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List of Notations

Table 1: List of Notations

a7 (G
Py
Py

Pt (Py)

P (P)
H ()
F®)

FB
Iproj, 1l
T1
Tt
oy
V(F)

the episodic and confounded POMDP
observed state at ¢ and observed state space
unobserved state at ¢ and unobserved state space
action at ¢ and discrete action space
length of horizon
reward functions over S x U x A
reward at ¢
reward-proxy variable at ¢ and corresponding space
action-proxy variable at ¢ and corresponding space
variable X at ¢ from sample trajectory ¢
target policy depending on S;
behavior policy at ¢t depending on Sy, U;
state value function
(estimated) policy value of a target policy 7
(estimated) V-bridge function (or V-bridge for short) at ¢
(estimated) Q-bridge function (or Q-bridge for short) at ¢

operator [ﬁtﬂzu Sty At) = Elg( Ry, Wiy, Si41) | Zt, S, Ad
operator ['Pt](Zt, Shlzét) = ]E[h(I/Vt7 St, At) ‘ Zt, St7 At]
operator P,g = P;  Pyg (estimator of P; defined in (7))
operator P g = (m;, P:g) (estimator of P/ : ﬁ{“g = <7rt, ﬁtg>)
user-defined function space on W x S x A
user-defined function space on Z x § x A
user-defined function space on Z x S

local Rademacher complexity for function class F and radius § > 0
local empirical Rademacher complexity for function class F and radius § > 0

the smallest empirical e-covering number of G
aF ={af : f € F}forsome o € R
Fp={f€F:|f|%< B}forany B >0
Iproj, fll2 = VE{f(X) | Z¢, Si, Ai}?

il]—pOSCdHCSS 77'1 = supgeg(1> ||g(W1, Sl>||2/||E[g(Wl, Sl> | Zl, Sl]HQ
ill-posedness 7, = sup, ey [|R(We, St, Ae)|l2/ |lproj, h(We, Si, Ar)ll2

one-step transition ill-posedness defined after Corollary 6.2
VC dimension of F
Riemann Zeta function {(a) = Y02 (1/n)®
Ker(K) = {g : Kg = 0} null space of linear operator K
orthogonal complement of space A
cardinality of class Z
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A Additional Identification Assumptions

In this section, we list Assumptions 3-7 which are needed for Theorem 4.1.

A.1 Basic assumptions on the confounded POMDP structure

For the confounded POMDP with trajectory (U, Sy, Wy, Z¢, Ay, Rt)thl, we list three basic assump-
tions below. Let |l and fﬁf denote statistical independence and dependence respectively.

Assumption 3 (Markovian). For all 1 < ¢ < T, the time-variant transition kernel IP; satisfies that for
any (s,u) € S xU,a € Aandset F € B(S xU),

Pr((Ses1,Ui1) € F' | Sy = 5,Up = u, Ay = a,{5;,Uj, Ajh1<j<t)
= Pt((5t+17Ut+1) cF | Sy = S,Ut = U,At = a),

where B(S x U) is the family of Borel subsets of S x U and {S;,U;, A;}1<jcr # 0 ift = 1.
Assumption 4 (Reward proxy). Wil (A, Up—1,S5:¢—1) | U, St and WtfoUt | Spforl <t <T.

Assumption 5 (Action proxy). Z;, IW, | (U, S, A:), ZiLLRe | (Ui, S, Ay) and
Zi W (Seg1, Wig1) | (Up, S, Ap), 1 <t < T.

It can be easily verified that the DAG in Figure | satisfies Assumptions 3-5. Assumption 3 requires
that given the current full state and action (U, S;, A;), the future are independent of the past.

Assumption 4 requires that the reward proxy W is associated with the hidden state U; after adjusting
observed state S; but W, is not causally affected by action A; and past state (U;_1,S;—1) after
adjusting the full current state (U,, S;). This assumption does not restrict the association between
W, and R,. Assumption 5 requires that upon conditioning on the current full state and action tuple
(U, St, At), the action proxy Z; does not affect the reward proxy W; and outcomes Ry, Sty1, Wii1
after the action A;. Again, this assumption does not restrict the association between Z; and A;.

However, based on above three assumptions, we cannot directly identify the value of target policy
7 by adjusting (Uy, S;) since U, is unobserved. In addition to Assumptions 4 and 5, we also need
Assumption 6 to be stated in Section A.2 below to get around the hidden state U,.

A.2 Assumptions on the existence of bridge functions
Assumption 6 (Completeness). Forany (s,a) e S x A, t=1,...,T,

(a) For any square-integrable function g, E{g(Uy) | Z, St = s, A; = a} = 0 a.s. if and only if
g=_0a.s;

(b) For any square-integrable function g, E{g(Z;) | W;, St = s, Ay = a} = 0 a.s. if and only
ifg=0as.

Completeness is a commonly made technical assumption in value identification problems, e.g.,
instrumental variable identification [Newey and Powell, 2003, D’Haultfoeuille, 2011, Chen et al.,
2014], and proximal causal inference [Miao et al., 2018a,b, Tchetgen Tchetgen et al., 2020]. Together
with the regularity conditions in Assumption 7, we can ensure the existence of ()-bridges ¢f and
V-bridges vy, 1 <t <T.

For a probability measure function s, let £2{u(x)} denote the space of all squared integrable
functions of = with respect to measure (), which is a Hilbert space endowed with the inner product
{(g1,92) = [ 91(x)g2(z)dp(z). For all s, a,t, define the following operator

Kt L2 {pwy 5,4, (w | s,a)} = L2 {uz,5,4,(2 | 5,a)}
h’—)E{h(Wt) | = Z,St = S,At = a},
and its adjoint operator
K ow: L2{pzs,4,(2 | s,0)} = L2 {pw, 5,4, (w | 5,0)}
g—=E{g(Z) | Wy =w,S; = s, Ay = a}.
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Assumption 7 (Regularity Conditions). Forany Z; = z,S; = s, W; =w, Ay =aand 1 <t < T,

(a) ffoZ th\ZmStyAt(w | Z7S7a)th|WtaSt7At(Z | w7s>a>dwdz < 00, where th|Zt75t7At
and fz, 1w, s,,a, are conditional density functions.

(b) Forany g € Git+1),

/ [E{R; + g(Wis1,Se1) | Ze = 2,8 = 5, A = a}]? fz.5.,4,(2 | 8,a)dz < 0.
z

(c) There exists a singular decomposition (A a;t:0, @s,a:t:0, w&a;t;y)il of K 4, such that for
all g € g+,

Z Aot (BA{Re + g(Wig1, Siq1) | Zo = 2,8 = 5, Ay = a} s astw)| < 00.

v=1

(d) Forall1 <t<T,vJ €@G () where G(*) satisfies the regularity conditions (b) and (c) above.

Note that the existence of the singular decomposition of K , .; in Assumption 7 (c) can be ensured
by Assumption 7 (a), which is a sufficient condition for the compactness of K ,.; by Lemma D.1.

For tabular (U, W, Z), Corollary A.1 provides a sufficient condition for Assumptions 6 and 7 [Shi
et al., 2020].

Corollary A.1. [Shi et al., 2020] Suppose that all I/, VW, and Z are tabular. If both Z; and W;
have at least as many categories as U; for 1 < t < T, ie., |Z],|W| > |U| (where |X] is the

cardinality of set X'), and transition probability matrices P,(W | U, s) £ [Py(w; | uj, )], R

and P,(U | Z,a,s) = [Py(u; | 2;,a, $)w,eu .,z are of full rank with rank || for all a, s, t, then
Assumptions 6 and 7 hold.

A.3 Assumptions on the uniqueness of bridge functions

In general, we do not need to impose restrictions on the uniqueness of V-bridges {v] }Z_; for policy
value identification. To simplify our theoretical analysis on the estimation error of V' -bridges, we
need the uniqueness of V-bridges {v7 }1_; and Q-bridges {¢F }._,, which can be ensured by the
following Assumption 8.

Assumption 8. For any square-integrable function g and for any (s, a) € Sx A, E{g(W}) | Z;, St =
s,Ay =a} =0as. ifand only g = 0 as.

Corollary A.2. Under Assumption 8 and all conditions in Theorem 4.1, the V-bridges {v] }31:1

that satisfy (3) and Q-bridges {¢7}7_, that satisfy (5) are both unique. Moreover, they can be
non-parametrically identified by (4).

Proof. Apparently it suffices to prove the uniqueness of Q-bridges {7 }Z_. If there is another set of
{Gr L, thatis also a solution to (4), then

E{q (We, St Ar) — a7 (Wi, Se, Ar) | Z4, Sy = s, Ay =a} =0,  as.
By Assumption 8, g7 (W, s,a) = qf (W, s,a) as. forall (s,a) € S x A. O

For the tabular case, we have the following corollary for the uniqueness of /-bridges and ()-bridges.

