A Proof of Theorem d

A.1 Proof of Lemmal[7|

We first state and prove Lemmas|[I3} [T4] and[I5] which provide the foundation for the proof of Lemma
m

Lemma 13. Ler f(z) = Z;"‘:l p(J; -+ g;) + hTx, where x € {~1,1}", J € R"™*™, h € R,
and g € R™. Then
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where U denotes the uniform distribution over {—1,1}" and where J%) denotes the i-th row of .J.
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Lemma 14. Fix subsets of observed variables I and S, such that the two are disjoint. Then
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Proof. The MREF of the observed variables has a probability mass function that is proportional to
exp(f(zx)), where f(x) is as in Lemma|13| Then
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Lemma 15. Fix observed variable u and subsets of observed variables I and S, such that all three
are disjoint. Then
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Proof of Lemmal[7] Note that, if .J; ; = 0 for all i € I, then the term [[,; o/(22;(J®) - g + h;)) is

independent of the value of ¢;. Let U = {j € [m] : J; ; # 0 for some ¢ € I} be the set of latent
variables with connections to observed variables in /. By Lemma[I5] we can write then
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A.2 Proof of Lemmalf§l

A special case of Lemmal8]is given in Lemma|[I6] Then, we prove Lemma(8] Lastly, Section[A.2.]
shows that these lemmas are tight in the size of the subset that they guarantee not to be cancelled.

Lemma 16. Let 1.1, ..., Tm,m+1 € [—1, 1]. Then, for any a € R™, there exists a subset S C [m+1]
with |S| < m such that
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Proof. We prove the claim by induction on m.

Base case: For m = 1, we have
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Therefore, the claim holds, with either S = {1} or S = {2}. Note that if any of a, 1 1, or z1 2 is
zero, then ax1 ;21,2 = 0 and the claim holds trivially.

Induction step: Assume the claim holds for m — 1.
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induction step follows. By the triangle inequality, we have
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For the first term on the right-hand side, we clearly have ; ;41 — Ty, m+1 = 0 at ¢ = m. Therefore,

the term is of the form 27:11 b; Z;"Zl Yi,j» S0 we can apply the inductive claim for m — 1. Therefore,
there exists a subset S* C [m] with |S*| < m — 1 such that
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Overall, we get then the inequality:
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where in the last inequality we used that |2, 41| < 1 and our supposition that for all S C [m],
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Then, in this case, S*U{m+1} is the desired subset. Note that we selected S* such that |S*| < m—1,
so [S*U{m+1}| < m. O

Proof of Lemmal8] Partition [n] into m + 1 subsets @1 = [L,[;551,Q2 = [[55] +
1 2[m+1]] s Qa1 = [m [m—s-l] + 1, n]. Then, apply Lemmaﬁto
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where we know that erQj x; ) € [—1,1], for all j. Then, there exists a subset S C [m + 1] with
|S| < m such that
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Now, if |S’| > m, apply the same technique recursively to S’: partition it into m + 1 equal subsets
and apply Lemma(I6] Continue until you obtain a subset of size at most m.

We now bound the number of iterations required. Let n; be the size of the set at timestep ¢ (at the
beginning, ng = n). We have
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Let T" be the smallest timestep such that n < m + 2. An upper bound on 7" is obtained as
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where we used that e™2* < 1 —zfor0 <z < 1 /2. Because T is an integer, the correct upper bound
is mTH In(n) + 1. Then, at this step, we are guaranteed that n < m + 1. One more step may be
required to go from size m + 1 to size m. Therefore, an upper bound on the number of steps until
ne < mis mT“ In(n) + 2. Then, the factor due to applications of Lemmais
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A.2.1 Tightness of non-cancellation result

Lemma([I7]shows that, in the setting of Lemmas[I6]and 8] it is possible for all subsets of size strictly
less than m to be completely cancelled. Therefore, the guarantee on the existence of a subset of size
at most m that is non-cancelled is tight.

We emphasize that, for the RBM setting, this result does not imply an impossibility of finding subsets
of size less than 2° with non-zero mutual information proxy. One reason for this is that, in the RBM
setting, the terms of the sums that we are interested in have additional constraints which are not
captured by the general setting of this section.

Lemma 17. For any ¢ € R, there exists some x11, ..., Tm.m € [—1,1] and some a € R™ such that
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Proof. Letxi1 = ... = T1,m = T1, v, Tm,1 = ... = Tym,m = Tm. LThen we want to select some

X1y .oy T € [—1,1] and some a € R™ such that
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Select some arbitrary x1, ..., ,, € [—1, 1] such that the matrix on the left-hand-side has full rank.
Note that (x,...,#™~ 2™) for x € R is a point on the moment curve, and it is known that
any such m distinct non-zero points are linearly independent. Therefore, any distinct non-zero
X1y .0y Ty € [—1, 1] will do. Then, by matrix inversion, there exists some a € R™ such that the
relation holds. O



A.3 Proof of Lemmal9

Proof of Lemma([9] Apply Lemma to the form of vy, 1|5 (2, z7|25) in Lemma with
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treated as a coefficient (i.e., a in Lemma|§[) and
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treated as a variable in [—1, 1] (i.e., z in Lemma. Then there exists a subset I’ C I with |I’| < 2Vl
such that
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Note that the latent variables connected to observed variables in I’ are a subset of U. Then, by
Lemma the expression on the left-hand side is equal to v, 1| s(zy,xp|xs) where x agrees with
2. Finally, note that |U| < s. O

A.4 Proof of Lemmal[10]
Proof of Lemma([I0} We have that
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Hence, v, 1| is a sum of IS+ I+ terms Vi, 118(%u, 1|Ts). Lemma |§| applies to each term
V118 (2w, 1|2 s) individually. However, the subset I’ with |I’| < 2° that is guaranteed to exist by
Lemma |9 may be a function of the specific assignment x,,, 7, and zg. Let I*(z,,x|zg) be the
subset I’ with |I’| < 2° that is guaranteed to exist by Lemma|§|for assignment x,,, x7, and g.

