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Abstract

We consider experiments in dynamical systems where interventions on some
experimental units impact other units through a limiting constraint (such as
a limited supply of products). Despite outsize practical importance, the best
estimators for this ‘Markovian’ interference problem are largely heuristic
in nature, and their bias is not well understood. We formalize the problem
of inference in such experiments as one of policy evaluation. Off-policy
estimators, while unbiased, apparently incur a large penalty in variance
relative to state-of-the-art heuristics. We introduce an on-policy estimator:
the Differences-In-Q’s (DQ) estimator. We show that the DQ estimator can
in general have exponentially smaller variance than off-policy evaluation. At
the same time, its bias is second order in the impact of the intervention. This
yields a striking bias-variance tradeoff so that the DQ estimator effectively
dominates state-of-the-art alternatives. Our empirical evaluation includes a
set of experiments on a city-scale ride-hailing simulator.

1. Introduction

Experimentation is a broadly deployed learning tool in online commerce that is, in principle,
simple: apply the treatment in question at random (e.g. an A/B test), and ‘naively’ infer the
treatment effect by differencing the average outcomes under treatment and control. About a
decade ago, Blake and Coey [8] pointed out a challenge in such experimentation on Ebay:

“Consider the example of testing a new search engine ranking algorithm which steers test
buyers towards a particular class of items for sale. If test users buy up those items, the
supply available to the control users declines.”

The above violation of the so-called Stable Unit Treatment Value Assumption (SUTVA [13]),
has been viewed as problematic in the context of online platforms at least as early as Reiley’s
seminal ‘Magic on the Internet’ work [40]; Blake and Coey [8] were simply pointing out that
the resulting inferential biases were large, which is particularly problematic since treatment
effects in this context are typically tiny. The ¢nterference problem above is germane to
experimentation on commerce platforms where interventions on a given experimental unit
impact other units since all units effectively share a common inventory of ‘demand’ or ‘supply’
depending on context.

Despite what appears to be the ubiquity of such interference, a practical solution is far
from settled. The majority of approaches so far fall under the category of experimental
design, the idea being that a more-careful assignment of treatment will render the bias of the
‘naively’-derived inference negligible. This ongoing line of work has produced sophisticated
experiment designs which, in the best cases, provably reduce bias under highly specialized
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models. While this is promising in theory, experimentation on online platforms in particular
still largely relies on the simplest designs, i.e. A/B tests. For reasons including cost and
organizational frictions, sophisticated experimental designs are not be an ideal lever, and
often infeasible.

Markovian Interference and Existing Approaches: We study a generic experimentation
problem within a system represented as a Markov Decision Process (MDP), where treatment
corresponds to an action which may interfere with state transitions. This form of interference,
which we refer to as Markovian, naturally subsumes the platform examples above, as recently
noted by others either implicitly [48] or explicitly [26] [52]. In that example, a user arrives at
each time step, the platform chooses an action (whether to treat the user), and the user’s
purchase decision alters the system state (inventory levels).

Our goal is to estimate the Average Treatment Effect (ATE), defined as the difference in
steady-state reward with and without applying the treatment. In light of the above discussion,
we assume that experimentation is done under simple randomization (i.e. A/B testing). Now
without design as a lever, there are perhaps two existing families of estimators:

1. Naive: We will explicitly define the Naive estimator in the next section, but the strategy
amounts to simply ignoring the presence of interference. This is by and large what is done in
practice. Of course it may suffer from high bias (we show this formally in Example , but it
serves as more than just a strawman. In particular, bias is only one side of the estimation
coin, and with respect to the other side, namely variance, the Naive estimator is effectively
the best possible.

2. Off-Policy Evaluation (OPE): Another approach comes from viewing our problem
as one of policy evaluation in reinforcement learning (RL). Succinctly, it can be viewed as
estimating the average reward of two different policies (no treatment, or treatment) given
observations from some third policy (simple randomization). This immediately suggests
framing the problem as one of Off-Policy Fvaluation, and borrowing one of many existing
unbiased estimators, e.g. [09, 68| [39] 24] BT, 32]. This tack appears to be promising, e.g. [62],
but we observe that the resulting variance is necessarily large (Theorem .

Our Contributions: Against the above backdrop, we propose a novel on-policy treatment-
effect estimator, which we dub the ‘Differences-In-Q’s (DQ)’ estimator, for experiments with
Markovian interference. In a nutshell, we characterize our contribution as follows:

The DQ estimator has provably negligible bias relative to the treatment effect. Its variance
can, in general be exponentially smaller than that of an efficent off-policy estimator. In both
stylized and large-scale real-world models, it dominates state-of-the-art alternatives.

We next describe these relative merits in greater detail:

1. Second-order Bias: We show (Theorem [1)) that when the impact of an intervention on
transition probabilities is O(d), the bias of the DQ estimator is O(62). The DQ estimator
thus leverages the one piece of structure we have relative to generic off-policy evaluation:
treatment effects are typically small.

2. Variance: We show (Theorem [2]) that the DQ estimator is asymptotically normal, and
provide a non-trivial, explicit characterization of its variance. By comparison, we show
(Theorem [4)) that this variance can, in general, be exponentially (in the size of the state
space) smaller than the variance of any unbiased off-policy estimator.

Summarizing the above points, we are the first (to our knowledge) to explicitly characterize the
favorable bias-variance trade-off in using on-policy estimation to tackle off-policy evaluation.
This new lens has broader implications for OPE and policy optimization in RL.

3. Practical Performance: We conduct experiments in both a caricatured one-dimensional
environment proposed by others [26], as well as a city-scale simulator of a ride-sharing
platform. We show that in both settings the DQ estimator has MSE that is substantially
lower than (a) naive and off-policy estimators, and even (b) estimators given access to
incumbent state-of-the-art experimental designs.

Related Literature: The largest portion of work in interference is in experimental design,
with the design levers ranging from stopping times in A/B tests [34] 25} [66], 27], to any
form of more-sophisticated ‘clustering’ of units [12} 18], 2T, [15] 43}, [62], 64} [I7], to clustering
specifically when interference is represented by a network [411 [63], 50, 2] [7, 45 [70], to the
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proportion of units treated [23, 57, 4], to the timing of treatment [53] 9, [19], and beyond
131 33L [60], (4T, 111, 6, 22], [50]. As alluded to earlier, these sophisticated designs can be powerful,
but cost, user experience, and other implementation concerns restrict their application in
practice [35] [36].

We view this paper as orthogonal to this literature, but will eventually compare against a
recent state-of-the-art design, so-called two-sided randomization [26], B], that is specific to
the context of two-sided marketplaces (e.g. the one we simulate).

As stated earlier, the problem we study is one of off-policy evaluation (OPE) [46, [B5]. The
fundamental challenge in OPE is high variance, which can be attributed to the nature of the
algorithmic tools used, e.g. sampling procedures [59, 58], [39]. Recent work on ‘doubly-robust’
estimators [24], 311 [32] has improved on variance (incidentally, our estimator is loosely tied
to these, as we discuss in Section @, but again we will show, via a formal lower bound, that
unbiased estimators as a whole have prohibitively large variance. Finally, our motivation is
close in spirit to a recent paper [52], which applies OPE directly in Markovian interference
settings; we make a direct experimental comparison in Section

In the policy optimization literature, ‘trust-region’ methods [51] and conservative policy
iteration [30] use a related on-policy estimation approach to bound policy improvement.
However, the explicit application of on-policy estimation in the context of OPE, and in
particular the striking bias-variance tradeoff this enables, are novel to this paper.

2. Model

This section formalizes the inference problem that we tackle, casting it in the language of
MDPs. Vis-a-vis the existing literature, this lens allows us to reason about the problem using
a large, well-established toolkit, and makes obvious the fact that OPE provides unbiased
estimation of the ATE. We then present what we call the ‘Naive’ estimator (alluded to in
the introduction). This is the lowest-variance estimator one can hope for in this setting, but
it can have significant bias, as we will see.

We begin by defining an MDP with state space S. We denote by s; € S the state of the MDP
at time ¢ € N. Every state is associated with a set of available actions .4 which govern the
transition probabilities between states via the (unknown) function p : S x Ax S — [0,1]. We
assume that A4 = {0, 1} irrespective of state; for descriptive purposes, we will associate the ‘1’
action with the use of a prospective intervention, so that ‘0’ is associated with not employing
the intervention. We denote by (s, a) the reward earned in state s having employed action
a. A policy 7 : § — A maps states to random actions. We define the average reward A™,
under any (ergodic, unichain) policy m, according to:

1 T

AT = lim TZr(st,ﬂ(st)).

T—o0
t=1

There are three policies we define explicitly:

The Incumbent Policy mp: This policy never uses the intervention, so that my(s) = 0 for
all s. This is ‘business as usual’. Denote the associated transition matrix as Py (i.e. the
entries of Py are exactly p(-,0,-))

The Intervention Policy m;: This policy always uses the intervention, so that 71 (s) =1
for all s. This reflects the system, should the intervention under consideration be ‘rolled out’.
Denote the associated transition matrix as P;.

