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Abstract

The classical theory of reinforcement learning (RL) has focused on tabular and
linear representations of value functions. Further progress hinges on combining
RL with modern function approximators such as kernel functions and deep neural
networks, and indeed there have been many empirical successes that have exploited
such combinations in large-scale applications. There are profound challenges,
however, in developing a theory to support this enterprise, most notably the need to
take into consideration the exploration-exploitation tradeoff at the core of RL in
conjunction with the computational and statistical tradeoffs that arise in modern
function-approximation-based learning systems. We approach these challenges
by studying an optimistic modification of the least-squares value iteration algo-
rithm, in the context of the action-value function represented by a kernel function
or an overparameterized neural network. We establish both polynomial runtime
complexity and polynomial sample complexity for this algorithm, without addi-
tional assumptions on the data-generating model. In particular, we prove that
the algorithm incurs an O(8 7 H?+/T) regret, where 0+ characterizes the intrinsic
complexity of the function class F, H is the length of each episode, and T’ is the
total number of episodes. Our regret bounds are independent of the number of
states, a result which exhibits clearly the benefit of function approximation in RL.

1 Introduction

Reinforcement learning (RL) algorithms combined with modern function approximators such as
kernel functions and deep neural networks have produced empirical successes in a variety of appli-
cation problems [e.g., 27, 60, 61, 72, 70]. However, theory has lagged, and when these powerful
function approximators are employed, there is little theoretical guidance regarding the design of RL
algorithms that are efficient computationally or statistically, or regarding whether they even converge.
In particular, function approximation blends statistical estimation issues with dynamical optimization
issues, resulting in the need to balance the bias-variance tradeoffs that arise in statistical estimation
with the exploration-exploitation tradeoffs that are inherent in RL. Accordingly, full theoretical
treatments are mostly restricted to the tabular setting, where both the state and action spaces are
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discrete and the value function can be represented as a table [see, e.g., 33, 52, 6, 35, 50, 56], and
there is a disconnect between theory and the most compelling applications.

Provably efficient exploration in the function approximation setting has been addressed only recently,
with most of the existing work considering (generalized) linear models [78, 77, 36, 12, 80, 73]. These
algorithms and their analyses stem from classical upper confidence bound (UCB) or Thompson
sampling methods for linear contextual bandits [11, 41] and it seems difficult to extend them beyond
the linear setting. Unfortunately, the linear assumption is rather rigid and rarely satisfied in practice;
moreover, when such a model is misspecified, sublinear regret guarantees can vanish. There has been
some recent work that has presented sample-efficient algorithms with general function approximation.
However, these methods are either computationally intractable [39, 34, 20, 22] or hinge on strong
assumptions on the transition model [75, 24]. Thus, the following question remains open:

Can we design RL algorithms that incorporate powerful nonlinear function approximators such as
neural networks or kernel functions and provably achieve both computational and statistical
efficiency?

In this work, we provide an affirmative answer to this question. Focusing on the setting of an
episodic Markov decision process (MDP) where the value function is represented by either a kernel
function or an overparameterized neural network, we propose an RL algorithm with polynomial
runtime complexity and sample complexity, without imposing any additional assumptions on the
data-generating model. Our algorithm is relatively simple—it is an optimistic modification of the
least-squares value iteration algorithm (LSVI) [10]—a classical batch RL algorithm—to which we
add a UCB bonus term to each iterate. Specifically, when using a kernel function, each LSVI update
becomes a kernel ridge regression, and the bonus term is derived from that proposed for kernelized
contextual bandits [62, 67, 18]. For the neural network setting, motivated by the NeuralUCB algorithm
for contextual bandits [84], we construct a UCB bonus from the tangent features of the neural network
and we perform the LSVI updates via projected gradient descent. In both of these settings, the usage
of the UCB bonus ensures that the value functions constructed by the algorithm are always optimistic
in the sense that they serve as uniform upper bounds of the optimal value function. Furthermore, for
both the kernel and neural settings, we prove that the proposed algorithm incurs an O(§zH?/T)
regret, where H is the length of each episode, T is the total number of episodes, and d  quantifies
the intrinsic complexity of the function class F. Specifically, as we will show in §4, § r is determined
by the interplay between the ¢,,-covering number of the function class used to represent the value
function and the effective dimension of function class F. (See Table 1 for a summary.)

A key feature of our regret bounds is that they depend on the complexity of the state space only
through 6 7 and thus allow the number of states to be very large or even divergent. This clearly
exhibits the benefit of function approximation by tying it directly to sample efficiency. To the best of
our knowledge, this is the first provably efficient framework for reinforcement learning with kernel
and neural network function approximations.

Related Work. There is a vast literature on establishing provably efficient RL methods in the absence
of a generative model or an explorative behavioral policy. Much of this literature has focused on the
tabular setting; see [33, 52, 6,21, 65, 35, 56] and the references therein. In particular, [6, 35] prove that
an RL algorithm necessarily incurs a (/S AT') regret under the tabular setting, where S and A are
the cardinalities of the state and action spaces, respectively. Thus, algorithms designed for the tabular
setting cannot be directly applied to the function approximation setting, where the number of effective
states is large. A recent literature has accordingly focused on the function approximation setting,
specifically the (generalized) linear setting where the value function (or the transition model) can be
represented using a linear transform of a known feature mapping [77, 78, 36, 12, 80, 73, 5, 83, 37].
Among these papers, our work is most closely related to [36]. In particular, in our kernel setting
when the kernel function has a finite rank, both our LSVI algorithm and the corresponding regret
bound reduce to those established in [36]. However, the sample complexity and regret bounds in
[36] diverge when the dimension of the feature mapping goes to infinity and thus cannot be directly
applied to the kernel setting.



function class F regret bound

general RKHS H H? - \/de - [detr + log Noo (e¥)] - VT
~-finite spectrum H? - /7T -log(yTH)
~-exponential decay H? . \/(logT)3/7 - T -log(TH)

overparameterized neural network  H? - \/defr - [defr + 10g Noo (€%)] - VT + poly (T, H) - m~ /12

Table 1: Summary of the main results. Here H is the length of each episode, 7" is the number of
episodes in total, and 2m is the number of neurons of the overparameterized networks in the neural
setting. For an RKHS # in general, deg denotes the effective dimension of H and N (¢*) is the
{-covering number of the value function class, where e* = H/T. Note that to obtain concrete
bounds, we apply the general result to RKHS’s with various eigenvalue decay conditions. Here v is a
positive integer in the case of y-finite spectrum and is a positive number in the case of y-exponential
decay. Finally, in the last case we present the regret bound for the neural setting in general, where
defr 1s the effective dimension of the neural tangent kernel (NTK) induced by the overparameterized
neural network with 2m neurons and poly(7, H) is a polynomial in 7" and H. Such a general regret
bound can be expressed concretely as a function of the spectrum of the NTK.

Also closely related to our work is [71], which studies a similar optimistic LSVI algorithm for
general function approximation. This work focuses on value function classes with bounded eluder
dimension [57, 51]. It is unclear whether whether this formulation can be extended to the kernel
or neural network settings. [78] studies a kernelized MDP model where the transition model can
be directly estimated. Under a slightly more general model, [5] recently propose an optimistic
model-based algorithm via value-targeted regression, where the model class is the set of functions
with bounded eluder dimension. In other recent work, [37] studies a nonlinear control formulation in
which the transition dynamics belongs to a known RKHS and can be directly estimated from the data.
Our work differs from this work in that we impose an explicit assumption on the transition model and
our proposed algorithm is model-free.

Other authors who have presented regret bounds and sample complexities beyond the linear setting
include [39, 34, 20, 22]. These algorithms generally involve either high computational costs or
require possibly restrictive assumptions on the transition model [74, 75, 24].

Our work is also related to the literature on contextual bandits with either kernel function classes [62,
38, 63, 67, 18, 28] or neural network function classes [84]. Our construction of a bonus function
for the RL setting has been adopted from this previous work. However, while contextual bandits
can be viewed formally as special cases of our episodic MDP formulation with the episode length
equal to one, the temporal dependence in the MDP setting raises significant challenges. In particular,
the covering number N, (¢*) in Table | arises as a consequence of the fundamental challenge of
performing temporally extended exploration in RL.

Finally, our analysis of the optimistic LSVI algorithm is related to recent work on optimization and
generalization in overparameterized neural networks within the framework of the neural tangent
kernel [32]. See also [19, 32, 76, 25, 26, 3, 2, 85, 17, 44, 4, 15, 16, 43]. This literature focuses
principally on supervised learning, however; in the RL setting we need an additional bonus term in
the least-squares problem and thus require a novel analysis.

2 Background

In this section, we provide essential background on reinforcement learning, reproducing kernel
Hilbert space (RKHS), and overparameterized neural networks.

Episodic Markov Decision Processes

We focus on episodic MDPs, denoted MDP(S, A, H, P, r), where S and A are the state and action
spaces, respectively, the integer H > 0 is the length of each episode, P = {Pp, },¢(z) and r =
{rn}nepm) are the Markov transition kernel and the reward functions, respectively, where we let [n]



denote the set {1,...,n} for integers n > 1. We assume that S is a measurable space of possibly
infinite cardinality while A is a finite set. Finally, for each h € [H], Pp,(- | z, a) denotes the probability
transition kernel when action « is taken at state € S in timestep h € [H], and r1,: S x A — [0, 1]
is the reward function at step h which is assumed to be deterministic for simplicity.

A policy m of an agent is a set of H functions 7w = {7, } 5[] such that each 7, (- | x) is a probability
distribution over A. Here 7, (a | ) is the probability of the agent taking action a at state z at the h-th
step in the episode.

The agent interacts with the environment as follows. For any ¢ > 1, at the beginning of the ¢-th
episode, the agent determines a policy 7 = {W}l}he[ ) While an initial state x} is picked arbitrarily
by the environment. Then, at each step h € [H], the agent observes the state !, € S, picks an action
ab ~ mt (- |z} ), and receives a reward rj, (), a!,). The environment then transitions into a new state
zh 4 that is drawn from the probability measure P, (- | x! . al). The episode terminates when the
H-th step is reached and 7 (2%}, a%;) is thus the final reward that the agent receives.

The performance of the agent is captured by the value function. For any policy 7, and h € [H], we
define the value function V;": S — R as

H
> (@, an)
h'=h
where E[-] denotes the expectation with respect to the randomness of the trajectory {(z, ap) 1,
obtained by following the policy m. We also define the action-value function Q7 : & x A — R as
follows:

Vi () = Ex

xhzx], Ve S, he[H],

H

Qh(z,a) =Eq [Z T (Ths an)

h'=h

Z‘hzx,ahzail.

Moreover, let 7* denote the optimal policy which by definition yields the optimal value function,
Vi (x) = sup, V;7(x), forall z € S and h € [H]. To simplify the notation, we write
(th) (J}, a‘) = E:E’NIP’;,,(- | z,a) [V(LIJ/)],
for any measurable function V': S — [0, H]. Using this notation, the Bellman equation associated
with a policy 7 becomes
QZ(Z‘,CL) = (Th+Pthzr+1)(xva)v Vhﬂ-(l‘) = <QZ(I7')37T}L('|‘T)>A7 VHW—H(:E) =0.
2.1

Here we let (-, -) 4 denote the inner product over A. Similarly, the Bellman optimality equation is
given by

Qn(z,a) = (ra + PrVii)(@,0),  Vii(2) = max@(@,a), V(o) =0 (2.2)

Thus, the optimal policy 7* is the greedy policy with respect to { Q7 }rc[r). Moreover, we define the
Bellman optimality operator T} by letting
(T7Q)(z,a) = r(z,a) + (PLV)(z,a) forall @Q: S x A — R,
where V(z) = maxg,eq Q(z,a). By definition, the Bellman equation in (2.2) is equivalent to
» = T,Q5 1, Yh € [H]. The goal of the agent is to learn the optimal policy 7*. For any policy
m, the difference between V;™ and V* quantifies the sub-optimality of 7. Thus, for a fixed integer
T > 0, after playing for T' episodes, the total (expected) regret [11] of the agent is defined as
T
Regret(T') = Z [Vi(@1) = Vi (a1)],
t=1
where 7t is the policy executed in the ¢-th episode and ! is the initial state.

3 Optimistic Least-Squares Value Iteration Algorithms

In this section, we introduce the optimistic least-squares value iteration algorithm where the action-
value functions are estimated using a class of functions defined on Z = S x A. The value iteration
algorithm [53, 66] is one of the most classical method in reinforcement learning, which finds



{Q}, }rerm) by applying the Bellman equation in (2.2) recursively. Specifically, value iteration
constructs a sequence of action-value functions {Qp, } pe[n Via

Qn(z,a) < (T3 Qns1) = [rh + PuVig1] (z, ), (3.1
Vg1 (z) max Qni1(x,ad’),  V(z,a) €S x A,Vh € [H],

where Q41 is set to be the zero function. However, this algorithm is impractical to implement in
real-world RL problems due to the following two reasons: (i) the transition kernel IPj, is unknown and
(ii) we can neither iterate over all state-action pairs nor store a table of size |S x 4| when the number
of states is large. To tackle these challenges, the least-squares value iteration [10, 52] algorithm
implements the update in (3.1) approximately by solving a least-squares regression problem based
on historical data, which consists of the trajectories generated by the RL agent in previous episodes.
Specifically, let F be a function class. Before the beginning of the ¢-th episode, we have observed
t — 1 transition tuples {(}, aj,, ] 1) }re[n)- Then, for estimating Q, LSVI proposes to replace
(3.1) with a least-squares regression problem

t—1

A EIRC T T T T 2

Q},  minimize { > [rulah,ah) + Vil (@hy) — f(a7,a3)] " + pen<f>}, (3.2)
=1

where pen(f) is a regularization term. Moreover, to foster exploration, following the principle of

optimism in the face of uncertainty [66], we further incorporate a bonus function b} : Z — R and

define

Q;L(?) :mln{Q\Z(a)_FBb;L(7)7H_h+1}+a ‘/lf() :glea}QZ(H@)a (3.3)

where 8 > 0 is a parameter and min{-, H —h+1}" denotes the truncation to the interval [0, H —h—1].
Here we truncate the value function to [0, H — h + 1] as each reward function is bounded in [0, 1].
Then, in the ¢-the episode, we let 7t be the greedy policy with respect to {QZ}he[ ) and execute mt.
Hence, combining (3.2) and (3.3) yields the optimistic least-squares value iteration algorithm, whose
details are given in Algorithm 1.

Algorithm 1 Optimistic Least-Squares Value Iteration with Function Approximation

1: Input: Function class F, penalty function pen(-), and parameter /3.
2: for episodet =1,...,7 do
3:  Receive the initial state ¢ .

4: Set Vi, as the zero function.

5: forsteph=H,...,1do

6: Obtain Q! and V}! according to (3.2) and (3.3).

7:  end for

8: forsteph=1,...,Hdo

9: Take action a}, +— argmax,c 4 Q% (2}, a).
10: Observe the reward ry,(},, a},) and the next state x}, ;.
11:  end for
12: end for

We note that the both the bonus function b} in (3.3) and the penalty function in (3.2) relies on the
choice of function class F. The optimistic LSVI in Algorithm 1 is only implementable when F is
specified. For instance, when F consists of functions of linear the form 67 ¢(2), where ¢: Z — R4
is a known feature mapping and § € R¢ is the parameter, we choose the ridge penalty ||0]|2 in (3.2)
and define b, (2) as [¢(2) T A% #(2)]'/? for some invertible matrix A’ . Then, Algorithm 1 recovers
the LSVI-UCB algorithm studied in [36], which further reduces to the tabular UCB VI algorithm [6]
when ¢ is the canonical basis.

In the rest of this section, we instantiate the optimistic LSVI framework by setting F as an RKHS
and the class of overparameterized neural networks.



3.1 The Kernel Setting

In the following, we consider the case where function class F is an RKHS H with kernel K. In
this case, by setting pen(f) as the ridge penalty, (3.2) reduces to a kernel ridge regression problem.
Besides, we define b}, in (3.3) as the UCB bonus function that also appears in kernelized contextual
bandit [62, 67, 18, 28, 78, 58, 14]. With these two modifications, we obtain the Kernel Optimistic
Least-Squares Value Iteration (KOVI) algorithm, which is summarized in Algorithm 2.

Specifically, for each t € [T, before the beginning of the ¢-th episode, we first obtain value functions
{Qh e (7] by solving a sequence of kernel ridge regressions with the data obtained from the previous
t — 1 episodes. In particular, we let Q%; 41 be a zero function. For any i € [H], we replace (3.2) by a
kernel ridge regression given by
t—1
A I 1 T T T T T 2
Q) + ml?le%lzez:[rh(l‘m af,) + Vi1 (hy) = f(ah, af)]” + X (1 f15 (3.4
=1

where A > 0 is the regularization parameter. Then, we obtain @} and V}! as in (3.3), where the bonus
function b}, will be specified later. That s,

Q?L(S’a’) :min{@}i(s,a)—l—ﬂ-b%(s,a)’H—h—i—1}+, V}f(S) :maXQllﬁz(&a)a (35)
where 8 > 0 is a parameter.

The solution to (3.4) can be written in closed-form as follows. We define the response vector
yl € R~1 by letting its 7-th entry be

Wilr = ra(ef, ) + Vi (2740),  Vrelt—1]. (3.6)
Recall that we denote z = (x,a) and Z = S x A. Besides, based on the kernel function K of the
RKHS, we define the Gram matrix K} € R(*=D*(¢=1) and function &} : Z — R*~! respectively as

KL = [K(2, 25 rwepoy € RETDXED gt () = [K(2),2), .. . K(2£7Y, 2)] T e R
3.7

Then @', in (3.4) can be written as Q', (z) = kf (z) Tal, where we define af = (K + X I)"1y!.

Using K} and k!, defined in (3.7), the bonus function is defined as

b, a) = ATV2 - [K (2, 2) — ki (2) T (KL + M)k (2)] V7, (3.8)

which can be interpreted as the posterior variance of Gaussian process regression and characterizes
the uncertainty of Q}, [55]. Such a bonus term also appears in the literature on kernelized contextual
bandits [62, 67, 18, 28, 78, 58, 14] and is reduced to the UCB bonus proposed for linear bandits

[11, 41] when the feature mapping ¢ of the RKHS is finite-dimensional. In this case, KOVI reduces
to the LSVI-UCB algorithm proposed in [36] for linear value functions.

Furthermore, we remark that the bonus defined in (3.8) is called the UCB bonus because, when added
by such a bonus function, @}, defined in (3.5) serves as an upper bound of Q7 for all state-action
pair. Intuitively, the target function of the kernel ridge regression in (3.4) is T} Q?, +1- However, due

to having limited data, the solution @f, has some estimation error, which is quantified b} . Thus,
when [ is properly chosen, the bonus term triumphs the uncertainty of estimation, which yields
that Q}, > T;Qj,,, elementwisely. Notice that Q% ., = Q% = 0. The Bellman equation

5 = T} Q5 directly implies that @}, is an elementwise upper bound of Q7 for all & € [H]. Our
algorithm is called “optimistic value iteration” as the policy 7 is greedy with respect to {Q? } he[H]s
which are upper bounds of the optimal value function. In other words, compared with the standard
value iteration algorithm, we always over-estimate the value function. Such an optimistic approach is
pivotal for the RL agent to perform efficient temporally extended exploration.

4 Theory of Kernel Optimistic Least-Squares Value Iteration

In this section, we prove that KOVI achieves O(d3 H 2 \/T )-regret bounds, where d3; characterizes
the intrinsic complexity of the RKHS # that is used to approximate {Q} },¢[#. Before presenting



the theory, we first lay out a structural assumption for the kernel setting, which postulates that the
Bellman operator maps any bounded value function to a bounded RKHS-norm ball.

Assumption 4.1. Let R > 0 be a fixed constant. We define Q* = {f € H: || f||lx < RoH}. We
assume that for any i € [H] and any Q: S x A — [0, H], we have T} Q € Q.

Since Q;; is bounded by in [0, H] for each all h € [H], Assumption 4.1 ensures the optimal value
functions are contained in the RKHS-norm ball Q*. Thus, there is no approximation bias when
using functions in A to approximate {Q} },c|m). Moreover, it is shown in [23] that only assuming
{Q7 Yrern) € Q is not sufficient for achieving a regret that is polynomial in /. Thus, we further
assume that Q* contains the image of the Bellman operator. A sufficient condition for Assumption
4.1 to hold is that

ra( ), Pu(@' |- ) e {f e H: | flln <1}, Vh € [H], Vo' € 8. 4.1)
That is, both the reward function and the Markov transition kernel can be represented by functions
in the unit ball of H. When (4.1) holds, for any V': & — [0, H], it holds that r, + P,V € H with
its RKHS norm bounded by H -+ 1. Hence, Assumption 4.1 holds with Rg = 2. Moreover, similar
assumptions are also made in [77, 78, 36, 80, 81, 73] for (generalized) linear functions. Also see
[23, 68, 42] for related discussions on the necessity of such an assumption.