The number of non-empty subsets I’ C I with |I’| < 2° is at most |I|>". Then, by the pigeonhole
principle, there exists some I’ C I with |I’| < 2° which captures at least ﬁ of the total mass of
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Applying Lemma|§|to each of the terms v, 7|5(%y, 27|2s) that we sum over on the left-hand side,
we get
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The inequality step above holds because, for each assignment x/, there are 2!7/=11 'l assignments 'y

that are in accord with it. Hence, each term v, /|5 (2w, Z1/, T5) can appear at most 2171=1T'] times in
the sum on the last line. Therefore,
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B Proof of Theorem

Most of the results in this section are restatements of results in [11]], with small modifications. Hence,
most of the proofs in this section reuse the language of the proofs in [11] verbatim.

Let A be the event that for all u, I, and S with |I| < 2° and |S| < L simultaneously, |v, s —

Dugis| < 7'/2. Then Lemma gives a result on the number of samples required for event A to
hold.

Lemma 18 (Corollary of Lemma 5.3 in [[L1]]). If the number of samples is larger than
60 - 22
(7')2(e—27)2L

thenP(A) > 1 — w.

(log(1/w) +log(L +2° + 1) + (L +2° + 1) log(2n) + log2),

Now, Lemmas [I9}21] provide the ingredients necessary to prove correctness, assuming that event A
holds.

Lemma 19 (Analogue of Lemma 5.4 in [11]]). Assume that the event A holds. Then every time
variables are added to S in Step 2 of the algorithm, the mutual information I(X,; Xg) increases by
at least (1')%/8.

Proof. Following the proof of Lemma 5.4 in [[11]], we have that when event A holds,

1 1 1,
\/ (X X11X5) > svugs = 5 (Dus — 7'/2).
2 2 2
The algorithm only adds variables to S if 7, 75 > 7/, 80

I(X1L;XI|XS) Z %(ﬁu,I\S - T//Z)Q 2 (T/ - T//2)2 = (71)2/8'

N | =

O

Lemma 20 (Analogue of Lemma 5.5 in [[11]])). Assume that the event A holds. Then at the end of
Step 2 S contains all of the neighbors of u.

Proof. Following the proof of Lemma 5.5 in [I1], we have that Step 2 ended either because |S| > L
or because there was no set of variables I C [n] \ ({u} U S) with &, ;g > 7.

If |S| > L, we have by Lemma|19|that I(X,; Xs) > L - (7')?/8 = 1. However, because X, is a
binary variable, we also have 1 > H(X,,) > I(X,; Xg), so we obtain a contradiction.

Suppose then that |S| < L, but that there was no set of variables I C [n] \ ({u} US) with |I| < 2°
and 7, ;g > 7'. If S does not contain all of the neighbors of u, then we know by Theorem [5|that
there exists a set of variables I C [n] \ ({u} U S) with |I| < 2° with v, ;s > 27'. Because event A
holds, we know that 0, 1|5 > vy 115 — 7'/2 > 7'. This contradicts our supposition that there was no
such set of variables.

Therefore, S must contain all of the neighbors of w. O

Lemma 21 (Analogue of Lemma 5.6 in [11]]). Assume that the event A holds. If at the start of Step
3 S contains all of the neighbors of u, then at the end of Step 3 the remaining set of variables are
exactly the neighbors of u.

Proof. Following the proof of Lemma 5.6 in [[11]], we have that if event A holds, then

. 1

Duis\(i} < Vwils\iy T 7 /2 <\ 51 (X Xil Xs) +7'/2 = 7'/2
for all variables ¢ that are not neighbors of u. Then all such variables are pruned. Furthermore, by
Theorem[3]

ﬁu,i\s\{i} > Vyi|S\{i} — T//2 > 27 — 7"/2 >
for all variables 7 that are neighbors of u, and thus no neighbor is pruned. O



Proof of Theorem [6|(Analogue of Theorem 5.7 in [L1]]). Event A occurs with probability 1 — w for
our choice of M. By Lemmas[20]and [21] the algorithm returns the correct set of neighbors of v for
every observed variable u.

To analyze the running time, observe that when running the algorithm at an observed variable u, the
bottleneck is Step 2, in which there are at most L steps and in which the algorithm must loop over all
subsets of vertices in [n] \ {u} \ S of size 2%, of which there are 212:1 () = O(n*") many. Running
the algorithm at all observed variables thus takes O(M Ln? *1) time. O



C Structure Learning Algorithm of Section 5

The steps of the structure learning algorithm are:

1. Fix parameters s, 7'(¢ - 1), 7/(¢), L. Fix observed variable u. Set S := ().

2. While |S| < L and there exists a set of observed variables I C [n] \ {u} \ S of size at most
2° such that o, 715 > 7(¢ - m), set S := SU L.

3. Foreachi € S,if i, 115\ 153 < 7'(¢) for all sets of observed variables I C [n]\{u}\(S\{i})
of size at most 2°, mark ¢ for removal from S.

4. Remove from S all variables marked for removal.

5. Return set S as an estimate of the neighborhood of w.

In the algorithm above, we use

1
= V3. 2D/2+20 . p2emt(2042)

1 1\ 2@+ 1 da?(e~27)d+D-1
1N — 2z —
'(z) = a7 <d> 7(x), and 7(x) = 3 Jdgdil (dgl),ye%.

L=8/(r'(¢-m)*

The main difference in the analysis of this algorithm compared to that of the algorithm in Section [3|is
that, at the end of Step 2, S is no longer guaranteed to contain all the neighbors of w. Then, a smaller
threshold is used in Step 2 compared to Step 3 in order to ensure that .S contains enough neighbors of
u such that the mutual information proxy with any non-neighbor is small.