The Experimentation Policy m,: This policy corresponds to the experiment design. Sim-
ple randomization would select 7(s) = 1 with some fixed probability p, say 1/2, independently
at every period. This corresponds to the sort of search engine experiment alluded to in the
introduction. The transition matrix associated with this design is then P; /5, = %Po + %Pl.

The Inference Problem: We are given a single sequence of T states, actions, and rewards,
observed under the experimentation policy 7, (recall that cost and constraints [35], B36]
prohibit us from running m or m; separately until convergence). The data we have is the

sequence {(s¢,ar,7(s,a0)) : t = 1,...,T}, wherein a; = my(s;). We must estimate the
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average treatment effect (ATE):
ATE £ \™ — \™.

2.1. The Naive Estimator and Bias

A natural approach to estimating the ATE is to use simple randomization (i.e. P;/5) and
the following Naive estimator:

N 1 1
(1) ATEy = — r(sg, ap) — — r(st, at),
il 22 7l 22
1 €Ty

where Ty = {t : a; = 1} and T = {¢ : a; = 0}. In the context of the search engine experiment,
this corresponds to simply averaging some metric of interest (say, conversion) among the
test users (71) and control users (Tp). What goes wrong is simply that the two empirical
averages above, that seek to estimate \™ and A™ respectively, employ the wrong measure
over states. This is sufficient to introduce bias that is on the order of the treatment effect
being estimated:

Example 1. Consider an MDP on two states, S = {0,1}. We collect a reward of 0 in state
0 drrespective of the action taken in that state (r(0,0) = r(0,1) =0), and a reward of 1 in
state 1, again, irrespective of action (r(1,0) = r(1,1) = 1). On the other hand, transitions
are impacted by our choice of action. Specifically, let p(0,0,0) = p(0,0,1) = p(1,0,1) =
p(1,0,0) = 1/2. We maintain p(0,1,1) = p(0,1,0) = 1/2 so that the intervention has no
effect at state 0. On the other hand, we let p(1,1,1) =1/2+ 4, so that p(1,1,0) =1/2 -,
for some § > 0. In words, the intervention tends to discourage a transition to O from state 1.

In the above example, it is easy to calculate that ATE = (1/2)d/(1 —9), reflecting the
shift in the stationary distribution favoring state 1, induced under the intervention. On
the other hand, we can calculate that limp ATEy = 0, so that the bias induced by the
‘experimentation’ policy relative to the stationary distributions under the incumbent and
intervention policies respectively, is comparable to the size of the treatment effect.

3. The Differences-In-Q’s Estimator

We are now prepared to introduce our estimator for inference in the presence of Markovian
interference. Before defining our estimator, which we will see is only slightly more complicated
than the Naive estimator, we recall a few useful objects associated with MDPs. First, for a
fixed policy , define the Bellman operator T} : RISl x R — RIS| according to

T.(V,\) =rr — A1+ PV,

where 7, : § — R is defined according to r,(s) = E[r(s,n(s))]. The average cost of policy m,
denoted A", and the bias function corresponding to w, denoted V., are then a solution to
the fixed point equation T (V,\) = V. Finally, the @Q-function associated with 7, denoted
Qr:S x A— R, is defined according to

(2) Qr(s,a) =r(s,a) = \" + E[Vi(s1)|so = s,a0 = al .

3.1. An Idealized First Step

In motivating our estimator, let us begin with the following idealization of the Naive estimator,
where we denote by p; /o the steady state distribution under the randomization policy 7y /5:

Epr [ATEN} =" pijals) [r(s, 1) = 7(5,0)]

It is not hard to see that in the context of Example|l} we continue to have E,, , [ATE ~] =0,
so that this idealization of the Naive estimator continues to have bias on the order of the
treatment effect. Consider then, the following alternative:

(3) Epue [ATED| = D" p1/2(5) [y a(5.1) = Qry o (s,0)]
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where the term E,, , [ATEp)] can for now just be thought of as an idealized constant (ATEp is

defined soon in (). Compared to Ep.» [ATEy], we see that Ep )z [ATEp] takes a remarkably
similar form, except that as opposed to an average over differences in rewards, we compute
an average of differences in @-function values. The idea is that doing so will hopefully
compensate for the shift in distribution induced by m; . We return to our example to check:

Example 1 (Continued). Continuing with our example, we can explicitly calculate Qx, ,, (-, ),

the average reward X\™/?, and the stationary distribution p, o (see Appendzx@) Doing so
allows us to calculate that

Ep s [ATED] - % ((1_(;/2)2> .

That is, |ATE — E,, , [ATEp]| = O(62), so that the bias of this idealized estimator is second-
order (i.e. negligible) relative to the ATE.

Is the dramatic mitigation of bias we see in Example [I] generic? If the experimentation
policy mixes fast, our first set of results essentially answers this question in the affirmative.
In particular, we make the following mixing time assumption:

Assumption 1 (Mixing time). There exist constants C' and A such that for all s € S,
dTV(Plk/2(Sﬂ '),P1/2) S O/\ka
where drv (-, ) denotes total variation distance.

We then have that the second order bias we saw in Example [I]is, in fact, generic:

Theorem 1 (Bias of DQ). Assume that for any state s € S, drv(p(s,1,-),p(s,0,-)) < 6.
Then,

ATE ~E,, , [ATE|| < ¢’ ( % )%max 52

where Tmax 1= Maxs q |7(s,a)| and C' is a constant depending (polynomially) on log(C).

3.2. The Differences-In-Q’s Estimator

Motivated by the development in the previous subsection, the Differences-In-Q’s (DQ)
estimator we propose to use is simply

(4) ATEp = m| D Qrypolsear) |T | D Qnyalstsan),
teT, teTy

where we take an empirical average over the state trajectory produced under the randomiza-
tion policy, and Qr, , is an estimator of the Q-function. For concreteness, we obtain Qr, ,
by solving

(5) mlnz < Z (st,a¢) — A4 V(sp41) — V(st)> .

968 t,s¢=s

Our main result characterizes the variance and asymptotic normality of ATEp:

Theorem 2 (Variance and Asymptotic Normality of DQ). The DQ estimator is asymptotically
normal so that

VT (ATED Ep s [ATEDD A N(0,02),

5/2

1 1

C’( ) Io () P
1-A &\ minees p1/2(s)

where C" is a constant depending (polynomially) on log(C).

with standard deviation
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One Extreme of the Bias-Variance Tradeoff: @ We may heuristically think of the
Naive estimator as representing one extreme of the bias-variance tradeoff among reasonable
estimators. For the sake of comparison, by the Markov Chain CLT, the Naive estimator is
also asymptotically normal with standard deviation © (rmax/(1 — A)'/2). This rate is efficient
for the estimation of the mean of a Markov chain [20]. On the other hand, while the Naive
estimator is effectively useless for the problem at hand given its bias is in general ©(¢), that
of the DQ estimator is O(§?).

4. The Price of Being Unbiased

Thus far, we have seen that the DQ estimator provides a dramatic mitigation in bias
(Theorem [1]) at a relatively modest price in variance (Theorem . This suggests another
question: could we hope to construct an unbiased estimator that has low variance (i.e.
comparable to either the Naive or DQ estimators). We will see that the short answer is: no.

4.1. The Variance of an Optimal Unbiased Estimator

As noted earlier, a plethora of Off-policy evaluation (OPE) algorithms might be used to
provide an unbiased estimate of the ATE. Rather than consider a particular OPE algorithm,
here we produce a lower bound on the variance of any unbiased OPE algorithm. While such
a bound is obviously of independent interest (since OPE is a far more general problem than
what we seek to accomplish in this paper), we will primarily be interested in comparing this
lower bound to the variance of the DQ estimator from Theorem [2]

Theorem 3 (Variance Lower Bound for Unbiased Estimators). Assume we are given a dataset
{(s¢,a1,7(s¢,a¢)) 1 t = 0,...,T} generated under the experimentation policy /2, with sq
distributed according to pl/g. Then for any unbiased estimator 7 of ATE, we have that

T - Var(7 >2Z Zpsls e (8) = Vi (8) +7(s,1) — A™)?

/)1/2
+2 Z

It is worth remarking that this lower bound is tight: in the appendix we show that an
LSTD(0)-type OPE algorithm achieves this lower bound. While this is of independent
interest vis-a-vis average cost OPE, we turn next to our ostensible goal here — evaluating the
‘price’ of unbiasedness. We can do so simply by comparing the variance of the DQ estimator
with the lower bound above. In fact, we are able to exhibit a class of one-dimensional
Markov chains (in essence the same model proposed by [26] as a caricature of the dynamic
interference problem) for which we have:

Theorem 4 (Price of Unbiasedness). For any 0 < § < %, there exists a class of MDPs
parameterized by n € N, where n is the number of states, such that

8

op n
B O () 7

123

Ooff C

for some constant ¢ > 1. Furthermore, |(ATE — E[ATEp])/ATE| < 6.

