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Abstract

The alternating direction method of multipliers (ADMM) has recently received
tremendous interests for distributed large scale optimization in machine learning,
statistics, multi-agent networks and related applications. In this paper, we propose a
new parallel multi-block stochastic ADMM for distributed stochastic optimization,
where each node is only required to perform simple stochastic gradient descent
updates. The proposed ADMM is fully parallel, can solve problems with arbitrary
block structures, and has a convergence rate comparable to or better than existing
state-of-the-art ADMM methods for stochastic optimization. Existing stochastic
(or deterministic) ADMMs require each node to exchange its updated primal
variables across nodes at each iteration and hence cause significant amounts of
communication overhead. Existing ADMMs require roughly the same number of
inter-node communication rounds as the number of in-node computation rounds.
In contrast, the number of communication rounds required by our new ADMM is
only the square root of the number of computation rounds.

1 Introduction
Fix integer N > 2. Consider multi-block linearly constrained stochastic convex programs given by:

N N
i = i (X5 . Ax; = b, 1
LB T =2 i) s D Ay 0
where x; € R% A; € R™*4 b € R™, X; C R% are closed convex sets, and f;(x;) =
Ee[fi(x:;€)] are convex functions. To have a compact representation of (I), we define x =
[x1:%9;. . xn] € RES X = [V X, f(x) = XN, fi(xi) and A = [Ay, Ay, ..., Ay] €
R™*2Z 1 di . Note that constraint Zf\; A;x; = b now can be written as Ax = b.

The problem (I) captures many important applications in machine learning, network scheduling,
statistics and finance. For example, (stochastic) linear programs that are too huge to be solved over a
single node can be written as (I). To solve such large scale linear programs in a distributed manner,
we can save each A; and f;(-) at a separate node and let each node iteratively solves smaller sub-
problems (with necessary inter-node communication). Another important application of formulation
(1) is the distributed consensus training of a machine learning model over N nodes [15] [17, 23]
described as follows:

e In an online training setup, i.i.d. realizations of f;(-;£) are sampled at each node. In an offline
training setup, fi(x;) = E¢[fi(xi;£)] are approximated by N% Zjv;l fij(x;) where N; is the
number of training samples at node ¢ and each f;;(-) represents one training sample.

e To enforce all NV nodes are training the same model, our constraint Ax = b is given by x; = x;
foralli # j € {1,2,..., N}. (In fact, we only need such constraints for pairs (7, j) that construct
a connected graph for all nodes.)

The Alternating Direction Method of Multipliers (ADMM) is an effective and popular method to
solve linearly constrained convex programs, especially distributed consensus optimiation [28, 5],
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since it often yields distributed implementations with low complexity [4]. Conventional ADMMs are
developed for the special case of problem (1)) with N = 2 and/or deterministic f;(x;). To solve a
two-block problem (T]) where f; is a stochastic function and f5 is a deterministic function, previous
works [21} 25} 131} [1]] have developed stochastic (two-block) ADMMs to solve problem @ with
N = 2. Itis unclear whether these methods can be extended to solve the case N > 3. In fact, even for
problem (T where all f;(x;) are deterministic, [6] proves that the classical (two-block) ADMM, on
which the stochastic versions in [21} [25] are built, converges for N = 2 but diverges for N > 3. To
solve stochastic convex program (I)) with N > 3, randomized block coordinate updated ADMMs with
O(1/€2) convergence are developed in [27, [I1]. Due to the challenging stochastic objective functions,
the convergence rate of stochastic ADMMs is fundamentally slower than deterministic ADMMs, i.e.,
O(1/€%) v.s. O(1/e) [13,[7,[11]]. The O(1/€2?) convergence is optimal since it is optimal even for
unconstrained stochastic convex optimization without strong convexity [20]. However, in distributive
implementations of ADMMs, each node has to pass its most recent x; value to its neighbors or a
fusion center and then updates the dual variable A. Existing stochastic ADMM methods [21} 25 [11]
require a communication step immediately after each x; computation step. In practice, the inter-node
communication over TCP/IP is much slower than in-node memory computations and often requires
additional set-up time such that communication overhead is the performance bottleneck of most
distributed optimization methods.