10



D Proof of Theorem 11

See Appendix C for a detailed description of the structure learning algorithm in Section 3}

The correctness of the algorithm is based on the results in Theorem 22]and Lemma[23] which are
analogues of Theorem [5]and Lemma 2] We state these, and then we prove Theorem |1 1] based on
them. Then, Section proves Theorem [22]and Section proves Lemma

Theorem 22 (Analogue of Theorem[5). Fix an observed variable u and a subset of observed variables
S, such that the two are disjoint. Suppose there exists a neighbor i of u not contained in S such that
the MRF of the observed variables contains a Fourier coefficient associated with both i and u that
has absolute value at least (. Then there exists some subset I of the MRF neighborhood of u with
|I| < 2% such that

Vu,1|5 = - (1>25(25+1) 4¢% (e~ 2r)dtb-1
, = (4d)2 d d4d2d+1(d?1)762’y

=27'(¢).

Let A¢ , be the event that for all u, I, and S with [I| < 2° and |S| < L simultaneously, |, s —
Dusl < 7(C-m)/2.

Lemma 23 (Analogue of Lemma . Assume that the event A ,, holds. If at the start of Step 3 S
contains all of the neighbors of u which are connected to u through a Fourier coefficient of absolute
value at least ( - 1), then at the end of Step 4 the remaining set of variables is a subset of the neighbors
of u, such that all neighbors which are connected to u through a Fourier coefficient of absolute value
at least  are included in the subset.

Proof of Theorem Event A¢ ,, occurs with probability 1 — w for our choice of M. Then, based on
the result of Theorem we have that Lemmas andhold exactly as before, with /(¢ - 1)
instead of 7/, and with the guarantee that at the end of Step 2 S contains all of the neighbors of u
wihch are connected to u through a Fourier coefficient of absolute value at least ¢ - 1. Finally, Lemma
guarantees that the pruning step results in the desired set of neighbors for every observed variable
U.

The analysis of the running time is identical to that in Theorem [6] O

D.1 Proof of Theorem 22|

We will argue that Theorem 4.6 in [11] holds in the following modified form, which only requires the
existence of one Fourier coefficient that has absolute value at least a:

Theorem 24 (Modification of Theorem 4.6 in [11]). Fix a vertex u and a subset of the vertices S
which does not contain the entire neighborhood of u, and assume that there exists an a-nonvanishing
hyperedge containing u and which is not contained in S U {u}. Then taking I uniformly at random
from the subsets of the neighbors of u not contained in S of size s = min(r — 1, |I'(u) \ SI),

1
E, [ o1 (Xu; X11Xs)| 2 Er[vn,n1s] 2 C'(v, K, )

where explicitly
40&2 6r+d— 1

C'(v,K,a) == .
(v ) phr jor 1 (Tel)rw?w

Then, this allows us to prove Theorem 22| with a proof nearly identical to that of Theorem [5

Proof of Theorem22] Using Theorem [24] we get that there exists some subset I of neighbors of u
with |I| < d — 1 such that

4<2 (6727)d+D71

J4dod+1 ((/307627

= 27(().

Vy,118 >

11



Then, using Theorem@ we have that there exists some subset I’ C T with |I’| < 2% such that

1 (1)25(2S+1) 4C2(e—2~,)d+D—1

ng > ———
I/u,l |S = (4d)25 d4d2d+1 (del)’y€27

g =27(¢).

O

What remains is to show that Theorem [24]is true. Theorem [24] differs from Theorem 4.6 in [11]]
only in that it requires at least one hyperedge containing v and not contained in S U {u} to be
a-nonvanishing, instead of requiring all maximal hyperedges to be a-nonvanishing. The proof of
Theorem 4.6 in [[L1] uses the fact that all maximal hyperedges are a-nonvanishing in exactly two
places: Lemma 3.3 and Lemma 4.5. In both of these lemmas, it can be easily shown that the same
result holds even if only one, not necessarily maximal, hyperedge is a-nonvanishing. In fact, the
original proofs of these lemmas do not make use of the assumption that all maximal hyperedges are
a-nonvanishing: they only use that there exists a maximal hyperedge that is a-nonvanishing.

We now reprove Lemma 3.3 and Lemma 4.5 in [[L1] under the new assumption. These proofs contain
only small modifications compared to the original proofs. Hence, most of the content of these proofs
is restated, verbatim, from [[11]].

Lemma[23]is a trivial modification of Lemma 2.7 in [I1]}, to allow the tensor which is lower bounded
in absolute value by a constant & to be non-maximal. Then, Lemma [26]is the equivalent of Lemma
3.3 in [11]] and Lemma@]is the equivalent of Lemma 4.5 in [[L1], under the assumption that there
exists at least one hyperedge containing u that is c.-nonvanishing.

Lemma 25 (Modification of Lemma 2.7 in [I1]). Let T be a centered tensor of dimensions
d1 X ... X dg and suppose there exists at least one entry of T'* which is lower bounded in absolute
value by a constant k. Forany 1 <1 <r, and iy < ... < ij such that {i, ...,i;} # [s], let T**% be
an arbitrary centered tensor of dimensions d;; X .... X d;,. Let

T(al,...,ar)zz Z T "(ag,, ..., ;).

=1 41<...<%
Then there exists an entry of T of absolute value lower bounded by £/ s°.
Proof. Suppose all entries of T are less than x/s® in absolute value. Then by Lemma 2.6 in [[11]], all

the entries of 715 are less than & in absolute value. This is a contradiction, so there exists an entry
of T of absolute value lower bounded by x/s°. O

Lemma 26 (The statement is the same as that of Lemma 3.3 in [11]]).

R B#R

405257”71
- p2re2y :

Proof under relaxed o assumption. Following the original proof of Lemma 3.3, set a = 53: rt 85 B
and b = 5«};3 + EZ g, and let D' = K? exp(27y) > D. Then we have

Ey z ZZ(a—b)(ea—eb) =E ZZ(a—b)/baexd:c

R B+#R R B+#R

>E Z Z(a—b)Qefz'y > e%z Z Var[a — b].