Zps 0,8) (Vo (8') = Viro (8) +7(5,0) — \™)? & 524
P1/2

Another Extreme of the Bias-Variance Tradeoff: Theorems[2] 3] and [f] together reveal
the opposite extreme of the bias-variance tradeoff. Specifically, if we insisted on an unbiased
estimator for our problem (of which there are many, thanks to our framing of the problem
as one of OPE), we would pay a large price in terms of variance. In particular Theorem
illustrates that this price can grow exponentially in the size of the state space. This jibes
with our empirical evaluation in both caricatured and large-scale MDPs in Section [f]

Taken together our results reveal that the DQ estimator accomplishes a striking bias-
variance tradeoff: it has substantially smaller variance than any unbiased estimator (in fact,
comparable to the Naive estimator), all while ensuring bias that is second order in the impact
of the intervention.
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5. Experiments

This section will empirically investigate the DQ estimator and a number of alternatives in
two settings: a simple one-dimensional toy model proposed by [26], and more realistically, a
city-scale simulator of a ride-hailing platform similar to what large ride-hailing operators use
in production. The alternatives we consider include: 1) the Naive estimator; 2) TSRI-1 and
TSRI-2, the “two-sided randomization” (TSR) designs/estimators from [26]; 3) a variety of
OPE estimators. For the OPE estimators, we note that off-policy average reward estimation
has only recently been addressed in [65, 69], and we implement their specific estimators
which we simply denote as TD and GTD respectively. We also implement an extension to
an LSTD type estimator proposed in [52].

5.1. A toy example

We first study all of our estimators in a simple setting that does not call for any sort
of value function approximation. Our goal is to understand the relative merits of these
estimators in terms of their bias and variance. To this end, we adopt precisely the toy MDP
studied by [26]; a stylized model of a rental marketplace. This MDP is essentially a 1-D
Markov chain on N = 5000 states parameterized by a ‘customer arrival’ rate A and a ‘rental
duration’ rate pu. At a given state n (so that n units of inventory are in the system), the
probability that an arriving customer rents a unit is impacted by the intervention. As such
if the intervention increases the probability of a customer renting, this reduces the inventory
availability for customers that arrive later. Our MDP setup exactly replicates that of [26],
with N = 5000, A = 1, u = 1; see the appendix for further details. We run all estimators over

20 10.00
19
<&
DbQ
18 % Naive
= -
w 2 ] Tsrit
< .
= 3 (| Tsri2
17 OPE (LSTD)
OPE (D)

e - N R CREE

0.01

10 100 1000 10000
DQ Naive TSRI-1 TSRI-2 OPE (LSTD) OPE (TD) t/N

Figure 1: Toy-example from [26]. Left: Estimated ATE at time t/N = 10* across 100
trajectories. Dashed line indicates actual ATE. Diamonds indicate the asymptotic mean for
each estimator. DQ shows compelling bias-variance tradeoff for this experimental budget.
Right: Relative RMSE vs. Time; DQ dominates the alternatives at all timescales.

100 separate trajectories of length ¢t = 10*N of the above MDP initialized in its stationary
distribution. Figure [I] summarizes the results of this experiment. Beginning with the left
panel, which reports estimated quantities at t = 102N, we immediately see:

TSR improves on Naive: The actual ATE in the experiment is 1.5%. Whereas it has the
lowest variance of the estimators here, the Naive estimator has among the highest bias. The
two TSR estimators reduce this bias substantially at a modest increase in variance. It is
worth noting, as a sanity check, that these results precisely recreate those reported in [26].
OPE estimators are high variance: The OPE estimators have the highest variance of
those considered here. The TD estimator has the lower variance but this is simply because it
is implicitly regularized. Run long enough, both estimators will recover the treatment effect.
DQ shows a compelling bias-variance tradeoff: In contrast, the DQ estimator has the
lowest bias at t = 10*N and its variance is comparable to the TSR estimators (It is worth
noting that run long enough, the DQ estimator had a bias of ~ —5 x 1077).
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Conclusions hold across experimental budgets: Turning our attention briefly to the
right chart in Figure |1} we show the relative RMSE (i.e. RMSE normalized by the treatment
effect) of the various estimators considered here across all experimental budgets t. RMSE
effectively scalarizes bias and variance and we see that on this scalarization the DQ estimator
dominates the other estimators considered here over all choice of ¢.

We note that specialized designs such as TSR can still be valuable in specific settings: when
A > pu, for example, TSR is nearly unbiased (as shown in [26]), and can outperform DQ; see
the appendix for such a study.

5.2. A Large-Scale Ridesharing Simulator

We next turn our attention to a city-scale ridesharing simulator similar to those used in
production at large ride-hailing services. We will consider the problem of experimenting
with changes to dispatching rules. Experimenting with these changes naturally creates
Markovian interference by impacting the downstream supply/ positioning of drivers. Relative
to the earlier toy example, the corresponding MDP here has an intractably large state-space,
necessitating value function approximation for the DQ and OPE estimators.

The simulator: Ridesharing admits a natural MDP; see e.g. [48]. The state at the time of
a request corresponds to that of all drivers at that time: position, assigned routes, riders, and
the pickup/dropoff location of the request. Actions correspond to driver assignments and
pricing decisions. The reward for a request is the price paid by the rider, less cost incurred
to service the request. Our simulator models Manhattan. Riders and drivers are generated
according to real world data, based on [1; this yields ~ 300k requests and ~ 7k unique drivers
per real day. An arriving request is served a menu of options generated by a price engine.
The rider chooses an option based on a choice model calibrated on taxi prices (for the outside
option) and implied delay disutility from typical match rates. A dispatch engine assigns a
driver to the rider; the engine chooses the driver who can serve the rider at minimal marginal
cost, subject to the product’s constraints. Finally drivers proceed along their assigned routes
until the next request is received. The simulator implements pooling. Users can switch out
demand and supply generation, pricing and dispatch algorithms, driver repositioning, and
the choice model via a simple API. Other simulators exist in the literature [48] 68], but lack
either an open-source implementation, or implement a subset of the functionality here.

The experiment: We experiment with dispatch policies. Specifically, we consider assigning
a request to an idle driver or a ‘pool’ driver, i.e. a driver who already has riders in their car.
A dispatch algorithm might prefer the former, but only if the cost of the resulting trip is at
most a% higher than the cost of assigning to a pool driver. We consider three experiments,
each of which changes o from a baseline of 0 to one of three distinct values: 30%, 50% or 70%,
with ATEs of 0.5%, -0.9%, and -4.6% respectively. As we noted earlier, we would expect
significant interference in this experiment (or indeed any experiment that experiments with
pricing or dispatch) since an intervention changes the availability / position of drivers for
subsequent requests.

Figure [2| summarizes the results of the above experiments, wherein each estimator was run
over 50 independent simulator trajectories, each over 3 x 10° requests. The DQ and OPE
estimators shared a common linear approximation architecture with basis functions that
count the number of drivers at every occupancy level. We note that this approximation
introduces its own bias which is not addressed by our theory. We immediately see:
Strong Impact of Interference: As we might expect, interference has a significant impact
here as witnessed by the large bias in the Naive estimator.

Incumbent estimators do not improve on Naive: None of the incumbent estimators
improve on Naive in this hard problem. This is also the case for the TSR designs, which in
this large scale setting surprisingly appear to have significant variance. The OPE estimators
have lower variance due to the regularization caused by value function approximation.

DQ works: In all three experiments, the bias in DQ (although in a relative sense higher
than in the toy model) is substantially smaller than the alternatives, and also smaller than the
ATE. This is evident in the left panel in Figure[2}] Notice that in the rightmost experiment
(ATE = 0.5), DQ is the only estimator to learn that the ATE is positive. Like in the toy
model, the right panel shows that these results are robust over experimentation budgets.
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Figure 2: Ridesharing model Left: ATE at t = 3 x 10° over 50 trajectories. Dashed line
indicates actual ATE. DQ has lowest bias, and is only estimator to estimate correct sign of the
treatment at all effect sizes. Right: RMSE vs. Time; DQ dominates at all time scales.

6. Discussion: refining the bias-variance tradeoff

To summarize, we have shown that the DQ estimator achieves a surprising bias-variance
tradeoff by applying on-policy estimation to the Markovian interference problem, and more
generally to OPE. Here we draw further connections between the Naive, DQ, and OPE
estimators, and suggest how to interpolate between these estimators to realize other points
along the bias-variance curve.