Moreover, as Q* contains the image of the Bellman operator, the complexity of # plays an important
role in the performance of KOVI. To characterize the intrinsic complexity of F, we consider a notion
of effective dimension named the maximal information gain [62], which is defined as

T (T,\) = gté]%{l/Z -logdet(I + Kp/A)}, 4.2)

where the supremum is taken over all D C Z with |D| < T. Here in (4.2) Kp is the Gram matrix
defined in the same way as in (3.7) based on D, A > 0 is a parameter, and the subscript K in I'g
indicates the kernel K. The magnitude of ' (T, A) relies on how fast the the eigenvalues H decay
to zero and can be viewed as a proxy of the dimension of H when H is infinite-dimensional. In the
special case where H is finite-rank, it holds that T'i (T, A) = O( - log T') where = is the rank of #.

Furthermore, for any i € [H], note that each Q' constructed by KOVI takes the form of

Q(z) = min{QO(Z) + 8- A2 [K(z,2) — kp(2) T (Kp + M) ko(2)] 2 H — b+ 1}+,

4.3)
where Qo € H, similar to @% in (3.4), is the solution to a kernel ridge regression problem and
D C Z is a discrete subset of Z with no more than 7T state-action pairs. Moreover, Kp and kp are
defined similarly as in (3.7) based on data in D. Then, for any R, B > 0, we define a function class
Queb(h, R, B) as

Queb(h, R, B) = {Q: Q takes the form of (4.3) with ||Qo|lx < R, B € [0, B],|D| < T}. 4.4)
As we will show in Lemma H.1, we have ||C§§1||H < Ry for all (¢t,h) € [T] x [H|, where

Ry = 2H\/Tk(T,\). Thus, when B exceeds parameter /3 in (3.5), each @ is contained in
Queb(h, R, B).

Moreover, since rj, + PV}t 1= T; Q} 41 1s the population ground truth of the ridge regression
in (3.4), the complexity of Q¢ (h + 1, Ry, B) naturally appears when quantifying the uncertainty
of @2 To this end, for any € > 0, let Ny (¢; h, B) be the e-covering number of Q.1 (h, Ry, B)
with respect to the £,,-norm on Z, which is also determined by the spectral structure of H and
characterizes the complexity of the value functions constructed by KOVI.

Now we are ready to present the regret bound of KOVL.
Theorem 4.2. Assume that there exists By > 0 satisfying
8 -Tk(T,141/T) +8-log Neo(€"; h, By) + 16 - log(2TH) + 22 4+ 2R}, < (Bp/H)? (4.5)

forall h € [H|, where ¢* = H/T. We set A = 1+ 1/T and = Br in Algorithm 2. Then, under
Assumption 4.1, with probability at least 1 — (T2 H?)~!, we have

Regret(T) < 58H - /T -Tx (T, \). (4.6)



As shown in (D.6), the regret can be written as O(H? - 63 - \/T), where 63y = By /H - \/T (T, \)
reflects the complexity of ‘H and By satisfies (4.5). Specifically, d4 involves (i) the /,.-covering
number Ny, (€*, h, Br) of Quen (h, R, Br) and (ii) the effective dimension T' i (T, \), both charac-
terize the intrinsic complexity of H. Moreover, when neglecting the constant and logarithmic terms
in (4.5), it suffices to choose Br satisfying

Br/H = \/T(T,\) + max /log Noo (€*, b, Br),
€
which reduces the regret bound in (D.6) to
Regret(T) = 6(H2 : [FK(T, \) s VTR(T,N) - log Noo(e*, I, BT)} : ﬁ) 4.7)
€

To further obtain some intuition of (4.7), let us consider the tabular case where Q* consists of all
measurable functions defined on S x A with range [0, H]. In this case, the value function class
Qucb(h, Ry, Br) can be set to Q*, whose {,-covering number No,(e*, h, Br) < |S x A| - logT.
Moreover, it can be shown that the effective dimension is also O(|S x A| - log T'). Thus, ignoring the
logarithmic terms, Theorem 4.2 implies that by choosing 8 =< H - |S X A|, optimistic least-squares
value iteration achieves an O(H? - |S x A| - V/T) regret.

Furthermore, we remark that the regret bound in (D.6) holds for any RKHS in general. It hinges on
(i) Assumption 4.1, which postulates that the RKHS-norm ball {f € H: || f|l < RgH } contains
the image of the Bellman operator, and (ii) the inequality in (4.5) admits a solution Br, which is set
to be 3 in Algorithm 2. Here we set 3 to be sufficiently large so as to dominate the uncertainty of Q¢ ,
whereas to quantify such uncertainty, we utilize the uniform concentration over the value function
class Quen(h + 1, Ry, 8) whose complexity metric, the £,-covering number, in turn depends on [3.
Such an intricate desideratum leads to (4.5) which determines 3 implicitly.

It is worth noting that the uniform concentration is unnecessary when H = 1. In this case, it suffices
to choose 3 = O(\/Tk (T, \)) and KOVI incurs an O(T' g (T, ) - v/T) regret, which matches the
regret bounds of UCB algorithms for kernelized contextual bandits in [62, 18]. Here 6() omits
logarithmic terms. Thus, the covering number in (4.7) is specific for MDPs and arises due to the
temporal dependence within an episode.

Furthermore, to obtain a concrete regret bound from (D.6), it remains to further characterize ' (T', A)
and log N (€¢*, h, Br) using characteristics of H. To this end, in the following, we specify the
eigenvalue decay property of H.

Assumption 4.3 (Eigenvalue Decay of ). Recall that the integral operator T defined in (B.1)
has eigenvalues {0, },>1 and eigenfunctions {1; };>1. We assume that {o, },>1 satisfies one of the
following two eigenvalue decay conditions for some constant y > 0:

(1) -finite spectrum: we have o; = 0 for all j > ~y, where +y is a positive integer.

(ii) ~y-exponential decay: there exist absolute constants Cy and C such that o; < C'-exp(—Cs-
jY)forall j > 1.

Moreover, for case (ii), we further assume that there exist constants 7 € [0,1/2) Cy, > 0 such that
sup,ez o7 - [¥;(2)| < Cy forall j > 1.

Case (i) implies that H is a y-dimensional RKHS. When this is the case, under Assumption 4.1, there
exists a feature mapping ¢: Z — RY such that, forany V': S — [0, H|, r;, + P,V is a linear function
of ¢. Such a property is satisfied by the linear MDP model studied in [77, 78, 36, 80]. Moreover,
when H satisfies case (i), KOVI reduces to the LSVI-UCB algorithm studied in [36]. In addition, case
(ii) postulates that the eigenvalues of T decays exponentially fast, where -y is a constant that might
depend on the input dimension d, which is assumed fixed throughout this paper. For example, the
squared exponential kernel belongs to case (i) with v = 1/d [62]. Moreover, we assume that there
exists 7 € [0, 1/2) such that o7 - [|¢ | is universally bounded. Since K'(z, z) < 1, this condition is
naturally satisfied for 7 = 1/2. However, here we assume that 7 € (0, 1/2), which is satisfied when
the magnitudes of the eigenvectors do grow not too fast compared with the decay of the eigenvalues.



Such a condition is significantly weaker than assuming ||/} ||~ is universally bounded, which is also
commonly made in the literature of nonparametric statistics [40, 59, 82, 45, 79]. It can be shown that
the squared exponential kernel on unit sphere in R? satisfy this condition for any 7 > 0. See [46] for
a more detailed discussion.

Now we present the regret bounds for the two eigenvalue decay conditions separately.

Corollary 4.4. Under Assumptions 4.1 and 4.3, we set A = 1 + 1/T and 8 = Bp in Algorithm 2,
where B is defined as

By — {C’b -vH - \/log(v-TH) ~-finite spectrum, @8)

Cy - H\/log(TH) - (log T)*/7 ~-exponential decay '
Here C} is an absolute constant that does not depend on 7" or H. Then, there exists an absolute
constant C,. such that, with probability at least 1 — (T2 H?)~!, we have

-H? - \/43T -log(vTH -fini
Regret(T) < {C og(vTH) ~-finite spectrum, 4.9)

C,-H?-\/(logT)3/7-T -log(TH) ~-exponential decay.

Corollary 4.4 asserts that when f is chosen properly according to the eigenvalue decay property of
‘H, KOVI incurs a sublinear regret under both the two cases specified in Assumption 4.3. Note that
the linear MDP [36] satisfies the ~y-finite spectrum condition and KOVI recovers the LSVI-UCB
algorithm studied in [36] when restricted to this setting. Moreover, our O(H? - \/¥3T) also matches
the regret bound in [36]. In addition, under the y-exponential eigenvalue decay condition, as we will
show in §I, the log-covering number and the effective dimension are bounded by (log T)'+2/7 and
(log T)*+1/7, respectively. Plugging these facts into (4.7), we obtain the sublinear regret in (D.6).
As a concrete example, for the squared exponential kernel, we obtain an O(H? - (log T)'+15¢ . \/T)
regret, where d is the input dimension. This such a regret is (log T')%/? worse than that in [62] for
kernel contextual bandits, which is due to bounding the log-covering number. See §G.1 for details.

Furthermore, similarly to the discussion in Section 3.1 of [35], the regret bound in (D.6) directly
translates to an upper bound on the sample complexity as follows. When the initial state is fixed
for all episodes, for any fixed € > 0, with at least a constant probability, KOVI returns a policy 7
satisfying V*(x1) — V" (21) < e using O(H*B2 - T' (T, \)/€?) samples. Specifically, for the two
cases considered in Assumption 4.3, such a sample complexity guarantee reduces to o (H .43/ 62)
and O (H 4. (logT)**+3/7) 62), respectively. Moreover, similar to [36], our analysis can also be
extended to the misspecified setting where inf ;e o« || f — T Qoo < errm;s forall Q: Z — [0, H.
Here err,,;s is the model misspecification error. Under this setting, KOVI will suffer from an extra
erry,s - 1'H regret. The analysis for the misspecified setting is similar to that for the neural setting
that will be presented in §D.

5 Conclusion

In this paper, we have presented an algorithmic framework for reinforcement learning with general
function approximation. Such a framework is based on an optimistic least-squares value iteration
algorithm that incorporates an additional bonus term in the solution to a least-squares value estimation
problem. The bonus term promotes exploration. When deploying this framework in the settings
of kernel function and overparameterized neural networks, respectively, we obtain two algorithms
KOVI and NOVI. Both algorithms are provably efficient, both computationally and in terms of the
number of samples. Specifically, under the kernel and neural network settings respectively, KOVI and
NOVI both achieve sublinear regret, O(67H?\/T), where & is a quantity that characterizes the
intrinsic complexity of the function class F. To the best of our knowledge, this is the first provably
efficient reinforcement learning algorithm in the general settings of kernel and neural function
approximations.



Broader Impact

This is a theoretical paper. We do not foresee our work directly having any societal consequences.
However, reinforcement learning is a tool that is increasingly used in practical machine learning
applications, especially in the setting where nonlinear function approximation is involved. Theoret-
ical explorations related to reinforcement learning with function approximation may help provide
frameworks through which to reason about, and design safer and more reliable practical systems.
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A Related Work

Our work belongs to the vast literature on establishing provably efficient RL methods without having
access to a generative model or a explorative behavioral policy. The tabular setting is well studied the
existing works. See, e.g., [33, 52, 6, 21, 65, 35, 56] and the references therein. It is shown in [6, 35]
that any RL algorithm necessarily incurs a (/S AT') regret under the tabular setting, where S and
A are the cardinalities of the state and action spaces, respectively. Thus, the algorithms designed for
the tabular setting cannot be directly applied to the function approximation setting where the number
of states is gigantic. When function approximation is employed, [77, 78, 36, 12, 80, 73, 5, 83, 37]
focus on the (generalized) linear setting where the value function (or the transition model) can be
represented using a linear transform of a known feature mapping. Among these works, our work
is most related to [36]. In particular, in our kernel setting, when kernel function has a finite rank,
both our LSVT algorithm and the corresponding regret bound are reduced to the those established
in [36]. However, their sample complexity or regret bounds all diverge when the dimension of the
feature mapping goes to infinity and thus cannot be directly extended to the kernel setting. Another
closely related work is [71], which studies a similar optimistic LSVI algorithm for general function
approximation. Their work focuses on value function classes with bounded eluder dimensions
[57, 51] and it is unclear whether their construction of the bonus function can be extended to the
kernel or neural settings. Besides, [78] also study a kernelized MDP model where the transition
model can be directly estimated. Under a slightly more general model, [5] recently propose an
optimistic model-based algorithm via value-targeted regression, where the model class is allowed to
be general functions with bounded eluder dimension. In another recent work, [37] study a nonlinear
control problem where the system dynamics belongs to a known RKHS and can be directly estimated
from the data. As opposed to these works, we do not pose an explicit assumption on the transition
model and our proposed algorithm is model-free. Furthermore, regret or sample complexity results
have also been studied beyond linear function approximation. However, these algorithms are either
computational challenging [39, 34, 20, 22] or require additional assumptions on the transition model
that might be restrictive [74, 75, 24]

In addition, our work is also related to the literature on contextual bandits with kernel or [62, 38,
63, 67, 18, 28] neural network functions [84], which are special cases of our episodic MDP with
the episode length equal to one. The construction of our bonus function are adopted from these
works. However, our reinforcement learning problem has temporal dependence caused by state
transitions according to the Markov transition kernel, which is absent in bandit models. Specifically,
the covering number N, (¢*) in Table 1 arises due to such an additional structure captures the
fundamental challenge of temporally extended exploration in RL. When applying our algorithm to
kernel contextual bandits, the regret bound reduces to degf - VT where de is the effective dimension
of the RKHS. Such a regret bound matches those in [62, 18].

Furthermore, our analysis of the optimistic LSVI algorithm is akin to the recent study of
the optimization and generalization of over-parameterized neural networks via the framework
of the neural tangent kernel [32]. Most of these works focus on the supervised learning
[19, 32, 76, 25, 26, 3, 2, 85, 17, 44, 4, 15, 16, 43]. In contrast, our algorithm incorporates an
additional bonus term in the least-squares problem and thus requires novel analysis.

B Additional Background

In this section, we present the background of reproducing kernel Hilbert space and overparameterized
neural networks.

B.1 Reproducing Kernel Hilbert Space

In the next section, we aim to estimate the optimal value function @)} using functions in a reproducing
kernel Hilbert space (RKHS) [31]. To this end, hereafter, to simplify the notation, we let z = (x, a)
denote a state-action pair and denote Z = S x A. Without loss of generality, we regard Z as
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a compact subset of R? where the dimension d is assumed fixed. This can be achieved if there
exists a known embedding mapping Yembea: Z — R that pre-processes the input (z,a). Let H
be an RKHS defined on Z with kernel function K: Z x Z — R, which contains a family of
functions defined on Z. Let (-,-)3: H x H — Rand || - || : H — R denote the inner product and
RKHS norm on H, respectively. Since H is an RKHS, there exists a feature mapping ¢: Z — H
such that f(2) = (f(:),¢(2))y for all f € H and all z € Z. Moreover, for any z,y € Z, we
have K (z,y) = (¢(z), #(y))%. In this work, we assume that the kernel function K is uniformly
bounded in the sense that sup,.z K(z,2) < oco. Without loss of generality, we assume that
sup,cz K(z, z) < 1, which implies that ||¢(z)||» < 1forall z € Z.

Furthermore, let £2(Z) be the space of square-integrable functions on Z with respect to the Lebesgue
measure and let (-, -) 2 be the inner product on £2(Z). The kernel function K induces a integral
operator T : L2(Z) — L2(Z) defined as

T f(z / K(z,2)- f(¢) d?, Vf e L2(2). (B.1)

By Mercer’s Theorem [64], the integral operator T has countable and positive eigenvalues {o; };>1
and the corresponding eigenfunctions {); };>1 form an orthonormal basis of £?(Z). Moreover, the
kernel function admits a spectral expansion

(o)
Z') = Zai “hi(2) (). (B.2)
Then, the RKHS H can be written as a subset of EQ(Z ) as

- <f7 ’(/}7,>2 2
= L2(2): Y U <
{rece > <o,
and the inner product of  can be written as

(f.9)m = Voi-(f¥i)e2 - (g, ¥i)e2,  forall f,g€ M.
i=1
By such a construction, the scaled eigenfunctions {\/E ; }i>1 form an orthogonal basis of RKHS
and the feature mapping ¢(z) € H can be written as ¢(z) = Y .o, 0:9;(2) - ¢; forany z € Z.

B.2 Overparameterized Neural Networks

In addition to RKHS, we also study the setting where the value functions are approximated by
overparameterized neural networks. In the sequel, we define the class of neural networks that will be
used in the algorithm.

Recall that we denote Z = S x A and view it as a subset of R%. For neural networks, we further
regard Z as a subset of the unit sphere in R%. That is, ||z|s = 1 forall z = (z,a) € Z. A two-layer
neural network f(-;b,W): Z — R with 2m neurons and weights (b, W) is defined as

2m
-
Here act: R — R is the activation functlon bj € Rand W; € R? for all j € [2m], and b =
(b1, bom) T €R?™ and W = (W7, .. Wzm) € R24m, Durlng training, we 1n1t1ahze (b, W) via

the symmetric initialization scheme [30, 9] as follows. For any j € [m], we set b; £ " Unif({-1,1})

and W; H- N(0, I;/d), where I is the identity matrix in R?. Forany j € {m +1,...,2m}, we set

b; = —b]_m and W; = W;_,,. We remark that such an initialization implies that the initial neural
network is a zero function, which is used only to simply the theoretical analysis. Besides, for ease of
presentation, during training we fix b at its initial value and only optimize over W. Moreover, we
denote f(z;b, W) by f(z; W) to simplify the notation.

f(z;b, W) cact(W)'z),  VzeZ. (B.3)

Furthermore, we assume that the neural network in is overparameterized in the sense that the width
2m is much larger than the number of episodes T". Overparameterization is shown to be pivotal for
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neural training in both theory and practice [49, 2, 4]. Under the such a regime, the dynamics of
training neural networks are well captured by the framework of neural tangent kernel (NTK) [32].
Specifically, let ¢(-; W) : Z — R2™ be the gradient of f(; W) with respect to W, which is given by
oz W) =Vw f(z; W) = (Vi f(5 W), ..., Vi, f(z: W),  Vz€Z. (B.4)
Let W () be the initial value of W. Condition on the realization of W(?), we define a kernel matrix
Kp: Z = Zas
Kin(z,2') = (p(z; W(O)),w(z’;W(O))>, V(z,2') € Z x Z. (B.5)
When m is sufficiently large, for all W that is in a neighborhood of W(°), it can be shown that
f(-,W) is close to its linearization at W (),

FEW) = FEW) = F(WO) + (6(WO), W = WO) = (6(: W), W - W©). B.6)
The linearized function f(, W) belongs to the RKHS with kernel K,,. Moreover, as m goes to
infinity, due to random initialization, K, converges to a kernel K, : Z x Z, dubbed as neural
tangent kernel (NTK), which is given by

Knek(z,2") = Efact'(w' 2) -act’ (w'2) - 272], (2,2/) e Zx Z, (B.7)
where act’ is the derivative of the activation function, and the expectation in (B.7) is taken with
respect to w ~ N(0, I;/d).

C Kernel and Neural Optimistic Least-Squares Value Iteration

In this section, we lay out the details of KOVI and NOVI, which are omitted for brevity. We remark
that the loss function L} in Line 7 of Algorithm 4 is given in (C.1) and its global minimizer W} can
be efficiently obtained by first-order optimization methods.

Algorithm 2 Kernelized Optimistic Least-Squares Value Iteration (KOVI)
1: Input: Parameters A and .
2: for episodet =1,...,7 do
3:  Receive the initial state x}.
4:  Set Vj;, as the zero function.
5. forsteph=H,...,1do
6: Compute the response y!, € R'~!, the Gram matrix K/ € RE-Dx(=1) and function K}
as in (3.6) and (3.7), respectively.

7: Compute
8: al = (KL +X- 1)1yt ”
9: bI;L(-,-) :)‘_1/2 : [K<'7';'7')_k;z,('f)T(KItLJ'_)‘I)_lkg('f)] :
10: Obtain value functions
QZ(7 ) — min{kZ(W ')Ta}tz + ﬁ : bZ(V ')7 H—h+ 1}+’ Vif() = maXQZ('va)‘
11:  end for
12: forsteph=1,...,H do
13: Take action a}, + argmax, 4 Q' (2}, a).
14: Observe the reward 7, (},, a},) and the next state =}, _ .
15:  end for
16: end for

C.1 Neural Optimistic Value Iteration

In this subsection, we estimate the value functions {Q}; } ne[z] using overparameterized neural
networks. We aim to estimate each @)} using a neural network given in (B.3), which is initialized via
the symmetric initialization scheme [30, 9] introduced in §B.2. Moreover, for simplicity, we assume
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Algorithm 3 Neural Optimistic Least-Squares Value Iteration (NOVI)
1: Input: Parameters A and 5.
2: Initialize the network weights (5(°), W (%)) via the symmetric initialization scheme.
3: for episodet =1,...,7 do
Receive the initial state ¢ .
Set V., as the zero function.
forsteph=H,...,1do
Solve the neural network optimization problem ﬁ/\ls = argminy, L} (W).
Update AL = A1 4 (2t al = s Whp(zt ol W) T,
Obtain the bonus function b}, defined in (C.4).
10: Obtain value functions

Qh(y) = min{f (s WE) + 8- () H—h+1}", V() = max Q}, (- a).