R B+#R R B+#R

By Claim 3.4 in [11], we have

> Varla—b] =4k, Yy Var[€) g].

R R#B R

12



Select a hyperedge J = {u, j1, ..., js } containing u with |J| < 7, such that §*/ is a-nonvanishing.
Then we get, for some fixed choice Y. ;,

> Varl€) 5] =Y Varle) plYes] =Y Var[T(R,Yj,, .., Y;,)
R R R

Yol

where the tensor 7" is defined by treating Y. ; as fixed as follows:

r

T(R,Yj,, .. Y;.) =3 > 0"2""(RY,,, ..Y;).

=2 i2<...<14

From Lemma it follows that T" is o/r"-nonvanishing. Then there is a choice of R and G such

that |T'(R, G)| > «/r". Because T is centered there must be a G’ so that T'(R, G') has the opposite
sign, so |T'(R,G) — T(R,G’)| > a/r". Then we have
a26'r71
Var[T(R, Y, ... Y; )Yy > 20
TR, Yy, Vi) Ves] 2 50

which follows from the fact that P(Y}\,, = G) and P(Y\,, = G’) are both lower bounded by 6",
and by then applying Claim 3.5 in [[11]]. Overall, then,

“ 4a26r—1
]EY7Z ZZ(a—b)(e —€b) ZW

R B#R

O

Lemma 27 (The statement is the same as that of Lemma 4.5 in [11]]). Let E be the event that
conditioned on Xg = xg where S does not contain all the neighbors of u, node u is contained in at
least one o/r" -nonvanishing hyperedge. Then P(E) > §<.

Proof under relaxed o assumption. Following the original proof of Lemma 4.5, when we fix X g =
zg we obtain a new MRF where the underlying hypergraph is

H =(n]\S,H), H ={h\SheH}.
Let ¢(h) be the image of a hyperedge h in  in the new hypergraph H'.

Let h* be a hyperedge in H that contains u and is a-nonvanishing. Let fi, ..., f, be the preimages
of ¢(h*) so that without loss of generality f is a-nonvanishing. Let J = UY_, f; \ {u}. Finally let
Ji=JNS ={i1,ia,...,is} and let Jo = J\ S = {11,145, ..., 7%, }. We define

P
/ / ;
T(R,a,...,as,a},...,a%5) = g 6/
i=1

which is the clique potential we get on hyperedge ¢(h*) when we fix each index in J; C S to their
corresponding value.

Because 671 is a-nonvanishing, it follows from Lemma [25|that T is /7" -nonvanishing. Thus there
is some setting a7, ..., a; such that the tensor

T'(R,d},...,a,) =T(R,a},...,a%,a,...,a.)

s/

has at least one entry with absolute value at least «/r". What remains is to lower bound the probability
of this setting. Since J; is a subset of the neighbors of u we have |J;| < d. Thus the probability that
(Xi,s 0, Xi.) = (af, ..., a?) is bounded below by §° > 6%, which completes the proof. O

vy g

D.2 Proof of Lemma 23|

The proof of Lemma [2T] does not generalize to the setting of Lemma 23| because at the end of Step 2
S is no longer guaranteed to contain the entire neighborhood of w.

Instead, the proof of Lemma@ is based on the following observation: any v, |, where I is a set of
non-neighbors of u, is upper bounded within some factor of v, ,,«(,)\ 5|5, Where n* (u) is the set of

13



neighbors of w. Intuitively, this follows because any information between v and I must pass through
the neighbors of w. Then, by guaranteeing that vy, = (4)\ 5|5 is small, we can also guarantee that
Uy, 115 i small. This allows us to guarantee that all non-neighbors of u are pruned.

Lemma 28 makes formal a version of the upper bound on the mutual information proxy mentioned
above. Then, we prove Lemma[23]

Lemma 28. Let X € XY € YV, Z € Z,5 € S be discrete random variables. Suppose X is
conditionally independent of Z, given (Y, S). Then

Vx.z|18 < 75VX,Y|S-
\ 1Z] |

Proof.
1 1
vx,zs =Es Tl > & P(X =2,Z = 2|S) — P(X = z|S)P(Z = |5)|
TeX Z2€EZ
—Es Y L 3 1
T X & 2]
reX z2EZ

DY (PX =2,Y =y, Z=2]S) —P(X = 2[S)P(Y =y, Z = 2|5))

yeY
<Es Y 1 3 1
a reX ‘X| zZ€EZ |Z|
D PX =2, =y,Z=2|S) —P(X = 2|S)P(Y =y, Z = 2|95)|
yey
(%) 1 1
= E —_— —_—
Sx;( ] 2 E
S P(Z=2Y =y,8)|P(X =2,Y =y|S) - P(X = z|S)P(Y = y|9)|
yey

> \71| [P(X =2,Y = y|5) = P(X = z[S)P(Y = yl5)]
yey

N 1
BRI

= VX Y|s
EiGRe

where in (*) we used that P(Z = z|X = 2,Y = y,5) = P(Z = z|Y = y,S), because Z is
conditionally independent of X, given (Y, .5). O

Proof of Lemma @ Consider any ¢ € S such that ¢ is not a neighbor of u, and let I with || < 2° be
any subset of [n] \ {u} \ (S\ {¢}). Let I* be the set of neighbors of w not included in S. Note that u
is conditionally independent of I, given (I*, S \ {¢}). Then, by Lemma 28]

oI b1
Uy, 115\{i} < ST VIt 1S\{i} < 277 Wy 1018\ (i} -

By Lemma there exists a subset IT C I* with |IT| < 2° such that

1 1 2%(2°41) 1 1 2°(2°+1)
Vu,It|8\{i} = (|- <|I*|) Vu,I*|S\{i} = (4D)% <D) Va, 1|5\ {i}-

Then, putting together the two results above,

vans\y < 2071 (4D)T DT Ty, 1 gy
Note that

©)
Va,rtis\(i} < Purtisngiy 7 (C-m)/2 < 7/(Cn) +7(C-m) /2 =37"(C-m)/2
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where in (*) we used that, if 7, j+|\ (4 were larger than 7/(¢ - 1), the algorithm would have added
It to S. Then

Varis\giy < 320 72(AD)* D T (¢ )
— 772 .3. 2D—2(4D)25D25(25+1)T/(C)
=7'(¢)/4

where we used that 7/(¢ - 1) = n%7’(¢) and then we replaced 7 by its definition. Putting it all together,

Dugisviiy < Varisigy + 7 () /2 < T /A+ 0T (€)/2 < 7€)
where we used that 7 < 1. Therefore, all variables ¢ € S which are not neighbors of u are pruned.