Dynkin’s formula and an OPE meta-estimator. First, we situate the DQ estimator in the
context of existing OPE techniques, using an identity referred to as Dynkin’s formula in
stochastic control, and re-derived several times in the RL literature:

p1(s)
Pl/z(S)

(6) AL = >‘1/2 + EP1/2 (Qﬂ'1/2 (57 1) - Vﬂ'1/2 (5))

Taking Ay — Ag , this translates into a familiar identity for the ATE:

(7) ATE = Ep, , [((5)(Qny (5, 1) = Qr, 1o (5, 0))]

where ((s) = 1p1()+p0(s) j5 the likelihood ratio of the stationary distributions. A variety of
2 p1/2(s)

OPE estimators — including doubly-robust ([3T], [61]) and primal-dual ([14 56]) estimators —
in fact estimate Equation . explicitly by plugging in estimates ( Qm ,, of the likelihood
ratio and value functions (referred to as the “doubly-robust meta-estimator” in [31]):

ATEDR |T | ZC St Q’f\'l/Q(st7 ‘T| Z C St Qﬂ'l/2(8t7 )

teTy teTy

Refining the bias-variance tradeoff. Immediately, we see that that by taking the likelihood
ratio to be a constant ((s) = 1 Vs, we recover the DQ estimator ATEpq. Furthermore, if

we then take V771 , to be any constant Vﬂl ,2(8) = ¢ Vs, we recover the Naive estimato
The DQ and Nalve estimators’ relationship to OPE then becomes clear: we obtain DQ by
choosing a minimal variance (but highly biased) estimator of {; and we obtain the Naive

estimator by subsequently choosing minimal variance (but highly biased) estimator of V.

'To see this, observe that Qﬁl/g (s,a) =r(s,a) +E [Vﬂlm (s')]s, a] =r(s,a)+c
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This suggests that we can interpolate between these extremes by making more refined

bias-variance tradeoffs in estimating f and V,

,/»- 1t turns out that several natural approaches

to variance reduction provide exactly such an interpolation:

o FEaxplicit regularization. In estimating é (s), one can directly penalize its deviation

from one, where increasing the penalty interpolates from OPE to DQ. Given that
estimation of ((s) is the key difference between DQ and unbiased OPE — and
therefore the source of the massive variance gap (Theorems ?? and ?7?) — we would
expect this to be a particularly powerful approach to OPE, and indeed some works
have shown strong empirical performance using similar penalties [44].
Similarly, one can directly penalize the deviation of Vﬂl /» from zero (or any constant),
as in regularized variants of LSTD (see e.g. [37]). As we increase the regulariza-
tion penalty on ¢ (s), we interpolate from OPE to DQ; additionally increasing the
regularization penalty on Vﬂl ,» then interpolates from DQ to Naive. Approaches
combining both forms of regularization have been explored in [67].

o Function approximation. More generally, one can restrict f (s) and V,rl ,» to lie in
particular function classes, with one extreme being any mapping S — R, and the
other extreme being the constant functions Vy, 2(8) =cor ((s) = 1. As one example,
when the state space is massive we may approximate it using state aggregation.
At the extreme, aggregating all states into a single aggregate state implies that
the value function (or likelihood ratio) must be a constant. As the aggregation for
¢ (s) goes from fine to coarse, we interpolate between OPE and DQ; subsequently

increasing the coarseness of Vm /2 (s) then interpolates between DQ and Naive.

e Discounting. A common technique to estimate the average reward value func-
tion is to instead estimate a discounted reward value function Q,(s,a) =
E [ZtT:o vir(ss, as)|so = 8,a0 = a}, motivated by the fact that we obtain exactly the

average-reward value function @ as the discount rate y goes to one (under the proper
scaling; precisely, lim~_,1 (1 —~v)Q~(s,a) = Q(s,a) [47]). This approach is commonly
applied to reduce variance in average reward RL (see e.g. [29]). Implementing DQ
with Qﬂl/z (s,a) = (1 —7)Q~(s,a) yields the exact DQ estimator as v — 1, and the
Naive estimator as v — 0.
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Appendix

A. Notation

For a vector a € R", we use |lall; = Y., |a;| and ||al|cc = max!", |a;|. For a matrix
M € R™™ we use |[M|1,00 = maxi<i<n Z;nzl |a;;| to represent the maximal row-wise

l;-norms. We use 1 to represent the vectors with all ones. We use A% to represent the
group inverse of A. For an irreducible and aperiodic Markov chain with associated transition
matrix P and the stationary distribution p, we have (I — P)# = (I — P +1p")~' —1p'.

B. Analysis of Example 1

To begin, let us derive the ATE. Under policy 7, the transition matrix is

n=[3 1]

and the stationary distribution is pg = [1/2,1/2]T accordingly. Similarly, one can verify
under policy 71, the transition matrix is

P o— 1/2 1/2
L= 11/2—-6 1/2+94
and the stationary distribution is p; = [3722, 1< Let ro = [0,1] 7,7 = [0,1]" be the
reward vector under actions 0 or 1. Then, the ATE is

ATE = 7| p1 — 19 po

1 1
2-25 2

1146
225

61

T 214

Next, we consider the computation of E,, , [ATEp], which can be written as

Epi /s [ATEp] = P1T/2(Q1 — Qo)

where @, is the Q-value vector for the policy 7/, under the action a. To compute p; /2, Qo,
and @1, consider the transition matrix P for the policy my/o:

1/2 1/2
P= {1/215/2 1/24/”5/2]'

Then one can verify that the stationary distribution p; /5 is
1-6 1 7"
P2=12-52-5

1/2 _ _1
and the average reward \/2 = 575

Furthermore, consider the following Bellman equation for @-value function:

Qls,0) = r(s,a) = N2+ 37 Pu(s, ) 5Q(s', ).

s’ a’
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One can verify that one solution of the above equations is

Q(0,0) =0, Q(0,1)=0

20
Q(l,O) =1, Q(l,l) =1+ ﬂ
Therefore,
A 1
1w
2-02-6

=2 (=)

For the bias induced by the DQ estimator, we have

A 5 1 !
ATE —E,, ,[ATEp] = 5 <1 -5 (1 —6/2)2>

O S
S 2\1-6 1-6+42/4
§ 62 /4

2(1-46)(1—-8+062/4)
This completes the analysis.

C. Proof of Theorem [I]

The proof of Theorem [I] is a simple proof built on a perturbation formula for stationary
distributions of Markov chains. We in fact construct a novel Taylor series representation of
the ATE parameterized by ¢ that controls the perturbation around P, /5, which yields the
Naive estimator as the zeroth-order truncation of the series; and the idealized DQ estimator
as the natural first-order correction. Theorem [I] then proceeds by bounding the remainder.
This strategy additionally allows us to generalize the DQ estimator to arbitrarily high-order
bias corrections, by computing Q-functions iteratively. Here we present the proof (with some
details omitted for simplicity).

We first define few pieces of useful notation. Let py € R“S',pl/g e RIS p; € RIS! be the
vectors of the stationary distributions of Py, P2, P1 accordingly. Let ro € RISI r; /2 €
RIS 71 € RISI be the reward vectors associated with policies g, Ty /2, M1, 1€, 7 (8) = 7(s, a)
and ry/9 = %7’0 + %Tl.

To begin, we parameterize Fy := P/ — 6A and Py := Py /5 + dA by  with fixed P/, and
some fixed matrix A € RISXIS! with [|Al|} 00 <1 (|| A]l1.00 = max; > |Aij| Then, py and
p1 can also be viewed as a function of 6. Also recall ATE = p| 7, — pJ 0. Our goal is to

represent ATE as a function of § and then study the Taylor expansion of such a function.
To do so, we use the following known perturbation formula of Markov chains.

Lemma 1 (Stationary Distribution Perturbation, Theorem 4.1 [42]). Suppose P € R™"*" and
P’ € R™ "™ qre transitions matrices of two finite-state aperiodic and irreducible Markov
Chains and p € R™, p' € R™ are the stationary distributions accordingly. Then p'T =
pl +p T(P' — P)(I— P)* where (I — P)¥ is the group inverse of I — P given by (I — P)# =
(I-P+1p")"t—1p".

Let us apply Lemma to p{ r1 based on the perturbation between p1/2 and p1.
plr1 = pieri + pi (Pr— Pujs)(I = Prja)¥ry
(8) = pijyri+0-pl A(I = Pyj)¥ry

2This is always possible since drv(p(s, 1,-),p(s,0,-)) < 6.
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Note that we can apply Lemma (1| again to the p; in the RHS of Eq. and then repeat this
process,

K
k K+1
(9) piri=Y 6% plyy (AL = Pryo)#) ri 4+ 65F pll (A(I = Pyj2)¥) T

for any K =0,1,2,.... Essentially Eq. @ provides the K-th order Taylor expansion for
pi r1 with an explicit remainder. Furthermore, we can bound the remainder by
K+1
ol (A1 = Puy2)®) I Ploliee)  Itllmax
S HI - 1/2||{(:olrmax
@) (2In(C)+ 1\
< - 1 N Tmax
- 1—A

Here in (i) we use that for any vector a,b and matrix B, we have |a"b| < ||la|1]|b|/max and
la"Bll1 < |lall1]|Bll1,00- In (ii) we use that [|p1]1 = 1, [|A[l1,00 < 1. In (iii), we use the
following lemma implied by the mixing time assumption and the series expansion of (I — P)#

Lemma 2. Suppose for any s € S, dTV(Pf/Q(s, Y, p1/2) < CAF. Then [|(I — Prj2)#||1,00 <
2In(C)+1
I—x -

Appplying a similar process to pa— ro, we obtain the Taylor expansion for the ATE.

