'R|| and (35), we have (34).

The following result extends Lemma 2 to the case with measurement error.

Lemmad4 Forany 1 < p < k < q < N, a low-rank model with the measurement error

f;g_171>q = TT<:>I§1,_1J>Q + E§<>p Lrse T F<<i, L psq IS constructed where TI<<2, L ysq IS @
submatrix of T'*). When rank(TT(,f>(I§k I7%)) = 1y, is satisfied, we have

1T/ st = T goa (IR A PR L, (1599

(II[W@(IS’“ D2+ 1V (17, ]l + 31 W (155, )] 2l Vi (17, )1 12) | E® |

+ (W (155, )1 ||2+||[V(k>(1>ka:)] ||2+3||[W(k)(ISk D2l Vo (7%, 1 lla+ DI ES |

W (155,912 + ||[V(k (17", ‘)]T||2 Wy (=5, )]l 1 [V (75, )]l + 1)

TP I (1 EW e + [ E0)%, (36)

where TI<<Z, L 1> is a submatrix of T'*) and T7«<5> = W(k)Z(k)V(k)T is the SVD ofT7§5>.

Likewise, we extend Lemma 3 to the measurement noise case.

Lemma 5 Given I and J, we set a low-rank model as A= A +E+F=WXVT +E+F.
For t > 0, we have

Hﬁ(:,J [A(L,J)]

SIWHE ], + @+ Wi lb) A ik

, UEC Dl +IFC Dl g),

,UECDlp +IFC Ilg)-

o+

[(eexeam)ioy H <[V, + 4 IV, 1A

We are now ready to prove Theorem 4.
Proof (of Theorem 4)

Error bound for how approximation error transfers to next level: To derive (14), we first exploit
the approximate low-rankness of TI<<ZJ WeTh write it as

T =ClU),R+HY,_, ., (37)

ISp—11>a

(ISk,) and U = T8, (ISk, 17F) =

I<p—1[>q

where C = T*) . I°%, R = T

I<P 1.1>a Isp—1[>q

T (I=k, 1>%). In addition, T

I<p—1 [>q

T _, ., =ClUfLR (38)

can be written as

Denote by Ec = C — C and Er = R — R. Now using Lemma 5 and ||[U ]T Il2 < T—, we obtain

IC[TL, Erlr
< NT®PHTW IR, PR (L) Er r
< (II[ W (5] ll2 + (1 [[Woay T=F ) Fl) [T (15%, T79)) |2

(IB™ G 175) o+ | P (,I>’“)||2)>||ER|F

< (a+ 1 +a)e(§+e)lEr|F, 39)
where we restate that
<k . _ k .
= [EW | a= _max ([[Wa (=) b, b= _max Vi (7,2 s

. =1,...,
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With the same argument, we can obtain
|Ec[ULL, Rllp < (b+ (1+b)e( + )| Ec| (40)

and

_ _ 1
|Ec[UIL Egllr < |[UL 2| EclrlErlr < ;k”ECHFHERHF- (41)

Furthermore, it follows from Lemma 4 and Lemma 5 that

k
[z

< 1%, ., —~CU'R|r+|CU'R- C[U), R|r

= 1% . ., - CU'R|r +||CU'UWU" - [U)},)UU'R|

= |1 ,., - CU'R|p +|CU'(U - [U},,)U'R||r

< ||T<k <- PRYER (155, PO [T — (O] TS (125, R0 (155, )
HITE oy — CUTR| g

< mE B (IF, T>k) 4 F® (I<F, T0) |3 4+ r202 | TH (179 [T 0 (155, 179))
NT® (=5, PR ITE (=R o+ 1T, ., — CUTR||p

< (IEWp+ 1F® |5 + rim) TR, I>k>[T< YR, PR
TR (IR, PEITE (15F ) + | T L, — CUTR]|w

< 6+(§+6+7’k7k)(a+(1+a)c(£+6))(b+(1+b)c(§+€))

+(a+b+3ab)(€+€) + (a+b+ab+1)c(€ + €)% (42)
Combining (39)-(42), we can obtain
1T, o = Ty5 s ulle = ICIO, R+ HZ, ., — CIUL, R|»
<|HZ, lmnF +IICO);, R~ <C—Ec>[U]Tk<R— Eg)|r
< IIHIgpfl,pq e + IC[OV, Eglr + | B[OV, Exllr + | Ec[O)}, R||»
et (E+et+rm)a+ (1+a)(€+e)b+ (1+b)c(€+e)+ (a+ b+ 3ab)(€ +€)
+(at+b+ab+ 1) +e)?+ (a+ (1+a)cE+)|Erlr+ b+ (1+b)c& +e)|Ec|r

1
+ —|Ec||r||ERl F- 43)
Tk

Error bound for the entire tensor: Similar to the derivation of Theorem 3, (43) implies that (by
setting 7, = e; in the [-th layer)

err1 <e+ (a+b+4ab)(E+€) + (2a+2b+3ab+ 1)e(€ +€)® + (1 +a+ b+ ab)c* (€ + ¢)?
+ (1 +a+b+rab+ (24 (a+b)(1+7)+2abr)c(§ +¢€) +r(1 +a+b+ab)c2(£—|—e)2>el,

which together with ey = 0 implies that
(6%)] (0,7 bu C, €, 57 ’f’) [10g2 N—‘ -1

17 =Tl == e beaern—1

Ba(a,b,c,¢€8), (44)
where
asg(a,byc e, &) =1+a+b+rab+ (2+a+b+ ar + br + 2abr)c(§ + ¢€)
+ (14 a+ b+ ab)c®(€ +€)?,
Ba(a,b,c,e,€) =€+ (a + b+ 4ab) (€ + €) + (2a + 2b + 3ab + 1)c(€ + €)?
+ (14 a4+ b+ ab)c®(& +¢)>.
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