Corollary A.3. [Shi et al., 2020] Under the conditions in Corollary A.1, if | Z| = [W| = |U|, then
Assumptions 6—8 are satisfied.

B Additional Results

In this section, we derive finite-sample error bounds for V' -bridge estimation and OPE when hypoth-

esis spaces H(*), G(*) and testing space F(*) are VC-subgraph classes or RKHSs with exponential
eigen-decay. Then we discuss possible choices of proximal variables W; and Z,.
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B.1 Additional Finite-sample error bounds for V -bridge estimation and OPE
B.1.1 VC-subgraph class

Theorem B.1. Under Assumptions | and 2, and the assumptions in Theorem 6.2 and Corollary 6.1,
with probability at least 1 — (, we have

[l — 07 |l2 < i1lpax X trans-ill

T2 ¢ maxi<icr {V(FO)VHO) VG )} flog(T/)

,and
n n
V(m) — V()| < illpax X trans-ill
e ) [maxiseer {V(FO), VHD), VGHD) ) L los(T/<)
n n ’
where trans-ill = maxi<i<rexp{ai((ay)} with (o) = >0, t7% and illp,, =

Tr, MaX1<¢<T Tellme /7N -

The proof of Theorem B.1 is given in Appendix C.5.

B.1.2 RKHS with exponential eigen-decay

Theorem B.2. Under Assumptions 1 and 2, and the assumptions in Theorem 6.2 and Corollary 6.2
(2), with probability at least 1 — ¢, we have

1 1/ min{B»,Bg,B7} log(T
0T — 07 ||2 < i11lmax X trans-ill x T7/2 {\/( og ) " + \/ og(T/¢) } ,and

n n
. log 7)1/ min{ Br.Bo B } loa (T
V(7)) = V()] < illpax X trans-ill x T7/2 {\/( ogn) T \/ og(T/¢) } .
n n
where trans-ill = maxj<;<rexp{a((az)} with (o) = Y ;2;t7%, and illp.x =

T, MAX| <¢<T Tellme /e ]| %e

The proof of Theorem B.2 is given in Appendix C.5.

B.2 Different choices of proxy variables

Here we first provide several options on how to choose proxy variables W; and Z; satisfying basic
assumptions 3 —5. Then we discuss their effect on the ill-posedness and one step estimation errors.
Finally, we comment on some practical issues.

Choice of ;. In our confounded POMDP setting, typically we need a reward-inducing proxy W;
to be separated from the current observations at time ¢ and satisfy the basic assumptions listed in
Appendix A.l. In practice, W; can be some environmental variables that are correlated with the
outcome R; but A; cannot affect W, (see Figure 3). It is worth mentioning that Bennett and Kallus
[2021] and Shi et al. [2021] use (part of) the current observed state, i.e., S in our paper, as the
reward-inducing proxy. In their settings, given the current action A;, only the hidden state U; can
affect the next hidden state U;; (Their U, is the full state variables in our setting). This requires
that the proximal variables Z; and W, are able to capture the whole information of their hidden state
U;. In this case, Assumption 6 becomes harder to hold. In our setting, however, we allow part of
their U, to be observable. We denote this part by S; in our paper. This can alleviate the burden on
proximal variables Z; and W, to capture the whole information of their hidden U;. Therefore, our
completeness assumption 6 is relatively weaker. Moreover, Bennett and Kallus [2021] only consider
the evaluation for deterministic target policies, while in our setting, a separate W, (other than S;)
allows us to evaluate random target policies.

We list some possible causal relationship among Wy, (U, S;) and R; in Figure 3. We require the
causal relationship between U, and W,. But the effect of W, on R; is optional. In practice, one can
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use the observed variables that have no direct effect on the action, for example, measurement of
action independent disturbance which may not may not affect the current reward.

%

Figure 3: Causal relationship about W;. Dashed arrows: optional causal effect. W; may or may not
affect R;.

(a) Z; is an 1V for At. (b) (Ut, St) — Ly (c) (Ut, St) — Zy

Figure 4: Causal relationship about Z;. Dashed arrows: optional causal effect Z; — A; or Z; + Ay
or no causal effect. (c) is incompatible with Figure 3 (b).

Figure 5: An example of Z, as the observed history.

Choice of Z;. Once we determine WW,, there are several proper choices of Z, that are compatible
with W, (see Figure 4). One choice of Z; is the observed history up to step t — 1, e.g., Z; =
(Z¢—1; St—1, Wi_1, Ar—1, Ry—1) with some pre-observed history before (U, S1) as Z;. See Figure

5 for a valid example. In this case Z; 1 contains information of Z; so that we expect that C (,t ))t, 11 tends
to be smaller. However, this can enlarge the one-step errors My, (T —t+ 1)2 (57@ + ¢o log(cﬁle) s

where the upper bound of critical radii &(,t) becomes larger because the dimension of testing space
F®(Z x A x 8) is now O(t). Fortunately, these one-step errors only contribute to the final error
bound for V() linearly.
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In practice, to reduce the dimension of Z;, one may use the most recent k-step observed history, or
try to learn a low dimensional representation ¢(Z;) of Z; and then replace F)(Z x A x S) by
F® (¢(2) x A x 8) in (7). Similar ideas have been used in kernel IV regression [Singh, 2020].

C Technical Proofs

In this section, we provide the proofs of identification result in Section 3 and the finite sample bounds
for V-bridges and OPE in Section 6.

C.1 Proof of Theorem 4.1

PartI. We suppose there exists g satisfying (4), 1 <¢ < T. Define v}, = 0. Then

E{R; + vy 1 (Wis1, Sev1) | Zi, St, Ar}
=E []E {Rt + 01 (Wigr, Se1) | Us, Zy, St At} | Zt, S, At]
=E []E {Rt + v (Wegr, Seq1) | U, S, At} | Zs, St,At] by Assumption 5,

and

E{q:(WtastaAt) | ZtaShAt}
=E []E {q?(Wt?ShAt) | UtaZt7St)At} | Zt7St)At]
=E [E{q¢ (W;, St, As) | Us, St, A} | Zy, Sty As] by Assumption 5.

Therefore, by Assumption 6 (a), we have
E{Rt+ﬂ?+1(Wt+1,St+1) ‘ Ut,St,At} :E{qf(Wt,ShAt) | Ut,St,At} a.s. (10)

We will use this Bellman-like equation (10) to verify (3) and (5).

Next, we prove that such these {¢, v7 }7_, obtained by Algorithm 1 can be used as Q-bridges (5)
and V-bridges (3).

First, at time T,

E™ (Rr |Ur,Sr) = Y E(Rr |Ur,Sr, Ar = ar) 7r(ar | Sr)

ar€A
= > E{¢f(Wr,Sr,ar) | Ur, Sr, Ar = ar} wr(ar | Sr) by (10)
ar€A
= Z E{¢7(Wr, Sr,ar) | Ur, St} mr(ar | St) by Assumption 4
ar €A
_E{ Z 7T(aT | ST)(]?(WT, ST,CLT) ’ UT, ST}
ar€A

=E {’UZZT«(WT7 ST) | Ur, ST} by definition of U%.
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By induction, suppose that at time ¢ + 1, ET [ZtT,:t_H Ry | Sit1, Ut+1} =
E {Uf+1(Wt+1a St+1) ‘ St+1, Ut+1 } Then at time ¢,

T
E™ (Z Ry Ut,St>
t'=t

{R +E™ ( Rt/
t=t+1

{Rt+E” ( > Ry

t'=t+1
_]EW {Rt + E (Ut+1 Wt+1, St+1 ‘ Ut+1, St+1) ‘ Ut, St}

=E7 {Rt + E (Ut+1(Wt+17 StJrl ‘ Ut+1, St+1, Uy, St) ‘ Uy, St} by Assumption 4

Ut+1,5t+1,Ut,St> \Ut,st}

Ut+1, St+1> ‘ Ut, St} by ASSU.mpthIl 3

=E" { Ry 4+ v i (W1, Se41) | Us, St} by the law of total expectation and Assumption 4
= Z E {Rt =+ UZT+1(Wt+1, St+1) | Ut, St, At = at} 7Tt(at | St)

at€A
= > B{gf (Wi, St,a) | Us, Sp, A = ar} mi(ay | Si) by (10)
at€A
= Z E {qf(Wt, St, Clt) ‘ Ut, St}ﬂ't(at | St) by Assumption 4
at€A
ZE{ Z W(at | St)Qf(Wt, Suat) ) Ut>St}
ar€A

=E {vf (W, St) | Ug, St} by definition of vy .