K
k k
(10) ATE = Zék ’ ('01;2 (A(1 - Pl/Q)#) 1= p?/2 ((=A)T — P1/2)#) To) + 65 g
2mn(0)+1\ET? . ) ) .
where |ax| < 2 <7) Tmax- It is easy to see that the Naive estimator p; ,(r1 —ro)

I-A
corresponds to the zeroth-order truncation. In fact, the DQ estimator, i.e., E, , [ATED},

exactly matches the first-order truncation. To see this, by the definition of E,, , [ATE D}

and @-functions,

P12 [ATED] - Zp1/2(5) (Qﬂ'l/z (57 1) - Qﬂ1/2 (Sa 0))

2201/2(8) < +ZV1/2 )P1(s,5") —ro(s ZV1/2 )Po(s S))
= P1T/2 (ri—ro+ (P — Po)V1/2)

where Vj /5 is the induced vector of the V-function of policy 7y /5. By the well-known fact
that V3o = (I — Pl/g)#rl/Q induced by the Bellman equation, we then have

Ep. e [ATED} = P1T/2 (7"1 —ro+ (P1— Po)({ — P1/2)#7”1/2)
= P1T/27"1 - P1T/27"0 + 5P1T/2A(I - P1/2)#(7’1 +70).

Then indeed E, ,, [ATE D} is the first-order Taylor truncation. Together, this completes the

proof.

Generalization to Higher-Order Bias Correction. In fact, we can also use the K-th order
Taylor expansion of ATE, to design estimators that can correct higher-order bias, in a similar
way presented above.
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D. Proof of Theorem

To begin, we present the outline of the proof. We aim to use Markov chain CLT (]28]) to
provide the asymptotic normality of our estimator. Note that Markov chain CLT states that
for a Markov chain X7, Xs,..., and a bounded function » with the domain on the state
space, there exists Y, such that

1 «\| d
VT <TZU(Xt) —u ) 4 N(0,%,)

t=1
where u* is the expected value of u under the stationary distribution of the Markov chain.

Delta method. Unfortunately, the estimator ATEp can not be directly written as an
empirical average of some function w. To address this issue, we use the delta method (see e.g.

[16], Lemma [5). In particular, we write ATEp = f(ur) as a function of a random vector uy
given by ur == 7 23:1 u(X¢). Under some minor conditions, the delta method states that

VT (f(ur) — f(u*)) % N(0,0%)

where JJ% = Vf(u*) T2, Vf(u*) and Vf(u*) is the gradient of f evaluating at the point u*.
This forms the basis of proving Theorem [2}

Linearization. To simplify the analysis for o, instead of computing X, explicitly, we

“linearize” the function f by defining f(X;) := Vf(u*)" (u(X;) — u*) and the delta method

in fact implies (see Lemma

i.e., the linearized f converges with the same limiting variance as the original f. Therefore,
we can focus on f for analyzing o.

Bounding oy with the Entry-wise Non-expansive Lemma. To bound oy, we will

invoke Lemma [4 which states that
[ 1 ~
< [
Of > 1_ )\fmax

where fmax ‘= maxg |f(8)\ Then the problem boils down to bound fmax. This bound is the
key of Theorem 2] and requires us to bound

(11) max pl (P — Po)(I = Py o) # D~ V/%e,

where D is a diagonal matrix with entries Dj; = py/2(7). It is not clear a priori that Eq.
Gmy72), which
shows no advantage comparing to the off-policy estimators (the off-policy estimator requires
a bound for (pg + p{ )(P1 — Po)(I — Py2)#D~1/2).

Fortunately, we observe that based on the fact that p;/; is the stationary distribution of
Py /5 (on-policy estimator), there exists a non-expansive property (coined as the “Entry-wise
Non-expansive Lemma”, see Lemma [3)), which states that

(p1jo(Pr = Po)(I = Pj2)#)i < ¢ prja(k)

is well-controlled. In fact, a loose analysis for Eq. 1} will give fmax = O(

for some c that depend only on A and log(1/pmin). This is the key enabler for establishing
the advantage of on-policy estimators rigorously, that leads to fimax = O(log(p L)), We
believe this novel lemma is of independent interest for the field of OPE.

Next, we present the proof in full details.

19



703

704

705

706

707

708

709

710
711

712

713

714

715

716
717

718
719

720

D.1. Delta method and Linearization

To begin, consider the Markov chain X; = (s¢,a¢, s¢41). For a € {0,1}, denote F(@) p@) by

(12) F)(X,) :=2E,E] - 1(a; = a)
(13) R (Xy) == 2r(s,a0) - Es, - 1(ay = a)

where F is a vector with all entries zero except that the s-th entry is one. Let F}a) €
R"S'X'S‘,hg,?) € RIS be the empirical average of the function F(®) and h(®):

T

F(a) T Z F(a) (X )
t=1
(a) _ -
a (a)
hy! = o ; R (X,).

We aim to write ATEp := f(Fq(wo),Fq(}), hgg), hg})) as a function of F}O),Fq(}),hg)),hg}) for

applying delta method. To do so, let Défl )

Do F:(Fa)(s, s’). One can verify that

be an diagonal matrix with entries Dgfl ) (s,s) =

V= (Df) + D) - B — FO)VH (b + i)

gives the estimation of V-function in Eq. . Further, one can verify that with a plugging-in
estimator for @, the DQ estimator is given by

ATEp = f(F”, By 1y )
=17 (Fp) - F) (DY + DY) — By — Fpy#(h + hp))
ST - RO,
By Markov chain CLT, we have when T goes to infinity
FY - F;:=DP), F\ = F:=DP
W 5 b= Dro, WYY — b= Dry

where D is a diagonal matrix with entries D, s = p;1/2(s). Then by the delta method (see
Lemma , we haveﬂ

* * * * d
VI(F(EY FD WD 1)) — f(Fy Fy b b)) -5 N(0,03)
which is equivalent to
VT(ATEp —E,, ,[ATEp)) % N(0,02)

since f(Fg, F{,hi hi) = Ep [ATEp]. To analyze o5, we consider the “lin-
earization” of f around w* = (F§,Fy,h{, k). In particular, let w(X;) =
(FO(X}), FO(X,), hO(X,), M (X;)). Let (A, V) be the average reward and the “true”
V-function under the policy 7y /5. One can verify that
Flsa.8) = V()T (uls,a, ) — )
= (1"D(Py — P))(I — Pyj2)*D ) Es(r(s,a) = A+ V(s') = V(s))
+2(1(a=1) = 1a = 0)(V(s) + r(s,a)) — ¢
where c:=E,, ,[2(1(a =1) = 1(a = 0))(V(s) + r(s,a))]. By Lemma@ we have

T
VT (1{ ;ﬂx») % N(0,07).

3The group inverse is continuous if we consider the set of matrices with rank |S| — 1 (J49]).
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=1 D.2. Bound oy

722 Next, we aim to provide a bound for oy. Note that that the mixing time of X, is the same
723 as s; and by Lemma @] we have

~ 21 1
of S\/ifmax %

724 where fiax = Maxs q s \f(s, a, s")|. Then the problem boils down to bound Frnax.
75 Let zy := (17 D(Py — Po)(I — Py jo)# D~')E,. By the definition of f, we have

fmax < 2(Zmax + 2)(‘/11121)( + rmax)

726 where zpax := max; |2s|, Vinax := max; [V (s)|. For Viax, we have

IVllee = I = Prja)*rlloo
”(I - P1/2)||1,007nmax

2In(C) + 1
1 _ )\ rmax-

IN

IN

721 For zpmax, we have the following claim.

Lemma 3. There exists a constant C' such that

1 1
max < C'1 _—
Fmae = Og(ﬂmin>1—>\

728 Therefore, there exists a constant C” such that

5/2
1 1
of S CN 1Og (p . ) (1)\> Tmax

720 which completes the proof.

730 Proof of Lemma[3 Let
7= 1TD(P1 PO)—P1/2< - ).

731 We claim that [(Py — Py)(s,s")| < 2Py /5(s,s") for any s and s’. This is due to 2P, = Py + P
732 and for any a > 0,b > 0, we have

la—b| < a+b.