WX RN R

11:  end for

12: forsteph=1,...,H do

13: Take action a}, + argmax, 4 Q' (2}, a).

14: Observe the reward 7, (x},, a},) and the next state z},_ .
15:  end for

16: end for

that all the neural networks share the same initial weights, denoted by (b(o), W(O)). Besides, we fix
b = b in (B.3) and only update the value of W & R?™,

Under such a neural setting, we replace the least-squares regression in (3.2) by a nonlinear ridge
regression. In particular, for any (¢, h) € [T x [H], we define the loss function L} : R*™? — R as
t—1

T T T T T 2 2
Ly(W) = [raleh, ap) + Vil (@f ) = flagap W]+ 4 [[W = WO, @€
T=1
where A > 0 is the regularization parameter. Then we define @2 as
QL()=f(~ W),  where Wi = argmin L}(W). (C2)

WeR2md
Here we assume that there is an optimization oracle that returns the global minimizer of the loss
function LY. It has been shown in a large body of literature that, when m is sufficiently large, with
random initialization, simple optimization methods such as gradient descent provably find the global
minimizer of the empirical loss function at a linear rate of convergence [26, 25, 4]. Thus, such an
optimization oracle can be realized by gradient descent with sufficiently large number of iterations
and the computational cost of realizing such a oracle is polynomial in m, 7', and H.

It remains to construct the bonus function b},. Recall that we define ¢(-; W) = Vy, f(-; W) in (B.4).
We define matrix Al € R2mdx2md a4
t—1
T T.I1IT T .17 T
A =X Iopma + Z oz, an Wi e(aq, aps W) (C.3)
T=1
which can be recursively computed by letting
A =\ Iopa, AL =A+ go(:cff%af;l; ﬁ/\fl)@(;vf;l,az*l; W,’i)—r, vt > 2.
Then the bonus function b}, is defined as
b (x,a) = [gp(sc, a; /Wfb)T(AZ)A(p(a:,a; ﬁ/\ﬁ)]lﬂ, V(z,a) € S x A. (C4)
Finally, we obtain the value functions Q% and V}! via (3.5), with @’;L and b}, defined in (C.2) and (C.4),
respectively. By letting 7¢ be the greedy policy with respect to {QZ}he[ H]» We obtain the Neural
Optimistic Least-Squares Value Iteration (NOVI) algorithm, whose details are stated in Algorithm 4
in §F.
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The intuition of the bonus term in (C.4) can be understood via the connection between overparame-
terized neural networks and NTK. Specifically, when m is sufficiently large, it can be shown that
each W;; is not far from the initial value T/ (°). When this is the case, suppose we replace the neural
tangent features {¢(:; W}Z)}TE[T} in (C.3) and (C.4) by ¢(+; W), then b, recovers the UCB bonus
in linear contextual bandits and linear MDPs with feature mapping ¢(-; W) [1, 36, 73]. Moreover,
when m converges to infinity, it will become the UCB bonus defined in (3.8) for the RKHS setting
with the kernel being K. Thus, when the neural networks are overparameterized, value functions
{Q4}ne (7] are approximately elementwise upper bounds of the optimal value functions and thus we
achieve optimism approximately.

D Theory of Neural Optimistic Least-Squares Value Iteration

In this section, we establish the regret of NOVI. Throughout this subsection, we let H be the RKHS
whose kernel function is K define in (B.7). Also recall that we regard Z = S x A as a subset of
the unit sphere S** = {2z € R%: ||z||2 = 1}. Moreover, let (b(?), (%)) be the initial value of the
network weights obtained via the symmetric initialization scheme introduced in §B.2. Conditioning
on the randomness of the initialization, we define a finite-rank kernel K,,,: Z x Z — R by letting
Kn(2,2) = (Vi £(2;0©, WO Ty, £(2/; 50, W), Notice that the rank of K, is md, where
m is much larger than 7" and H and is allowed to increase to infinity. Besides, with a slight abuse of
notation, we define

Qr = {fa(z) = / act/(w'2) - 2" a(w) dpo(w): a: RY = R, ||a|z.00 < RQH/\/g}, (D.1)
Rd

where Rg is a positive number, po is the density of N(0,1;/d), and we define |af200 =
sup,, ||a(w)]||2. That is, Q* consists of functions that can be expressed as infinite number of random
features. As shown in Lemma C.1 of [30], Q* is a dense subset of the RKHS #. Thus, when R is
sufficiently large, Q* in (D.1) is an expressive function class. We impose the following condition
on O*.

Assumption D.1. We assume that for any 4 € [H] and any Q): S x A — [0, H], we have T} Q € Q*.

Assumption D.1 is in the same vein as Assumption 4.1. Here we focus on Q* instead of an RKHS
norm ball of NTK only due to technical considerations. However, since functions of the form in (D.1)
are dense in H, Assumptions D.1 and 4.1 are indeed very similar.

To characterize the value function class associated with NOVI, for any discrete set D C Z, similar to
(C.3), we define

Ap =X Ippa + Z o (2, W2, WOHT,
z€D
where ¢(+; W(O)) is the neural tangent feature defined in (B.4). With a slight abuse of notation, for
any R, B > 0, we let Quc,(h, R, B) denote that class of functions that take the form of

Q(2) =min{{p(z W), W) + 8- [p(5 W) T (Rp) "oz W) % H — i + 1}+,
(D.2)

where W € R?™4 satisfies ||W || < R, 8 € [0, B], and D has cardinality no more than 7'. Intuitively,
when both R and B are sufficiently large, Q.1 (h, R, B) contains the counterpart of neural-based
value function Q) that is based on neural tangent features. When m is sufficiently large, it is expected
that Q! is well-approximately by functions in Q1 (h, R, B) where the approximation error decays
with m. It is worth noting the class of linear functions of ¢(-; W(9)) forms an RKHS with kernel
K,, in (B.5). Any function f in this class can be written as f(-) = (p(-; W), W) for some
W; € R?m4, Moreover, the RKHS norm of f is given by ||[Wp||2. Thus, Quen(h, R, B) defined
above coincides with the counterpart defined in (4.4) with the kernel function being K,,,. We set
Ry = H+/2T /) and let N (¢; h, B) denote the e-covering number of Q. (h, Ry, B) with respect
to the /,,-norm on Z.

In the following theorem, we present a general regret bound for NOVI.
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Theorem D.2. Under Assumptions D.1, We also assume that m is sufficiently large such that

m = QT H™. (logm)?). In Algorithm 4, we let A be a sufficiently large constant and let 3 = B

which satisfies inequality

16Tk, (T, A) 4+ 16 - log Noo (¢*, h + 1, Br) + 32 - log(2T'H) + 4R3) - (1 + A/d) < (Br/H)?

(D.3)

for all h € [H]. Here ¢ = H/T and 'k, (T,)) is the maximal information gain defined for

kernel K,,. In addition, for the neural network in (B.3), we assume the activation function act is

Clact-smooth, i.e., its derivative act’ is Cye¢-Lipschitz, and m is sufficiently large such that

m=Q(p% T H'" . (logm)?). (D.4)
Then with probability at least 1 — (T2H?)~!, we have

Regret(T') =56H - /T - Tk, (T, \) + 106TH -, (D.5)

where we define . = T7/12 . H'/6 . ;=112 . (logm)'/*.

This theorem shows that, when m is sufficiently large, NOVI enjoys a similar regret bound as KOVL
Specifically, the choice of £ in (D.3) is similar to that in (4.5) for kernel K,,,. Here we set A to be an
absolute constant as sup, K,,(z,2) < 1 no longer holds. In addition, here we assume that act’ is
Cacr-Lipschitz on R, which can be relaxed to only assuming act’ is Lipschitz continous on a bounded
interval of R that contains w ' z with high probability, where w is drawn from the initial distribution
of Wj, j e [m]

Moreover, comparing (D.6) and (D.5) we observe that, when m is sufficiently large, NOVI can
be viewed as a misspecified version of KOVI for the RKHS with kernel K,,,, where the model
misspecification error is erry;s = 105 - ¢. Specifically, the first term in (D.5) is the same as that
in (D.6), where the choice of 8 and 'k, (T, A) reflect the intrinsic complexity of K,,,. Whereas
the second term is equal to err,,;s - 7' H, which arises due to approximating neural network value
functions by functions in Q¢ (h, Rr, Br), which are constructed using kernel functions with feature
mapping o(-; W (). Moreover, when 3 is bounded by a polynomial of TH, to make err,y;, - TH
negligible, it suffices to let m be a polynomial of 7'H. That is, when the network width is a polynomial
of the total number of steps, NOVI achieves the same performance as KOVI.

Furthermore, when neglecting the constants and logarithmic terms in (D.3), we simplify the regret
bound in (D.5) into

Regret(T) = (’)(H2 . [ka (T, \) + grel[aé(] VTk, (T, \) - log Noo (€*, h,BT)} VT + errp;s -T).

which depends on the intrinsic complexity of K, through both the effective dimension I' (7', \)
and the log-covering number log N, (¢*, h, Br). To obtain a more concrete regret bounds, in the
following, we pose an assumption on the spectral structure of K,,.

Assumption D.3 (Eigenvalue Decay of the Empirical NTK). Conditioning on the randomness of
(b, W), let K,, be the kernel induced by the neural tangent features V f(-;5(?), W (%)), Let
Tk, be the integral operator induced by K, and the Lebesgue measure on Z and let {o; };>1 and
{1;};>1 be its eigenvalues and eigenvectors, respectively. We assume that {0 };>1 and {¢); };>1
satisfy either one of the two decay conditions specified in Assumption 4.3. Here we assume the
constants C'y, Cz, Cy, v, and 7 do not depend on m.

Here we assume that K, satisfies Assumption 4.3. Since K,,, depends on the initial network weights,
which are random, this assumption should be better understood in the limit sense. Specifically, as m
goes to infinity, K, converges to K, which is determined by both the activation function and the
distribution of the initial network weights. Thus, if the RKHS with kernel K satisfy Assumption
4.3, when m is sufficiently large, it is reasonable to expect that such a condition also holds for K,,.
Due to the space limit, we present concrete examples of K satisfying Assumption 4.3 in §G.3 in
the appendix.

Now we are ready to characterize the performances of NOVI for each case separately.
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Corollary D.4. Under Assumptions D.1 and D.3, we assume the activation function is C',.¢-smooth
and the number of neurons of the neural network satisfies (D.4). Besides, in Algorithm 4 we let A be
a sufficiently large constant and set 3 = By as in (4.8). Then exists an absolute constant C). such
that, with probability at least 1 — (T2H?)~!, we have

Regret(T) < Cr - H* - \/4°T -log(YT'H) + 105TH - ~-finite spectrum,
T
" Cr-H*-\/(logT)3/7 - T -log(TH) + 105TH -+ y-exponential decay,

(D.6)

where we define . = T7/12 . H'/6 .y =1/12 . (logm)1/4.

Corollary D.4 is parallel to Corollary 4.4, with an additional misspecification error 10T H - ¢.
It remains to see whether there exist concrete neural networks that induce NTKs satisfying each
eigenvalue decay condition. As we will show in §G.3, neural network with quadratic and sine
activation functions induce NTKs satisfying the finite-spectrum and exponential eigenvalue decay
conditions, respectively. Corollary D.4 can be directly applied to these concrete examples to obtain
sublinear regret bounds.

E Proofs of the Main Results

In this section, we provide the proofs of Theorems 4.2 and D.2. The proofs of the supporting lemmas
and auxiliary results are deferred to the appendix.

E.1 Proof of Theorem 4.2

Proof. For simplicity of presentation, we define the temporal-difference (TD) error as

6 (z,a) = rp(m,a) + (PLVi 1) (2, a) — Q}(z,a), Y(z,a) € S x A. (E.1)
Here 6! is a function on S x A forall h € [H] and ¢t € [T']. Note that V}!(-) = max,ec4 Q% (-, a). In-
tultlvely, {0}, }nem) quantifies the how far the {Q}, } e are from satisfying the Bellman optimality
equation in (2.2). Next recall that 7* is the policy executed in the ¢-th episode, which generates a
trajectory {(x},,af,)}ne(n)- Forany h € [H] and t € [T], we further define ¢}, (7, € Ras

Con = [Vi(zh) = Vi (@3)] — [Qh (2}, i) — QF (zh, a3)], (E2)
Ct,h = [(PthH)(wi»aﬁ) - (]thhﬂﬂ)(xZﬂZ)] - [Vierl(x]IthLl) - Vhﬂ+1(x7151+1)]' (E.3)
By definition, Ctl’ 5, and Cﬁ ;, capture two sources of randomness—the randomness of choosing an action
aj, ~ (- | x},) and that of drawing the next state x| from P (- | z},, a},), respectively. As we will
see in Appendix §H.3, {Ctl hs Cﬁ , } form a bounded martingale difference sequence with respect to

a properly chosen filtration, which enables us to bound their total sum via the Azuma-Hoeffding
inequality [7].

To establish an upper bound on the regret, the following lemma first decomposes the regret into three
parts using the notation defined above. Similar regret decomposition results also appear in [12, 29].

Lemma E.1 (Regret Decomposition). The temporal-difference error is the mapping 6} : S x A —

defined in (E.1) for all (t, h) [T] x [H]. We can thus write the regret as
T H
Regret(T') = Z Z e [0k (2, an) | 21 = 1] — O], (2}, af,) +ZZ Con +Cin)
t=1 h=1 t=1 h=1
(i) (i)
T H
ZZE Qh Thy ), W;‘L(~|mh)—7rf1(-|xh)>A|x1 :x’ﬂ, (E.4)
t=1 h=1

(iii)

where ¢/}, and (7, are defined in (E.2) and (E.3), respectively.
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Proof. See Appendix §H.1 for a detailed proof. O

Returning to the main proof, notice that 7}, is the greedy policy with respect to Q¥ for all (¢, h) €
[T] x [H]. We have

<Q%($h7 ')77TZ(' | wh) - 7(;7,( |$h)>_,4 = <Q§L($h7 ')’ 772( | xh)>_,4 - gleaj(QZ(xh’ a) <0,

for all z;, € S. Thus, Term (iii) in (E.4) is non-positive. Then, by Lemma E.1, we can upper bound
the regret by

T H T H
Regret(T {Z o« [6F (1, an) |2y = 24] — 0F (2}, ab) } {ZZ Cth +Cth ]

t=1 h=1 t=1 h=1

) (i)
(E.5)
For Term (i), since we do not observe trajectories from 7*, which is unknown, it appears that
Er- [0 (1, an) | x1 = 2] cannot be estimated. Fortunately, however, by adding the bonus term in
Algorithm 2, we ensure that the temporal-difference error 4/, is a non-positive function, as shown in
the following lemma.

Lemma E.2 (Optimism). Let A =1+ 1/7 and 8 = By in Algorithm 2, where By satisfies (4.5).
Under Assumptions 4.1, with probability at least 1 — (272 H?)~!, we have that the following holds
forall (t,h) € [T] x [H] and (x,a) € S x A:

—28 - bl (x,a) < 8% (x,a) <O0.

Proof. See Appendix §H.2 for a detailed proof. [

Applying Lemma E.2 to Term (i) in (E.5), we obtain that

T H T H
Term (i) < [Z Z —6} (=}, ai)} <28- {Z Z bt (=, a%)] (E.6)
t=1 h=1 t=1 h=1

holds with probability at least 1 — (27> H?)~1, where 3 is equal to Br as specified in (4.5).

Finally, it remains to bound the sum of bonus terms in (E.6). As we show in (H.17), using the feature
representation of H, we can write each b’ (z,, al,) as

/ 1/2
by, (), ap) = [¢($ha ah) (AL~ o(a,, a h)] )
where AL = X\ - Iy + Y1) é(at, af))o(xh, af )T is a self-adjoint and positive-definite operator
on H and Zy is the identity mapping on H. Thus, combining the Cauchy-Schwarz inequality and
Lemma J.3, we have, for any h € [H], with probability at least 1 — (272 H?)~! the following:

H T 1/2
Term (i) < 28 - VT - ) [zas(xz, ap) " (A}) " o(x,, af)
h=1 -t=1

H

<283 2T -logdet(I + K /N)]"* =4BH - /T Tx(T,)),  (ET)
h=1
where I'i (T, \) is the maximal information gain defined in (4.2) with parameter \.

It remains to bound Term (ii) in (E.5), which is the purpose of the following lemma.

Lemma E.3. For ¢}, and (7, defined respectively in (E.2) and (E.3) and for any ¢ € (0,1), with
probability at least 1 — (, we have

T H
SN (Gl +GEr) < VI6TH? -10g(2/C).

t=1 h=1

Proof. See Appendix §H.3 for a detailed proof. O
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Setting ¢ = (272H?)~! in Lemma E.3 we obtain that
T H

Term (i) = » Y (¢}y + () < VI6TH? - log(4T2H?) = /32T H? -1og(2TH)  (E.8)
t=1 h=1
holds with probability at least 1 — (27°H)~*

Therefore, combining (4.5), (E.5), and (E.8), we conclude that, with probability at least 1 — (T2 H?)~!
the regret is bounded by
Regret(T) < 48H - \/T - T (T, \) + /32T H3 - log(2TH) < 53H - \/T - T (T, )),
where the last inequality follows from the choice of 5 = By, which implies that
B> H-+/16log(TH) > \/32H -1log(2T H).
This concludes the proof of Theorem 4.2. O

E.2 Proof of Theorem D.2

Proof. The proof of Theorem D.2 is similar to that of Theorem 4.2. Recall that we let Z denote S x A
for simplicity. Recall also that for all (¢, h) € [T] x [H], we define the temporal-difference (TD)
error 0} : Z — R in (E.1) and define random variables ¢}, and (Z 5 1n (E.2) and (E.3), respectively.

Then, combining Lemma E.1 and the fact that 7" is the greedy policy with respect to {Q} } he[H]» We
bound the regret by

T H T H
Regret(T {Z B [0, (2, an) |21 = 2] = 6}, (2}, aj,) } [ZZ Cin+Con ]

t=1 h=1 t=1 h=1

® (i)
(E.9)

Here, Term (ii) is a sum of a martingale difference sequence. By setting ¢ = (472H?)~! in Lemma
E.3, with probability at least 1 — (472 H?)~*, we have

T H
Term (i) = > Y (¢}y + (n) < V16TH? - 1og(8T?H?) < H - /32T Hlog(2TH). (E.10)

t=1 h=1

It remains to bound Term (i) in (E.9). To this end, we aim to establish a counterpart of Lemma
E.2 for neural value functions, which shows that, by adding a bonus term S - bt , the TD error 5,2 is
always a non-positive function approximately. This implies that bounding Term (i) in (E.9) reduces

; T H oyttt
to controlling ) ~,_, >, b} (¢, a},).
Note that the bonus functions b’ are constructed based on the neural tangent features ¢(-; W} ) and
the matrix A%. In order to relate 3, S bt (!, a!,) to the maximal information gain of the

empirical NTK K,,,, we define K; and Ez, by analogy with A! and b’ as follows:

t—1
—t oy . —t —t . _ 1/2
Ap =X Ioma + E @(xhvah;W(O))W(fhaahsw(o))Ta by (2) = [@(Z§W(O))T(Ah) 180(25W(0))] 2.

T=1
In the following lemma, we bound the TD error §}, using BZ and show that b} and 52 are close in the
{-o-norm on Z when m is sufficiently large.

Lemma E.4 (Optimism). Let A be an absolute constant and let 5 = By in Algorithm 4, where
Br satisfies (D.3). Under the assumptions made in Theorem D.2, with probability at least 1 —
(2T?H?)~1 —m?2, itholds for all (t,h) € [T] x [H] and (z,a) € S x A that

—58-1-28 By (x,a) < O (z,a) <560, sup |Bh(x,a) —by(z,a)| <2, (EAD)
(z,a)€Z

where we define . = T7/12 . H'/12. ;=112 . (logm)'/%.
Proof. See Appendix §H.4 for a detailed proof. O
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Applying Lemma E.2 to Term (i) in (E.5), we obtain that
T H T

H
Term (i) < [Z > —dh (=, aﬁ)} +5TH -1 <28 {Z ZE’;(xz, a%)} +108TH -1 (E.12)
t=1 h=1 t=1 h=1
holds with probability at least 1 — (2T2H?)~* — m~2, where 3 = Br. Moreover, combining the
Cauchy-Schwarz inequality and Lemma J.3, we have

T H 4 H T . 1/2
DD buleha) SVT- Y [Z<p(x27ag;W<0>)T(Ah)—1gp(xg,ag;W(0>)]
t=1 h=1 h=1 -t=1

<2H-\/T T, (T,N), (E.13)

where I'i (T, \) is the maximal information gain defined in (4.2) for kernel K.