Consider now variables ¢ which are connected to u through a Fourier coefficient of absolute value
at least (. We know that all variables connected through a Fourier coefficient at least ¢ - 7 are in .S,
so all variables ¢ must also be in S, because 1 < 1. Then, by Theorem@], there exists a subset I of
[n) \ {u}\ (S\ {i}) with |I| < 27, such that

()
Dug1s\(i} = Va,ris\{s} — 7 (1) /2 > vy sy — 7 (€)/2 = 27'(¢) — 7'(€) /2 > 7'()

where in (f) we used the guarantee of Theorem knowing that there exists a variable in [n] \
{u}\ (S'\ {7}) connected to u through a Fourier coefficient of absolute value at least (: specifically,
variable i. Therefore, no variables 7 € S which are connected to u through a Fourier coefficient of
absolute value at least ¢ are pruned. O
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E Proof of Theorem 12
Let ¢ be the maximum over observed variables of the number of non-zero potentials that include that

variable: )
g i=max > 1{f(S) #0}.
u€[n]
SC|n]
ues
Theorem[29] stated below, is a stronger version of Theorem[I2] in which the upper bound on ¢ depends

on 1) instead of D?. This section proves Theorem Note that 1) < Zi;é (i)) <Dl +1< D,
so Theorem 29]immediately implies Theorem

Theorem 29. Fix 6 > 0 and ¢ > 0. Suppose that we are given neighborhoods n(u) for every
observed variable u satisfying the guarantees of Theorem[I1} Suppose that we are given M samples
from the RBM, and that we have

M=Q((*In8-n-2P/5)/), <L.
Let z,, and 1, be the features and the estimate of the weights when the regression algorithm is run at
observed variable u. Then, with probability at least 1 — 0, for all variables u,

E [(P(Xu = 1|X\) — 0 (i - zu))Z] <e

Define the empirical risk and the risk, respectively:
. 1 ¢ 4
Lw) = > Uy D w-2), L) = Ely(w- =),
i=1

Following is an outline of the proof of Theorem [29] Lemma [34] bounds the KL divergence between

the true predictor and the predictor that uses w, where w € R2"" is the vector of true weights for

every subset of n(u), multiplied by two. Unfortunately, the estimate @ that optimizes the empirical
risk will typically not recover the true weights, because n(u) is not the true set of neighbors of w.
Lemma [33]decomposes the KL divergence between the true predictor and the predictor that uses w in
terms of £(w) — £(w) and the KL divergence that we bounded in Lemma[34] The term £ () — £(w)
can be shown to be small through concentration arguments, which are partially given in Lemma
Thus, we obtain a bound on the KL divergence between the true predictor and the predictor that
uses . Finally, using Lemma[31] we bound the mean-squared error of interest in terms of this KL
divergence.

We now give the lemmas mentioned above and complete formally the proof of Theorem [I2]

Lemma 30. With probability at least 1 — p over the samples, we have for all w € R2"" such that

||U}||1 <2,

2In(2- 2P 21n(2
n@-20) ,  [21/p)

L(w) < L(w) + 4y i "o

Proof. We have ||z||oc < 1,y € {—1,1}, the loss function is 1-Lipschitz, and our hypothesis set is

w € R2™ such that [|w||1 < 2v. Then the result follows from Lemma 7 in [28]. O

Lemma 31 (Pinsker’s inequality). Let Dir,(a,b) = aln(a/b) + (1 —a)In((1 —a)/(1 — b)) denote
the KL divergence between two Bernoulli distributions (a,1 — a), (b,1 — b) with a,b € [0, 1]. Then

(a—b)” <  Dicr (allt)

Lemma 32 (Inverse of Pinsker’s inequality; see Lemma 4.1 in [10]). Let Dk (a,b) = aln(a/b) +
(I —a)In((1 —a)/(1 — b)) denote the KL divergence between two Bernoulli distributions (a,1 — a),
(b,1 —b) with a,b € [0,1]. Then

1

<« -
Drcp(a;b) < min(b,1 —b)

(a —b)%
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Lemma 33. For any w € R2" with [|lw||1 < 27, we have that

L&) — L(w) =E, {DKL <]E[y|22]“ o (i - z)) ~ Dx1 (E[mz]“,a(w : z)ﬂ .

711110(“3.2) — 1;y In(1 — o(w - 2))}

—E., {_y;—llna(wuz)— 1;yln(1—0(w'z))}

E 1 1-E
=E, { [y|2'2] + lno(w-z) — % In(1—o(w- 2))
[ E 1 1-E )
—E, —% Ino(w-z) — # In(1—o(w - z))}
_g, Bkt o(w-2) 1-Elyle]) 1-o(w-2)
i 2 o(w - 2) 2 1—0o(w-2) |
[ E 1 E
~E.|D ( WAL z)> - Dkr ( WAL z))]
O
Lemma 34. Let ¢ < W% and w € R2™"" with wg = 2f(S) for all S C n(u). Then, for all
assignments z € {—1,1}2""",
E 1
Dy, <[y|7;]+,a(w . z)) <e.