733 Furthermore, note that pI/QPl /2= p]—/z. Then for any s’,
|—|ZP1/2 — Po)(s, ")
< ZPl/Q — Po)(s, )|
< Zm/z (8)2P1/2(s,s")
< 2;1/2(3/)-

734 This is to say, v is entry-wise bounded by p;/o. Furthermore, this bound holds for any
735 transformation under P ;.

[CH |—|Z )PLa(s,8')]

<2ZP1/2 1/285)

< 2/)1/2( s').
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736

737

738

739

740

741

742

743
744

745

746
747

Next, consider

v (I = Py)es =

Note that |(vTP1k/2)eS/\ < 2py1/2(s’). Further, |’UT1p1r/2651| < JoT1p1a(s’) < 2p12(s).

Therefore, for any k,

k

oo
o0
D a

k=

0

T

0

lax| < 4p1/a(s’).

We also have

v (Pfjy —1p] p)es

Ja] < o7l IP* = 1p" [[1,00/les llmax

< 20\F.

Let pmin := ming p1/2(s). With a := 4,0 := ZC%, we have

oo

p1/2(s") =0

logy (1/b)—1

IN

D

k=0

= log, (1/b)

<ln(b) n
S0

§10g<

p

a+

1 Zakgimin<4,20/\k L )
k=0

Pmin

Z bAF

k=log, (1/b)

1

L
a4 1
11—\

1

1 [
min 1*)\

Then v (I — Pl/Q)#D_lES <log ( 1 ) ﬁ, which completes the proof.

Pmin

E. Proof of Theorem 3

The proof is based on a multi-variate Cramér-Rao bound. To begin, we assume Py(s,s’) >

0, Pi(s,s") > 0 for all (s, s")[]

Consider the parameters § = (Fp, F}) which controls the transition matrices

Fy(s,s) Fi(s,s)
P , !/ — Y , P , / — ) .
O(S § ) Zs” FO(Sa S”) 1(5 § ) Zs” F1(87 S//)
Given the observations Xy = (s¢,at),t =0,1,...,7T under the policy 7 /5. We can compute

the log-likelihood

(X1, Xr [ 0) = D Naas  I(Pa(s,s) | = Tn(2)

s,a,s’

4The general case follows a similar proof and is omitted for simplicity.
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us  where ng o =y, 1(s¢ = s,as = a,5.41 = §'). Then, the entry of the Fisher information
749 matrix with * = (P, P1) is given by

ol(X10%)
Iym =—-Ex | ———
: X [aekaam
_ Msas’ OP,(s,s) VE Msas’ OP,(s,s") OP,(s,s")
- 5 Pals,s') 06,00 X = Pa(s,s’)2 ), 90,
1 p1/2 COP(s,s") OPa(s, s')
; 2P/ 39 ao Z (5,8) 00, 00m
_ 7 01 Z 1 p1/2(8) _ 8Pa(s,s ) OP,(s,5")
o 80k80m P 2 Pa(s, 8/) 89k 807”

_ 1 p1/2 COPu(s,s") OPu(s, ')
=T Z S 5 80k 89m '

sas’

750 Consider 0y = Fy(4,5), 0m = Fo(4,1), we have
1 1 p1y2(i) . 1 .
— T = = 1j=10)—= )
Tk 2 Poli, §) (j ) 2/’1/2(2)
751 For 0k = Fl(i,j),ﬂm = Fl(i,l), we have
1 1 p1y2(i) . 1 .
Flkm — 5 —1 =1)—- .
Tk, 2P.(i, ) (J ) 201/2(1)
752 Otherwise it is easy to see that I ,,, = 0.

753 Next, consider an unbiased estimator 7(X7, ..., Xr) for ATE. We can write ATE = f(Fp, F})
754 as a function of Fy and F}. Further, one can verify that

8f(0*) = ) i : . o
OFy(ig) —p0(8)(Virg (4) = Virg (4) + 70(i) — A™)
af(e*) = ) ; . . st
m_pl(l)(vﬂq(j)_Vﬂ—l(l)—i—rl(w_)\ )

Finally, we aim to use the multi-variate Cramér-Rao bound. To do so, let vl(l) be an vector
with the j-th element being vgl)(j) = p1(8)(Vr, () — Vi, (4) +7r1(3) — A™). Let

T,01/2(i) . T .

13,0 =

7

755 be a matrix. Similarly, define v ) and 1; ) accordingly. Then, by the multi-variate Cramér-
76 Rao bound for the singular Fisher information matrix [54], we have

TVar(? >Z”(1 I(l 1v§1)+Zv§O)T(I§O))_1U§O)
i

olt Z 06, ) (Viea (7) — Vi (i) + 10 (8) — A™)?

P1/2

+2 Z 511/2 Z 100y ) (Ve (5) = Vi, (4) +11.(4) — )\m)Q

757 which completes the proof.

s E.1. Unbiased Estimator that achieves the lower-bound

750 In this section, we construct an LSTD(0)-type OPE estimator that achieves the aforemen-
760 tioned Cramér-Rao lower bound. To do so, we solve the following least square optimization
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761 problems that are similar to Eq. ,

2
(14) (V4,A™) = argmin ( > rlsar) = A+ V(se) - V(st)>
V,A s€S \t,sy=s,a;=1
2
(15) (Vo, A™) = arg r‘g/li/g\lz ( > r(sean) = A+ V(si) — V(st)> :
7 seS \t,s¢=s,a,=0

762 Then, the estimation for the average treatment effect is given by
Toff = AT\,

763 To analyze the variance of 7, we follow the similar analysis as in Theorem [2] To begin, one
764 can verify that

Ao =A™ = (g — pg ) ro

765 where pg is the empirical stationary distribution for the empirical transition matrix By (p1
766 and P; can be defined accordingly).

767 Next, by the perturbation bound of jy, we have
po — po = po (Po— Po)(I — Po)*.
768 Hence,

Ao — A" = (pg — pg )ro
= p(—)r(po — Po)(.[ - ]50)#7"0.

Note that Py is a function of F;O) (Py(i,j) = F;O)(i,j)/zk F;O)(i, k), F(© is defined in
Eq. ) Therefore, we can define fO(F}O)) ‘= Ao — A™ as a function of F}O). Similarly, we

can demnne

fl(Ffl(ﬂl)) = :\1 - )\Trl = plT(Pl - Pl)(I - I:ﬁ)#ﬁ
Then by Lemma[6] we have the asymptotic normality for Tog:

VT (1ot — ATE) = VT(f1(F{V) = fo(F)) S N(0,02).

760 In order to compute oog by using Lemma @ we will linearize f; — fo around (F§, Fy). To
770 do so, consider

0fo(Fo) _ +0(Po— Po)
O(Fo)(i,j) ~ "° OFy(i,4)
+ pg (Py — Py)
P,
T 0
- fv
pO aFO(Zaj) 0

A~

- o OPy(ik)
= Zk:Po(Z)Vo(k)m

(I —Py) (ro— A1)

8([ — Po)_l

o)y Y
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m  Note that P(i, k) = Fy(i, k)/ Y, Fo(i,1). Therefore,

Fo(i,k)
5fo Z Fo(i,0)
ZPO (1) Vo(k aFO(z 7
_ Zpo 1(j =k) Zz Fo(i,1) — Fo(i, k)

(> Foli,1))?
_ Zpo Wok 1(j = k)p(i) — p(i)Po(kli)

p(i)?
Po()
~ o T
- )) (Vo) — Voli) + ro(i) — A™).

772 Hence, the linearization of fj is

Za% o) 3 ((Fols. ' a))y; = Folin )

=2:1(a=0) ))(Vo() Vo(s) + ro(s) — ™) Zpo () Po(i1i) — Vi) + ro(i) — A™)
—2. 1(a—0)'0p((5)(‘/0(3')—VO(S)—i-ro(s)—)\””).

773 The similar linearization can be done for f;. Then the linearization of f; — fy is

g((s,5",a)) = =2 - 1(a = 0) '0;((‘? (Vo(s") = Vo(s) + 7o(s) — A™)
+2-1(a= 1>p,fss>) (Vi(s') = Vi(s) + 71 (s) = A™).

774 Note that for any E[g(Xy)|X1 = (s,5",a)] =0 for any (s, s’,a) and k > 2. Hence

oos = Var,(g) +2 3 Cov,[g(Xy)g(X1)]
k=2
= Var,(g)

—zzf’o U9 (i)~ Vi) + ro(s) — A2

5)2P(s'|s ,
+2Zi’” pf:,)( BN Vi) = V) +rals) - A7)

s,s’

775 which completes the proof.

= F. Proof of Theorem [4

777 We construct a birth-death Markov chain Wlth n states. Let P € R™*" be a transition

778 matrix where P(s,s+1) =1 —§,P(s,s — 1) = 1 and P(s,s) = 1/2+§ (except at the two

779 ends with P(0,0) =3/4+§ ‘and P(n —1,n—1)=3/4).