As a consequence, communication efficient optimization recently attracted a lot of research interests
[29, [14) 241 15 [17, 118 23]. Work [[17] proposes a primal-dual method that can solve problem (II])
with stochastic objective functions using O(1/€?) computation iterations and O(1/¢) communication
iterations. However, the method in [[17] requires each objective function f;(-) to satisfy the stringent
condition that there exists M such that f;(u) < f;(v) + (d,u — v) + M|u — v|| for any u, v and
d € 9f;(v) . Such a condition is more stringent than the smoothness when u and v are far apart from
each other. For example, the simple scalar smooth function f(x) = 2% does not satisfy this condition
over X = R. Work [18]] proposes a communication efficient method to solve deterministic convex
programs based on the quadratic penalty method and can obtain an e-optimal solution with O(1/e>+9)
computation rounds (¢ is a positive constant) and O(1/e) communication rounds. For distributed
consensus optimization over a network, which can be formulated as a special case of problem (I)
where A; and b are chosen to ensure all x; are identical, mixing or local averaging based methods
with fast convergence (and low communication overhead) are recently developed in [26, 22} 23| [19].

Our Contributions: This paper proposes a new communication efficient stochastic multi-block
ADMM which has communication rounds less frequently than computation rounds. For stochastic
convex programs with general convex objective functions, our algorithm can achieve an e-solution
with O(1/¢?) computation| rounds and O(1/€) communication rounds. That is, our communication
efficient ADMM has the same computation convergence rate as the ADMM in [[11] but only requires
the square root of communication rounds required by the method in [[11]. For stochastic convex
programs with strongly convex objective functions, our algorithm can achieve an e-accuracy solution
with O(1/€) computation rounds and O(1/+/€) communication round The fast computation
convergence (and even faster communication convergence) for strongly convex stochastic programs is
not possessed by the ADMM in [11]. When applying our new multi-block ADMM to the special case
of two-block problems, our algorithm has the same computation convergence as existing two-block
stochastic ADMM methods in [21}25) 131} [1]. However, the number of communication rounds used
by our ADMM is only the squared root of these previous methods.

Notations: This paper uses || A || to denote the spectral norm of matrix A; ||z|| to denote the Euclidean
norm of vector z; and (y,z) = y'z to denote the inner product of vectors y and z. If symmetric
matrix Q > 0 is positive semi-definite, then we define ||z||g, = T Qz for any vector z.

2 Formulation and New Algorithm

Following the convention in [8], a function h(x) is said to be convex with modulus p, or equivalently,
p-convex, if h(x) — & ||x]|? is convex. The ji-convex definition unifies the conventional definitions of
convexity and strong convexity. That is, a general convex function, which is not necessarily strongly
convex, is convex with modulus x = 0; and a strongly convex function is convex with modulus g > 0.
Throughout this paper, convex program (I)) is assumed to satisfy the following standard assumption:

' A computation round of our algorithm is a just a single iteration of the SGD update.
>A logarithm factor log(?) is hidden in the notation O(-).



Assumption 1. Convex program (1)) has a saddle point (x*, X*). That is, X* is an optimal solution
and X* € R™ is a Lagrange multiplier attaining strong duality q(X*) = f(x*), where g(A™) 2
inf (e x, viy {f (%) + (X", Ax — b)} is the Lagrangian dual function.

Note that strong duality in Assumption [I]is often stated as its equivalent “KKT conditions”, e.g., in
[7]. A mild sufficient condition for Assumption[I]to hold is () has at least one feasible point and the
domain of each f;(x;) includes X; as an interior [3].

Assume unbiased subgradients G;(x;;§) satisfying E¢[G;(x;;6)] = 0fi(x:),Vx; € X;
for each function f;(x;) can be sampled. Denote the stacked column vector G(x;¢) 2
[Gi(x1;6)T, ..., Gn(xn; &)T|T € REL1 %, We have B [G(x; €)] = Of(x).