Proof. By Lemma[32] we have that
E 1 1 E 1 ?
Diy (WH ,a(w-z)) < ( bl —a(w'2)> ~

2 ~ min(o(w - 2),1 —o(w - 2)) 2

Note that E[y|z*] = 20 (w* - 2*) — 1 for w* and z* corresponding to the true neighborhood of u, and
that ||w*||; < 2. Note that wg = w§ forall S C n(u). Also note that min(o(w-z),1—o(w-z)) >

0(—27) = 1= Then:

Dk, (W,a(w~z))

2
<o (B ow )

a

D (14 €2) (Eae . [o(w” - 2%) — ol - 2)])

2 (14 €)E... (o(w* - 2*) — o (@ - 2))°

= (14 €")E... (o ( f(su {u})XS(w)) —0o ( f(su {u})XS(:E)))
SCn*(u) SCn(u)

< (1+eE. ( FSUfud)xs(z) - fsu {u})Xs(I))

—
=

—
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= (1 + 62’Y)IEZ*IZ Z f(S U {U})XS(SU)
SCn™*(u)
SZn(u)

—

?0+¥UW@

where in (a) we used the law of iterated expectations, in (b) we used Jensen’s inequality, in (c) we
used that o is 1-Lipschitz, and in (d) we used that the Fourier coefficients that we sum over are all
upper bounded in absolute value by ¢ (otherwise the corresponding sets .S would need to be included
in n(u), by the assumption that n(«) contains all the neighbors connected to u through a Fourier

coefficient of absolute value at least (). Therefore, setting { < W% achieves error €. O

Proof of Theorem29 Let M > C - 4%*In(8 - n - 2P /§) /€2, for some global constant C. Then, by
Lemma with probability at least 1 — 6/(2n), for all w € R2""" such that lw|]1 < 27,

L() < L(w) + ¢/2.
Note that [ (y(w-z)) = In(1+e¥(*"2)) is bounded because |y(w-z)| < 2+, and | In(14e~27) —In(1+
e?7)| < 4~ because the function is 1-Lipschitz. Then, by Hoeffding’s inequality, P(L(w) — L(w) >

t) < e=2M/(40)° Then, for M > C’-~2In(2n/8) /€ for some global constant C”, with probability
atleast 1 — §/(2n),

L(w) < L(w) +¢€/2.

Then the following holds with probability at least 1 — ¢ /n for any w € R2"

with ||w||; < 27:
L) < L(@) +¢/2 < L(w) +€¢/2 < L(w) + €.
Then we have

E [(P(Xu = 1Xpp\qu}) =0 (@ Z)ﬂ

(%) %E [Drr (P(Xy = X\ (u})s 0 (@0 - 2))]

g %(ﬁ(w) — L(@)) + %E [Drcr (P(Xu = 1 X (u}), 0 (- 2))]
< L) - @) + 1

(d)

< e€

where in (a) we used Lemma[31] in (b) we used Lemma[33] in (c) we used Lemma[34} and in (d) we
used that L(w) — L(w) < e.

By a union bound, this holds for all variables w with probability at least 1 — 9. O
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F A weaker width suffices

The sample complexity of the algorithm in Section [3]depends on v, the width of the MRF of the
observed variables. A priori, it is unclear how large  can be. Ideally, we would have an upper bound
on + in terms of parameters that are natural to the RBM, such as the width of the RBM g*.

In Section we give an example of an RBM for which 8* = dInd and + is linear in 5* and
exponential in d. This example shows that a bound v < 8* between the widths of the MRF and of
the RBM does not generally hold.

However, we show that a bound v* < 8* holds for a modified width v* of the MRF. Then, we show
that v can be replaced with v* everywhere in the analysis of our algorithm (and of that of [L1]),
without any other change in its guarantees.

~* is always less than or equal to v, and, as we discussed, sometimes strictly less than . Hence, the
former dependency on v was suboptimal. By replacing v with v*, we improve the sample complexity,
and we make the dependency interpretable in terms of the width of the RBM.

F.1 Main result

Let v* be the modified width of an MRF, defined as

* .= max max (Su{u
VT e it uy ee -ty s;f {uh)xsuquy (@) -

Whereas +y is a sum of absolute values of Fourier coefficients, v* requires the signs of the Fourier
coefficients that it sums over to be consistent with some assignment x € {—1,1}". Note that it is
always the case that v* < ~.

Lemma 35]shows that v* < *. Then, in Section|[F.2|we argue that v and v* are interchangeable for
the guarantees of the algorithm in [11], and implicitly for the guarantees of the algorithm in Section
Finally, in Section [F.3| we give an example of an RBM for which + is linear in 5* and exponential
ind

Lemma 35. Consider an RBM with width 3*, and let v* be the modified width of the MRF of the
observed variables. Then v* < [3*.

Proof. We have

e (Ssci (Snso))

uGS

— 2 5C[n] f(S)Xs(l‘)> + exp (Esqn] f(S)Xs($)>

ues ues

P(Xu = u| Xjn)\ {u} = T\ fu}) =
exp (

—o |2 Y f(S)xs(@)

SCln]
uesS

On the other hand, we have
o(=26") < P(Xy = 2ol X\ (u} = T)\{u}) < 0(267).

Therefore, by the monotonicity of the sigmoid function, we have for all x € {—1,1}",

Zf x) < B,

ueS

or equivalently,

—8*< > fSU{u})xsugu(x) < B
SCln\{u}
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Denote ¢(1, ..., Zn) = X 5cn]\ {u} f(Su {u})xsuuy(x). Then the following marginalization
result holds for any ¢ # u:

> F(SU{ub)xsugu (@)
SCn\{u.i}
P, i1, =L i1, ) + 021, i1, L, i, e, T)
= 5 )
Because the lower bound —/3 and upper bound § apply to each ¢(z1, ..., ,, ), we get that the same
bounds apply to the marginalized value:

-p < > fSU{ihxsup (@) < B
SCn\{u,i}

This marginalization result extends trivially to marginalizing multiple variables. Then, by marginaliz-
ing all variables x; for i ¢ I U {u} for some I C [n] \ {u}, we get the bounds

-7 < Y f(SU{ub)xsugu (2) < 8™

SCI

Taking the maximum over u € [n], I € [n]\ {u}, and z € {—1,1}", we get that v* < 8*. O

F.2 The same guarantees hold with the weaker width

For the algorithm in Section [3] the dependence on  comes only from the use of Theorem [5 for
which the dependence on v comes only from the use of Theorem 4.6 in [11]. Hence, it is sufficient to
show that Theorem 4.6 in [11] admits the same guarantees when ~ is replaced with ~*.