Notice that (2T2H?)~! +m~=2 + (4T?H?)~! < (T?H?)~!. Thus, combining (E.9), (E.10), (E.12),
and (E.13), we obtain that

Regret(T) <48H - \/T -Tk, (T,\) + 108TH -+ + H - /32T H log(2TH)
<5BH-\/T Tx, (T,\) + 108TH -1

holds with probability at least 1 — (27> H?)~L. Here the last inequality follows from the fact that
B> H-+\/32log(TH) > \/32H log(2T H).
This concludes the proof of Theorem D.2. O

F Neural Optimistic Least-Squares Value Iteration

In this section, we provide the pseudocode for NOVI, which was omitted in the main text for brevity.
We remark that the loss function L} in Line 7 is given in (C.1) and its global minimizer W} can be
efficiently obtained by first-order optimization methods.

Algorithm 4 Neural Optimistic Least-Squares Value Iteration (NOVI)

1: Input: Parameters A and 5.

2: Initialize the network weights (5(°), W (%)) via the symmetric initialization scheme.

3: for episodet =1,...,7 do

4:  Receive the initial state x}.

5. Set V};, as the zero function.
6. forsteph=H,...,1do
7
8
9

Solve the neural network optimization problem ﬁ/\ﬁ = argminy, L} (W).
Update A} = AL+ p(ah al s Whe(ah a5 WHT.
: Obtain the bonus function bfl defined in (C.4).
10: Obtain value functions

Qlitz(v ) A Inin{f('v aWiIi) + ﬂ : bl;z(v )aH —h+ 1}+a Vif() = méiXQZ(',a)

11:  end for

12 forsteph=1,...,H do

13: Take action a}, < argmax,. 4 Q} (2}, a).

14: Observe the reward 7, (z},, aj,) and the next state zj, ;.
15:  end for

16: end for

G Proofs of the Corollaries

In this section, we prove Corollaries 4.4 and D.4, which establish the regret for KOVI and NOVI under
each specific eigenvalue decay condition. in Appendix §G.3 we provide concrete examples of neural
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tangent kernels that satisfy Assumption 4.3 and show how to apply Corollaries 4.4 and D.4 to these
examples.

G.1 Proof of Corollary 4.4

Proof. To prove this corollary, it suffices to verify that for each eigenvalue decay condition specified
in Assumption 4.3, By defined in (4.8) satisfies the condition in (4.5). Recall that we set A\ = 1+1/T
in Algorithm 2 and denote Ry = 2H+/I'x (T, ), € = H/T. Also recall that we let N (¢, h, B)
denote the e-covering number of Q.1 (h, Ry, B) with respect to the {,-norm. In the sequel, we
consider the two cases separately.

Case (i): v-Finite Spectrum. When 7 has at most v nonzero eigenvalues, by Lemma 1.5, we have
Tk(T,\) < Ck - vlogT, where C is an absolute constant. Moreover, by Lemma 1.1, for any
h € [H], we have

log Neo (¢*,h, Br) < C - v+ {1+ log[2/T(T,A) - T|} + Cn - v* - [1 +log(Br - T/H)]
<20y 7?4+ C" v -log(vT) + Cn - v - log(Br - T/H), (G.1)
where C'y > 0 is the absolute constant given in Lemma I.1 and C” is an absolute constant that

depends on Cy and Ck. Thus, setting By = Cy, - vH - \/log(dT H) in (G.1), the left-hand side
(LHS) of (4.5) is bounded by

LHS of (4.5) < 8Ck - ylogT + 16Cy - 4> 4 8C" - v - log(vT)+
8Cn -7* -10g(Cy - YT - \/log(dTH)) + 16 - log(TH) + 22 + 2Ry,
<~*-[C; log(vTH) + 8Cy - log(Cy)], (G.2)

where C; is an absolute constant that depends on C’, Cy, Ck, and Rg. Thus, setting Cj as a
sufficiently large constant, by (G.2), we have

LHS of (4.5) < Cf -4* -log(dTH) = (By/H)?,
which establishes (4.5) for the first case. Thus, applying Theorem 4.2 we obtain that
Regret(T) < 8By - H - /T - T (T, \) < Cypy - H? - /73T -log(NTH) = O(H?\/~+3T)
holds with probability at least 1 — (T2H2)~*, where C,.; is an absolute constant and O(-) omits the
logarithmic factor. Therefore, we conclude the first case.

Case (ii): v-Exponential Decay. For the second case, by Lemma 1.5 we have

T (T, \) < Ck - (log T)'+/7, (G.3)
where C'i¢ is an absolute constant. Thus, by the choice of By in (4.8), when Cj, is sufficiently large,
it holds that Ry = 2H /' (T, \) < By. Then by Lemma I.1 we have

]'Og NOO(hve*7 BT) < CN : [1 + 1Og(RT/6*)] 1+1/~ 4 CN . [1 + log(BT/é*):I 142/~
<20y - [1 + log(Br/€")] e 20N - {1+ log[CyT - Vlog(TH) - (log T)l/w} }1+2/’Y’

where the absolute constant C'y is given by Lemma I.1. By direct computation, there exists an
absolute constant C'y such that

log Nag (h, €, Br) < 2Cy - [1 +1og(Ch) + Ca - log T+ 1/2 -loglog H] 727 (G.4)

Thus, combining (G.3) and (G.4), the left-hand side of (4.5) is bounded by
LHS of (4.5) < 8Ck - (log T) /7 +16C - [1 + log(Cp) + Ca - log T + 1/2 - loglog H] ' 2/
+16 - log(TH) + 22 + 2R},
< Cy - [(logT)**?/7 + (log log H)' /7 +1og(Cy)], (G.5)

where C'5 is an absolute constant that does not depend on Cj,. Thus, when Cj, is sufficiently large,
(G.5) implies that
LHS of (4.5) < C3 - [(log T)* /7 + (loglog H)***/7 +10g(C4)] < CF - (log T)*/" -log(TH) = (Br/H)>.
Thus, for the case of y-exponential eigenvalue decay, (4.5) holds true for By defined in (4.8).
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Finally, applying Theorem 4.2 and combining (4.8) and (G.3), we obtain that

Regret(T) < Cypo- H? -log(TH) - y/(log T)3/7 - T,
where C). 5 is an absolute constant. Thus we conclude the second case. Therefore, we conclude the
proof of Corollary 4.4. O

G.2 Proof of Corollary D.4

Proof. By Theorem D.2, we have

Regret(T) =58H - /T -T'k, (T, ) + 106TH - ¢, (G.6)
where 3 = Br satisfies (D.3) and ¢ = T7/12 . H'/6 . ;=112 . (logm)'/*. When Assumption D.3
holds, thanks to the similarity between (4.5) and (D.3), it can be similarly shown that By defined in
(4.8) satisfies the inequality in (D.3) when Cj, is sufficiently large. Moreover, Lemma 1.5 provides
upper bounds on ', (T, \) for the two eigenvalue decay conditions. Finally, combining (4.8), (G.6),
and Lemma 1.5, we conclude the proof of Corollary D.4. O

G.3 Examples of Kernels Satisfying Assumption 4.3

In the following, we introduce concrete kernels and neural tangent kernels that satisfy Assumption
4.3. We consider each eigenvalue decay condition separately.

Case (i): y-Finite Spectrum. Consider the polynomial kernel K (z,2") = (1 + (z, 2'))™ defined on
the unit ball {z € R%: ||z||z < 1}, where n is a fixed number. By direct computation, the kernel
function can be written as

K(z,72) = Z 2% Y

a: [lefli<n
where @ = (a1, . .., aq) € N¢ is a multi-index and 2 is a monomial with degree c. It can be shown
that all monomials in R? with degree no more than n are linearly independent. Thus, the dimension

of such an RKHS is (";d); i.e., it satisfies the y-finite spectrum condition with v = ("jd).

Furthermore, for a finite-dimensional NTK, we consider the quadratic activation function act(u) = u?.

Note that we assume Z = S?~1 for the neural network setting. Moreover, in (B.3), instead of sampling
W; ~ N(0,1,/d) for all j € [d], we draw W; uniformly over the unit sphere S¢~!. Then it holds
that [W," z| < 1forall j € [2m] and z € S*~'. Here we let the distribution be Unif(S*~) in order
to ensure that the act’ is Lipschitz continuous on {W," z: z € §~'} C [~1,1] for any W; sampled
from the initial distribution, which is required when utilizing Proposition C.1 in [30] in the proof of
Lemma E.4. Note that the covariance of W is still I;/d. Then by (B.7), the NTK is given by
Ku(2,2") = Eptmitsa-—1y[2(w " 2) - 2(w ") - (272)] = 4/d - (z72)?, Vz, 2 € S

(G.7)
Thus, K« (2, 2") can be written as a univariate function of the inner product (z, z’). To characterize
the spectral property Ky, we first introduce some background on spherical harmonic functions on
S9=1, which are closely related to inner product kernels on S?~! x S9-1,

Let u be the uniform measure on S?~1. For any j > 0, let J;(d) be the set of all homogeneous
harmonics of degree j on S¥~!, which is a finite-dimensional subspace of Li(Sdil), the space of
square-integrable functions on S?~! with respect to y. It can be shown that the dimensionality of
Y;(d) is given by N(d, j), which is defined as
(2j+d—2)(d+j5—3)!
gi(d —2)!

In addition, let {Yj ¢} scn(q,5)] be an orthonormal basis of V;(d), then {Y} ¢ }ren(a,5)),jen form an
orthonormal basis of L’i(Sd_l). In the next lemma, we present the Funk-Hecke formula [48, page
30], which relates spherical harmonics to inner product kernels.

N(d,j) =

(G.8)
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Lemma G.1 (Funk-Hecke formula). Let k: [—1, 1] — R be a continuous function, which gives rise
to an inner product kernel K (z,2') = k({(z,2')) on S¥=1 x S~ For any £ > 2, let |S‘~!| be the
Lebesgue measure of S, which is given by S| = 27%/2/T'(¢/2), where T'(-) is the Gamma
function. Moreover, for any j > 0, let Y;: S?-1 5 R be any function in yj(d). Then for any
z € S%1, we have

d—2 1
Ko du) = | gy [ W) P (1= 292 ] v500),

s 571,
(G.9)

where P;(-; d) is the j-th Legendre polynomial in dimension d, which is given by

(u;d) = (— 1/2)_ (d21) (1-u )(S—d)/Q. (d)j[(l —u )j+(d_3)/2]_

(=) du

P

J

Thus, by the Funk-Hecke formula, for any inner product kernel K, its integral operator
Tk: Ei (S=1) — L2 (Sdil) has eigenvalues

Sd 2 3 .
0 = |Sd 1: / k(u) - Py(usd) - (1= )32 du, V) >1, (G.10)

each with multiplicity N(d, j). Moreover, for each eigenvalue g;, the corresponding eigenfunctions
are spherical harmonics {Y /}¢c [N(d,5)]- Furthermore, to compute the eigenvalues in (G.10), we can
use Rodrigues’ rule [48, page 23], as follows.

Lemma G.2 (Rodrigues’ Rule). For any j > 0, let f: [-1,1] — R be any j-th continuously
differentiable function. Then we have

1
/ f@) - Pj(w;d) - (1 - u2)(d—3)/2 du = R / f u2)(2j+d—3)/2 dt,
-1

where f() is the j-th order derivative of f and R;(d) =277 -T'((d —1)/2) - [[((2j +d —1)/2)] 7!
is the j-th Rodrigues constant.

Now we consider the NTK given in (G.7), which is the inner product kernel induced by the univariate
function k1 (u) = 4/d - u?. Note that kf') is a zero function. Combining Lemma G.2 and (G.10), we

observe that p; = 0 for all 7 > 3. In addition, by direct computation, we have that
1

o1 :R1<d)-<8/d)-/ w- (1—u?) D2 du =0,

-1
and gg, 02 > 0. Thus, K given in (G.7) has N(d,0) + N(d,2) = d(d + 1)/2 nonzero eigenvalues,
each with value g». This implies that the NTK induced by neural networks with quadratic activation
satisfies the y-finite spectrum condition with v = d(d + 1)/2. For such a class of neural networks,

Corollary D.4 asserts that the regret of NOVI is O(H2d? - /T + STH - 1).

Case (ii): v-exponential Decay. Now we consider the squared exponential kernel
K(z,2") = exp(—||z = 2|5 - 072) = ko ({2, 2')), V2,2 € ST (G.11)
where o > 0 is an absolute constant and we define ko (u) = exp[—20~2 - (1 — u)]. Note that d is

regarded as a fixed number. Applying Lemmas G.1 and G.2, we obtain the following lemma that
bounds the eigenvalues of T .

Lemma G.3 (Theorem 2 in [47]). For the squared quadratic kernel in (G.11), the corresponding
integral operator has eigenvalues {p; } j>o, where each p; is defined in (G.10) with k replaced by k.
Moreover, each ; has multiplicity N (d, j) and the corresponding eigenfunctions are {Y} ¢} re[n(d,5)]-
Finally, when o in (G.11) satisfy 0% > 2/d, {0;};>0 form a decreasing sequence that satisfy
Ay - (2e/0%) - (25 4+ d —2)"FHID/2 < o0 < Ay - (2e/0°) - (25 +d — 2)"(2IHd=D/2
(G.12)
for all j > 0, where A;, A, are absolute constants that only depend on d and o.

The £.-norm of each eigenfunction Yj ; is given by the following lemma.
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Lemma G.4 (Lemma 3 in [47]). Forany d > 2, j > 0, and any £ € [N(d, j)], we have

[Yieloo = sup [Yje(2)] < 4/N(d.j)/IS71].

z€Sd—

Now, let 7 > 0 be a sufficiently small constant. Combining Lemmas G.3 and G.4, we have
2e =37
SO (o) N() 2+ d =2, (G3
<O (armya—y)  VN@D)-Citd=2) G.13)
where C' is a constant depending on d and o. By the definition of N(d,j) in (G.8), when j is
sufficiently large, it holds that
Ny = H A= VT3 [+ -3/ s
’ Vi-(i/e) ’
where we utilize the Stirling’s formula and neglect constants involving d. Then, combining (G.13)
and (G.14), we have

07 - |l

(G.14)

sup  sup 0] - [|Yjslleo < Cy, (G.15)
720 L[N (d,5)]

for some absolute constant C, > 0. Renaming the eigenvalues and eigenvectors as {0;,1);};>1 in
the descending order of the eigenvalues, (G.15) equivalently states that sup;~; o7 - (|10 < C,.

Furthermore, to show that the squared exponential kernel satisfy the v-exponential decay condition,
we notice that

- t
oj=0 for Y N(di)<j<) N(di). (G.16)

1
Then by (G.14), this implies that o; < p; for (t — 1)4=1 < j < t9=1 when j is sufficiently large.
Thus, by Lemma G.3 we further obtain that

1

1
= (2¢/02)i " (27T 44 —2) T d=1)/2

= exp(er - j7) - exp(ea — j7 -log j) < exp(—c- j1/7),

where ¢, c¢;, and ¢ are constants depending on d. Therefore, we have shown that the squared
exponential kernel satisfies the y-exponential decay condition with v = 1/d. Combining this with
(G.15), we conclude that it satisfies Assumption 4.3.

In the sequel, we construct an NTK that satisfies Assumption 4.3. Specifically, we adopt the sine
activation function and slightly modify the neural network in (B.3) by employing an intercept for
each neuron. That is,

flz;b,W,0) = \sz] smW z+6;).

To initialize the network weights (b, W, 0), we set b; = —bj_, W; = W,_,, and §; = 6;_,,
forany j € {m +1,...,2m}. For any j € [m], we independently sample b; ~ Unif({—1,1}),
W, ~ N(0,1;), and 8; ~ Unif([0, 27]). Only W is updated during training.
For such a neural network, the corresponding NTK is given by
Kuk(z,2') = 2E[(272) - cos(w' 2+ 0) - cos(w " 2’ + 0)]
= (=) exp(—llz — Z13/2) = (=T ) - expl(= ) — 1] = ks((,£)),  (G.17)
where we define k3(u) = u-exp(u—1). Here the second equality follows from [54]. By construction,
such an NTK is closely related to the squared quadratic kernel in (G.11). To see that it satisfy the

~-exponential decay condition, let {¢;};>0 and {9} } ;>0 denote the eigenvalues of the NTK in (G.17)
and the inner product kernel induced by k2 (u) = exp(u — 1), respectively. By Lemma G.1, we have

=Cr- / ka(u) - Py(u;d) - (1 —u?)@=3/2 du = C; - / ko(u) - u- Pj(u;d) - (1 —u?) @372 dy

=Cy-j/(2j+d—2)-0j-1+Co-(j+d—2)/(2j +d—2)-0j11 < Co(pj—1+ pjt1),
(G.18)
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where C7 and Cs are constants and in the second equality, we utilize the following recurrence relation
of Legendre polynomials:

w-Pij(u;d) = j/(2j+d—2) - Pi_1(w;d) + (j +d —2)/(2j +d — 2) - Pja(u;d).
Notice that {g; } ;>0 satisfy (G.12). Thus, combining (G.12) and (G.18), we obtain (G.15). Moreover,

when ordering all the eigenvalues of Ky in the descending order and renaming them as {0, };>1,
similar to (G.16), we have

t—1 t
0; <Cy (Pro1+prg1)  for Y N(d,i) <j<> N(d,i). (G.19)
=1 i=1

Using a similar analysis, we can show that {o; };>1 satisfy the y-exponential eigenvalue decay condi-
tion with v = 1/d. Therefore, we have shown that the NTK given in (G.17) satisfy Assumption 4.3.

H Proofs of the Supporting Lemmas

H.1 Proof of Lemma E.1

Proof. For ease of presentation, before presenting the proof, we first define two operators J7 and J; p,
respectively by letting
( ;(Lf)(x) = <f(:L',),7T;:( |$)>A7 (Jt,hf)(x) = <f(.%‘,-),71’2('|$)>_,47 (H.1)

for any (t,h) € [T] x [H] and any function f : S x A — R. Moreover, for any (¢, h) € [T] x [H]
and any state x € S, we define

&h(z) = Tn@h) (@) — Ten@p) (@) = (@Qh(@, ), mh(- |2) — T, (- | 2)) a- (H2)
After introducing this notation, to prove (E.4) we decompose the instantaneous regret at the ¢-th
episode into the following two terms,

V() = Vi (2h) = Vi (ah) — Vi(ath) + Vi) — Vi (at). (H.3)
(i) (ii)

In the sequel, we consider the two terms in (H.3) separately.

Term (i). By the definitions of the value function V}* in (2.2) and the operator J} in (H.1), we have
V¥ = J;Q;. Similarly, for all the algorithms, we have V! (z) = (Q} (z,-), 7t (- | z)) forall z € S.
Thus, by the definition of J; 5, in (H.1), we have V! = J; Q% . Thus, using &} defined in (H.2), for
any (t,h) € [T] x [H], we have
Vi = Vi = 1hQ5 — Jen Q) = (JhQ5 — T1Q%) + (J5Qh — Jen@h)
= I5(QF, — Q1) + &, (H.4)
where the last equality follows from the definition of ¢!, in (H.2) and the fact that J} is a linear

operator. Moreover, by the definition of the temporal-difference error §}, in (E.1) and the Bellman
optimality condition, we have

Qn— Q= (ra +PuViyy) — (ra + PuVipy — 63) = Pu(Viey — Vi) + 65 (H.5)
Thus, combining (H.4) and (H.5), we obtain that
Vi = Vi = TP (Vi — Vi) + 356, + &, V(&) € [T] x [H]. (H.6)

Equivalently, for all z € S, and all (¢, h) € [T] x [H], we have
V(@) = Vi) =Eamn: (1) LB Vi1 (@ni1) = Vi (@ng) | on = 2,0 = al }

+ anﬂ}*l(- | z) [5;1 (.’L‘, a’)} + 5;1(‘%)
Then, by recursively applying (H.6) for all h € [H]|, we have

H H h—-1 H
v = Vi = (T138) Vi = Vb + 30 (T3P0 ) 3008 + 30
h=1 h=1

h=1 1i=1

h—1

TP )g. (D)
1

=
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Furthermore, notice that we have Vj;,; = V/i, | = 0. Thus, (H.7) can be equivalently written as
H
Vi) = Vi (2) =Eq [Z<Qz<xh, Vs (| an) = wh(-|@n)) 4 + 0 (xn, an) | @1 = 4 :
h=1
where we utilize the definition of &}, given in (H.2). Thus, we can write Term (i) on the right-hand
side of (H.3) as

H
Vi () — ) =Y B [(Qh () mh (| 2n) = Th (| 2n)) a | 01 = 2]
h=1
H
+ Z B+ [0}, (zh, an) | 71 = 2], vt € [T). (H.8)
h=1

Term (ii). It remains to bound the second term on the right-hand side of (H.3). By the definition of
the temporal-difference error 4, in (E.1), for any (¢, h) € [T] x [H], we have

0 (@, ap) = ra(wh, ah) + (PuViy)(wh, ai) — Q (), aj)
= [rn(@h, ah) + (PuVii1) (@, ah) = Qf (wh, ap)] + [QF (2h,ah) — Qi (. ah)]

= (BaVi 1 — BaVihy) ahoal) + (QF — Q4 (ahal), 19)
where the last equality follows from the Bellman equation (2.1). Morerover, recall that we define Ctl, h
and Ct% p, in (E.2) and (E.3), respectively. Thus, from (H.9) we obtain that

Vi(eh) = Vi () (H.10)
= Vil(ah) = Vi () + (@R — @i)(hs ah) + (Ba(Vilyy — Vilin)) (eh. ah) — 8} (e} ),
= (Vi = Vi) (@) — (@} — @R )(h. a})
+ (Pr(Vigy — V}Zil))(xhv ap,) = (Vigr — Vhﬁl)(szrl) + (Vigr — Vhﬁl)(ﬁzﬂ) — 05, (wh, ap)
= [Vif+1(x§z+1) - Vhﬂ;(x%H)] + Ctl,h + Ct%h — 67, (x},, ap,).-
Thus, recursively applying (H.10) for all » € [H], we obtain that

H
7'rt s k
Vi(@h) =V (2}) = Vi () — VH+1 (1) + Z (Cin+Con) Z 84 (xh, ap)
h=1 h=1

H H
Z Chn+Con) — Y On(ah,ap),  Vte[T], (H.11)
h=1 h=1

where the last equality follows from the fact that V};_, (x4, ) = VA (', ,) = 0. Thus, we have
simplified Term (ii) defined in (H.3).