Consider the communication efficient stochastic multi-block ADMM described in Algorithm [I]
Since f;(x;) are stochastic, ¢;(x;) defined in (Z) is fundamentally unknown. However, each ¢;(x;)

is v(-convex and its unbiased stochastic subgradient is available as long as we have unbiased
stochastic subgradients of f;(x;). The sub-procedure STO-LOCAL involved in Algorithm is a
simple stochastic subgradient decent (SGD) procedure (with particular choices of parameters, starting

points and averaging schemes) to minimize qbz(»t) (+) over set X; and is described in Algorithm

Algorithm 1 Two-Layer Communication Efficient ADMM
1: Input: Algorithm parameters T, {p®};>1, {v®};>1 and {K®},5;.
2: Initialize arbitrary yl(o) e X;, Vi, r(0) — Ef\il Aiygo) — b, A0 = 0,andt = 1.
3: whilet < 7T do
4: Each node 7 defines

A _ 1 _ b vt _
0 (x) Sfilx) + p (T AT A = )+ ol —yTUIE @

and in parallel updates x(t), y,gt) using local sub-procedure Algorithm [2|via

7

(x{", ") = STO-LOCAL(4{" (-), X,y ™", K 3)
5: Each node 7 passes XZ(-t) and ygt) between nodes or to a parameter server. Update A® and
r® via
N
A=A 4 pO (37 Ax ~b) )
=1
N
r =3" Ay —b. 5)
i=1
6: Update ¢ <— ¢ + 1.
7: end while ’
8: Output: ) = L3>  p®x®

Z?:l o™

Algorithm 2 STO-LOCAL(4(2), Z,z"", K)

1: Input: 4 strong convexity modulus of ¢(z); Algorithm parameters: ko > 0; v(F) =

2
m7v1€€ {1,2,...,K}.

2: Initialize z(¥) = z™ and k = 1.
while £ < K do
4: Observe an unbiased gradient ¢*) such that E[¢®)] = 8¢ (z(*~1) and update z(*) via

bl

25 = P g1 k) (9) ©)

where Pz|[-] is the projection onto Z.
5: end while
6: Output: (z,z%)) where 7 is the time average of {z(), ..., z(%)} defined in Lemmas|i]or[2]




We now justify why Algorithm[I]is a two-layer ADMM method. (See Supplement [6.T|for a more
detailed discussion.)

e The Lagrange multiplier update (@) is identical to that used in existing ADMM methods or other
Lagrangian based methods. It is helpful to enforce the linear constraint.

o At the first sight, the primal update in Algorithm (4)) is quite different from existing deterministic
ADMMs in [10, 4} [7], which require to solve an “argmin" problem, or stochastic ADMMs in
[21L 250 [11]], which perform a single gradient descent step . However, with a simple manipulation,

it is not difficult to show that that function (Z)Et) (x;) in (@) is similar to the “argmin" target in the

proximal Jacobi ADMM method [[7] with the distinction that the proximal term ||x; — ygtfl) ||? is
(t—1) (t—1)

regarding a newly introduced variable y, rather than x;

Recall that the fastest stochastic ADMMs in [21}, 25} [TT]] can solve general convex problem (T)) (with
N = 2) with O(1/+/T) convergence. That is, to obtain a solution with € errors for both the objective
value and the constraint violation, the ADMMs in [21} 25} [IT] require O(1/€?) computation steps,
each of which uses a single gradient evaluation and variable update. The ADMM s in [21}[25/[11] has a
single layer structure and hence are communication inefficient in the sense that each computation step
involves a communication steps. Thus, the communication complexity of these stochastic ADMMs
is also O(1/€%). Compared with existing ADMMs in (211 25| [[]], Algorithm [1] has a two layer
structure where each outer layer step involves a single inter-node communication step given by @)-@)
and calls the sub-procedure, i.e. Algorithm STO—LOCAL((;Sz(.t) (), X, yz@, K®), which is run by
each node locally and in parallel and hence does not incur any inter-node communication overhead.
Since each call of Algorithmincurs K SGD update, T iterations of Algorithmuse Zthl K®
computation steps. We shall show that to achieve an e solution for general convex problem (T)),
Algorithmuses T = O(1/e) communication rounds and Zthl K® = O(1/€*) computation steps.
That is, Algorithm [T]is as fast as existing fastest stochastic ADMM:s but uses only a square root of the
number of communications rounds in [21} 25] [11].