Therefore (3) hold for all 1 < ¢ < T. The validity of @Q)-bridge (5) can be similarly verified by
restricting on A; = a, for each a € A.

Part II. Now we prove the existence of the solution to (4).

Fort = T,...,1, by Assumption 7 (a), K 4. is a compact operator for each (s,a) € S x A
[Carrasco et al., 2007, Example 2.3], so there exists a singular value system stated in Assumption 7 (c)
by Lemma D.1. Then by Assumption 6 (b), we have Ker(K7 ,.,) = 0, since for any g € Ker(K7 ),

s,a;t
we have, by the definition of Ker, K7 ,,g = E[g(Z;) | Wi, Si = s, Ay = a] = 0, which implies that
g = O as. Therefore Ker(K7 ,.,) = 0 and Ker(K} ,.,)" = £%(1uz,s,,4,(2 | 5,a)). By Assumption

7®), E{R; + g(Wit1, St+1) | Zt = -, St = 5, Ay = a} € Ker(K;, ,) for given (s,a) € §; x A

andany g € G (t+1), Now we have verified the condition (a) in Lemma D.1. The condition (b) is
satisfied given Assumption 7 (c). Recursively applying the above argument from¢ =T tot =1
yields the existence of the solution to (4).

O

C.2 Proof of Theorem 6.1

By definition and Assumptions 6-8, P, t = 1,..., T, are linear operators, i.e., P] (a1g1 + aaga) =
a1PF g1 + aaPF go, for any o, an € Rand g1, 92 € L2(R x W x S).

We first decompose 97 — v{ into a summation of projections of one-step error. Then we bound each
one-step error by the projected errors times a product of transition ill-posedness.

C.2.1 Decomposition of £2-error of v

Following the identification procedure in Algorithm 3, we can decompose v] by

vi =Pl (R1 +v3) =Pl (R1+P3(R2+v3)) = =Pl (R +P3(R2+P3(--+PrRr))).
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Similarly, according to Section 5, we have the empirical version

Then foreach ¢ =1,...,7T, we can decompose U] — vy as

Of —of =PI (Ry + 07 y) — PF(Ry +vfy)
= [P7(Ry +071) — PF(Re + 07 1)] + [PF(Ry + 671) — PF(Re + 0],1))]
£ g+ [PT (R + 07,) — PF(Re +vfy )]
=gt + Pl 071 — vl (11)

where the last equality is due the the linearity of PJ", and v}, ; = 07, £ 0. Recursively we have
Of =1 =91 +Prg2+Plags + -+ Plr_9r, (12)

where P, £ Pl ... PF.Ift <t/, P}, £ T, the identity operator.

By the definition of the ill-posedness and combining the above decomposition, we can obtain the
discrepancy between 07 and v7]:

[0 — 0T [l2 < A [[E(o] — o | Z1,51)ll2
T
<7 Z |E(PT_19: | Z1,51)||2 by the triangular inequality,
t=1

where 7, = sup, cga) TElo (Wl‘lfglllﬁ Z 5 This indicates that we only need to separately bound

the £2 norm of the projected one-step error defined as
IE[PTs—19: | Z1; Sillla = [[B[PT—1 (P = PI)(Re + 0f14) | Z1, S1lll2, (13)

foreacht =1,...,T.

C.2.2 Error bounds for projected one-step error

To study the one-step £ projected error of (13), for each t = 1,...,T, motivated by (13), we
sequentially define the following functions:

g = (PT —PI) (071 + Ry),
AN s
9tt—1 = P 194,

A pm _ T
Gti—2 = Pi_ogt,t—1 = P{_94_19t.

911 = Pl g2 = Ply_10:-
Foreachl <t < t,

”E[gt,t/(Wt/aSt’) | Zt’,St’]HZ = HE{[PtTfrgt,t’H](Wt/aSt’) | Zt’ast’}||2
= [|E™ [gt,0r+1(We 11, Spr1) | Zor, Ser]ll2
< Ct('t-)u,t/||E[gt,t'+1(Wt'+1aSt'+1) | Zt’+175t’+1]||27
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where the local transition ill-posedness C(,tjru, will be defined later in (17), and the second equality
is due to

E{ [’ngt,t’—!—l] (Wt’a St') | Zy, St’}

=B { > mu(al Su)Pugewa)(Wer, S, Ap = a) | Zt’»St’}

acA
= > mu(a| S)EA[Prgvta) (Wi, Sur, Av = a) | Zu, Si}
acA
= Z my(a | Se)EL{[Py g +1)(We, Sp, Av) | Zy, Sp, Ay = a}
acA
= Z me(a | Sp)E{gte+1(Weg1, Sv41) | Zv, Sy, Ay = a} by Q-bridge
acA

=E™ {gt,t’+1(Wt’+1> Spr41) | Zy, Sy}
Then by induction, we can show that

IEIPE,_19: | Z1,S1]lla < O ... OO [Elge | Ze, Si]la

Therefore,

T

[of = 671l2 < 7 Y IB[PTy19¢ | Z1, S1]ll2
t=1
T
— t
<7y O - Cri-llElge | Ze, Sillla

t=1

Then foreacht = 1,...,T, we need to bound

IE((PF = P (Re +07) | Ze, Sillz < I1(PF =PI (Re + 07z
< (P = Po)(Re + 70 2l /7f |
< 7illproj, (P = Po)(Re + 67 1) allm/ml oo, (14)
where 7y is the local ill-posedness constant at step ¢, defined in (15).

Finally, we have

[of —ofll2 <7 Z { [Icd- 1} Tillme /7} oo [ Proj, (Pe — Po) (Re + 071 ) |2-

t'=1

C.3 Proof of Theorem 6.2

Fort = T,...,1, we iteratively bound Hprojt(ﬁt — Py)(R¢ + 0f,,)||2 by applying Lemma D.2,
which depends on the critical radius of the space that contains 077, ; from the last step ¢ + 1. Then we
give the bound of |72 &> which will be used to calculate critical radii in next step.

C.3.1 One-step error bound
Start from ¢t = T, 07, = v}, = 0. By Lemma D.3, we have with probability at least 1 — 3¢,

Iproir(Pr — Pr)Rerllz < 671 + (g5 )12,
< 61 4+ My,

n
and
16715,y = IPrRrl3,) < IPrRrl30) + C = a7l + C < 2My,

by Assumption 1 (4) and we let My, > C.
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Iteratively, at time 1 < ¢ < T, by Lemma D.2, we have with probability at least 1 — 4,

. = ~TT Rt—f—f)ﬂ-
oo (P, = PR+ oF 2 S (7= ¢+ DAV + 1P (T2t )
(T —t+ 18P [1+ (T — t + 1) My,

S My (T —t+1)%60),

where the second inequality is due to Assumption 1 (2), ||P; (%ﬁff&l) 12,0 < | g?: 12, 1) <
(T —t + 1) My,
Also,
4t 2 S5 (Re+ 0700 Ri + 9841 2
g = - o < o+ M
I B = 1P (7t ) B < 1P (et ) B+ M
< (T —t +2) My,
where (57(f) = Sr(f) + co/log(c1/¢)/n, co,c1 > 0, (57(5/) upper bounds the critical radii of ]-"éf\zf(Zt X
S x Ay), QM) and ).
Since ||Ti]7;+1||é(t) < C’g||T_qifH_1||?_[(t) by Assumption 1 (3), we have that H%ﬁﬂ”é(ﬂ <

I’ ot ! '
Ogll 781 112,00 < Coll 222,141y < Co(T — t + 2) My Therefore 24— € gg;(T_HQ)MH.

C.3.2 Combined Result

Finally, we replace ¢ by ¢/(47T) and redefine 5 =51 + ¢ log(c1T/¢)/nfort =1,...,T, and
consider the intersection of above events, we have with probability at least 1 — (,

Iproj, (P; — Pe) (071 + Re)lla S Myu(T — ¢+ 1)°5,
uniformly forall 1 <¢ < T.

C.4 Localized ill-posedness 7; and one-step transition ill-posedness C’f(f ,)t’—l

Localized ill-posedness. By Theorem 6.2 and (14), we have that with probability at least 1 — ¢,
IE[(PF = PI)(Re + 71) | Zos Sillla S 7olT =t +1)* My || /77| oo
uniformly for all 1 < ¢ < T, where we define the local ill-posedness [Chen and Reiss, 2011]
h
= & subject to ||proj,hlla < (T —t + 1)2My 60,
nen® [IProjihllz

[Rl3,00 S (T =t 4 1)° My, (15)

~

where the bounds for ||proj, /|2 and ||Al|3,;, are adapted from above results in Appendix C.3.1.