Thus, combining (H 3), (H.8), and (H.11), we obtain that

Regret(T) = Z[Vl( DEAANE]

t=1
T H T H T H
= ZZE’T [0, (xh, an) | 21 = 7] +ZZ(Ctl,h+Ct2,h) - ZZ& ), ay)
t=1 h=1 t=1 h=1 t=1 h=1
H
ZZ @b (@ns )y ([ xn) = mh (- [2n)) 4 |21 = ]
t=1 h=1
Therefore, we conclude the proof of this lemma. O

H.2 Proof of Lemma E.2

Proof. For ease of presentation, we utilize the feature representation induced by the kernel K. Let
¢: Z — H be the feature mapping such that K (z, z’) = (¢(z), #(z"))3. For simplicity, we formally
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"4 = #(2) T¢(z"). Then, any function f: Z — R in the

view ¢(z) as a vector and write (¢(z), ¢(z
= f T ¢(z). Using the feature representation, we can rewrite the

RKHS satisfies f(z) = (¢(2), f)n
kernel ridge regression in (3.4) as

t—1
minimize L(6) = 3 [ra(eh ah) + Vi (7F0) — (G ah), 02 4 X 1013 (H12)
T=1

We define the feature matrix ®f : H — R!~? and “covariance matrix” A} : H — H respectively as

=60 DT A= Z¢> )0+ AT = A- T + (@5) T @4,

(H.13)

where I3, is the identity mapping on H. Thus, the Gram matrix K in (3.7) is equal to ® (®!)T.
More specifically, here A} is a self-adjoint and positive-definite operator. For any f1, fo € H, we

denote
t—1

A fi=X-fi+d 6(z) - filzf) €H,  fTALf2 = (fu, A F)n
T=1
It is not hard to see that all the eigenvalues of A}, are positive and at least X. Thus, the inverse operator
of A, denoted by (Af)~1, is well-defined, which is also a self-adjoint and positive-definite operator
on H. Similarly, for any f1, fo € H, we let fi (A})~!f2 denote (f1, (AL) ™! f2)2. The eigenvalues
of (Al)~! are all bounded in interval [0, 1/)].

In addition, using the feature matrix ®!, defined in (H.13) and y defined in (3.6), we can write
(H.12) as
inimize L(0) = ||y}, — ®},0/3+ X070
mipimize L(6) = [y}, — 40]3 + - 070,
whose solution is given by 6% = (AL)~1(@L) Tyt . and @Z in (3.4) satisfies @Z (2) = (;S(Z)Té};
In the sequel, to further simplify the notation, we let ® denote ® when its meaning is clear from the
context. Since both (®® " + X - I) and (®T® + \ - I3) are strictly positive definite and
(TR +N-Ip)0 =0T (@D + X 1),
which implies that
(A) 71T = (@07 +X-I) 10T =0T (@0 +X- D)1= (K +X- 1)L, (H.14)
Here T is the identity matrix in R(=1>*(¢=1) Thus, by (H.14) we have
0, = (M) 1Ty = (KL + X I) 'yh =2 o, (H.15)
Moreover, k! defined in (3.7) can be written as k} (z) = ®¢(z), which, combined with (H.14),
implies

$(2) = (ML) T ALB(2) = (AL) 1@ @ + A - In)o(2)
= (A})” ( T®)o(z) + A+ (ML) '6(2)
=0T (KL +X- D)7 kL (2) + X (AL) 7 (2). (H.16)

Thus, we can write [|¢(2) |2, = ¢(2) T ¢(z) as
lo(2)I3, = ¢(2)" - [@ " (K} + A1) k() + A~ (A]) " o(2)]
= ki, (2) T (KJ + A 1) 7R (2) + X - 6(2) (A]) (),
which implies that we can equivalently write the bonus b, defined in (3.8) as
b (2, ) = [9(a, )T (M) 20w, )] ' = o, )| ag) 1 (H17)
Combining (H.15) and (H.17), we equivalently write Q% in (3.5) as
Q! (r,a) = min{@}l(z,a) +B-bt(z,a), H—h+ 1}Jr

=min{¢(z,a) 0} + B+ |6z, )| ag)-1, H—h+1}".

(H.18)
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Now we are ready to bound the temporal-difference error ¢}, defined in (E.1). Noticing that V)!(z) =
max, Q) (z,a) forall (¢,h) € [T] x [H], we have

8 =1h +PpVip1 — Qf = Th Q1 — Qs
where 'JI‘;‘L is the Bellman optimality operator. Under the Assumption 4.1, for all (¢, h) € [T] x [H],
since Q} i+ € [0, H], we have T} Qj,,, € Q*. Using the feature representation of RKHS, there

exists 9h € Q* such that (T} Q4 ,)(z) = ¢(z)T52 forall z € Z.
In the sequel, we consider the difference between ¢>(z)T§§L and d)(z)TgZ. To begin with, using
(H.16), we can write gi)(z)T?Z as
0(=) ), = ki, (2) T (Kh + A1) 7108, + X - 6(=)T (A}) 10, (H19)
Hence, combining (H.15) and (H.19), we have
PN —t _ —t _1p7t
6(2) T8l — 6() 0 = ki (=) T(KL+ X 1) (), — 98,) — A 6(2)T (ML) 718, (H20)
(i) (i)

We bound Term (i) and Term (ii) on the right-hand side of (H.20) separately. For Term (ii), by the
Cauchy—Schwarz inequality, we have

A6 T T < A (AR e HH-I@HHSRQH-HA-(A;;)-l 2, @21
= RoH - \/x-0(z)T(A})~1- X~ I - (A})'6(x)
< RoH - \/A 2)(AL) 71 AL (ML) h(2) = VARGH - b (2).

Here the first inequality follows from the Cauchy-Schwarz inequality and the second inequality
follows from the fact that 52 € O*, which implies that ||§Z 2 < RoH. Moreover, the last inequality
follows from the fact that A} — X - I, is a self-adjoint and positive-semidefinite operator, which
means that f T (AL — X I)f > 0forall f € H, and the last equality follows from (H.17).
Furthermore, for Term (i), by the Bellman equation in (2.2) and the definition of yfb in (3.6), for any
7 € [t — 1], the 7-th entry of (y! — @52) can be written as
It T T T r m\Tpt
[vhl- — [®0))- = ra(z}, af,) + V}f+1(mh+1) — (7, a7,) " 0,
= (2], ap) + Vi (@h41) — (ThQh4) (27, af)
= Vi1 (2h41) = (PuViya) (@7, ap)- (H.22)
Thus, combining (H.14), (H.20), and (H.22) we have
kb (2) T (KL + A1)~ (t—@§;)|

= Zqﬁ ay,ap) - [Vik (ah 1) — (PaVik) (27, a7)]
e { f

< [le(2)llar) . (H23)

Z o(z}, ap,) Vh+1(ﬂ3h+1) (th}fﬂ)(l‘}:a aﬁ)] (a)

h
where the last inequality follows from the Cauchy-Schwarz inequality. In the following, we aim to
bound (H.23) by the concentration of self-normalized stochastic processes in the RKHS. However,
here V! 41 depends on the historical data in the first (* — 1) episodes and is thus not independent of
{(z},,af,, 2}, 1)} reft—1)- To bypass this challenge, in the sequel, we combine the concentration of
self-normalized processes and uniform convergence over the function classes that contain each V}!_ ;.

Specifically, recall that we define function classes Qucp(h, R, B) in (4.4) for any h € [H], and any
R, B > 0. We define Vb (h, R, B) as

Vueb(h, R,B) ={V: V() = max Q(:,a) forsome Q € Quen(h, R, B)}. (H.24)

In the following, we find a parameter Ry such that V! € Vyep, (h, Rr, Br) holds for all h € [H]| and
t € [T, where Br is specified in (4.5). Here both Ry and By depend on T'. By (4.4) and (H.18), it
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suffices to set Ry as an upper bound of ||§§LHH for all (¢, h) € [T] x [H]. In the following lemma,
we bound the RKHS norm of each 6 .

Lemma H.1 (RKHS Norm of 6,). When A > 1, for any (¢,h) € [T] x [H], 6% defined in (H.15)
satisfies

18, < H/2/A - logdet(I + K} /A) < 2H/Tic (T, ),

where K| is defined in (3.7) and ' (T, \) is defined in (I.16).
Proof. See §].1 for a detailed proof. O

By this lemma, in the sequel, we set Ry = 2H /I'x (T, ). To conclude the proof, we show that
the sum of the two terms in (H.20) is bounded by 3 - [|¢(z)[|(at -1, where we set 3 = Br. To
this end, for any two value functions V,V’: § — R, we define their distance as dist(V,V’) =
sup,cs |V (x) — V'(x)|. Forany € € (0,1/e), any B > 0, and any h € [H], we let Ny« (€; h, B) be
the e-covering number of Vye1, (h, Ry, B) with respect to distance dist(-, -). Recall that we define
Noo(€; h, B) as the e-covering number of Q¢ (h, Rr, B) with respect to the £,-norm on Z. Note
that for any Q, Q’: Z — R, we have
sup|max Q(z,a) —max Q' (x,a)| <  sup |Q(z,a) — Q'(z,a)| = [|Q — Q|| co-
zeSlacA acA (z,a)eSx.A
By (H.24) we have Ngyist(€;h, B) < Ny (¢;h, B). Then, by applying Lemma J.2 with § =
(272 H3)~? and taking a union bound over h € [H|, we obtain that

t—1 2
Yot ap) - Vit (@hi) — BrViia) (@, ap)]
T=1

t—1

< sup Z o(xy,,ap) - [V(fﬁﬂ) - (th)(mf:va;)]
V€&Vuen (h+1,Rr,Br)ll

< 2H? -logdet(I + K[ /\) +2H?*t - (A — 1) + 8t%€% /A
+4H? - [log Noo(€; h + 1, By) + log(2T* H?)] (H.25)
holds uniformly for all (¢, h) € [T'] x [H] with probability at least 1 — (27> H?)~2, where we utilize

the fact that V}f+1 € Vuen(h + 1, Ry, Br). Note that we set A = 1 + 1/T. Then, setting € as
e* = H/T, (H.25) is further reduced to

(AR~
2

(AR

2

t—1
> b(h,ah) - Vit (@hi) — (PaVii) (a7, af)] 1
=1 (AZ)_

<4H? Tg(T,\) + 11H? + 4H? -log Noo (€*; h + 1, By) + 8H? - log(TH).  (H.26)
Thus, combining (H.17), (H.20), (H.21), (H.23), and (H.26), we obtain that
[6(2)7 (@, - 6,
<H - {[4 Tg(T.\) +4-log Noo(e*sh + 1, Br) + 8 - log(TH) + 11]"/2 + VARg} - b},(2)
< H-[8-Tx(T,\) +8-1log Noo(e*; h + 1, Br) + 16 - log(TH) + 22 + 2R3\ /% - b}, (2)
< By b (2) = B -1 (2) (H.27)
holds uniformly for all (¢, k) € [T] x [H] with probability at least 1 — (27> H?)~!, where the second

inequality follows from the elementary inequality \/a + v/b < \/2(a2 + b2), and the last inequality
follows from the assumption on By given in (4.5).

Finally, by (H.27) and the definition of the temporal-difference error 4}, in (E.1), we have
—t ~ ot
—0h(2) = Qh(2) = 6(2) "0y, < &(2) " (0}, = 0,) + B bj,(2) < 28 by, (2). (H.28)
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In addition, since Q’;LH(Z) < H — hforall z € Z, we have (T;QZH) < H — h+ 1. Hence, we
have
t _ Tt . Tot ¢ _ +
0y,(2) = o(2) ' 0, mm{qb(z) 0y, + 5-b,(2),H—h+ 1}
< max{¢(2) 70, — ¢(2) O, — B-}(2),6(2) ), — (H—h+1)} <0.  (H29)
Therefore, combining (H.28) and (H.29), we conclude the proof of Lemma E.2. O]

H.3 Proof of Lemma E.3

Proof. Following [12], we prove this lemma by showing that {C/',, ¢7, } (¢,n)e[1)x (1] can be written
as a bounded martingale difference sequence with respect to a filtration. In particular, we construct
the filtration explicitly as follows. For any (¢, h) € [T] x [H], we define o-algebras F; j, 1 and Fy j, 2
as follows:

Feng = o ({(@],a])}riep—1xm UL ) Yiem)

Fenz = o({(x],a])}riyep—1xm Y (2, af) biem) U {zhi1}),
where o(+) denotes the o-algebra generated by a finite set. Moreover, for any ¢ € [T], h € [H] and
m € [2], we define the timestep index 7(t, h, m) as

T(t,h,m)=(t—1)-2H+ (h—1)-2+m, (H.31)
which offers an partial ordering over the triplets (¢, h,m) € [T] x [H] x [2]. Moreover, by the
definitions in (H.30), for any (¢, h,m) and (¢, h’, m') satisfying 7(k, h,m) < 7(k’, h’, m’), it holds
that 7y m € Frr n/,m. Thus, the sequence of o-algebras {F nm }(t,h,m)e[r)x[H]x[2) forms a
filtration.

(H.30)

Furthermore, for any (¢, h) € [T] x [H], since both Q! and V! are obtained based on the trajectories
of the first (¢ — 1) episodes, they are both measurable with respect to F; 1 1, which is a subset of
Finm forall h € [H] and m € [2]. Thus, by (H.30), ¢/, defined in (E.2) and (7, defined in (E.3)
are measurable with respect to F; 5, 1 and F; j, 2, respectively. In addition, note that az ~ 71';( | IZ)
and that z,_ , ~ Py, (- | 2}, a},). Thus, we have

B¢t n | Feno12] =0, B[] Fina] =0, (H.32)
where we identify F; o with F;_1 g o for all £ > 2 and let F7 oo be the empty set. Combining
(H.31) and (H.32), we can define a martingale { M 5 m } (¢,h,m)e|T] x[F]x[2] indexed by 7(t, k, m),
defined in (H.31), as follows. For any (¢, h, m) € [T] x [H] x [2], we define

Mt,h,m = Z C : 5 » 9, ) < T(tv hvm)}; (H33)
(5,9,0)
that is, My j, p, is the sum of all terms of the form (e defined in (E.2) or (E.3) such that its timestep
index 7(s, g, £) is no greater than 7(¢, h, m). By deﬁmtlon we have

My 2 = Z Z(ct{h +¢2n)- (H.34)

t=1 h=1
Moreover, since Vi, QY. Vh"t, and Qf all takes values in [0, H], we have |§t17h| < 2H and |Ct2 nl <
2H forall (¢, h) € [T] x [H]. This means that the martingale M, j, ,,, defined in (H.33) has uniformly
bounded differences. Thus, applying the Azuma-Hoeffding inequality [7] to Mt g o in (H.34), we

obtain that
T H
P( DN G+ )

—¢2
< -
> < 26XP<16TH3) (H.35)
t=1 h=1

holds for all ¢ > 0. Finally, we set the right-hand side of (H.35) to ¢ for some ¢ € (0,1), which
yields t = /16T H3 - log(2/(). Thus, we obtain that

T H
Z Z(Ctl,h + Ctz,h)
t=1 h=1
with probability at least 1 — ¢, which concludes the proof. O

< V16T H3 -1og(2/¢),
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H.4 Proof of Lemma E.4

Proof. The proof of this lemma utilizes the connection between overparameterized neural networks
and NTKs. Recall that we denote z = (z,a) and Z = S x A. Also recall that (b(9, W () is the
initial value of the network parameters obtained by the symmetric initialization scheme introduced
in §B.2. Thus, f(-; W () is a zero function. For any (t,h) € [T] x [H], since W,ﬁ is the global
minimizer of loss function L’;L defined in (C.1), we have

t—1

Ly (WE) = [ralah, af) + Vit (@) — flah,afs WE)* + A+ [WE - w2
T=1
t—1 9
<L (W) =3 "[ra(at.af) + Vi (@h )] < (H—h+1)?- (t—1) < TH?,
T=1

(H.36)

where the second-to-last inequality follows from the facts that V! 1 is bounded by H — h and that
ry, € [0,1]. Thus, (H.36) implies that

W) —wWO|2 <TH?/A,  V(t,h) € [T] x [H]. (H.37)
That is, each T} belongs to the Euclidean ball B = {W € R2™: |[W — WO |, < H\/T/A}.
Here the regularization parameter ) is does not depend on m and will be determined later. Notice

that the radius of B does not depend on m. When m is sufficiently large, it can be shown that
f( W) is close to 1ts linearization, f( W) = (p(; WO W — WO), forall W € B, where

Furthermore, recall that the temporal-difference error ¢}, is defined as
8, =Th +thff+1 Q= *QZ-H Qj,-

Under Assumption D.1, we have T} Q},,, € Q* forall (t,h) € [T] x [H], where Q* is defined in
(D.1). Thatis, for all (¢, h) € [T] x [H], there exists a function o, : R — R? such that

(T} Qj1)(2) :/ act/(w' 2) - 2" ab (w) dpo(w), Y(t,h) € [T] x [H],Vz € Z. (H.38)

Rd

Moreover, it holds that ||af, [|2.cc = sup,, |lad, (w)||2 < RoH/Vd.
Now we are ready to bound the temporal-difference error §; defined in (E.1). Our proof is decomposed

into three steps.

Step L. In the first step, we show that, with high probability, T} Q" 1 can be well-approximated by
the class of linear functions of ¢(-; W (?)) with respect to the £, -norm.

Specifically, by Proposition C.1 in [30], with probability at least 1 — m~2 over the randomness of
initialization, for any (¢,h) € [T] x [H ] there exists a function QY : Z — R that can be written as

Qh(2) = Z act/( ,2)) -2 oy, (H.39)

where ||a;||2 < Rg/vdm forall j € [m] and {Wj }je[gm] are the random weights generated in
the symmetric initialization scheme. Moreover, @’;L satisfies that

Q5 — Tr Q11 lloo < 10CactRQH - \/log(mTH)/m. (H.40)
Also, for any j € [2m)], let W-(O) and b(-o) be the j-th component of 5(®) and W (), respectively.
Now we show that Q" in (H.39) can be written as ¢(; WONT (Wi — W) for some W} € R2m4,

To this end, we deﬁne Wh = (Wl,. ng) € R?m4 as follows. For any j € [m], we let
W W(O) +b -aj/v/2,and forany j € {m+1,...,2m}, welet W; = Wj(o) +b§0) @ m V2.
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Then, by the symmetric initialization scheme, we have

QL(z) = \/% i V2. (b§0))2 : act’((Wj(O), 2)) 2 oy

FZl/\f bo))2 -act’((WJ-(O)7z)) 2y

+ ﬁ ; 1/V2- (l)§-()))2 : act'((W-(O), 2)) 2

J

2m
= \/% Zb;o) : act’((Wj(O), 2)) 2" (Wj - Wj(o)) = o(z; WOHT (W W(O))
m 4

(H.41)
Moreover, since |a;||2 < RgH /v dm, we have Hw;i ~ WO, < RoH/Vd.
Therefore, for all (¢, h) € [T] x [H], we have constructed @Z to be linear in ¢(-; W(®)). Moreover,

with probability at least 1 — m ™2 over the randomness of initialization, @2 is close to T} Q}, . in
the sense that (H.40) holds uniformly for all (¢, h) € [T] x [H]. Thus, we conclude the first step.

Step IL In the second step, we show that @}, used in Algorithm 4 can be well approximated by
functions based on the feature mapping ¢(-; W ().