780 Let the stationary distribution of P be p. Then p(s) = ¢(1 —46)" for 0 < s <n —1 and
781 C:i= W is a constant. By [I0], we have that the spectral gap of the chain is on the
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782

784

785

786
787

788

789

791

792

793

794

795

order of v = O(1/n). Furthermore, the mixing time of the chain is bounded by

-
)O(n) — O(n?).

IP* — 15T |l1mo < (

min

min

(7= Pyl < tos
Following the same proof in Theorem [2] we have that the on-policy variance is bounded by
Oon = O(n").

On the other hand, consider the node k where >-"_, p(s) < /§/n? and ", | p(s) > /6 /n?
for some sufficiently small constant ¢’. Let P; be the same as P except Vs > k

P1(8,8—|— 1) =

| = | =

Pi(s,8) =

Let p; be the stationary distribution of P;. One can verify that p;(n) = O(1/n?). We then
construct r such that r(n,1) = 1 and A™ = 0. Then

p1(n)?

3
p(n) 4

eC'rL
-o(%%)
Ton _ O<n8 ) '
O—Off eCn

Next, consider the bias of the DQ estimator. Suppose ATE = ¢ without loss (one can always

achieve this by adding some constants to r). Let Py = 2- P; — P and let py be the stationary
distribution of Py. One can verify that

lpr = pllv = O(6/n*), llpo = pll = O(3/n?).

Furthermore, following the proof in Theorem [I] we have

Ooff 2 2

for some constant c. Therefore,

|(ATE — E[ATEp))/ATE| < (|lpy — plls + llpo — pll)II — PIIY o
1
<C- 0’5—2712
n
<9

for sufficiently small constant ¢’. This completes the proof.

G. Technical Lemmas

Lemma |2l Suppose P € R"*™ is the transition matriz of a finite-state aperiodic and irre-
ducible Markov Chain and p is the stationary distribution. Suppose there exists C' and A
such that for any k=0,1,...

IP* =157 100 < O™,

Then

(0~ P < 2REHL
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796 Proof. Note that
A=T-P+1p")y 1 —1pT

:i(Pk—lpT).

0
797 Then
1Al00 < D IPF = 19T 1,00
k=0
< Zmin (2,C’/\k)
k=0
log, (1/C)—1 oo
< > 24 Y o
k=0 k=log,(1/C)
1
S 210g>\(1/0) + ﬁ
In(C 1
we) 1
—In(A)  1-2AX
(1<') 2In(C) +1
- 1=A
798 where (i) is due to —In(z) <1 — z for z > 0. [ |

Lemma 4. For a finite-state aperiodic and irreducible Markov Chain X1, Xo, ..., X;. Let P
be the transition matriz, p be the stationary distribution, and S be the state space. Suppose
there exists C and A such that for k =0,1,...,

IP* — 19T 100 < O™,

799 Then for any bounded function f : S — [a,b], there exists o such that when T goes to infinity,

T
1 d 9
16 — g X)) — ) = N(0,
( ) \/T po (f( t) f ) ( o )
so where f* = E,(f) is the expected value of f under the stationary distribution and
2In(C) +1
(17) o <V2(b—a) %

sor  Proof. Note that Eq. is simply due to the Markov chain CLT ([28]). Let D be an
g2 diagonal matrix with entries D;; = p;. [28] further states that

o = Var,(f) + 2> E [(f(X1) = f*)(f(Xk) = £7)]
k=2
=(f=f)"Df =) +2> (f = f)TDPH(f - f7)
k=1

2 F—1p")(f =) = (F = F)TD(f - 1)

<2

ST - )TDP
k=0

S =F)TDP =1p")(f - )
k=0

<2|[(f = F) DI = Pl Il f = £ lmax

2In(C) +1
<2f = FH P ———.
<ol = R 2L
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825

Therefore,
21 1
o < V2(b—a) ﬁ
1-X
|

Lemma 5 (Theorem 6.2 [38]). Let Uy be a sequence of random variables in RP converging
in probability to u. Let ap be a deterministic non-negative sequence increasing to oo. Let
Vi (Uy — u) converge in distribution to N(0,T"). Let f : RP — R? be a function twice
differentiable in a neighborhood of u. Then, denoting the Jacobian of f at u by V f(u), we
have

1. f(Ux) converges in probability to f(u).
2. Jar(f(Ux) — f(u)) converges in distribution to N(0,V f(u*)TV f(u*)T).

Lemma 6. Consider an irreducible and aperiodic finite-state space Markov Chain
X1, Xs,...,X¢. Let S be the state space and p be the stationary distribution. Let u : S — RP
be a function with each component u;, 1 < i < p. Let u* =) _sp(s)u(s) be the expected
value of u under the stationary distribution p.

Let f : RP — R be a function twice differentiable in a neighbor of u*. Then, there exists
o > 0 such that when T — oo,

1 d * d N(O 2
T;u fw*) ] = N(0,0%)
VT (Z (w(X0) — ) - aJ;S”) 4 N(0,0%)

Proof. To begin, note that by the Markov Chain CLT (Corollary 5 [28]), we have

T

VT (Zl“ Zu(Xt) — u*) 4 N(0,%)

i=1

for some covariance matrix ¥ € RP*P. In particular,
(18) Y= B, [(u(X1) — u*)(u(X1) —u*) ] + 2ZE u(X1) — u*)(u(Xy) —u*) 7]

where E, denotes the expectation when the initial distribution of the Markov chain is p.

Then, since f is twice differentiable in a neighborhood of u*, we can invoke Lemma [5| to get

T (f (; Zuom) - f(u*)> 4 N(0,0%)
where 02 := Vf(u*) TSV f(u*).

Next, let F(X) := 7 (us(X) —u?) - ) — (y(X) — w*) TV f(u*). Then using the fact

% ou,;

+ thl u(Xt) — u* and invoking the Markov chain CLT again, we have

T
VT (; ;F(Xt)> 4 N(0,02)
where

o = B [F(X1)%] + 2 B [F(X1)F (X))
k=2
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Expanding F(X) by (uw(X) —u*) TV f(u*), we have

0% = Byl((u(X,) —u*) TV +2ZE w(X1) = u") TV F () (u(Xe) — u?) TV F ()
= V) Bl (u(X) — ) (60— )T
+ Y f(u ZE u(X1) — u) (u(Xe) — u) TV f(u”)

O V) TSV F(u)

:0’2

where (i) uses Eq. (18). This implies that F (the linearization of f at the point u*) will
converge with the same limiting variance as f. |

H. Experiment details

H.1. Synthetic example
H.1.1. Environment

We replicate exactly the environment of [26]. We model a rental marketplace with N = 5000
homogeneous listings. Customers arrive according to a Poisson process with rate N\, decide
whether to rent a listing (with rental probability controlled by the intervention), and if they
do rent, they occupy a listing for an exponentially distributed time with mean ﬁ

Specifically, we define our MDP to be the discrete-time jump chain of this process, with
events indexed by t and state s; € {0,1... N} representing the current inventory of listings.
At the t*" event, the system chooses to apply control (a; = 0) or treatment (a; = 1). One of
the following state transition and reward scenarios may then happen:

1. A previously occupied rental becomes available, i.e. s;y1 = sy + 1 and r; = 0; this
(N—s¢)p

occurs with probability FNA

2. A customer arrives, with probability MZVT%’ and subsequently:

(a) Rents a listing, so s;4+1 = s;—1 and r; = 1; this occurs with probability %

conditional on a customer arrival, where v(0) = 0.315 and v(1) = 0.3937 are
the average utility under control and treatment, respectively.

(b) Does not rent a listing , so s;4+1 = s; and r; = 0; this occurs with probability
ﬁv(aﬂ conditional on a customer arrival.

3. No state change occurs; i.e. sy41 = s¢ and r, = 0.

[26] also describes a two-sided randomization scheme, where listings are also assigned
to control or treatment, and the customer’s purchase probability depends on both the
customer’s treatment assignment a;, as well as the number of control listings and the number
of treatment listings. This corresponds to a more complicated MDP with a two-dimensional
state s; = (s§°, si¥), where s¢° corresponds to the number of available control listings, and
s the number of available treatment listings. The average utility of a control listing is
Veo(0) = veo(1) = v(0), while the average utility of a treatment listing is v, (0) = v(0) and
v (1) = v(1). We defer to [26] for further details of this scheme.
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H.1.2. Implementation details

Here we list algorithms and hyperparameters tuned for this experiment. Hyperparameters
were chosen to minimize MSE averaged over 10 held-out trajectories. As in [26], we also
include a burn-in period of Ty = 5N.