We show that under further assumption on the joint distribution of (S, A¢, Wy, Z;), for RKHS H®
with kernel K4, (), the local ill-posedness can be properly controlled. By Mercer’s theorem with
some regularity conditions, for any h € H*), we have

h = Z ajej7
j=1
where {e; : W xS x A — R} are the eigenfunctions of kernel K, corresponding to nonincreasing
eigenvalues {\; = /\j(KHm)}. Then we have ||h[|3 = 37, a7 and [|h]|3, = 3=, a3/ );.

||pr0]th||§ = ZCLiGjE {E[ei(Wt,St,At) | Zt7St,At]E[€j(Wt,St,At) | Zt,St,At]} .
0,J
Form € Ny,letI ={1,...,m},e; = (e1,...,em) and ay = (ay,...,a,,) and define

T, £ E{Ele;(Ws, S;, Ar) | Zt, Sy, AJE[er(We, Se, Ar) | Zi, Se, Al T}
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With same argument as Dikkala et al. [2020], we impose the assumption that Apin (T'y,) > vy, for all
m almost surely, which means that the projected eigenfunctions are not strongly dependent. And we
further assume that for all : <m < j,

|EA{Ele;(Wt, St, Ar) | Zi, St, AdEle; (Wi, St, Ar) | Zt, Sty A} < cvm, (16)
for some constant ¢ > 0. This implies that the projection does not destroy the orthogonality for the

first m eigenfunctions and eigenfunctions with indices larger than m too much. Then we can bound
the local measure of ill-posedness as follow.

Lemma C.1 (Dikkala et al. [2020], Lemma 11). Suppose that Apin(I) > vy, and (16) holds for

all © < m < j and some constant ¢ > (0. Then
S 3 A+ A
i=1 ji>m

The optimal m, is such that §2 /v,,, < B (20\/22?; Aiy/ D jom N /\m+1)-

« For a mild ill-posed case, if \,, < m~2%* for ayy > 1/2 and v,,, > m~2" for b > 0, then
My ~ [62/3]_m and thus

(P = Pr) (61 + Ro)ll2

7 (lproj, (Pr — Pe) (671 + Be) 2, (P = Pe) (071 + Re)3,00)

T [(T — £+ 1)2 My 8D, (T — t + 1)3MH]

[7*(6, B)]*> £ min { 6%/v,, + B | 2¢

meN_L

S
S

2(agy —1/2)+3b

< (T —t+ 1) (ap —1/2) 126 [5(t)] o — 1/2/+b

« For a severe ill-posed case, if \,, < m™2%% for ay > 1/2 and v, ~ e=™" for b > 0, then
1
my ~ [log (£)] ", by the same argument above,

aq —1/2

R . 1 25
I(Pe = Po)(@Fss + Ro)ll2 S [10g ((T L 1)[(55;)]2)] (T —t+1)%2

One-step transition ill-posedness. For each ¢, from ¢’ = ¢ — 1 to ' = 1, we can recursively define
a sequence of local transition ill-posedness as the following:

ot 4 |E™ [g(Wy 11, S0 11) | Zy, Se]ll2
Hoply = sup

9€6Wy 1y xSy 1) IBlg(Wirir, Sa) | Zuga, Sp4alll2
subject to [|E[g(Wi 11, Se11) | Zr g1, Serya]ll2

t—1
ST =t +12Mpd PO v frblloe [T €I - (17)
s=t'+1

Then we have with probability at least 1 — ,
I[P 1 (PF = PE)(Re + 0741) | Ze, Selllz

t

- { 11 Cff?w} (T =t + 1) My 73] 7 o
t'=1

uniformly forall 1 <¢ < T.

C.5 Proofs of Theorems 6.3, B.1 and B.2

C.5.1 Decomposition of Off-Policy Value Estimation Error

Our objective is to give an upper bound of
[Bof (W, S1) = En T (W1, S1)] < [Eof — Epof| + [E(vf — 07)
+ [En(vf —07) — E(vf — oF
=)+ (II)+ (III),

|
)|
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For (I), by applying Hoeffding’s inequality, we have with probability at least 1 — ¢ /T,

i} i _ log(erT /¢ log(e1T/¢
(1) = 18] ~ By | § [of o) 2T/ < ., [l T/

For (IT), obviously (I7) = |[E(v] — 97)| < E|vT — 07| < ||o]T — o7 ||2-

For (1), by applying Theorem 14.20 of Wainwright [2019], we have with probability at least 1 — (,

(I11) = [En(of — o) = E(vf — o7)| £ 8 ([ — o7 |2 + T5),

where 57@ = 57(10) + co %, and 5&0) is the critical radius of Gog, (741) My, -

The £2-error ||vT — 9™ ||2 in the upper bounds of (II) and (III) can be bound by combining Theorems
6.1 and 6.2.

C.5.2 Applying decomposition of OPE error

By Assumption 2, we can define trans-i11 = max; <<z exp {a:C(a;)} since [ _, Ct(,t’)t,f1
exp{a;((as)}, 1 < t < T are bounded by Corollary 6.3. Define illp.y

T1 Max1<¢(<T Tellme /77| co-

I IA

By applying Theorems 6.1 and 6.2, and crtical radii results in Example 1 — 3 in Appendix D.3, we
have the following results:

For Theorem 6.3. With probability at least 1 — (,

_ 1
[[oT — o7 ]2 < illpax X trans-ill X T7/2\/log(clT/C)n 2max{i/az 1/ag: /7Y log(n),

by Corollary 6.2 (1). Then by above decomposition, with probability at least 1 — (,

~ _ 1
V(1) = V()| < illmax X trans-i1l x T7/2\/log(e,T/)n” 2Foesti/as 17ag 17257 Jog(n).
For Theorem B.1. With probability at least 1 — (, with probability at least 1 — (,
[loT — o7 |l2 S i1llpax X trans-ill

% T7/? \/maxlStST {V(F®), V(H®), V(gED) } L [los(T/<)

n n

)

by Corollary 6.1. Then by above decomposition, with probability at least 1 — (,
V() = V(n)| < illmax X trans-ill

x T7/2 \/maX1<t<T {V(F®),V(H®), v(Gt+D)} 4/ los(T/0)

n n

For Theorem B.2. With probability at least 1 — (,

1 1/ min{B,B8g.87} log(T
[lof — 07]l2 S illmax X trans-ill X T7/? {\/( ogn) + \/ sl 1/C) } ’

n n

by Corollary 6.2 (1). Then by above decomposition,

. 1/ min{B 8,85}
V(7)) = V()] < illpmax X trans-ill x T7/2 {\/(logn) e \/log(T/O } .

n n
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For Corollary under mild and severe ill-posed cases. Under assumptions in main Theorem 6.3,
by directly applying Lemma C.1, we have that

||U1 - IUT—HQ S Ti 1213‘)( ||7Tt/7Tt HOO X trans-ill X 77(” T C,Oé’,'.[,O[].‘,Oég,b),
V() = D] < 7 max /o x trans-i11 x n(n, 7., an. 0. .b),

where, for mild ill-posed case that v,,, ~ m~2b for b > 0:

Ton - 1/2) 4100 _(ag=1/2)

77(7% T7 Ca ay, 0 F, Qg, b) = T2 oTe ( v log(clT/C)n_ 2+max{1/a%1,1/ag,l/a}—} lOg(n)> e .

for severe ill-posed case that v,,, ~ e=™" for b > 0:

ap—1/2
2 1 21 1 B 2b
n FFmax{1/ay.1/ag,1/az}

(logn)*(T — ¢ + 1) log(T/¢)?

Mﬂ

n(n,T,(, a, ar,ag,b) —t+1) 3/2 {log

t:l

D Auxiliary Lemmas

In this section, we provide some auxiliary lemmas which are needed to prove Theorem 4.1 — 6.3 and
their proofs.

D.1 Lemmas For Identification

Lemma D.1 (Picard’s Theorem, Theorem 15.16 of Kress [1989]). Given Hilbert spaces #; and Ho,
a compact operator K : Hi — Ho and its adjoint operator K* : Hy — H1, there exists a singular
system (A, ¢y, 1,,)2, of K, with singular values {), } and orthogonal sequences {¢, } C H; and
{1} C Ha suchthat K¢, = A\,2p, and K*¢, = A\, ¢,

Given g € Ho, the Fredholm integral equation of the first kind K'h = g is solvable if and only if
(a) g € Ker(K*)* and
() 202 A2 g, ) [ < oo,

where Ker(K*) = {h : K*h = 0} is the null space of K*, and  denotes the orthogonal complement
to a set.