Note that inter-node communication in Algoirthm [I]can be either centralized or decentralized. To use
® t0a parameter server, where (@)-([B) are

executed, and then pull the updated A® and r® from the server. It is possible to implement (@)-{)
using decentralized communication by exploring the structure of matrix A = [A;, Ao, ..., Ay]. For
example, consider distributed machine learning in a line network where Ax = b is givenby N — 1
equality constraints x; — x;11 = 0,7 € {1,2,..., N — 1}. In this case, )\Et) and rgt) only depend on

XZ(.t) and xgi)l and are only used to updates x") and ngll). Thus, to implement Algorithm each

' )

J

centralized communication, we can let all nodes pass their x

node only needs to send its local xgt) to and pull )\g-t) and r

2.1 Basic Facts of Algorithm 2]
Since each iteration of Algorithm [I|calles Algorithm[2] which essentially applies SGD with carefully

from its neighbors in the line network.

designed step size rules to newly introduced objective functions qbgt) (+). This subsection provides
some useful insight of SGD for strongly convex stochastic minimization.

It is known that SGD can have O(1/¢) convergence for strongly convex minimization. The next two
lemmas summarize the convergence of SGD Algorithm 2 When characterizing O(1/¢) rate, our
lemmas also include a push-back term involving the last iteration solution. This term ensures when
the SGD solution from Algorithm [2)is used in the outer-level ADMM dynamics, the accumulated
Et_l), which is the last
(=1 (o define gzﬁgt) (x;).
Lemma 1 ([I6]). Assume ¢(z) is a pu-convex function (. > 0) over set Z and there exists a constant

B such that the unbiased subgradient ¢'™) used in Algorithm satisﬁes E[|¢™?] < B2,Vk €
{1,2,...,K}. If we take ko = 1 in Algorithm 2] then for all z € Z, we have

error of our final solution does not explode. It also explains why we use y
iteration solution from the SGD sub-procedure, rather than conventional x

E6@) < o() — 5Bl — 2]+ 22, @

@-term ()

where/z\ = m f:_ol(k + kO)Z(k)



Remark 1. [t is firstly shown in [[16]] that Algorithm[2|with ko = 1 (vanilla SGD with a particular
averaging scheme) has O(1/€) convergence for non-smooth strongly convex problems. Note that
holds for all z € Z (not necessarily the minimizer of ¢(-)). The push-back term (T)-term (1) is often
ignored in convergence rate analysis for SGD but is important for our analysis of Algorithm([l]

Recall that a function h(x) is said to be L-smooth if its gradient Vh(x) is Lipschitz with modulus
L. The next lemma is new and extends Lemma[lto smooth minimization such that the error term
depends only on the variance of stochastic gradients (using a different averaging scheme).

Lemma 2. Assume ¢(z) is a L-smooth and u-convex function (p > 0) with conditional number
K= % and there exists o > 0 such that unbiased gradient C(k) (at point z*=1)) in Algorithm
satisfies E[||¢*) — Vo (zFD)|2] < 02,Vk € {1,2,..., K}. If we take integer ko > 2k, then for
any z € Z, we have

p(kg — ko )
2K(K + 2ko — 1)

Where/z\ = m Zk:l(k + kO - 1)Z(k)

- 2k 2
(Elllz = 217 = Ellz — 2" 1%)) = SEllz - 250" + —F 22— ®

E[¢(2)] <¢(2) + (K +2ko — 1)p

Proof. See Supplement|[6.6] O
3 Performance Analysis of Algorithm ]|

This section shows that Algorithmcan achieve an e-accuracy solution using O(1/¢?) computation
rounds and O(1/¢) communication rounds for general convex stochastic programs; or using O(1/¢)
computation rounds and O(1/+/€) communication rounds for strongly convex stochastic programs.