Recall that the bonus in be utilizes matrix AZ defined in (C.3), which involves the neural tangent

features {¢(; Wg )}re[r)- Similar to A}, we define Xz as

t—1

—t

Ay =X Doma+ > p(af,af; W) p(af, af; W) T, (HA42)
T=1

which adopts the same feature mapping o(-; W (). To simplify the notation, hereafter, we use ¢(-)
to denote o(-; W(?)) when its meaning is clear from the text. Moreover, for any (¢, h) € [T] x [H],
we define the response vector y, € R~! by letting its entries be

hlr = rn(zf, af) + Vi (ah),  Vret—1]. (H.43)
We define the feature matrix @ € R(t—1)x2md py
Pt = [go(w,ll,a}l)—r,...,@(xz 1 az 1)T]T. (H.44)

Hence, by (H.42) and (H.44), we have Kz = A+ Iopg + (@) T ®¢ . Similar to the bonus function b},
defined in (C.4), we define

—t —t 1/2
b = [, a)T (Bn) (e, )] 2 = (e, @)l g -1 (H.45)
Similar to Lﬁl defined in (C.1), we define another least-squares loss function fz : R2md 5 R ag
t—1
—t T T T T T
L,(W) = Z[Th(mhaah) + fo+1($h+1) - <<p(xhaah)aW - W(O)>] + AW - W ||2
T=1
(H.46)

and let WZ be its global minimizer. By direct computation, W; can be written in closed form as

W, = WO + (&) (@) v} (HA7)
where Xz, @, and y! are defined respectively in (H.42), (H.44), and (H.43). Similar to (H.36),
utilizing the fact that fz (Wi) < ZZ(W(O)), we also have ||WZ ~ WO |y < H\/T/\. Then, in a
manner similar to the construction of Qﬁl in Algorithm 4, we combine BZ in (H.45) and W; in (H.47)
to define Q) : Z — Ras

@Z(z,a) = min{y(z, a)T(Wﬁl -wOy 4. BZ(I, a), H—h+ 1}+. (H.48)
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Note that Qz share the same form as () in (D.2). Thus, we have @Z € Quev(h, H\/T/ )\, B) for any
B > B. Moreover, we define V) () = maxae.4 Qp (-, a).

In the following, we aim to show that @Z is close to Q% when m is sufficiently large. When this is

>t . —t . . . .
true, V', is also close to V). To bound Q}, — Q,,, since the truncation operator is non-expansive, by
the triangle inequality we have

—t _ —t -t
QL = Qnlloo < [[FCWi) = 0() T (W), = W]+ 8- 116}, = byl (H:49)
@) (1)
Recall that we define B = {W € R*™<: |W — W ||, < H./T/\}. To bound the two terms

on the right-hand side of (H.49), we utilize the following lemma that quantifies the perturbation of
f(; W) and o(-; W) within W € B.

Lemma H.2. When TH? = O(m - log™® m), with probability at least 1 — m =2 with respect to the
randomness of initialization, for any W € B and any z € Z, we have

|F(z, W) = o(z, WONT(W — W) <C- 7?3 H3 ;=5 \/logm
|o(2, W) = (2, WO, < C - (TH?/m)"/¢ - \/logm,  |lo(z,W)|]2 < C.

Proof. See [3, 30, 13] for a detailed proof. More specifically, this lemma is obtained from Lemmas
F.1 and E.2 in [13], which are further based on results in [3, 30]. O

By Lemma H.2 and triangle inequality, Term (i) on the right-hand side of (H.49) is bounded by
. = = = =t
Term (i) < || (5 W3) = ()" (W = WO+ ()" (Wi = W),
<C-T*% HY Yo \flogm + T - |[Wi -~ Wy, (H.50)

To bound HWfL — W ||,,» notice that W and ), are the global minimizers of L, in (C.1) and L, in
(H.46), respectively. Thus, by the first-order optimality condition, we have

t—1
A (WE—wO) = Z{[ymr — F WY ozl W), (H.51)
A (W Z{ Wil — (o WO, Wy = WY oo W), (H52)

where [y} ] is defined in (H.43) and 2] = (z7},a}). In addition, by the definition of K; in (H.42),
(H.52) can be equivalently written as

t—1
Ky (W = W) =3Ikl - o(zh: ). (H53)
T=1
Similarly, for (H.51), by direct computation we have
t—1
7t — r —
K (Wi = WO) =3 il - (2 W) (H.54)
T=1
+ Z (s W), Wi = WO) - o W) = F(F W) - o] W]

Forany 7 € [t — 1], we have
{p(f; WO WL = WO ol WO — f (2 W) - (2 W)
= (p(z]; WO, W] = WO [o(ef; W) — (27 W))]
+ (o WO, WE = WO — FGTWH] - (25 W). (H.55)
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Thus, applying Lemma H.2 to (H.55), we have
e W), Wh = W) (27 W) — (2 W) - o7 W),
< [l W], - ([ = WO, - ooz W) = o7 W)
+ [{p(ps WY, W= WO — Fn W] - lelen: Wi,
<90 T3 . qHY3 . m~V6 .\ flogm - \~1/2, (H.56)

where we utilize the fact that ||W,f —w© lo < Hy/T/X< H/T. Then, combining (H.53), (H.54),
and (H.56), we have

25, (Wi =)

t—1

e oz W) — oz WO +2C° - T53 . HY3 .16 .\ flogm
Z[yh} [SD( Ry YW o(2hs ) g
T=1

2

<

<C-T/S.HY3 . ;=Y6 .\ flogm + 2C° - T5/3 . H¥3 .=V . Slogm,  (H.57)
where in the last inequality we utilize the fact that [y} ], € [0, H]. When T is sufficiently large, the
second term in (H.57) dommates Since the elgenvalues of (AZ) are all bounded by 1/, we have
2 Tl < T, - I (75— W) < 10 B (W - W), aass)

In the sequel, we set \ as

A=C"-(14+1/T) e [C°,2C7]. (H.59)
Thus, combining (H.50), (H.57), (H.58), and (H.59), we have
Term (i) < 4-T%3 . HY3 ;=6 .\ /logm (H.60)

where we use the fact that O /A <1

Furthermore, to bound Term (ii), by the definitions of bz and BZ, for any 2z € Z, we have
—t — — —t
B.2) — B = |l WO T (A2 T8 — /o e WO T (R} )Lz W)

< /ol T ()0l ) — ol WO T(Ry) (W), (H6)
where the inequality follows from the elementary inequality |\/z — \/y| < /|z — y|. By the triangle
inequality
— B — e
|o(z W) T(AL) oz W) — o(5 W) T(R,) ez W)

< |[lz WE) = oz WO (A oz W] + [0z WO T[(AL) ! = (K,) " oolz; W)

7t _ —
+ |z WO T () ™ (= W) — @z WO, (H.62)
Combining Holder’s inequality and Lemma H.2, we bound the first term on the right-hand side of
(H.62) by

(= ) — oz WO)] T (L) oz WD) (H.63)
< oz WE) — oz W), || (A%)

where [|(A})~!|op is the matrix operator norm of (A} )=, which is bounded by 1/\. Similarly, for
the third term, we also have

—t . _ = —2 _ _
o(z WO T(R,) " oz W) — (s W] | <C° - TV0 - HYS =0 A1 \/log m.
(H.64)

'l
op

For the second term, since both A} and KZ are invertible, we have
ot et
a0~ = @), = A~ AL =B () 7,
—t\_ <t _ <t
<A lop - 1AL lop - 1A% = Anllop < A% - [IA] = Aplo-
(H.65)
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By direct computation, we have

—t
||A;z - Ah”fro

t—1 L .

= |20 [ R Wi el W )T = oo W ol WO)T]
=1 fro

t—1 e .
<D MG W G W T = eh WO WO T,
T=1

<ZH [ (a7 W) = s W) ol Wi )T

+ (2 WO (7 W) = (e W)
Hence, by Lemma H.2 we can bound ||A} — K; |lfro bY
AL — A} [l < 2(t—1)-C-TYS . HY3 .= Y/6 .\ /logm

<20 - T7/6. {HY3 . ;=16 .\ /logm. (H.66)

Hence, combining (H.65) and (H.66), the second term on the right-hand side of (H.62) can be
bounded by

||fro'

oz WO T [(AL) ! = (Ay) Y lz; W)
< oW, ol Wil - A = @7,
<9C" . TS . HY3 . =16 . \=2 .\ flogm. (H.67)

Notice that A\ defined in (H.59) satisfies that A > 62. Thus, combining (H.61)-(H.64), and (H.67),
we have

b, (2) = By (2)| < 2- T2 HYS .= Y/12 (logm) /%, V(t,h) € [T] x [H], (H.68)
which establishes the second inequality in (E.11). Finally, combining (H.49), (H.60), and (H.68), we
conclude that

”Qz - @Z”oo <4. T5/3 . H4/3 . m71/6 . \/@+ 26 . T7/12 . H1/6 . m71/12 . (logm)1/4.
Note that 3 > 1. When m = Q(B'2 - T3 . H'* . (logm)?), the second term in the above inequality
is the dominating term. Thus, we have

—t —t _
sug|V,f(x) —Va(@)| <1Qk = Qullee <48-T7/12 - HYS .m=1/12 . (logm)/4. (H.69)
S

This concludes the second step.

Step II1. In the last step, we establish optimism by comparing @()T(Wﬁl — W) and the function
Q! defined in (H.39), where o (-) denotes o (-; W (). By the definition of ), in (I1.42), we have
Wi WO = (K7 v (W W) + ()T} (7] - W)

where ,V[V/,tl is given in (H.41). Hence, combining (H.47), we have

W), = Wi = =X~ ()~ (W) = W) + ()71 (@4) T [y}, — @ (W} - W )] #HT0)
Thus, for any z € Z, by (H.70) we have

o) (W), = W;)
= X (2) (&)™ (W = W) ()T (&)~ (@) [wh — @h (Wi = )]
(iii) (iv)

(H.71)
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For Term (iii) on the right-hand side of (H.71), by the Cauchy-Schwarz inequality, we have
-t | _ = = —t .\ _
A e(@) TR~ (Wi = W) \ < - [[Wh = WO, B e

<X\-RoH/Vd- \/<p “1(R,)1o(2) < RoH - /Ad - by, (2). (H.72)
For Term (iv) in (H.71), recall that QZ( ) = ¢(2)7 (W,ﬁ — W©), To simplify the notation, let
q* € R*~! denote the vector whose 7-th entry is (T} Q% ;) (2}, a}) for any 7 € [t — 1]. Then, by

(H.40), for any T € [t — 1], the 7-th entry of QZ(Wﬁ — W) satisfies
|12, (Wi = WO)]e — [q"]:| = [ [®h (W) = W )]~ (T}Q}11)(aF,. af)|
< 10C,e - RgH - v/log(mTH)/m.
Moreover, for any 7 € [t — 1], the 7-th entry of (y}, — ¢*) can be written as
hlr =[] = ra(@h af) + Vit (7.40) — (a7, a7) 8,
= ru(af, af,) + Vi (2 41) — (Th@Qh11) (27, af)

= Vlzt+1(37;+1) - (thff-i-l)(m;—v ap). (H.73)
Then, by the triangle inequality and (H.73), we have

[o(=) T (B)) (@ )T[t—@(ﬁf—wwn]y
< le(2)"®W) (@ )T[ 0] Hle(2) T (@) @) T ¢ - @) (W - wO)]|

<l (Aty-1- 90 T, ay) Vh+1($;;+1> - (thffﬂ)(x;’a;)]

(A&
+ 10C 4 - RQH~ Vieg(mTH)/m - ||g0(z)||(X2),1. (H.74)
Recall that we have shown in Step II that, with probability at least 1 — m? with respect to the

randomness of initialization, (H.69) holds for all (¢, k) € [T] x [H]. To simplify the notation, we
denote

Err =43 -T7/2. gY6 . ;=112 . (logm)*/* (H.75)
Moreover, we define functions AV; = V)| — VZH and AV, =Py (V) — VZH). Then (H.69)
implies that sup,cg |AVi(z)| < Err and sup, ¢z [AV>(z)| < Err. By the elementary inequality

(a+0)?< 2a2 + 202, we have
2

Sﬁxh,ah Vh+1(xh+1) (thif—i-l)(z;va;)] o
(Ap)~

t—1 2
T T AVl T R T T
<2 Z@(Ihaah) Vi (@fi1) = (PaV i) (2, af)] o
T=1 (Ap)~
(v)
t—1 2
+2||3" p(af af) - [AVi(aTp) - AVa(eFaD)] |
=1 (Ap)~?t
< 2-Term (v) + 8- Err? - T2, (H.76)
where the last inequality follows from the fact that
2 t—1 2
Tl [AVi(an,) - AVe(ef,ap)]||  <4Ere |3 e(eqap)|
(&) =1 (&)1
t—1 )
<4-EBrr’ - (t—1)- A7) lp(af,af)ll3 <4-Err? - (t—1)2-C - AT <4-Err? T2
T=1

Here the second-to-last inequality follows from Lemma H.2 and the definition of \.
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Recall that we define 52 (z) = |lp(2) H(Xﬁ,)fl' Combining (H.73), (H.74), and (H.77), we have
7t _ —
|o(2) T (A) M (@R) " wh — @4 (Wi = WO)]|
< BZ(z) - [10Cact - RoH - Viog(mTH)/m + /2 - Term (v) 4+ 2v/2 - Err - T

<by(2) - [RoH + /2~ Term (v)], (H.77)
where we apply the elementary inequality v/a + b < /a + v/b. Here in the last inequality we let m
be sufficiently large such that

10C4et - RoH - \/log(mTH)/m +2V2 -Err - T < RoH.

In the following, we aim to bound Term (v) in (H.77) by combining the concentration of the self-
normalized stochastic process and uniform concentration. To characterize the function class that
contains each VZ, we define $: Z — R by @(2) = ¢(z)/C. Then, conditioning on the event where
the statements in Lemma H.2 are true, we have ||¢(2)||2 < 1 for all z € Z. Furthermore, we define a
kernel function K: Z x Z — R by letting K (z,2') = 3(2)T 3(2) forall z, 2’ € Z. Thatis, K is
the normalized version of the empirical NTK K,,. By construction, K is a bounded kernel such that
sup,cz K(z,%) < 1. We can also consider the maximal information gain in (4.2) for K and K,,.
These two quantities are linked via

T(T,0) =T, (T,C°0), Vo>0. (H.78)

Furthermore, we define X = A\/C" and Al = X, //C” for all (t, h) € [T] x [H]. By the definition
of X in (H.59), we have A = 1+ 1/T € [1, 2]. Moreover, by (H.42) we have
t—1
A);L =A- IZ’md + Z @(l“}ru a;)@(zga a;)T'
=1

Since A > 1, /N\fl is an invertible matrix and the eigenvalues of (K%)*l are all bounded above by one.

Using ¢ and /N\fl, we rewrite each @2 as follows. For W; defined in (H.47), we have

o(x,a)’ (WZ —WOY=C . 3(z,a)" (W; - W(O)), (H.79)
where C - |[W) — WO |, < C- H\/T/X < HV/T since A > (C)2. Meanwhile, we also have
—t -~ ~ay—1 1/2
b (2) = (@l 5y = [B(2)T (Bg) ' 3(=)] 2. (H.80)

Thus, combining (H.79) and (H.80), @2 defined in (H.48) can be written equivalently as
—t . —t ~ +
Qh(z) = mln{@(z)—rﬁh + ﬂ ! ||§0(Z)||('/§2)—17H —h+ 1} )

where 52 =C- (W; — W), which satisfies ||5Z||2 < HVT.

Let D be a finite subset of Z with no more than 7" elements. For any fixed D, we define
KD _ 3\' < ogm + Z (Z(Z)(,B(Z)T c RQ’deQnLd. (H.81)
z€D
For any h € [H], R, B > 0, we let @ucb(h, R, B) consists of functions that take the form of
[ ~ +
Q() = mln{@(')—rﬁ + ﬁ : HQO(')H(KD)*l;H —h+ 1} )
for some ¥ € R2™? with ||d||; < R and some D C Z. Then Qe (h, R, B) corresponds to the
function class in (4.4) with the kernel being K. Moreover, we define V. (h, R, B) as
Vaen(h, R, B) = {V: V() =maxQ(-,a) forsome Q € Ouen (h, R, B)}.
a

By definition, for all & € [H] and any R, B > 0, we have that Quep,(h, R, B) = Que,(h, CR, B).
Meanwhile, since (C)? < X < 2(C)2, for all R > 0, we have

Queb (B, R, B) C Quep (hy RVA, B) C Quen(h, V2R, B). (H.82)

Recall that we define Ry = H+/2T/X and let Ny (¢; h, B) denote the e-covering number of
Qucb(h, Ry, B) with respect to the {,,-norm on Z. Moreover, hereafter, we denote ¢* = H/T
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and set B = By which satisfy (D.3). Since we set 5 = By in Algorithm 4, it holds for all
(t,h) € [T] x [H] that

@Z € QUCb(th\/Tv B) g Qucb(haRTaB), VZ S 9qu(h,H\/T,B).

Now, to bound Term (v) in (H.77), similar to the analysis the proof of Lemma E.2, we apply the con-
centration of self-normalized stochastic process and uniform concentration over Vucb (h,H \F T, Br).
Specifically, 51mllar to (H.25) and (H.26), with probability at least 1 — (272 H?)~!, we have

2

Term (v

Z‘P Th, ap) rh+1 Thy1) PthJrl)(xhaah)] _,
(Ap)—t
2

(thaah rh+1 $h+1 PthJrl)(xhaah)] ~
(A1

< 4H2 Tz (T,\) + 11H? + 4H? -log Noo(€*, h + 1, Br) + 8H? - log(T H).
(H.83)
Thus, combining (H.71), (H.72), (H.77), and (H.83), we obtain that

|<P Wh me
. -t
< |Term (iii)| + |Term (iv)| < [RoH + /2 Term (v) + RoH - \/A/d] - by, (2)
< H-{[8Tk, (T,\) + 22+ 8-log Nao(¢*, h + 1, By) + 16 - log(TH)]"/* + R - (1+ \/Ad)} - By (2)
Using the elementary inequality a + b < 1/2(a? + b?), we have
|<P Wh Wﬁ)’
< H-[16Tk,, (T, \) + 16 - log No (", h + 1, By) + 32 - log(TH) + 2R% - (1 + /Ad)?] /% - B (
H - [16Tk,, (T, \) + 16 - log Nao(¢*, h + 1, Br) + 32 - log(TH) + 4R - (1 + A/d)] '/ -Bh(z).
By the choice of Br in (D.3), we have that
— —t ~ —t
()T (W, — Wh)| = |o(2)T (W), = W) = Qf(2)| < BBy (2)
holds simultaneously for all (¢, ) € [T] x [H] and z € Z with probability at least 1 — (272 H?)~1
Thus, combining this with (H.39) and (H.40), we have
—t
lo(2)T (W), — W °>) 1 Qhi1(2)| < B by (2) + 10Cac - RoH - \/log(mTH)/m. (H.84)
By the definition of Q 5, in (H.48), we have
J— % 7t
Qn(2) = ThQhi (2) < @(2) T (W), = W) = T3Qh41(2) + 5By (2)
<28- bh(z) + 10C,ct - R - v/log(mTH)/m. (H.85)

Moreover, since T}*LQZH < H — h+1, by (H.84) we have
h Qi1 (2) = Qh(2) = ThQh4 (2) — min{oo(w, )T (W), = W) + 85y (@, ), H — h+1}"
= max{T}Q41(2) — (=) (W), = W) = 85, (2),0}"
< 10C4et - Ro - \/log(mTH) /m. (H.86)
Let ¢ denote T7/2 . H'/12 . ;=112 . (log m)'/%. When m is sufficiently large, it holds that

1Oc’act : RQ . log(mTH)/m <1< B < L.

Meanwhile, combining the definition of the TD error (5}1 in (E.1) and (H.69), we have
N —t —t
|64,(2) = T3 Q111 (2) — Q(2)]] = |QL(2) — Qi (2)]
< 4B -T2 HYZ2 V12 (log m) /4, (H.87)
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Finally, combining (H.85), (H.86), and (H.87), we establish that, with probability at least 1 —
(2T2H2)_1,

—t
< THQh41(2) = Qp(2)] +48 -1 <581

. —t —t
> [T5,Q541(2) = Qu(2)] =48 -1 > =28 -by,(2) =58 -1
x [H] simultaneously. Finally, combining this with (H.68), we have

54 (2)

54(2)

hold for all (¢, h) € [T]
~28 b}~ 98- 1< 28, — 581 < 0h(2) <56+,

which, together with (H.68), concludes the proof of Lemma E.4. ]

I Covering Number and Effective Dimension

In this section, we present results on the covering number of the class of value functions that we
study and the effective dimension of the corresponding RKHS. Both of these results play a key role
in establishing our regret bounds.

I.1 Covering Number of the Classes of Value Functions

For any R, B > 0, any h € [H], and fixed D, we define Q¢ (h, R, B) as the function class that
contains functions on Z that take the following form:

Q(z) = min{0(z) + - A"V2[K(2,2) — ke(2) T (K, + M) " 'ke(2)] V2 H =R+ 1}, 1)
where 0 € H satisfies [|0ly < R, 8 € [0,B], h € [H], and D = {27 = (27,a"), }r¢[y is a finite
subset of Z with ¢ elements, where ¢ < T'. Here T is the total number of the episodes. Moreover,
K; € R™*t and k;: Z — R? are defined similarly as in (3.7) based on state-action pairs in D, that is,

Ky = [K(27, 2 Ve €RE (2) = [K(2Y,2),... K(24,2)] | € R,
By definition, @ in (I.1) is determined by )y € H and a bonus term constructed using D. Thus,
the function @ constructed in Algorithm 2 belongs to Qe (h, R, B) when 8 < B and ||af, ||y <
R. In the following, for any € € (0,1), we let C(Quch(h, R, B), €) be the minimal e-cover of
Qucb(h, R, B) with respect to the {,,-norm on Z. That is, for any Q € Que(h, R, B), there
exists Q' € C(Quch(h, R, B), €) satisfying ||Q — Q|| < €. Moreover, among all function classes
that possess such a property, C(Quen (1, R, B), €) has the smallest cardinality. Thus, by definition,
|C(Quch(h, R, B), €)| is the e-covering number of Q1 (h, R, B) with respect to the £,,-norm on Z.