D.2 One-step estimation error

Consider the problem of estimating a function h that satisfying the conditional moment restriction

E{g(W) —n(X)|Z} =0, (18)

where Z € Z, X € X, WeW,he HC{heRY : ||h||lw <1},g€G C{g e RY : |glle <
1}. Suppose that h € H is the true h that satisfies the conditional moment restriction (18).

Suppose that we observe an i.i.d. sample {(W;, X;, Z;)}_; of sample size n drawn from an unknown
distribution. Consider the minimax estimator

. U
by = angainsup W 0 £.9) = A (115+ 1712 ) + Ml (19)
heH feF

where U, (h, f,g9) = n~t > {g(W;) — h(X;)} f(Z;) with the population version W(h, f,g) =
E{g(W) — h(X)}f(Z) and A, (5 1, U > 0 are tuning parameters.
Lemma D.2 (£2-error rate for minimax estimator). Let F C {f € RZ : || f||oo < 1} be a symmetric

and star-convex set of test functions. Define § = d,, + coy/ % for some univeral constants
o, c1 > 0 and §,, the upper bound of critical radii of F3s,

Q= {(x,w,z) = r(hy () —g(w))f(2):g €6, f € Fau,r € [0,1]} ,
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and

E= {(ac,z) s r[h — b)) FK P (2);h € H, (h— h}) € Hp,g € G,r €0, 1}} :
where f£°B = arg mingex , ||f — projz(h — hy)|l2. Moreover, suppose that Vh € H, g € G,
[fa = projz(h — hy)ll2 < nn S 6n. where fa € arginf;cx If = projz(h — hy)llz. If

the tuning parameters satisfy 324C\6%/U < X < 324C46%/U and p > L% + % %° then
with probability 1 — 4¢,

L2|h—h} I3,

sup ||proj; (hg — k)2 S (1 + sup || 25[[3,)3,
g€eg 9g€eg

and for all g € G uniformly,
lhgl3, < C + g3,

The proof of Lemma D.2 is given in Appendix D.4.2.

Lemma D.3 (Dikkala et al. [2020], Theorem 1). Consider the problem of estimating a function h
that satisfies

E{Y -h(X)|Z} =0,
where Z € Z, X € X, W e W,h € H C {h € RY : ||h]|c < 1}, |Y| < 1. Suppose that
there exists h* € H that satisfies the conditional moment equation. Suppose that we observed an
i.i.d. sample {(Y;, X;, Z;)}, of sample size n drawn from an unknown distribution. Consider the
minimax estimator

. U
= anginsup @, (0. 1) = A (1515 + G 112) + Al (20)
heH feF

where @, (h, f) = n~t 3" {Y; — h(X;)} f(Z;) with the population version ®(h, f) = E{Y —
MX)}f(Z) and A, 8, u, U > 0 are tuning parameters.

Let F C {f € R : ||fllc < 1} be a symmetric and star-convex set of test functions. Define

0 = 0n + con/ % for some univeral constants cg, c; > 0 and §,, the upper bound of critical
radii of F3y and

- {(ac7z) [ — (@) FE B (2);h € H, (h— h*) € Hp,r € [0, 1]},

[

where f£°B = arg minger , | f — projz(h — h*)||2. Moreover, suppose that Vh € H, || fa —

proi (h — )l < 1 5 0, where f € axgintyer, . |f ~ proj(h — h*) |2 Suppose
tuning parameters satistying 324C,6%/U < X < 324C{6%/U and pn > $L% + M 5 . Then
with probability 1 — 3¢,
lproj; (h = h*)ll2 S (1 + [IR*[13,)9,
and - )
1Rl < C 4 [[R*||5-

D.3 Critical radii and local Rademacher complexity

In this section we list several ways to bound the critical radii of F3;;, €2 and =2 for Lemmas in
Appendix D.2. We restrict G = Gp = {g € G : ||g||3 < D} for some D > 0 in this section.

D.3.1 Local Rademacher complexity bound by entropy integral

In this subsection, we introduce an entropy integral based approach to bound the local Rademacher
complexity and critical radii. Similar to local Rademacher complexity, for a star-shaped and b-
uniformly bounded function class F, the local empirical Rademacher complexity, a data-dependent
quantity, is defined by

RaGFEE| s |af(X0l (X,
feF|fllnss T
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where {¢;}?_; are i.i.d. Rademacher variables. The empirical critical radius b, is the smallest
positive solution to

. 52

R, (6) < & @1
Wainwright [2019, Proposition 14.25] gives the relationship that with probability at least 1 — (,

b0 < 05, /2

Therefore, we can study the critical radius §,, by empirical critical radius bn.

Given a space G, an empirical e-covering of G is defined as any function class G such that for all
g € G, inf, cge ||ge — glln < €. Denote the smallest empirical e-covering of G by N,,(¢,G). Let
B,.(5;G) = {g€G :|lgll. < I} Then we have the following Lemma to bound the empirical critical
radius by Dudley’s entropy integral.

Lemma D.4. [Wainwright, 2019, Corollary 14.3] The empirical critical inequality (21) is satisfied
for any 6 > 0 such that

2
Vo8 N (4, B,,(5,6))dt < %

64 [°
vnJg
Lemma D.5. Suppose that ||} |3, < Al|g|| forall g € G, so that ||h} |3, < AD. Let 6n > 0 satisfy
the inequality
Vi )z

Then with probability 1 — (, we have §,, < O(gn + %), where §,, is the maximum critical
radii of F3y, 2 and E, with

Q={(z,w,2)— r(hy(z) — g(w))f(2) : g € Gp, f € Fav,7r € [0, 1}.

Vog N, (t,star{ Fapyr2p}) + log Ny, (t, star{Hapyp}) + log N, (t, star{Gp })dt < 6%,

The proof of Lemma D.5 is given in Appendix D.4.3.

Example 1 (Critical radii for VC subspaces). If star shaped F,H and G are VC subspaces with VC
dimensions V(F), V(#) and V(G), respectively, then log N,, (¢, F) +1log Ny, (t, H) +1log N, (¢,G) <
[V(F)+V(H)+V(G)]log(1/t) < max{V(F),V(H),V(G)}log(1/t). By Lemma D.4 and Lemma
D.5, we have with probability at least 1 — ¢, §,, < \/max{wf),sf(ﬂ),wg)} + \/log%/o, where the
O, is defined in Lemma D.5.

D.3.2 Local Rademacher complexity bound for RKHSs

Lemma D.6 (Critical radii for RKHSs, Corollary 14.5 of Wainwright [2019]). Let Fp =

{f € F||If|% < B} be the B-ball of a RKHS F. Suppose that K is the reproducing kernel
of F with eigenvalues {)\j(K F) 5= sorted in a decreasing order. Then the localized population
Rademacher complexity is upper bounded by

Ro(Fg,0) < ,/% imin {Aj(Kf),(w}.
j=1

Lemma D.7 (Critical radii for 2 and E when H, F, G are RKHSs). Suppose that 7, H, and G are
RKHSs endowed with reproducing kernels K r, K3, and K¢ with decreasingly sorted eigenvalues

{)\ﬁ(Kf)}:;» {)\j(KH)}OO 5 and {)\?(Kg)}m X respectively. Then

Jj= Jj=

= 2 L 4 1 2
Ru(E,0) < LB\/; 3 mm{)\i (K3)A(K7), 6 } and

1,j=1
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Ro(92,6) < VD1 + VAN 20 | S min [V () + M (Kg) N (), 82

ij=1

The proof of Lemma D.7 is given in Appendix D.4.4.

We give the following two examples as directly applications of Lemma D.6 and D.7.