3.1 General objective functions (possibly non-smooth non-strongly convex)

Theorem 1. Consider convex program (1) under Assumption Let (x*, X™) be any saddle point

defined in Assumption|l} Assume that )
o The constraint set X is bounded, i.e., there exists constant R > 0 such that ||x|| < R,Vx € X.

o The function f(x) has unbiased stochastic subgmdlents with a bounded second order moment, i.e.,

there exists constant D > 0 such that Eé)[HG :O)|?] < D%, vx € X
For all T > 1, if we choose any fixed p p >0 0, v = 2 KO =K >Tin
Algorithm land the sub-procedure STO LOCAL (Algorlthm 2) uses z deﬁned in Lemma ]| l as the

output, then C
E[f &) < f() + g lx" =y P + 5= ©)

2vT
1 \f

E[|AX™ - b|] < (10)

where x(T) = 1 Zt . x®: g = @Aty + \/pynx* — o2 4+ 24pD2 1+ B@PIARUAIREIBD? | o6, ,52/(1 -
|/ 22lAl? yy2 lsanabsoluteconstant(zrrelevanttoT) and C = 4HA|| Q+12D2+12p lA|%(]|A|| R+
|Ib||)? + 4812 R is also an absolute constant.

Proof. See Supplement[6.7] O

Remark 2. After T outer-level rounds, Algorithm|[I]yields a solution with error O(1/T). Note that
the number of communication rounds is equal to the number of outer-level rounds and the number

of computation rounds is Zthl K® = O(T?) when K) = T,Vt. Thus, to obtain an e-solution,
Algorithmuses O(1/€) communication rounds and O(1/€?) computation rounds.

Remark 3. If we choose v) = v = 8p||A|? in Theoremand further analyze the dependence on
IA] in @-(T0). we have E[f(xT))] < f(x*) + O(7.p| Al]*) and E[| AX'") — b|] < O(3:(; +
IA)). If ||A|| is large, to balance the dependence on || A|| in (O)-(T0), we shall choose p = m such

that the error terms in both () and (I0) are order O(||A|). In general, p can be controlled to trade
off between objective error and constraint error. For distributed consensus optimization considered in
[26] 22| 231 [19]] (assuming d; = 1 without loss of generality), we can choose any A, b that suffices to
ensure the consistence of local solutions, e.g., Null{ A} =Span{1} and b = 0. Our method does not
necessarily require A = 1 — W with a stochastic matrix W encoding the network topology as some
methods in [26) 122 123||19]. Nevertheless, even when ung A = I — W, our communication overhead
can possibly have a better dependence on W. Note that a stochastic matrix W ensures |Al| < 2.
The convergence in [26} 22} |23 |19] (using a doubly stochastic or symmetric PSD W for mixing)
Surther depends on 1/(1 — max{|Ao(W)|, |An(W)|}) or the eigen-gap A\ (W) /An_1(W), which
can be much larger than constant 2 when some eigenvalues are extreme.
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3.2 Smooth objective functions

For unconstrained stochastic smooth minimization, the constant factor in the SGD convergence

rate is determined by the variance that can be significantly less than the second order moment for

non-smooth stochastic minimization[20]. Such a property enable us to speed up SGD by averaging

multiple i.i.d. stochastic gradients, e.g., mini-batch SGD. In this subsection, we show that Algorithm

[1]has a similar property when f(-) in problem (T)) is smooth.

Theorem 2. Consider convex program (1) with p-convex (possibly u = 0) objective function under

Assumptlonl 1| Let (x*, X*) be any saddle point defined in Assumptlonl | Assume that

o The function f(x) is L-smooth.

e The function f(x) has unbiased st()chastlc gradzents with a bounded variance, i.e., there exists
constant o > 0 such that E¢[||G(x; &) — x)||?] < 02 Vx € X.