1. Naive. This has no hyperparameters.

2. TSRI. This has several hyperparameters, which affect both the experimental design
(customer randomization probability p and listing randomization probability pr,),
as well as the estimator (parameters k and f3, as described in [26]). We set p,pr, 8
assuming A, p are known, exactly as prescribed in [26]. Specifically, we compute the
values reported in Table[1| as:

p= (1 — ef)‘/“) +0.5e M pL =05 (1 - ef)‘/“) +e M g = Me

We report results for both £ =1 and k = 2.

3. DQ with LSTD, which we estimate using a slight modification of Equation . Specif-
ically, we directly estimate the state-action value function @) instead of separately
estimating the state value function V and P;, Py, and we add an Ly regularization
term. In short, we approximate and solve for a fixed point to the regularized
least-squares problem:

Q —argmin @' —r — PQ+ X[ +¢|Q'|

where Q € R2N+1 js the vector of estimated Q(s, a) values, andP € R2(N+1)x2(N+1)
is the state-action transition matrix. We use sample means in each state to construct
plug-in estimates of r, P and .

4. Off-Policy with LSTD, which we note is novel in the average reward literature. In
Section 7?7 we describe this algorithm, provide convergence guarantees, and show
that this algorithm is efficient. This can be construed as a direct analog of [52]’s
off-policy estimator, which applies LSTD in the discounted-reward setting. It has
no hyperparameters.

5. Off-Policy with TD, where @ -functions and off-policy average rewards are calcu-
lated according to the Differential TD algorithm of [65]. This approach has two
hyperparameters: the learning rate for the Q -function //¢, and the learning rate
for the mean reward estimate 3v/v/t.

For these experiments, we exclude the Off-Policy GTD variant described in [69] as their
convergence guarantees do not apply to the tabular setting.

Algorithm | Hyperparameters
TSRI | p = 0.816,p;, = 0.683,k € {1,2},3 = 0.368
DQ (LSTD) | ¢ € {0.01,0.1,1, 10,100}
Off-Policy (TD) | 8 € {0.2,0.5},~ € {0.001,0.01,0.1,1.}
Table 1: Hyperparameters for the synthetic example of [26]. Parameter settings reported in
the main text are in bold.

H.1.3. Additional results

We note that there are scenarios for which which specialized designs and estimators —
specifically TSR, in this example — can provide a superior bias-variance tradeoff. [26] shows
that the TSRI estimators become unbiased when A > u. We ran the synthetic example
setting A = 10, = 1 (also mirroring results from [26]), and indeed for this setting for
reasonable horizons TSR achieves lower RMSE. Recall, however, that TSR is ill-defined
for settings where there is no natural notion of two-sided randomization (i.e. in any MDP
without a notion of two sides), and its bias properties are clearly highly instance-specific

30



895
896
897

898

899
900

901

902

903

904
905
906
907
908

909
910
911
912

913
914
915
916
917
918
919
920

921
922
923

and depend on knowledge of A, u. DQ still outperforms all alternatives besides TSR in this
setting, and even in this extremely unbalanced setting bachieves a much lower asymptotic
bias than TSR (-5e-3 vs le-2, as a proportion of the treatment effect magnitude). .
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Figure 3: Toy-example from [26], with A = 10. Left: Estimated ATE at time t/N = 10® across
100 trajectories. Dashed line indicates actual ATE. Diamonds indicate the asymptotic mean
for each estimator. Over this horizon, TSRI-1 and TSRI-2 exhibit small bias and variance,
although asymptotically DQ still has lower bias.

H.1.4.

Computing environment

These experiments were performed on a personal desktop with a 24-core Intel Xeon X5670
CPU and 128 GB RAM. Total compute time per seed averaged less than two hours.

H.2.

H.2.1.

Ridesharing Simulator

Environment

We implement a ridesharing simulator, with code available on Github.

1.

Riders are generated based on trips resampled from the NYC Taxi Dataset [1], with
a random willingness-to-pay per second distributed as LogNormal(log(0.01),1.). The
the rider’s outside option is assumed to be the trip they actually took in the dataset,
and the cost (i.e., negative utility) the rider incurs for this option is the fare recorded
in the dataset, plus the trip time times the rider’s WTP per second.

Drivers enter the system at pickup locations in the same dataset, but at a lower
arrival rate (tuned to achieve a utilization of ~ 70%). Drivers stay in the system for
an exponential time with a mean of two hours, and stop serving new requests once
they exit the system.

When a request enters the system, the pricing engine computes the cost to serve that
request with an idle driver (where cost is based on recent per-mile and per-minute
fare rates), and discounts this by 10%; this is the price offered to the rider. The
pricing engine also offers the rider a worst-case time-to-destination (ETD) guarantee,
which is 1.5 times the time to serve the request with an idle driver. The rider then
chooses to accept or reject the offer, based on whether their worst-case utility for
the trip exceeds the utility of the outside option. If the rider rejects the offer they
exit the system.

If the rider accepts, the request is submitted to the dispatch engine. The dispatcher
searches for the nearest idle driver and the 10 nearest pool drivers to the request.
This list of candidates is filtered to those who can serve the request while satisfying

31



924
925
926
927
928

929
930
931

932

933

934

935

936

937
938
939
940
941

942

943

944
945
946
047
048
949
950

951
952
953

954

955
956
957
958
959
960

961
962
963

964

965
966

967
968
969

the ETD guarantees of all riders. The pool candidates are then further filtered to
those whose cost to service the request is at most fat times the cost of the idle
driver, where a; = @, = 0 in control (a; = 0) and «; = o, in treatment (a; = 1),
where we vary at, € {0.3,0.5,0.7}. Finally, the minimum cost driver among this set
is dispatched.

We can implement two-sided randomization in this market as follows. Each driver is also
randomized into either treatment or control. The dispatcher then dispatches to the minimum
cost driver among the following set:

o All idle drivers (i.e., drivers currently assigned no passengers).

e Control pool drivers, whose cost is at most H% times the minimum cost idle driver.
co

e Treatment pool drivers, whose cost is at most times the minimum
o

1
1+atoe,+(1—ae) e
cost idle driver.

H.2.2. Estimators

We use the same approximation architecture for each algorithm, where Q(s,a) = 0" ¢(s, a)
is a linear function of features ¢ : S x A+ R? with coefficients §. We take features ¢(s;, as)
to consist of the number of drivers in the system with each of 0, 1, 2, and 3 open seats
remaining, as well as the price and cost of the current request, and an indicator variable for
the action taken.

The estimators are then:

1. Naive, with no hyperparameters.

2. TSRI, again with hyperparameters p, pr, k, 5. We set these based on the relative
supply and demand characteristics of the simulator. Specifically, with analogy to the
synthetic problem, the system averages around 600 drivers active at any moment,
with 3 passenger seats per driver, for a total of N ~ 1800 available units of capacity.
The arrival rate is 4 passengers per second, yielding A & 4/1800, while the average
trip lasts 12 minutes, yielding p ~ 720. Ultimately we have A/u ~ 1.6, and set the
algorithm hyperparameters accordingly.

3. DQ with LSTD, with a single regularization hyperparameter £. Here we solve for
0 by approximating and solving for a fixed point to the regularized least-squares
problem:

6 = arg min |[®0" —r — POO+ A||3 + £]|6'[|3

where ® € RISIXMI is the matrix of state-action feature representations.

4. Off-Policy with LSTD, where we solve simultaneously for 6;, A\; by solving for the
unique fixed point of the projected Bellman equation ®] ®,6; = ®] (r; — 1)) +
<I>1'—P1(I>191, where ®; € RIS! is the matrix of state-action features corresponding to
action 1, and ry € RISI is the vector of rewards for action 1. We solve an analogous
equation for 0y, A\g. This effectively extends the algorithm of Section ?? to the
setting of linear function approximation. This has no hyperparameters.

5. Off-Policy with TD, where @ -functions and off-policy average rewards are calculated
according to the extension of [65] to linear function approximation, as provided in
[69]. This approach has two hyperparameters: the learning rate for the @ -function
v/V/'t, and the learning rate for the mean reward estimate 3v/v/t.

6. Off-Policy with Gradient TD (GTD), as in [69]. This has the same hyperparameters
B,v as TD.

A single hyperparameter was selected for each algorithm across all treatment effect settings,

based on a scalarization of MSE across all settings, and tuned on 10 held-out trajectories for
each setting.
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Algorithm \ Hyperparameters
TSRI [ p=0.9,p;, =0.6,k € {1,2},5=0.2
DQ (LSTD) | ¢ € {0.01,0.1,1,10,100}
Off-Policy (TD) | 5 € {0.2,0.5},~v € {0.001,0.01,0.1,1.}
Off-Policy (GTD) | 8 € {0.2,0.5},~ € {0.001,0.01,0.1,1.}
Table 2: Hyperparameters for the ridesharing setting. Parameter settings reported in the main
text are in bold.

o70 H.2.3. Computing environment

or1  These experiments were performed on an internal cluster. Each run of the simulator took an
o2 average of around four hours, allocating a single CPU and 8GB of RAM.
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