The modifications that need to be made to the proof of Theorem 4.6 in [11] are trivial: it is sufficient
to replace every occurence of the symbol v with the symbol v*. This is because the proof does not
use any property of -y that is not also a property of ~v*.

In the rest of this section, we briefly review the occurences of y in the proof of Theorem 4.6 in [11]
and argue that they can be replaced with v*. Toward this goal, the rest of this section will use the
notation of [[11]. We direct the reader to that paper for more information.

We first define v* in the setting of [L1]. We have

s

*:= max max max L iver0%2 (X, Xi s X,
v wEln] IE[\{u} X1 €[], o X €[kn] ;i2;<il {ig...i;}CI ( 2 z)
and

1
0" = Ve exp(—27%).

With these definitions, for any variable X,, and assignment R, we have for its neighborhood X7; that

—~* 1
S exp(=") _ — exp(—27*) = &*.

=X 2 ) T K

Similarly to [L1]], we also have that that if we pick any variable X; and consider the new MRF given
by conditioning on a fixed assignment of X, then the value of v* for the new MRF is non-increasing.

~ and J appear in the proof of Theorem 4.6 in [11] as part of Lemma 3.1, Lemma 3.3, Lemma 4.1,
and Lemma 4.5. We now aruge, for each of these lemmas, that v and § can be replaced with v* and
0™, respectively.

Lemma 3.1 in [T1]]. 7 is used as part of the upper bound |®(R, I, X;)| < ~(,”,), which is used

to conclude that the total amount wagered is at most v K (TB 1). The upper bound follows from the
derivation

(R, 1, X)) = > Curs Y giyincr0™™ (R, Xy, oy X))

=1 11 <22<...<7

20



D : Uty ...1
S(P)E T vt XX
=1 11 <i2<...<7

(%)

By the definition of 4*, the second inequality holds exactly the same with v*, so we also get that
|®(R, 1, X;)| <~*(.",). Then, the total amount wagered is at most v*K (7).

r—

. . 2er—1 . .
Lemma 3.3 in [11]. This lemma gives a lower bound of 476-Y2r6@2v on an expectation of interest. We

want to replace § with §* in the numerator and ~ with «* in the denominator.

For the numerator, § comes from the lower bounds P(Yj\,, = G) > 6"t and P(Y\,, = G') > 6" 1.
Note that Y is identical in distribution to X, the vector of random variables of the MRF. Let S C [n],
1 € S, and let n*(4) denote the set of neighbors of variable X;. Then the lower bounds mentioned
above come from the following marginalization argument:

P(Xs = 25) = P(Xi = 2| Xg\i = 250 )P(Xs\s = 25\;)

= ( Z P(X; = 2i| X+ ())ns = Tnx(5)nS» Xn*(i)\§ = Tn=(i)\S)

Tp*(i)\S

P(Xne(in\s = T i)\ Xs\i = SES\i))]P’(XS\i = Ts\i)

. ( Y 8- P(Xne(ins = Tne(i\s1 Xsvi = ch\z—))P(st =zg5\;)

Tn*(i)\S

=0d- P(XS\i = $S\i)~

By applying the bound recursively, we obtain P(Xg = 25) > 6/5I. Then, because |J \ u| <r — 1,
we get the desired lower bound of 6" 1. Note, however, that the inequality step in the derivation
above also holds for §*, as it only uses that P(X,, = R|Xy;) > §*. Therefore, we can use (§*)" ! in
the numerator.

For the denominator, €27 comes from the lower bounds £} . +£Z 5 > =2y and £) p+EZ > —2.
Recall that

s

EXp=>_ Y 0" (R X, ... Xy,).

=1 i2<...<i;

Then, by the definition of v*, these lower bounds also hold trivially with 4*, so we can use €27 in
the denominator.

Lemma 4.1 in [11]. In this lemma, « appears in an upper bound of 7K (TI_D 1) on the total amount
wagered. We showed in Lemma 3.1 that the total amount wagered is at most v* K (Tf) 1), SO we can
use v* instead of 7.

Lemma 4.5 in [11]. In this lemma, ¢ appears in the lower bound P(X;, = af,..., X;_ = a}) > §°,

which also holds with §* instead of § by the argument that P(Xg = z,) > (6*)!! that we developed
in our description of Lemma 3.3.

Therefore, it is possible to reaplce v with v* and § with §* everywhere in the proof of Theorem 4.6
in [[11]], and implicitly also in all the proofs of the the algorithm in Section 3]

F.3 Example of RBM with large width

This section gives an example of an RBM with width linear in 8* and exponential in d. The RBM
consists of a single latent variable connected to d observed variables. There are no external fields,

and all the interactions have the same value. Note that, in this case, each interaction is equal to %,
where 5* is the width of the RBM.
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For this RBM, the MRF induced by the observed variables has a probability mass function

=y (o (Lo 20)).

The analysis of « for this MRF is based on the fact that, for large arguments, the function p is well
approximated by the absolute value function, for which the Fourier coefficients can be explicitly
calculated.

Lemma [36] gives a lower bound on the “width” corresponding to the Fourier coefficients of the
absolute value function applied to 1 + ... + 4. Then, Lemma (37| gives a lower bound on v for
the RBM described above, in the case when 8* > dInd. This lower bound is linear in S* and
exponential in d.