If the sub-procedure STO-LOCAL (Algorithm 2) uses z deﬁned in Lemma [2) as the output, then

Algorithm[I|ensures:

e General Convex (¢ = 0): For all T > 1, if we choose any fixed p® = p > 0, V) = v > p||A|?,
K® = K = T and positive integer kq > 2 L'H’ , then we have

BL/ ()] < J0e) + YOI+ 2’“0" an

v(iko +1 k
Bllax™ —bj] < 7 (2iany+ /LD (" Jix® —y @) 42,/ 07 12)

where (1) = 1 thl x(®)

1 l/(ko + )Hx*

e Strongly Convex (y > 0): For all T > 1, if we choose p < Tf}‘”fz,p(t) =tp, v = tp| A%
positive integer ko > 2(1 + ﬁ) and K = (2kg — 1)t, then we have

—(T) * 1 *_y©
B GO < 50 + gy (el =y @1+ Zog(T + 1) a3
(T _ 2 42" \/ﬁ (0) Ve log(T +1)
BllAX™ — bl < 7 (S o -yl ) (14)
=T _ 1 T . A (PILAN® +p) (kg —ko) A
where )2( ) = WZt:I pWx®; and ¢ = p|A|? + W and cy =
(Qkffow are two constants.
Proof. See Supplement[6.8] O
Remark 4. If f(x) in convex program is strongly convex, Algorithm|l|can obtain a solution

with error O( Og(T)) after T' outer-level rounds. Recall the number of communication rounds

is equal to the number of outer-level rounds and the number of computation rounds is equal to
Z;T:l K® = %UT_lT(T +1) = O(T?), Algorithm requires O(L) communication rounds and
O(e%) computation rounds to obtain an e-solution.

3.3 Non-smooth strongly convex objective functions

There is a fourth case, where the stochastic objective function f(x) is strongly convex but possibly
non-smooth, uncovered in the previous subsections. In this case, we assume the following condition
(originally introduced in [17]): There exists constant M/ > 0 such that

) < fy) +(d,x—y) + Mx —yl], (15)

forall x,y € X and d € 9f(y). This condition is assumed throughout [[17] to develop a different
communication efficient primal-dual method. Supplement [6.9] shows this condition is almost as
useful as smoothness and under this condition, our communication efficient ADMM can achieve
an e-accuracy solution with O(1/¢) computation rounds and O(1/+/€) communication rounds for
non-smooth strongly convex stochastic optimization.

4 Experiments
4.1 Distributed Stochastic Optimization with Noisy Stochastic Gradient Information

Consider simple stochastic optimization given by



3
min Z Ee,[||x: — cl||§] (16)
i=1
S.t. X1 = X2,X2 = X3 (17
c€[-1,13vie {1,2,...,3} (18)

where ¢; ~ N (€;, 021) satisfy normal distributions with ¢; = [—2.0871, —0.3702, 0.2302]T, oy =
0.1, &3 = [~0.5556, —0.4413,0.2869]T, 05 = 0.2, €3 = [~1.4991, —1.8286, —2.0477]" and 03 =
0.1. Solving this problem with Algorithm[T|only requires each node to access samples of local ¢; and
does not use the true value ¢; and o;,which are fundamentally unavailable. However, by assuming the
knowledge of ¢; and o;, we can convert this stochastic optimization to a deterministic problem and
use CVXPY [9] to obtain the unique solution x} = x} = x4 = [—1, —0.88003599, —0.51020207]"
such that we can evaluate the performance of Algorithm[T} Since the objective function is smooth and
strongly convex, by Theorem[2] using time-varying parameters in Algorithm|[T]has faster convergence.
We run Algorithm [1| with constant p, v according t Theorem 1| and with time-varying p(*), v(*)
according to Theorem [2} respectively. Note that if an algorithm has O(1/¢”) convergence, then its
error should decay like O(1/t'/#) where t is the iteration index.