Example 2 (Critical radii for RKHSs endowed with kernels with polynomial decay). With the same
conditions in Lemma D.7, when )\j(K}") < cj2er, /\j-(Kg) < cj2a9, A?(KH) < ¢j— 2%, where

constant a, ag, aur > 1/2, ¢ > 0, then by Krieg [2018] we have the upper bound of critical radii of
Farr, 2 and E satisfies

5 InaX{\/i LB, V6 (1 + \/7)}” 2+max{1/a]: T/ag.1/an} log( )
Example 3 (Critical radii for RKHSs endowed with kernels with exponential decay). With the same
conditions in Lemma D.7, when )\j(KH) < are—e2i™ Aj-(Kg) < aye923"9 and )\j(K}') <

" LRy ..
are” 297 for constants a1, as, B, Bg, B > 0, then we have the upper bound of critical radii of
Fsu, 2 and = satisfies

log n) 1/ min{Br,Bg,Bn}

On S max{\/g, LB, \/W(l + \/Z)}\/(

n

D.4 Proof of Lemmas
D.4.1 Proof of Lemma C.1

Proof. Forany m € N,

Iproj,hll3 = af Trar +2 Y aia;E{E[e;(Wy, Si, Ar) | Zo, Sy, AdEle; (Wi, Se, Ar) | Zi, Si, A}

i<m<j

+E Z a;jEle;(Wy, S, Ar) | Zy, St Ad]

ji>m
> aj Tmay —2 Z |la;a;|E{E[e;(Wr, St Ar) | Zt, St, A]Elej (W, Se, Ar) | Zy, St, Ad}
i<m<j
> a}rl"maj -2 Z la;a;|cvm
i<m<j
> Umllarll = 20vm > lail Y laj
i<m j>m

> I/m||a1||§ — 2¢cvy, /Z i
i<m

> Upllas||3 — 2cv,, B Z)\ Z)‘J’ since Z' J| < B.
1=1 j>m
Therefore, 113 < llarl> + BAmsr < Iprojghll3/vm + 2685y /Som A + BAus.

Because ||proj, k|2 < J, by taking minimum over m € N_, we have that

[7*(5, B)]*> < min { 6%/v,, + B | 2¢

- meN_L
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D.4.2 Proof of Lemma D.2
Proof. Let Hp ={h € H : ||n||}, < B} and Fy = {f € F : ||f|% < U}. Moreover, let

W(F9.0) = W, .9) A (G151 + 51 ) and

Bfr00) = Walh f.9) A (115 + 5112

We first study the relationship between the empirical penalty A (|| f[|% + £ || f||2) and population

penalty A (2[|f|% + %= [ fII3). Let§ = 6, + cm/%, where ¢,, upper bounds the critical

radius of F3y and cg, c; are universal constants, by Theorem 14.1 of Wainwright [2019], with
probablity 1 — ¢, uniformly for any f € F, we have

1£11%
3U

1
A1 = 118 < 3118+ 02 masc {1, 22 ana s )

U U1 113
113+ 01 = 1713 + 55 |51918 - 02 ma {1 L2

U 1
2 2 2
> 1115+ o115~ max {U. 31115 |
2 2 U 2
> 21715+ s - v @

In the following proof, we obtain the error rate of the uniform projected RMSE sup,, ¢ ||proj , (hg —
h;)||2 by combinding upper and lower bounds of the sup-loss

- U
sup ¥, iy, £.9) — 0l 9) ~ 2 (1713 + SR N
fer

Upper bound of sup-loss (24). By a simple decomposition of W) (h, f, g), we have
* * U
B0 1.9) = Ul .9) — i ) + 005, 1.9) = (1715 + 51112
. U
> 00 1.9) ~ alty £9) - 20 (1715 + 112 )
it dw, iz, £+ (11 + S5
fEJ: n g7 b) _7: 52 n
. U
= 0 1.9) ~ alhy £o9) ~ 22 (1715 + 1112

- ?u;f) \I/;\l(h;, f+g9), since F is symmetric about 0.
fe

Taking sup ¢ » on both sides and picking h < ﬁg yields the basic inequality:

sup W, e ) = W0 05 ) = 22 (U113 + 11712

feF
<sup U (h}, f,9) + sup W) (hg, f, 9)
feF feF
g2igng(h;7f7g)+Au(\|h;\|%f 1hgl15,) (25)

where the last inequality is given by the definition of fzg in (19). Now it suffices to obtain the upper
bound of sup ¢ » v (hy, f,g) uniformly over g € G.
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For upper bound of sup ;. » W) (h}, f,g). By the assumption that [|gllsc < 1, [|2]|sc < 1 and
[ fllo < 1, we have ||3 {g(W) — h(X)} f(Z)|lso < 1. Then we apply Lemma 11 of Foster and
Syrgkanis [2019], with L%( g—h)f = %(g — h;)f. Let 6, be the upper bound of critical radii of €2.

By choosing § = 6,, + ¢ Log(e1/6) ' we have with probability 1 — ¢, uniformly for any f € Fsu

and g € G: !
S a0, £.9) — Wa(5,0,9)} — (W3, £.9) — (33,0, 9)}

1 *
< 183 (1300 - 1Sl +9)
< 185 (|| fll2 +9) ,
where, by definition, W,,(h},0,9) = ¥(h%,0,g) = 0. If || f||3% > 3U, applying the above inequality
with f < fv/3U/| f|| =, we have with probability 1 — ¢, forall f € F and g € G:

[Wa(hy, £.9) = Wy fr9)] < 365{|f||2 +max{1, %}5}

”f”]—') }
<366{|f||2+(1+\/@ 5. (26)

By using (26) and (23) sequentially, we have with probability 1 — 2¢, forall f € Fand g € G:
* . U
W15, 1.9) = a0 )~ 3 (1515 + 1712

<wig, 1.9)+ 305 {11+ (14102 b —a (1713 + S012)

VAU
<wing, .0 +360 {15+ (10 Y12 5h 3 (B v L) + a0

AU 364 A
(05 £.) + 300420 + (30011~ G118 ) + (Taolfle = A1)

With the assumption that A > 324C) 62 /U, by completing squares, we have

(366)2 < 4762

428~ Oy
3662 A 32464 62

Therefore, with probability 1 — 2(, forall f € Fand g € G:

and

AU | o
360 ]| f[l2 — @Hf”z <

U (hy, f,9) < UMN2(hg, f,9) + AU + (36 + 5) 52 27)
Cy

Now we go back to (25). By applying two upper bounds above, we have with probability 1 — 2,
uniformly for all g € G:

. U
sup U,y .9) — Bl ) =2 (1515 + £ 112

feF
<2sup W) (%, f,9) + (| hil3, — lhgllZ)
feF
<2sup UVM2(RE, f,9) + 2AU + (72 + 10/Cx)6% + Au(||h3]13, — 1 hgll3,)
fer
=2AU + (72 +10/C)0% + Au(|h5 113, — g3, (28)

where sup o » UN2(h%, f, g*) = 0 since E {g(W) — b3 (X)} f(Z) = 0.
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We can also obtain the upper bound of ||ﬁg |l by (28). By choosing f = 0, the LHS of (28) is 0, so
the supremum of LHS is nonnegative. Then with probability 1 — 2,

o 1 N
Igllf < 5 {270 + (724 10/00)8 |+ g 5,

36C, + 3+ gc o
< gioe o Rl (29)
U + B

Lower bound of sup-loss (24). For any h and g, by our assumption that || fA — proj;(h —h})[2 <
M, Where fa = arg minfoL’th ns12, |f = proj;(h — R})|l2. Let A = hg — hy, and fﬁg =
argming. »

AT proj; (h — %) o.

If || fﬁg l2 < Cd, then by the triangle inequality, we have

Iproi (hy — B2)lla < [1£5, la + 1f5, — proiz(hy — h2)ll2 < €3+ 1.
16 .
If HfA lo > Cyd, letr = ”?AQH € [0, 1/2]. By star-convexity, rfx, € fL?I\ﬁg—h;H%{' Therefore,
forany g € G,
. . U
cup Uiy .9) — Dl )2 1515+ £ 112
fer

) . U
> {0l 5,00~ 005, 15,090} -2 (13 3+ 0, )
() (In

For (I): We have

U
(11)—7"2<||fgg||3r+52||fgglli) a1+ o,

1z
< = ||fA ||f+§]2 <§||f£9§+52+52§(g]]: with probability 1 — ¢ by (22)

1 1 3
< gllfgqllfr + ZU + gC’?U by definition of

1 1

- 3
2 " 2 .
< §L lhg — hyllz; + (1 + écf)U since fﬁg € ‘FL2|\ﬁg—h;\|’;‘{'

For (I): Note that W, (h, f,g) — V. (h;, f,g) = s h— h3](X:)f(Zi). We apply Lemma 11
of Foster and Syrgkanis [2019], with L(j,_p=)s = (h — hy)f. Recall that

== {(m,z) s rlh — i) (@) fX B (z) s h e H,(h— h}) € Hp,g € G,r € [0, 1]} :

where fﬁzB =argminger , |f — projz(h — h;)|l2. Since &, upper bounds critical radius of E,
we have with probability 1 — (, uniformly forallg € G,and h € H such that A = h — h; € Hp,

[{al, fa9) = Walg, fa.9)} = (¥ (D, far9) = V(R o, 9)}

<185 (||(h - h;)fAHz + )