Lemma 36. Let g : {—1,1}¢ — R with g(z) = |x1 + ... + 24| Let § be the Fourrier coefficients of
g- Then, for d multiple of 4 plus 1, for all u € [d),

> 1a(9)] 20

g > .
& 20Wd—1
uesS

Proof. Note that, for z € {—1, 1}d, we have
|z1 + ... + zg| = Maj, (1, ..., zq) - (X1 + ... + 24)

where Maj, (1, ..., z4) is the majority function, equal to 1 if more than half of the arguments are
1 and equal to —1 otherwise. Because d is odd, the definition is non-ambiguous. The Fourier
coefficients of Maj,(z1, ..., z4) are known to be (see Chapter 5.3 in [22])):

- a—1 (&9 .
Maj,(S) = (=1 1)/2247171(@_1)/2)% if [S] odd
0 if |:S| even

Let hy(x1, ..., #q) = Maj, (21, ..., 24) - ;. The Fourier coefficients h; are obtained from the Fourier
coefficients Maj, by observing the effect of the multiplication by x;: for a set S such that: € .S, we
get h;(S) = Maj,(S\ {i}), and for a set S such thati & S, we get h;(S) = Maj,;(SU{i}). Thatis:

szt a1 () e g dics

( ) 9d—1 ((d—l)/2) ‘2“7_12) 1 | | even and 1 €

B — 3 (d—1)/2 . '

hi(S) (_1)(‘3‘)/22%1(@{1)1/2) ( ('%/5 ) if |S| evenand i ¢ S
0 if |:S| odd

Then g is simply obtained as hi + ...+ hq. This gives:

_pasi—az_1 a1y (1gr. W) g gy L) ierg
( ) 2d—1 ((d_l)/g) ‘ | d—1 ( | D d—1 1 | ‘ even
(151-2) (Ts1)

0 if | 5] odd

9(5) =

We will now develop a lower bound for §(S) when |S| is even with |S| > 0. Using the fact that

() = (bil) b+%, we have that when |S| is even with [ S| > 0,

(s _ (™) isl/2 d-lsl+1 d-|s|
(55 (%) @-lsenE -1 B
_ (sl s
(d\§|1) SI-1
Then, when |S| is even with |S| > 0,
(d-1)/2
a9 - om0 D (ot
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d—1)/2

d—1 ((\S|/2 )d—|S|
211 (( >/2) EREE

5]

= (-1 )(ISI 2)/2

Consider the ratio ) for |S] =S| —2:
[9(57)]

d—|S
9(S)| S| —1 fsor S| -3

T4 d—|S|+2 ~ 4 — :
98]~ d— 15| T2 T d— 5T+ 2

This ratio is greater than 1 for |S| > (d — 1)/2 + 3 and is less than 1 for |S] < (d — 1)/2 + 3.
Because we are only interested in |\S| even, we see that the largest value of |.S| for which the ratio is
less than 1 is (d — 1)/2 + 2. Hence, |§(.S)| is minimized at |S| = (d — 1)/2 + 2 when considering
|S| even with |\S| > 0. (The calculation above is not valid for the case |S| = 2 and |.S’| = 0; however,

it is easy to verify explicitly that in that case we have ‘|9((S,))| = % < 1, so the argument holds.)

It is easy to verify explicitly that at |S| = (d — 1)/2 4 2 we have
. 1 [((d-1)/2
965) = 5+ (g 1))

2d (d—1)/4
Then this is a lower bound on all |§(S)| where |S| is even with |S| > 0. Then,
3(S)] > 1 [((d-1)/2 (;) 1 20@-b/2 1
TN = \(@—1)/4) = 200 Ja—1  Jd—1.26-1/2
where in (*) we used the central binomial coefficient lower bound (277) > %.
Then, for any u € [d],
1 o(d—1)/2
S )] 22 e = S
SCld) o a
u€eS
where we used that the number of subsets S C [d] with u € S and with |S| even is 2972, O

Lemma 37. For any d > 5 multiple of 4 plus 1 and B* > dInd, there exists an RBM of width *
with d observed variables and one latent variable such that, in the MRF of the observed variables,

9(d—1)/2

v>8 W

Proof. Let f(z) = p (%(ml +...+ xd)). Then, for the RBM with one latent variable connected to
d observed variables through interactions of value g, we have that

P(X = z) oc exp(f(z)).
Note that this RBM has width g*.

Let g(x) = ’% (x1+ ...+ xd)’ Then, if f and § are the Fourier coefficients corresponding to f and
g, respectively, we have

a3 0 Y (@) - o)

ze{—1,1}4

(7))
<10g 5/ —26*/d))_il*>2

<log (1+ e 28" /d))

=
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26—4B*/d
where in (a) we used Praseval’s identity, in (b) we used that (p(y) — |y|)? is largest when |y] is
smallest and that %(zl + ...+ xd)’ > %* because d is odd, and in (c) we used that log(1 + z) < x.
Then ) R i

1 = gll < 292||f = gll2 < 2¢/2e72P7/4.
Note that the Fourier coefficients of g(z) = %*(xl +.. 4z = %*|x1 + ...+ x4| are %* times

the Fourier coefficients of |z + ... + x4|. Then, by applying Lemma[36] we have that

o R o ﬁ* 2(d—1)/2 i/o 95 1
max 37 [F(8)] > max 37 [5(8)] - 2422/ > P _gd2g=25"/d.
u€ld] SCL) u€[d] S d 0d

u€s ues

We solve for 5* such that the second term is at most half the first term. After some manipulations, we
get that

. 1p* 20d-1)/2 5 3 1
9#/2¢=28"/d < __ .2 ey B* > Z(dIn2+ Sdlnd — ~dln .
c =24 9V fr 2 a2+ gdind =5din s
For d > 5, it suffices to have 8* > dIn d. Hence, we obtain
15* 2(d—1)/2 . 2(d—1)/2

A~ S 2P _ e
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