Figures [T plots the distance to x* versus the computation round index or the communication round
. . . 1 .
index in a log-log scale. It also plots baseline curves 1/¢7 corresponding to O(1/¢”) convergence

proven in the theorems. Note that in a log-log scale, curves 1/ t% become straight lines with
slopes —%. That is, if our algorithm has the proven convergence rate, the error curves should be
eventually parallel to corresponding baseline for large ¢. In Figures[I] we observe the numerical
result is consistent with our theoretical rate proven in our theorems. This simple experiment verifies
the correctness of our theorems. Our multi-core implementation of Algorithm [I]uses Python 3.7
and MPI4PY. In an experiment over a machine with a multi-core Intel Xeon Processor E5-2682
2.5GHz. Each computation round takes 0.3ms and each communication round takes 43.7ms. Note
communication becomes more relatively expensive as more parallel nodes/cores are involved.
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Figure 1: Performance of Algorithm|[I]to solve stochastic optimization (T6)-(T8): (a)& (b) conver-
gence w.r.t. # of computation rounds; (c)&(d) convergence w.r.t. # of communication rounds.

3Since f(x) is also smooth, using constant p, v according to Theoremcan give a similar (slightly better)
performance. Theoretically, by using K () = ¢ rather than K = T for a fixed T, the rate is slightly worse, i.e.
O(log(T')/T) v.s. O(1/T). However, we find the performance degradation for large T regions is negligible
when using K¥ = ¢. In contrast, using K*) = ¢ enable the algorithm converge faster for small t. We use
K = ¢ when performing the numerical experiments in this paper.



4.2 Distributed /; Regularized Logistic Regression

Consider a distributed /; regularized logistic regression problem (over 10 nodes) given by:
10 N;

min 110;]\71jZIIOg(1+9XP(bij(anxi)) + pl|xil 1 (19)
with each optimization variable x; € R<. Each node contains N; training pairs (aij7 bij), where
a;; € R is a feature vector and b;; € {—1, 1} is the corresponding label. To ensure all nodes yield a
consistent model, consensus constraints are needed to enforce all x; are equal. Note that conventional
two-block ADMMs must introduce a dummy block (server node) z and add constraints x; = z. (See
e.g., [4,121,125].) However, such an ADMM method requires all nodes to pass the updated x; value
to the (server) node corresponding to the z block and hence can turn z node into a communication
bottleneck in large networks. In contrast, using a multi-block ADMM method allows arbitrary
linear constraints, e.g., constraints x; = X;41, V¢ that ensure all x; are equal, and the corresponding
multi-block ADMM only uses communication between adjacent blocks. Alternatively, consider a line
network where only one-hop transmission is allowed, then our ADMM naturally yields a protocol
that is faithful to the network communication restriction. In general, given an arbitrary network
communication topology, our multi-block ADMM can always yield an implementable distributed
protocol by adding constraints x; = x; for links (¢, ) existing in the network.

We generate a problem instance in a way similarly to [4]. Our problem instance uses d = 100,
N; = 10° for all ¢ and p = 0.002. Each feature vector a;; is generated from a standard normal
distribution. We choose a true weight vector x™° € R? with 10 non-zero entries from a standard
normal distribution and then generate the label b;; = sign(aZTj x'™ 4 n;) where noise n; ~ N (0,0?)
with fixed constants ¢; randomly generated from a uniform distribution Unif[0, 1]. Figures cornpares
Algorithm[T]with RPDBUS ADMM proposed in [11]], where the number of communication rounds is
the same that of computation rounds, and DCS in [17], where the number of communication rounds
is the square root of that of computation rounds. We observe that Algorithm I]has fastest convergence
with respect to both computation and communication.

7x107* —-= RPDBUS ADMM
-=- DCS

—— Algorithm 1

1071 4.

"
o

6x1071

Training Loss
20 _ g
max k" =iy

1

Y

—-= RPDBUS ADMM
5x1071{ -=- DCS
—— Algorithm 1

10° 10! 10? 10° 104 10° 10! 10? 10° 104
# of computation rounds # of computation rounds

(@ (b)

7x107 =3 —-= RPDBUS ADMM
--- DCS

—— Algorithm 1

6x107"

Training Loss

2t _ Z(t)
max %0 - %, 1}

1

—:- RPDBUS ADMM
5x1071{ === DCS
— Algorithm 1

10° 10t 10? 10° 10t 10?
# of communication rounds # of communication rounds

(© )
Figure 2: Distributed [ regularized logistic regression: (a)& (b) performance w.r.t. # of computation
rounds; (c)&(d) performance w.r.t. # of communication rounds