In addition, based on Q.. (h, R, B), we define the function class Ve, (h, R, B) as

1/2

Vueb(h, R, B) = {V: V(-) = max Q(-,a) forsome Q € Que(h, R, B)}. (1.2)
For any two value functions V7, V5: § — R, we denote their supremum norm distance as
dist(Vy, Vo) = sug|V1(:v) - Vg(x)| 1.3)
S

For any € € (0,1), we let C(Vyen(h, R, B), €) denote the minimal e-cover of Vyep, (h, R, B) with
respect to dist(-, -) defined in (L.3).

The main result of this section is a set of upper bounds on the size of C(Vych(h, R, B), €) under the
two eigenvalue decay conditions specified in Assumption 4.3.

Lemma L.1. Let Assumption 4.3 hold and A be bounded in [c1, ¢2], where both ¢; and ¢5 are absolute
constants. Then, for any h € [H], any R, B > 0, and any € € (0, 1/e), there exists a positive constant
C'y such that

10g|C(Vueb (h, R, B), €)| < 10g|C(Quen (. R, B), )| 14)
Cn-v-[1+1log(R/e)] + Cn -7* - [1 +log(B/e)] case (i),

< 141/~ . @.5)
Cn - [1+1og(R/e)] +COn - [1 +1log(B/e)|1+2/ case (ii),

where cases (i) and (ii) above correspond to the two eigenvalue decay conditions specified in
Assumption 4.3, respectively. Moreover, here C'y in (I.4) is independent of 7', H, R, and B, and
only depends on Cy, C1, Cs, c1, ¢2, 7y, and 7.
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Proof. For any fixed subset D = {27} ¢y of Z with size ¢ € [T], we define p: H — R and
Ap: H — H respectively as

Op = [qs(zl)w(z?f (O]

Ap = Z¢> TN Iy =\ I+ (®p) Op, (1.6)

where ¢: Z — H is the feature mapping of H and Zy, is the identity mapping on . Then, we can
equivalently write Q1 € Quen(h, R, B) as

Q1(2) = 6(2) 01+ B+ \/6(2) TAL 6(2), (L7)
where 6; € H has an RKHS norm bounded by R, 8; € [0, B], and D; is a finite subset of Z with size

t1 <T.LetVi(:) = max,eca Q1(+,a). Combining (I.2) and (I.7), we can write Vi € Vyep(h, R, B)
as

Vi() = minfmax{o( )70 + -\ /o(.a) AploC )} H—h 1} a8
Similar to V; in (I1.8), consider any V5: S — R that can be written as
Va(s) = min{mgx{fl a)+ Ba - fa(-, } H—h+ 1} , 1.9)

where Q2 = f1 + B2 - fo for some f1, fo: Z — Rand 35 € [0, B]. Since both min{-, H —h + 1}
and max, are contractive mappings, by (1.8) and (1.9) we have

dist(Vi,V2) < sup_|[o(x,0) 01 + 1 - /o(w,0) A5l 0(w,a)]

(z,0)EZ

= [f@.0)+ B2 Lol 0)]| = 1@1 = Q2

which implies that
10g|C(Vueb(h, R, B), €)| < log|C(Queb(h, R, B),€)|.
Moreover, by the triangle inequality, we have
1Q1 = Qalloe < sup [@(x,a) 01 — fa(w,a)| + |B1 — B2| - sup [|p(z,a ||A—

(z,a)€Z (z,0)€Z

+ B- sup |||¢(x,a)HA_1 —f2(33,a)|, (1.10)
(z,0)€Z P

where we denote ||¢(x, a) Hf\;i = ¢(x, a)TA{)}(b(x, a). Notice that by the reproducing property we
have ¢(7,a) "0 = (0, ¢(x,a))y = 0(x,a) forall @ € H and (z,a) € Z. Also note that
¢ )35 < 1/A-I6(e,0)]2 S 1/A- K(22) S1/A
Thus, by (I.10) we have
Q1 — Q2lloc < sup |61(z,a) — fi(z,a)| + [B1 — Ba|/A

z,a)EZ
+ B - sup |||¢:c a HA f2(l’,(l)|. (L.11)
(z,a)eZ D1
Thus, by (I.11), to get the covering number of Q.. (h, R, B) with respect to dist(-, ), it suffices to
bound the covering numbers of the RKHS norm ball {f € H: || f|lx < R}, the interval [0, B], and
the set of functions that are of the form of ||¢(-)]] AGh respectively.

Notice that, by the definition in (1.6), Ap: H — H is a self-adjoint operator on H with eigenvalues
bounded in [0, 1/A]. To simplify the notation, we define the function class F () as

1/2
A) = {ll6C)llx = [#()TTe()] "+ [ Tllop < 1/A}, (L.12)
where Y: H — H in (1.12) is a self-adjoint operator on 7 whose eigenvalues are all bounded by 1/
in magnitude. Here, the operator norm of T is defined as

ITllop = sup{fTCF: f € H, | fll2e =1} =sup {{(f,L)n: f € H,|fll2e =1}
Thus, by definition, for any finite subset D of Z, ||&(-) HA; belongs to F(\), where Ap is defined
in (1.6). For any € € (0,1), we let N (¢, F, A) denote the e-covering number of F () in (1.12)
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with respect to the {o-norm. Moreover, let Ny (¢, H, R) denote the e-covering number of {f €
H: || fll% < R} with respect to the £,-norm and let N (¢, B) denote the e-covering number of the
interval [0, B] with respect the Euclidean distance. Then, by (I.11) we obtain that

|C(Queb(h, R, B),€)| < Noo(€/3,H,R)- N(e- \/3,B) - Noo (€¢/(3B), F, \). (I1.13)
As shown in [69, Corollary 4.2.13], it holds that
N(e-A/3,B) <146B/(e-A) <1+ 6B/, (L.14)

where the last inequality follows from the fact that A € [1, 2].

It remains to bound the first and the third terms on the right-hand side of (I.13) separately. We establish
the ¢, -covering of the RKHS norm ball and F'()) in the following two lemmas, respectively.

Lemma 1.2 (/,,-norm covering number of RKHS ball). For any ¢ € (0,1), we let N (¢, H, R)
denote the e-covering number of the RKHS norm ball {f € H: || f||x < R} with respect to the
{s-norm. Consider the two eigenvalue decay conditions given in Assumption 4.3. Then, under
Assumption 4.3, there exist absolute constants C3 and Cy such that

Cs -7 [log(R/e€) + C4] ~-finite spectrum,

Cs - [log(R/e) + C4] L/ ~-exponential decay,

where C'3 and Cy are independent of 7', H, R, and ¢, and only depend on absolute constants Cy, C1,
Cs, 7, and T specified in Assumption 4.3.

log Noo (6,1, R) < {

Proof. See §J.2 for a detailed proof. O

Lemma L.3. For any € € (0,1/¢), let N (¢, F, \) be the e-covering number of function class F(\)
with respect to the £,-norm, where F(\) is defined in (I.12). Here we assume that A is bounded
in [c1, ca], where both ¢; and cq are absolute constants. Then, under Assumption 4.3, there exist
absolute constants C5 and Cg such that
. 2 . - 1
log Noo (6, F. \) < Cs - % [log(1/e) —i—ng] ~-finite spefztrum,
Cs - [log(1/e) + Cg]*+ / ~-exponential decay
where C5 and Cs only depend on C'y, C1, Ca, 7, T, c1, and co, and do not rely on 7', H, or €.

Proof. See §].3 for a detailed proof. O

Finally, we conclude the proof by combining Lemmas I.2 and 1.3. Specifically, by (I.13) and (I.14),
we have

10g|C(Qqu(h, R, B), e) ’ <log No(€/3,H,R) +log N(e-\/3,B) + log Nu (e/(3B), F, )\)
(I1.15)
<log [146B/(e- \)] 4+ log Noo(e/3,H, R) + log No (¢/(3B), F, A).
We consider the two eigenvalue decay conditions separately. For the y-finite spectrum case, by
Lemmas 1.2 and 1.3 and (I.15) we have

10g|C(Qucb(h, R, B),€)|
<log [1+6B/(e-A\)] +C5-v- [log(38R/e) + Cu] + C5 - v - [log(3B/€) + Cs]
< Cn-v- [1+1og(R/e)] + Cn -¥* - [1 +1og(B/e)],

where C'y is an absolute constant. Similarly, for the case where the eigenvalues satisfy the ~-
exponential decay condition, by Lemmas 1.2 and [.3 we have

10g|C(Quen (h, R, B), €)|
< 1og [1 + 63/(6 . A)] + 03 . [log(SR/e) —+ 04} + C5 . [10g(3B/€) + CG]1+2/’Y

< Cn-[1+log(R/e)]T" 4+ Cn - [1 +log(B/e)] T
for some absolute constant C'y > 0. Therefore, we conclude the proof. O

1+1/y
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1.2 Effective Dimension of RKHS

Definition I.4 (Maximal information gain). For any fixed integer 7" and any o > 0, we define the
maximal information gain associated with the RKHS H as

Ik (T,0%) = sup {1/2-logdet(I + 0 > Kp)}, 1.16)
DCZ

where the supremum is taken over all discrete subsets of Z with cardinality no more than T, and Kp
is the Gram matrix induced by D C Z, which is defined similarly as in (3.7). Here the subscript K
in T'x (T, 0%) denotes the kernel function of .

The maximal information gain naturally arises in Gaussian process regression. Specifically, let
J ~ GP(0, K) be draw from the Gaussian process with covariance kernel K. Let D = {21, ..., z/p|}
be a subset of Z with |D| < T elements. Suppose that we observe noisy observations of f at points
in D. That is, for any z; € D, we have y; = f(z;) + €;, where ¢; ~ N (0, 0?) is a random Gaussian
noise. We let yp denote the vector whose entries are y;. Then, the information gain of yp is defined
as the mutual information between f and the observations yp, denoted by I(f,yp). By direct
computation, we have

I(f,yp) = 1/2 -logdet(I + o2 - Kp).
The mutual information I( f, yp) quantifies the reduction of the uncertainty about f when we observe

yp. Thus, the maximal mutual information T (7, 02) characterizes the maximal possible reduction
of the uncertainty of f when having no more than 7" observations.

Moreover, we note that, when o2 is a constant, I' (T, 02) depends on the eigenvalue decay of the
RKHS and thus can be viewed as an effective dimension of the RKHS. Specifically, as shown in
[62], when the kernel is the d-dimensional linear kernel, I' i (T, 02) = O(dlog T'). Moreover, for
the squared exponential kernel that satisfies the exponential eigenvalue decay condition, the maximal
information gain is O((log T)dH). In the following lemma, similar to Theorem 5 in [62], we
establish upper bounds on the maximal information gain of the RKHS under the eigenvalue decay
conditions specified in Assumption 4.3.

Lemma L5 (Theorem 5 in [62]). Let Z be a compact subset of R? and K: Z x Z — R be the
RKHS kernel of . We assume that K is a bounded kernel in the sense that sup,c = K(z,z) < 1, and
K is continuously differentiable on Z x Z. Moreover, let T be the integral operator induced by K
and the Lebesgue measure on Z, whose definition is given in (B.1). Let {o; };>1 be the eigenvalues
of T in the descending order. We assume that {c; } ;> satisfy either one of the following three
eigenvalue decay conditions:

(i) ~y-finite spectrum: We have o; = 0 for all j > « 4 1, where + is a positive integer.

(ii) y-exponential eigenvalue decay: There exist constants C;,C> > 0 such that o; <
C1exp(—Cy - j7) forall j > 1, where v > 0 is positive constant.

Let o be bounded in interval [¢1, co] with ¢1 and ¢ being absolute constants. Then, for conditions
(i)—(iii) respectively, we have

Tk(T,0%) < {

where C'i¢ is an absolute constant that depends on d, v, C1, Cs, C, ¢1, and ca.

Ck v logT ~-finite spectrum,
Ck - (log T)**+1/7 ~-exponential decay,

We note that Lemma 1.5 is a generalization of Theorem 5 in [62], which establishes the maximal
information gain for the linear, squared exponential, and Matérn kernels, respectively. Specifically,
the squared exponential kernel satisfies the y-exponential eigenvalue decay condition with v = 1/d.
Lemma 1.5 implies that the I' (T, 02) = O((log T)**!), which matches Theorem 5 in [62].

Proof. The proof of this lemma is based on a modification of that of Theorem 5 in [62]. To begin

with, for any j € N, we define Bk (j) = Zs>j 0, 1.€., the sum of eigenvalues with indices larger
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than j. Then, we use the following lemma obtained from [62] to bound Ik (7T, 02) using function
Bg.

Lemma 1.6 (Theorem 8 in [62]). Under the same condition as in Lemma 1.5, for any fixed 7 > 0,
we denote C; = 2u(Z2) - (27 + 1) where u(Z2) is the Lebesgue measure of Z. Let ny denote
C.-T7 -logT. Then, for any T}, € {1,...,nr}, we have

T (T,0%) < T -log(T -n7/o?) + Cr - 072 logT - [T™F! - B(T\) + 1] + O(T'~7/4).

Proof. See [62] for a detailed proof. O

In the following, we choose proper 7 and T, in Lemma 1.6 for the two eigenvalue decay conditions
separately.

Case (i): y-Finite Spectrum. When o; = Oforall j > v+ 1, we set 7 = d and T}, = 7y in Lemma
1.6. Then we have By (T,) = 0 and ny = Cy - T -1log T. When T is sufficiently large, it holds that
T, < nr. Then Lemma 1.6 implies that

Tx(T,0%) < ~-log (Ca- Tt logT/oZ) +Cq-0"2-1ogT+O(1) < Ck -v-logT,
for some absolute constant C'x > 0. Thus, we conclude the proof for the first case.

Case (ii): y-Exponential Decay. When {o;},>; satisfies the y-exponential eigenvalue decay
condition, for any T}, € N, we have

(o)
Bk (T.) = Z o; <Cy- Z exp(—Cs-j7) < Cy / exp(—Cs - u”) du. (I.17)
J>T% 3>T, T,
In a manner similar to the derivation of (J.16), by direct computation we have
> cyt- —Cy - TY ity >1
/ exp(—Cs - uY) du < 2 - exp( ) 2 TV), . 1 v=21 1L18)
A 2-(y-Co) ™t rexp(—=Co - TY) - T, 77, ify € (0,1).

In the following, we set 7 = d. Then we have n = Cy - T% - log T where Cy = 2u(Z) - (2d + 1).
Then we have

log(T - ny) = log(Cy) + log (T - log T) < log(Cy) +2(d + 1) -log T, (L.19)
when 7' is sufficiently large. Moreover, combining Lemma 1.6 and (I.19), when ¢ is sandwiched by
absolute constants ¢ and co, we have

Tk(T,0%) < Cy Ty -logT + Co - logT - [T - B (To) + 1] + Cs, (1.20)
where 51, C~’2, and 53 are absolute constants that depend on d, 7, ¢1, ¢, C1, and C5. Now we choose
T such that

exp(Cy -T)) =T -np = Cq - T log T, 1.21)
that is, T, = 5'4 - (log T)l/ 7 where 5'4 is an absolute constant. Notice that T, < np when T is
sufficiently large.
Thus, combining (I.17), (I.18), and (I.21), for v > 1, we have
log T - [T - B (T) + 1]
<Oy -CytlogT - T4 - exp(—Co - TY) +log T < 2log T, (1.22)
where the last inequality follows from (I.21). Similarly, for v € (0,1), by (I.17), (I.18), and (I.21),
we have
logT - [T%*" - Bg(T\) + 1]
<2C) - (v-Cy) texp(—Cy - TY) -log T - T - T 4 log T < (log T)/ 7~ +log T.
1.23)
Thus, combining (1.20), (1.22), (I.23), we conclude that
I'k(T,0%) < Ck -log(T)'+1/
for any v > 0, where C'k is an absolute constant that depends on d, -, ¢1, ¢2, C1, and Cy. Thus, we
conclude the proof for the second case. Therefore, we conclude the proof of Lemma I.5. O
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J Proofs of Auxiliary Results
In this section, we provide the proofs of the auxiliary results.

J.1 Proof of Lemma H.1
Proof. For any function f € 7, using the feature representation induced by the kernel K, we have
[(f,00)%] = |FT0L] < [FT (AL @ Ty}
t—1
= |fTADT Y dlar,af) - [ralaq, af) + Vi (@744)], a.1)
T=1

where we let ® denote ®! defined in (H.13) for simplicity. Since |rj(z],a})] < 1 and
Vi (2f )] < H — h, we have |[r, (2], af) + Vi{ (2} 1)]] < H forall h € [H] and 7 € [t —1].
Then, by (J.1) and the Cauchy-Schwarz inequality, we have

t—1
(0] < H- Y0177 (A0) ol a7)|
=1

t—1 1/2 t—1 1/2
<H. [Z fWA@)*f} - [qu(mz,a;ﬂmzrlqs(x;,am}
T=1 T=1
t—1 1/2
< HIVA- |- [Z¢<xz,a;>T<Az>-1¢<x;,az>} , 0.2
T=1

where the last inequality follows from the fact that (A})~': H — H is a self-adjoint and positive-
definite operator whose eigenvalues are bounded by 1/\. Furthermore, by Lemma J.3, we have

t—1
| otk ah) (A1) olef )| < Dogdet(1 + K}/, (3
T=1
Thus, combining (J.2), (J.3), and the fact that A > 1, we obtain that

(508 ae] < H 11l -2/ Togdet(T + K4 /A) < H - [ flle /2 - logdet(I + K /A).
Finally, utilizing the definition of ' (T, \) in (I.16), we conclude the proof of this lemma. O

J.2 Proof of Lemma 1.2

Proof. Recall that we have defined the integral operator Tk : L2(Z) — L£?(Z) defined in (B.1),
which has eigenvalues {0} ;>0 and eigenvectors {1; } j>o. Moreover, {¢,;} and {,/7; - ¥ } ;>0 are
orthonormal bases of L2(Z) and H, respectively. Then, any € H with || f||% < R can be written as

f:ZU}j'w/Jj'wj, (J4)
j=1
where {w; } >0 satisfy 37° | w? = || f[|3, < R®. Let m be any positive integer and let IT,,,: H — H

denote the projection onto the subspace spanned by {t); } je[m), i-.. U (f) = 2250, wj - /75 - ¥
for any f € H written as in (J.4). Then we have

1 =T (F)lloo = Y Twjl - /35 - sup [¢h(2)] (1.5)
Fr—) z€EZ

In the following, we consider the two eigenvalue decay conditions specified in Assumption 4.3
separately.

Case (i): v-Finite Spectrum. Consider the case where o; = 0 for all j > ~. Then, by the definition
of IT,,,, we have f = II,(f) forall f € H. Thatis, (J.4) is reduced to

F= wi a5,
j=1

48



where {w; };¢,) satisfies 3 ;_, w? < R?. Let C, (e, R) be the minimal e-cover of the y-dimensional
Euclidean ball {w € R”: ||w||2 < R} with respect to the Euclidean norm. Then, by construction,
there exists @ € R” such that 7, (w; — @;)* < €*. Then, by the Cauchy-Schwarz inequality, we
have

D (wy —@5) - /557 - 5(2)

v
Hf—zzij-.ﬁajwj = sup (1.6)
j=1 ) z€Z j=1
2 1/2 2 1/2
= {Z(w] - 7@)2} . sug { {Z gj- |¢J(z)2} } <e-supy/K(z2) <k,
j=1 ze =1 z
where the last equality follows from the fact that K (z, 2) = ;7:1 ;- [1;(2)|?. Thus, the e-covering

of {f € H: | fllu < R} is bounded by the cardinality of C, (e, R). As shown in [69, Corollary
4.2.13], we have

ICy(e, R)| < (1+2R/e). 4.7
Thus, combining (J.6) and (J.7), we have
log Noo (€, H, R) < v -log(1+2R/e) < C5 - v - [log(R/e) + C4],
where both C'3 and C} are absolute constants. Thus, we conclude the proof for the first case.