< 186([|fall2 +9),
where in the second inequality, we use the fact that h — hj € Hp, so that ||h — hj[[oc < 1. When
|AllF, = [|h — h%ll3, > B, by replacing h — h’ by (h — h’,;)\/E/Hh — h}|l3 and multiplying both
sides by ||l — h |5,/ B, we have with probability 1 — ¢, uniformly forallh € H, g € G,

‘{\I/n(hvayg) an } {\I’ h fA7 ) \Ij(h;7fAyg)}|

h —h*
< 185(| fall2 + ) max{l’ |Bg||H} |
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When || fﬁg l2 > C6, with probability 1 — ¢, uniformly for all g € G,

. \ llhg = hyll3
(1) 21 {Wlhy, f3,.9) = (k). f3,09) } — 1807 [If5, Iz +6} =
A ) h*nH
> {Wlhy, f3,,9) = W(hy, f5,,9) } =98 [Cs6 + 6] max :
(I.1)
where the second inequality is due to the definition of r = Cf g < %, and

_ Cfé 7 . *op
(I~1)*m{‘I’(hgvag,g)*‘I’(hgvag,g)}

__Cyo

~ 2fa e & {y ()~ (X0} 15, (2)

_ G0 (g ‘

- 2qu E E (f3,(2)E [hy(X) - ;) | 2] )

=T fA ||2 E(fa,(2) {proiz(hy — 15)(2)})

B Cyo : - B C 2 2

= 37, HgE[ng(ZFf{ng(Z) proj (g — H3)(2)} I3, (Z)]

> Cgé (HfA Iz — HfA 7p1‘0_]Z( hy)ll2 ) by Cauchy-Schwartz inequality

> D075, la =) since 1, — proi(hj — hy)l < e

_ Cyb

> T (Hprojz(ﬁg —hg)ll2 — 277n,) by triangle inequality.

Finally, we have either || I3, l2 < C#6 or with probability 1 — 2¢, uniformly for all g € G:

sup W, s ) = W05 ) = 22 (13 + 5112 = (1) 201D
fer

Cri Iy — 3113
==L (Jproi (g — By)ll2 = 20) = 9(C; + 1)0% max {1, M= toln

2\
—L2||h —h*||H—2)\( + Cf) (30)

Combine upper and lower bounds of (24). Combining the upper bound (28) and lower bound
(30), we have either Hth l2 < C#6 or with probability 1 — 4¢, uniformly for all g € G:

5. o 10 . )
L2 vy — )l <200 + (24 1) 8+ M5 5 — Vi)

o] el
+ Cpdm +9(Cy + 15 max { 1, 10T
2 1
+ —)\L2||h —hill3 + ( + 30;) \U
. s 2) 9(Cr +1) .
= g B = gl + (322 + LEEDEN i, g

5 3 . 10 )
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Then, with the assumption that y > %LQ + LB"JFI) %, we have

N D, 9C RN ;.
Ml B = gl + (522 + 220 i, - gl

. . 2) 9(Cr+1)6%\ /5 .
<ummai—MAm+2(3ﬁ+Qg(MA%+MA@

<2Apl|hz]1Z, < 2Msup 15113
S

Finally, with probability 1 — 4¢, uniformly for all g € G:

sup [|proj; (hg — 13 )2
9eg

- 4psupyeg ||h;||%_[ +5U 3U A
é
3
2

+2nn +

(162 +20/C)

186
O 1 18)

c; 5O

4451 h*l12, /U +5
[324@( m pgeggglla/ N
f

N

+ 18

162 +20/C
Cf) + +7/)‘ o+ 277”

Cy

S (1 +sup |25 [13,)8,
gcg

where the second inequality is due to the assumption that 324C6% /U < X\ < 324C%6? /U, and the
last inequality is due to the assumption that n,, < J,,. O

D.4.3 Proof of Lemma D.5

Proof. Step 1. Critical radius of 75;;.  Directly applying Lemma D.4, we only require that gn
satisfies the inequality

4 &
%/ Vlog N, (¢, star{ Fap })dt < 62,
52

Then with probability 1 — (, we have §,, < (9(37,, + %), where §,, is the maximum critical
radii of €2.

Step 2. Critical radius of =.

Since E C {(z,2) — rh(z)f(2) : h € Hp, f € Frap, 7 € [0,1]} £ E, we only need to consider a

conservative critical radius for =.

Suppose that H is an empirical e-covering of star{# g} and F7, ; is an empirical e-covering of
star{Frz2p}. Then for any rhf € B, r € [0,1],

inf hefe —rh < inf he —h inf h —
hEEHSBl,r}eETZQB |hefe = Thf|n < helenHSB [l (he Velln + feel?:ZzB R(rf — fe)lln
< heiél,f[% ”he - h”n + feeigng ||7‘f - fe”n

< 2e.
€/2 €/2 . .. . _— .
Therefore, H 3~ x F% 5 is an empirical e-covering of E. Since

log N, (t, B, (6, GA)) < log Ny (t,B,,(5,Gy)) < log Ny, (t,Gy)
<log N, (t/2,star{Hp}) + log N,,(t/2,star{ Fr25}),

by Lemma D.4, we only require that by, satisfies the inequality

4
674, / V108 N (172, star{Hp ) + 1og No (62, star{ Frep )t < 62,
n Js2
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Then with probability 1 — ¢, we have §,, < O(gn + %), where §,, is the maximum critical
radii of €.

Step 3. Critical radius of €2.

Q& {(z,w,2) = r(hy(z) — g(w))f(2) 1 g € Gp. f € Fyv,r € [0,1]}
CA{(z,w,2) = r(h(z) —g(w))f(z) : g € Gp,h € Hap, f € Fsu,r € [0,1]}
£ Gy,
where the second line is due to ||} [|3, < Allg||3 for all g € G. Suppose that H¢, 1, is an empirical

e-covering of star{H{ ap} and Gf, is that of star{Gp}, F5, is that of star{F3y}. Then for any
T<h - g)f € g\I/’ e [07 ”’

inf h — - he — Ye)le
e (= g)f  (he = S
< inf h — € n inf hs_h elln inf e — elln
<, nf = g)(fe—rf)ln+, inf I Vel + inf (g = g)fel

< inf 2 - + inf he — h||lp + inf —
_feIEI};ﬁU | fe =7 flln heg?l-[j‘D [|he I gelélgf) 1ge — glln

< de,

where the second inequality is from triangular inequality and the thrid inequality is due to the fact
that ||h — gllco < 2 and || fel|oo < 1.

4 4 4. .. .
Therefore, ”HZ/D X g;/ X .7-'§U is an empirical e-covering of (2.

By Lemma D.4, we only require that gn satisfies the Dudley’s integral inequality. Actually, since
log Nn(t7 Bn(5a Q)) < log Nn(ta Bn(dv g~\1’)) < log Nﬂ(tv g~‘1/)
<log N, (t/4,star{Hap}) + log Ny, (t/4,star{Gp})
+ log N,,(t/4, star{ Fay }),
when Sn satisfies the inequality
64 [°
Vi Js2

then with probability 1 — (, we have §,, < O(gn + M), where §,, is the maximum critical

n

Vog N, (t/4,star{H ap}) + log N,,(t/4,star{Gp}) + log N, (t/4, star{ Fy; })dt < 62,

radii of 2. Finally, after combining Steps 1-3, we have that if gn satisfies the inequality
64 [*

Viog N,y (t, star{Fapry 25 }) + log Ny (¢, star{Hapvp}) + log N, (¢, star{Gp })dt < 62,

then with probability 1 — ¢, we have d,, < (’)(Sn + %), where §,, is the maximum critical

radii of F3y7, 2 and (2. O

D.4.4 Proof of Lemma D.7

Proof. Critical radius of Z. We consider a conservative critical radius for G A, which is a tensor
product of two RKHSs Hp and Fj2p5. Suppose that H and F are endowed with reproducing

kernels Ky and K », with ordered eigenvalues {Aj(KH)} _and {Aj(K;)} . respectively.

= =
Then the RKHS G has reproducing kernel Kz = Ky ® K, with eigenvalues {)\j(KH)} - X
j=
{/\j(K;)} L Therefore, by Lemma D.6,
j=
. 20282 | &
Y !
Ru(Ga8) <1/ = _Zl min { M ()N (KF), 62 ).
1,]=
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Critical radius of 2. We consider a conservative critical radius for
Gy = {(z,w,2) = r(h(z) — g(w))f(2) : g € Gp,h € Hap, f € Fsu,r €[0,1]}.