Case (ii): v-Exponential Decay. In the following, we assume the eigenvalues {c;};>1 satisfy the
~y-exponential decay condition and ||¢);||oc < Cy - o7 forall j > 1. Thus, by (J.5) we have

o0
1/2—71
If = Ta(Dlle < D Cy-luyl -0y
Jj=m+1
o)
< Z C¢~C'11/27T-\wj|-exp[—Cg-(l/Z—T)j”]. J.8)
Jj=m+1
To simplity the notation, we define Cy , = Cy, - Cll/Z_T and Cy ; = C3 - (1 — 27). Then, applying
the Cauchy-Schwarz inequality to (J.8), we have

00 1/2 o) 1/2
I =Dl <G (X TsP) | S exn(-Car )]

j=m+1 j=m+1
o 1/2
scl,T~R-{ 3 exp(—cz,fﬁ)} , 1.9)
j=m+1

where the second inequality follows from the fact that > i>1 wj2 < R2. Since vy > 0, exp(—u?) is

monotonically decreasing in u. Thus, we have
o0 00

Z exp(—Ca ;- j7) < / exp(—Ca,r - u”) du. J.10)

j=m+1 m
In the following, we bound the integral in (J.10) by considering the cases where v > 1 and v € (0,1)
separately. First, when v > 1, since d > 1, we have wY~1 > 1 for all u > d. Hence, we have
o0 o0
| exp(-Cor ) du< [t exp(~Cor ) du

m m

< / exp(—Cy ;- v)dv = C’{i -exp(—Cq r-m7), J.11)

where the second inequality follows from the change of variable v = u” and the fact that v > 1.
Second, when v < 1, by letting v = u”, we have

/ exp(—Csq ;- u”) du = S / exp(—Car - v) -0/ 71 dv = S / v/ d[— exp(—Cy - )]
m mY Y27 Imy
_ o 1—v (1 — ’7) * 1/y—2
= exp(—Cqr-m”) -m 7 + 20, exp(—Ca,r - v) - v dv, (J.12)
L2 Y20 Sy
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where the last equality follows from integration by parts. Moreover, by direct calculation, we have

1 [ 1 e
7/ exp(~Ca,r - v) -0t 2 du < — */ exp(—Ca - v) - v/ 77" du
Y 0

mY mY mY

1 oo
- — /m exp(—Ca ;- u”) du, J.13)

where the first inequality follows from the fact that v > m” in the integral and the second equality
follows from letting u = v/7. Then, combining (J.12) and (J.13), we have

/ exp(—Ca,r-u”) du

m

1/v—-1 >
< oy, oG ) T @Mrm /m exp(=Cor - w?) du.  (1.14)

Thus, when m is sufficiently large such that m? - Cy ; > 2/ — 2, by (J.14) we have

o 1/y—1\"" 1
/ exp(—Csq ;- u”) du < (1 _ o ) . exp(—Cs,r - m?) - mt=
v C2,T

m 6127.r77”b'Y

< —Cy - -m7)- -y, J.15
S ons exp(—Csr-m?)-m J.15)

Therefore, combining (J.10), (J.11), and (J.15), we obtain that

o0 o1 —Cor-m7), ify>1,
/ exp(—Ca, ") du < 27 exp( 12’ m) 1 1 7=
m 2. ('7 : 02,7')7 ! exp(fc’Q,T . m’Y) -m 7A/7 1f7 € (Oa 1)
J.16)
In the sequel, we let m™* be the smallest integer such that

] 2

/Tn exp(—C'Q,T . ’U,’y) du < (26’1’€T_R) 5 Ym > m*. (J17)

Hence, combining (J.9), (J.10), and (J.17), we have || f — I« (f)]|co < €/2 for any f € H with
[Ifll% < R. Note, moreover, that Cy -, Cs -, and +y are all absolute constants. By (J.16) and (J.17),
there exist absolute constants C' ,,, and C5 ,,, such that

m* < Chpm - [log(R/e) + Cam] """ (1.18)

Finally, it remains to approximate IT,,,« (f) up to error €/2 for m* specified in (J.17). By the expansion
of fin (J.4), we have IT,- (f) = Y7, w; - \/a; - 1;. For any m* real numbers {@; } jcn+), by the
Cauchy-Schwarz inequality, we have

*

[ (7] —fjle (2] = ijl(wj —B) T i(2)
< @wj - - {mg o [wj<z>12}1/2 < VEGH) [mgw -7 "

J.19)
where the last inequality follows from the fact that K'(z,2) = > 72, 0 - [1); (2)]2. Under Assump-
tion 4.3, we have sup, z K(z, z) < 1. Notice that Z;nzl wjz < || f113, < R?. Let Cp+(¢/2, R) be
the minimal €/2-cover of {w € R™ " : ||w||y < R} with respect to the Euclidean norm. By definition,
for any f € H with || f|l% < R, there exist w € Cy,~(€/2, R) such that Z;nz*l(wj —w;)? < €%/4.
Therefore, by (J.19) we have

Hf—ij-\/a?-wj
j=1

which implies that the e-covering number of the RKHS norm ball {f € #: || f||% < R} is bounded
by the cardinality of Cy,+ (€/2, R), i.e., Noo (€, H, R) < |Cm+(€/2, R)|. As shown in [69, Corollary

<1 = T ()| oo + HHm*(f) SN @y a | <6 120
0o j=1

o0
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4.2.13], we have
|Con=(e/2,R)| < (1 +4R/e)™ . (J.21)
Therefore, combining (J.18) and (J.21), we have
log Nao (€, H, R) < m* - log(1 +4R/€) < Cy - [log(R/€) + Cam]"" - log(1 + 4R/c)]

< Oy - [log(R/e) + Cy)* T/,
where C3 and C, are absolute constants that only depend on Cy, Cy, Cs, «, and 7, which are
specified in Assumption 4.3. Thus we conclude the proof of this lemma. O

J.3 Proof of Lemma 1.3

Proof. As shown in §B.1, the feature mapping ¢: Z — H satisfies

2) =Y 05 0i(2) -y = D Va5 (2) - (Vg - ). (1.22)
=1 j=1

That is, when expanding ¢(z) € # in the basis {,/0; - 1; } >0 as in (J.4), the j-th coefficient is equal
to /a5 - Y; (z) for all j > 1. Similar to the proof of Lemma 1.2, in the following, we consider the
two eigenvalue decay conditions separately.

Case (i): v-Finite Spectrum. When H has only v nonzero eigenvalues, for any z € Z, we define a
vector w, € R” by letting its j-th entry be , /7 - 1;(2) for all j € [y]. Moreover, for any self-adjoint
operator T: H — H satisfying || T]|op < 1/A, we define a matrix Ay € RY*7 as follows. For any
J, k € [7], we define the (j, k)-th entry of Ay as

[Av]jn = (VT7 - V55 VTk - T )y,
By (J.22) and the definition of AT, we have

16(2) Z VTG 3(2) - or - di(2) - [Ax]je = 0] Ayw.. J.23)

k=1
With a slight abuse of notation, we define C, (¢, \) denote the minimal e?-cover of
{AeR™: | Allgo < VA/A}
with respect to the Frobenius norm. Then by definition, there exists Ay € C, (€, A) such that
|Ay — Ax||fro < €2, which implies that

‘U}ZATU)Z - w;—g'rwz’ S ||wz||§ . ||AT - Av'f”op S ||AT - Av'f”fro S 627 (J24)
where we use the fact that
v
szng = Z |wj|2 ZU] (2 K(z,2z) <1
i=1

Thus, combining (J.23) and (J.24), and utlhzmg Corollary 4.2.13 in [69], we have

log Noo (€, F, A) < log|Cy(e,\)| <~ -log[1+8\/7/(A-€%)] < Cs-* - [log(1/e) + Cs],
where C5 and C are absolute constants that depend solely on A and ~y. Thus, we conclude the proof
for the first case.

Case (ii): v-Exponential Decay. In the following, we focus on the second case where the eigenvalues
satisfy the y-exponential decay condition. For any m € N, we define II,,,: H — # as the projection
operator onto the subspace spanned by {1;}jc[m]- Then, by the Cauchy-Schwarz inequality and
Assumption 4.3, for any z € Z, by (J.22) we have

o] 1/2
o) -l = | S var we g w| ={ T o wer)
j=m+1 H j=m+1
oo 1/2 oo 1/2
5( > Uj'||¢j|§o> SCzp-( > 0}_27) : (J.25)
j=m+1 Jj=m+1
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where the second equality follows from the fact that {,/o; - 1, } ;>0 form an orthonormal basis of 7,
the first inequality follows from taking a supremum over z € Z, and the last inequality follows from
the assumption that [|);|lc < Cy - 0. Then, for any self-adjoint operator Y: H — H satisfying
[IT]|op < 1/Xandany z € Z, by (J.25) and the triangle inequality we have

o 1/2
\Hqﬁ(z)Hr — [T [(2)] HT\ < ||6(2) = T [6(2)] || x < C/VA- ( > J}QT) . (126)
j=m+1
Note that the eigenvalues {o; } ;>0 admit y-exponential decay under Assumption 4.3. We now upper
bound the right-hand side of (J.26) by

0 1/2
SEE‘HCZS(Z)HT - ||Hm ||‘r‘ < Olﬁ/\f { Z 011_27— : eXp[—Cg : (1 — 27’) .]FY]} .

j=m+1
J.27)

To simplify the notation, we define C5 , = Cy, - C 1/ 2T / VX and Cyr =Cy- (1 —27), which are
both absolute constants. Then, by (J.27) and the m0n0t0n1c1ty of exp( 7), we further obtain

o 1/2
suIZ)‘H(Z)(z)HT — HH [ HT’ <Csr- [/ exp(—Cy r - u”) du] . J.28)
FAS m

Here we can take the supremum over Z because the right-hand side of (J.27) does not depend on z.
Note that we have shown in (J.16) that

o Cy Cyr-m7), ify>1,
/ eXp(fC'4., ,uv) du < 4,7 eXp( 14, m ) ) ) 1 Y=
, 2-(y-Cyr) ' exp(—=Cyr-m7)-m /=1, if v € (0, 1),
J.29)
where for the case of v € (0, 1), (J.29) holds for sufficient large m such that m” - Cy , > 2/ — 2.

m

We now define m* as the smallest integer such that

oo
/ exp(—=Cyr-u?)du < [6/(203’7-)]2. (J.30)
me
By (J.29), since both Cs -, Cy ~ and -y are absolute constants, there exist absolute constants C'3 ,
and Cy ,,, such that

m* < Cy - [log(1/€) + Cam] """ (1.31)
It is worth noting that the choice of m™* in (J.31) is uniform over all z € Z. Moreover, by (J.28), for
such an m*, it holds that

SHP‘IW(Z)IIT — ||+ [8(2 HT‘ < e/2. (1.32)
zZ€EZ

Thus, it remains to approximate ||I1,,, [#(z)]||x up to accuracy €/2. Note that the subspace spanned
by {1} }je[m=) is m*-dimensional. When restricted to such a subspace, T can be expressed using a
matrix Ay € R™ %™ Specifically, for any j, k € [m*], we define the (j, k)-th entry of Ay as

[Ax]jk = (VTG - ©js V& - Tihi ), (J.33)
Moreover, let w, € R™ be a vector whose j-th entry is given by V5 - ¥j(2), V5 € [m*]. Then, by
(J.33) it holds that
|MLe [6(2)] |5 = (Wons [6(2)], Tl [6(2)]),, = w] Axw. (1.34)
Also, since || T||op < 1/, the matrix operator norm of Ay is bounded by 1/X; i.e., || Ay |lop < 1/
This means that the Frobenius norm of Ay is bounded by v/m*/\. Let C,,~(€/2, ) denote the
minimal €2 /4-cover of {A € R™ *™" . || A/t < v/m*/A} with respect to the Frobenius norm. By
definition, there exists Ay € Cpy-(¢/2, A) such that || Ay — Ao < €2/4. Hence, we have

lw] Ayw, —w] Ayw.| < [w.]3 - Ay — Axllop < [[Ax — Avlfo < €2/4. (1.35)
Finally, for any z € Z, we define

m*

fr(z) = w] Ayw, = Z VT ok i(2) - r(z) - [gr]jk, (J.36)

J,k=1
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where [Zr]jk is the (j, k)-th entry of Ay and m* is specified in (J.30). We remark that fy: Z — R
is well defined since m™* does not depend on z.

Finally, combining (J.32), (J.34), (J.35), and (J.36), we obtain
o)l = frl. = SEEHW(Z)IIT — fr(2)]

< sup|l9(z)x — [Ton- (6] | + sup[TTon- (6] = F(2)]

<€/2+ sup |\/w] Ayw, — \/wZT/TTwZ

< €/2+ sup \/|szTwz - sz;lTwz| <e
z€EZ

z€Z
This implies that { fy: T € Cy,» (€, )} forms an e-cover of F(A) in (I.12). Hence, we have that
Noo(6,F, ) < [Crn= (€/2, M) .37
Furthermore, using Corollary 4.2.13 in [69], we have
*2
|Con(€/2, V)] < [14+8Vm*/(A- €)™ . (1.38)

Combining (J.31), (J.37), and (J.38), we finally have
log Noo (€, F, A) < m*? - log[1+8vVm* /(A €?)]

<C3,, - [log(1/e) + C4,m]2/7 -log {1 + SC;/WZL - [log(1/€) + Cum] 1/(27)/()\ . 62)}

< Cs - [log(1/e) + Cg]' 2/,
where C5 and Cj are absolute constants that depend on Cy;, Cy, Co, 7, 7, and A, but are independent
of T, H, and €. Here in the last inequality we use the fact that log(1/€) < 1/e, which holds when
€ < 1/e. Therefore, we conclude the proof for the second case and thus conclude the proof of the
lemma. O]

J.4 Technical Lemmas

Next, we present a few concentration inequalities. The first one provides concentration for standard
self-normalized processes.

Lemma J.1 (Concentration of Self-Normalized Processes in RKHS [18]). Let H be an RKHS
defined over X C R¢ with kernel function K (-,-): X x X — R. Let {z,}22; C X be a discrete
time stochastic process that is adapted to the filtration {F;}{°,. That is, z, is F,_1 measurable
for all 7 > 1. Let {€:}22, be a real-valued stochastic process such that (i) €, € F. and (ii) €, is
zero-mean and o-sub-Gaussian conditioning on F_1:
Ele,|Fro1] =0,  E[|F_q] <M /2, VAeR

Moreover, for any ¢ > 2, let E; = (e1,...,6_1) € R and K; € R¢=D*(=1) pe the Gram
matrix of {z,},c—1]. Then, for any > 0 and any 0 € (0, 1), with probability at least 1 — 0,
simultaneously for all ¢ > 1, we have

B [(Ki+n-1)" +1] "B, < 0®-logdet [(1 +7) - T + K,] + 207 - log(1/5). (J.39)
Moreover, if K} is positive definite for all ¢ > 2 with probability one, then the inequality in (J.39)
also holds with n = 0.

Proof. See Theorem 1 in [18] for a detailed proof. ]

Lemma J.2 (Lemma D.4 of [35]). Let {z,}>2; and {¢,}>2; be S-valued and H-valued stochastic
processes adapted to filtration {F;}° ), respectively, where we assume that ||¢, || < 1 for all
7 > 1. Moreover, for any ¢ > 1, we let K; € R"*" be the Gram matrix of {¢,} [, and define an
operator Ay : H — Has Ay = A - Iy + 23:1 0] withA > 1. Let VC {V:S = [0,H]} bea

class of bounded functions on S. Then for any 6 € (0, 1), with probability at least 1 — &, we have
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simultaneously for all ¢ > 1 that

ZMV 2.) ~ E[V(@.)|Fr 1]}

< 2H2 logdet(I 4 K¢ /\) + 2H?*t(\ — 1) + 4H?log(N, /) + 8t%e? /),
where N is the e-covering number of V with respect to the distance dist(-, -).

2

sup
Vey

(J.40)

At

Proof. Let V. C{V: S — [0, H]} be the minimal e-cover of V such that N. = |V.|. Then for any
V €V, there exists a value function V': & — R in A such that dist(V, V') <e. Let Ay =V —V".
By the inequality (a + b)? < 2a? + 2b%, we have
2

J.41

{V xT x‘r)|f7 1]}

At

2 2

{V’(xT) - E[Vl(xT)|fT—1]

Z¢T{AV z;) — E[Avy (z.)| Fr-1]}

To bound the first term on the right-hand side of (J .41 ), we apply Lemma J.1to V' and take a union
bound over V’ € V.. While for the second term, since sup,cs |Av (z)| < €, we have
2

At

ZqﬁT{AV z.) — E[Av(z,)| Froil} <2 (26)2 /)N = 422/ . (J.42)
—1
Thus, combimng (J 41) and (J.42), we have /
2
sup o4V (x,) — x. )| Fre
Z (Vi) ~EV@lF-l}|
t 2
< sup 2| > oAV (wr) — E[V'(2) | Fra]} + 8t2€%/\. (J.43)
vieve Il At
Now we fix V' € V. and define &; € R? by letting [g;], = V’(mT) —E[V'(z;)|Fr_1] for any 7 > 1.
We define an operator ®: H — Rl as @ = [¢7 ... ,(bﬂ and let K; = ®;®] € R***. Using this
notation, we have Ay = \ - Iy + <I> ®,; and
t 2
Y oAV (@) BV (@) Femal}| =0 e} = Bh R
=1 t

=/ OO (K, +N- 1) ey =] Ky (K, + X\ 1) ey, (J.44)

where the third inequality follows from (H.14). Setting A\ = 1 + n for some 1 > 0, we have

(Kt+77'1)[Kt+(1+77)'I]_1Z(Kt'i‘??'l)[l"‘([(t'i‘??'l)rl: [(Kt'i‘??'f)_l‘f‘l]_l,

which implies that

e KK+ M- D)7 ey <& (Kp+n-D[I+ (K +n-1)] e

=& [(Ki+n-I)7 + 1] e (1.45)

Notice that each entry of ¢; is bounded by H in absolute value since V' is bounded in [0, H]. By
combining (J.43), (J.44), (J.45), Lemma J.1, and taking a union bound over V., for any 6 € (0, 1),
we obtain that, with probability at least 1 — 4,

AL

Z¢T{V/ xT - V/(ZL'.,-)|.7:7- 1}}

< H2 logdet[(1+n) - T + K] + 2H? - log(N./0) (J.46)
holds simultaneously for all ¢ > 1. Moreover, notice that (1 +7) - I + K; = [I + (1 +n)~! - K] -
[(1 +n) - I], which implies that

logdet[(1+n) - I + K] =logdet[I + (1+n)~" - K;] +tIn(1+1n)
<logdet[I + (1+n)""- K] +nt. (3.47)

2

sup
VeV
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Finally, combining (J.43), (J.46), and (J.47), we conclude that, simultaneously for all ¢ > 1, (J.40)
holds with probability at least 1 — §, which concludes the proof. O

Lemma J.3 ([1]). Let {¢;}+>1 be a sequence in the RKHS #. Let Ag: H — H be defined as A - Ty
where A > 1 and 7y is the identity mapping on H. For any ¢ > 1, we define a self-adjoint and
positive-definite operator A; by letting Ay = Ag + Z;Zl o} quT. Then, for any ¢ > 1, we have

t
> min{1, ¢/ A1 ¢;} < 2logdet(I + Ki/X),
j=1
where K; € R**" is the Gram matrix obtained from {¢;} ¢}y, i.e., for any j, ;" € [t], the (5, j/)-th
entry of Ky is (¢;, #;: ). Moreover, if we further have sup,~o{||¢¢[/#} < 1, then it holds that
t
logdet(I + K,/\) < Z 116y < 2logdet(I + Ky /A).

Proof. Note that we have log(1+z) < x < 2log(1+x) forall = € [0, 1]. Since A; ' is a self-adjoint
and positive-definite operator, this implies that

t t t
> min{1,¢] A7} <> 2log(min{2,1+ ¢ A ¢;}) <2 log(l+¢) A ¢;).
j=1 j=1 j=1
J.48)
Moreover, when additionally it is the case that sup, >4 ||¢;[l3 < 1 forall j > 0, we have
&) A0 = (05 A7 0) m < N105lle - [|AT21 85113 < Panin(Ao)] H - 105113, < 1. (349)
Hence, applying the basic inequality log(1 + z) < z < 2log(1 4 x) to (J.49), we have
t t

t
> log(L+] A7) <Y oA 4 <2 log(L+¢/A N ¢;).  (1.50)
j=1 j=1 j=1
For any j > 1, let Al/ > H — H be the self-adjoint and positive-definite operator that is the
square-root operator of Aj 1. Specifically, let {o;}¢>1 be the elgenvalues of A;_y and let {v;}e>1

be the corresponding eigenfunctions. Then Al/ 2 = 1 aé /2 WU@ Using this notation, for any
j > 1, by the definition of A;, we have B

Aj=Aja+6;0] = A3 (T + AP0 AN,
which implies that
logdet(A;) = logdet(A;_1) + logdet (IH +A; 1/2¢)J¢>TA—1/2)

= logdet(Aj_l) +logdet(1 +q§jTAj_1¢j) J.51)
Moreover, by direct computation, for any ¢ > 1, we have
det(AAgt) = det(I + K¢ /N). (J.52)
Hence, combining (J.51), and (J.52), we obtain that
t
> log(1+ ) A ¢;) =logdet(AAy ") = logdet(I + K /). (1.53)
j=1
Finally, combining (J.48), (J.50) and (J.53), we conclude the proof of this lemma. O]
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