Let h(z,w) = h(z) and §(z,w) = g(w), € X,w € W. In addition, h € Hsp on X x W with
kernel K;; = Kyy®1land g € Gp on X x W with kernel K5 = 1® Kg. Notice thath—g € Hap +
Gp, which is a RKHS endowed with RKHS norm [ fllgeg = min,_j o fei se6 Hi’”?—’t +1gllg- and
reproducing kernel K + Kg~. As aresult, |h — g||g+g~ < VAD + /D forall h — g E 7:[,413 + QD.
According to Weyl’s inequality for compact self-adjoint operators in Hilbert spaces (see the s-
number sequence theory in Hinrichs [2006] and Pietsch [1987, 2.11.9]), )\1 i 1(K + Kz ) <
AK( Ky) + )\j( Ks) = A(Ky) + )\j(Kg) whenever i,j5 > 1, so we have )\j( q+ Kg) <

Aﬁg+1)/2] (Kyu) + )\ﬁjﬂ)/Q](Kg) whenever j > 1.

Since (H + G) ® F is a RKHS with reproducing kernel (K, + K G) ® Kz, by the same argument
for =, we have

R (Gu,8) < VD(1 + ﬂ)ﬁ > min {1 o (B0) + A1)y (Kg)IN (K ), 02

ij=1

<VD(+ ﬂ)\/% i min {[Aj(KH) + Ag(Kg)]Aj(Kf),az}.

1,j=1

E Additional estimation details

In this section we demonstrate the performance of the proposed FQE-type algorithm introduced in
Section 5 for the case where 7(*) and F(*) are Reproducing kernel Hilbert spaces (RKHSs) endowed
with reproducing kernels K4+ and Kz respectively and canonical RKHS norms || e |4 =
| o ”Kmt)’ oz =1 ok () respectively, for 1 < ¢t < T.

For each 1 < ¢ < T, based on observed batch data {S,;, Wy, Z;, Aii, Ryi}7_;, we can ob-
tain the Gram matrices Kyyy = [Kyo (Wi, St.i, At Z] (W, ’J,S mAt]])]” and Kz =

Kz ([Zt,55 Sty Aval, [ Ze 5, St j, At»j])}i,j:r Then we compute ¢ = Pt(vH_l + R;) via (7) with
g = {1 + Ry. Specifically, g7 has the following form:

ézr(wa S, a) = [lﬁt(ﬁtﬂ+1 + Rt)](wa S, a) = Z aiK?—U“ ([Wt,ia St,i7 At,i]v [w’ S, a])’ (€2D)]

=1

where a = [ag,...,q,]" = (KHMM(”KH@) + 4>\2ﬂKH(t))TKH(t)M(t)Yt with M(®) =

K/ (M Kro + 1) 'KY2 ., and Y, = Ry + ¥, with Ry = [Ry1,..., Rex] T and V7, =
(67 1 (Wis1,1,Se41,1), -+ -5 0y (Wit 1,ms Se1,0)] T Here AT denotes the Moore-Penrose pseudo-

inverse of A.

Selection of hyper-parameters. There are several hyper-parameters in (31) foreach 1 < ¢ < T.
In each step, we treat Y; = R; + V[, ; as the response vector and use cross-validation to tune
M /5% and A%y in (31). We adopt the tricks of Dikkala et al. [2020] and use the recommended
defaults in their Python package mliv, where two scaling functions are defined by ¢(n) = 5/n%*
and ((scale,n) = scale x ¢*(n)/2.

For cross-validation, let IV ... I5) denote the index sets of the randomly partitioned K folds
of the indices {1,...,n}and IC-%) = {1,... n}\I®), k = 1,..., K. We summarize the one-step
NPIV estimation with cross-validation in Algorithm 2.
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Algorithm 2: Min-max NPIV estimation with RKHSs

Input: {S;;, Wi, Z; 4, Avi, Yei = Rei + 07y (Wig1,i, Seg1,) oo target policy 7y, kernels
K40, K7, SCALE as some positive scaling factors, the number of cross-validation partition

Re[;eat for scale € SCALE:
Repeatfork=1,..., K:
[M/6%)R) =1/ (IIEM]), [N2u] TP = ((scale, [TH)]).
Obtain G; (=k) by (31) with data whose indices are in I(=%),
[M/52](") = 1/<2(|f ).
Calculate ¢; = Y;; — Gy - k)(Wm-, Sy, Ay ) fori e I,
Loss(® (scale) = ¢ MI(’“)€7 where € = [¢;] , and M, is obtained by data in
I%),
Loss(scale) = K1 Zszl Loss(® (scale).
scale® = argming . .cscare Loss(scale).
Obtain ¢f by (31) with all data and M /562 = 1/¢%(n), A ((scale ,M).
Output: {07 (Wii,51:) = 3 aea & (Wiis St a)m(a | St i) Yie

T
icl(k

Below we summarize our proposed FQE-type algorithm using a sequential NPTV estimation with
tuning procedure described in Algorithm 3.

Algorithm 3: A FQE-type algorithm by sequential min-max NPIV estimation

Input: Batch Data D,, = {{S:;, Wi, Zt.i, Av.iy Re.i}i—q 171, a target policy m = {m: }7_4,
kernels { Ky ), Kz }t=17 set SCALE as some positive scaling factors, number of
cross-validation partition K.

Let o7, , = 0.

Repeatfort =1T,...,1:

Obtain {0] (Wt i St i)}, by Algorithm 2.

Output: V( )y=n"tY 0T (Wi g, S1)-

F Simulation details

In this section, we perform a simulation study to evaluate the performance of our proposed OPE
estimation and to verify the finite-sample error bound of our OPE estimator in the main result
Theorem 6.3.

F.1 Simulation setup

Lt S=RZLU=RW=R,Z=R,and A = {1,-1}.

MDP setting. At time ¢, given (S, Uy, A¢), we generate
St+1 = St + AtUtlg + 65t+1,

where 15 = [1,1] " and the random error eg, ,, ~ N'([0,0], I5) with I, denoting the 2-by-2 identity
matrix.

The behavior policy is
7P (Ar | U, S) = expit {—A; (to + tuUs + 1] St) }

where tg = 0,t, = 1,and t] = [-0.5,-0.5].
By this behavior policy

TP (Ay | Sp) = B[} (As | Up, Sp) | A¢, Si) = expit{—A; (to + tukio + (ts + turs) ' Si)},

provided that the following conditional distribution is used.
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We generate the hidden state Uy, and two proximal variables Z; and W; by the following conditional
multivariate normal distribution given (S, A;):

2

oo + aaAt + OlsSt g O zw Oz
(ZQ’L@Q’[Q) |(5%7fh)’w N 1o + faAr + St | X = |0z 03} Owu ,
Ko + HaAt + ﬁsst Ozu Owu O—Z

where

s ap=0,a, =0.5,a] =[0.50.5],
o 1o =0, pg = —0.25, ul = [0.5,0.5],
s ko =0, Kk, =—05, k] =[0.5,0.5]

¢ the covariance matrix

»=1025 1 05

05 05 1

1 0.25 0.5]

The initial S; is uniformly sampled” from R2.

Reward setting. The reward is given by
1
Rt = expit {2At(Ut + [17 _2]St)} + €t,

where e; ~ Uniform[—0.1, 0.1]. One can verify that our simulation setting satisfies the conditions in
Section A.1 so that our method can be applied.

Target policy. We evaluate a e-greedy policy 7(a | S;) maximizing the immediate reward:

A, | Si~ sign {E[U; + [1,—2]S; | St]} with probability 1 — e,
£l Uniform{—1, 1} with probability €.

We set € = 0.2.

F.2 Implementation

We present the results of policy evaluation for the simulation setup above. Specifically, to evaluate
the finite-sample error bound of the proposed estimator in terms of the sample size n, we consider
T = 1,3,5and let n = 256,512, 1024, 2048, 4096; to evaluate the estimation error of our OPE
estimator in terms of the length of horizon T, we fix n = 512 and let T' = 1, 2,4, 8, 16, 24, 32, 48, 64.
For each setting of (n,T"), we repeat 100 times. All simulation are computed on a desktop with one
AMD Ryzen 3800X CPU, 32GB of DDR4 RAM and one Nvidia RTX 3080 GPU.

We choose F® and H®) as RKHSs endowed with Gaussian kernels, with bandwidths selected
according to the median heuristic trick by Fukumizu et al. [2009] for each 1 < ¢ < T'. The pool of
scaling factors SCALE contains 30 positive numbers spaced evenly on a log scale between 0.001 to
0.05. The number of cross-validation partition K = 5. The true target policy value of 7 is estimated
by the mean cumulative rewards of 50, 000 Monte Carlo trajectories with policy .

2Sample by gym package build in function spaces.sample() from spaces.Box(low=-np.inf,
high=np.inf, shape=(2,), dtype=np.float32).
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