5 Conclusions

This paper proposes a new communication efficient multi-block ADMM for linearly constrained
stochastic optimization. This method is as fast as (or faster than) existing stochastic ADMMs but the
associated communication overhead is only the square root of that required by existing ADMMs.
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6 Supplement

6.1 Connection between Algorithm [T]and Existing ADMMs

Note that Algorithm [[Juses the same Lagrange multiplier update as most existing ADMM methods.
The Lagrange multiplier update () is helpful to enforce the linear constraint. (See Lemma [3]
(®

in Supplement for a more technical justification.) However, the per-iteration x, ’ updates in

Algorithm 1| introduce new stochastic functions qﬁl(.t) (x;) and let each node call a SGD sub-procedure

locally to minimize qﬁgt)(xi). This is quite different from existing deterministic ADMMs [4, [7]],
which require to solve an “argmin" problem exactly, or existing stochastic ADMMs [21} 25| [11]],
which perform a single gradient descent step. The “argmin" update is fundamentally impossible for
stochastic minimization since the stochastic objective function is fundamentally unknown and can
only be sampled. Our intuition is existing stochastic ADMMs are too conservative in updating x;
by restricting themselves to a single gradient descent update and then communicate immediately
for the Lagrange multiplier update. In contrast, our Algorithm [I]introduces the SGD sub-procedure
(Algorithm for each node to update x; using K () gradient descent steps. Such SGD sub-procedures
only involve local computations and do not incur any inter-node communication. This is the key
reason why our Algorithm [I] requires fewer communication rounds than computation rounds. It
is tempting to interpret Algorithm |l|as an ADMM variant where the “argmin" primal update is
only approximately solved using local SGD sub-procedures. Previous work [10] considers ADMM
variants with inexact “argmin" primal updates for deterministic optimization without analyzing the
convergence rate. However, our Algorithm[I]is different from the method in [10] and can solve more
challenging stochastic optimization with convergence rate guarantees.

It remains to see how we come up with (bgt)(xi) in (). To see so, we introduce Algorithmthat
generalizes the deterministic multi-block ADMM in [[7] and provide new insight and analysis.

Algorithm 3 Deterministic Multi-Block Proximal Jacobi ADMM (generalized from [[7]])

1: Input: Algorithm parameters: {P,Et)}t217ie{1,27___,N} with Pgt) = 0,Vi,Vt; {p®}i>1.
2: Initialize arbitrary x\*) € ;, Vi, A® = 0and ¢ = 1.
3: while t < T do
4: Update each xgt) in parallel equal to
(t)
i L fx)+ Pl Ax =D _p oy b yeenpz Ly e
argmin {56 + B A + ;ijj bt ATV Gl X Vg o 0
5: Update A*) according to @).
6: Update t <— ¢ + 1.
7: end while
8: Output: X7 = ST %

23":1 pt)

Algorithm [3]is almost identical to the original parallel multi-block ADMM proposed in [12} [7] except

that it allows Pgt) and p(*) to be time-varying. We will show later that time-varying Pgt) and p® are
useful for Algorithm [3|to achieve faster O(1/+/€) convergence for problems with strongly convex

objective functions. Note that if we take P{") = v()T — p() AT A, with scalar »® > 0, then (20) in
Algorithm [3]is equivalent to

N (t)
x(1) =argmin { fi(x0) + o (AT (30 A bt A ) 4 Y XYL @

t
xX;EX; =1 p( )

N (®)
— aromi ® (t-1) L ye-1 by v (t=1) )12
=argmin {fi(xi) +p <;Aixi —b o+ AT, A )+ gl ==Y }
(22)
Since both (c,x;) and ||x; — x§t71)|\2 are separable (with respect to each component of vector
X;), the equivalent minimization step (21)) or (22) can be further decomposed into d; simple scalar
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minimization subproblems if f;(x;) is also separable, e.g. linear f;(x;) or f;(x;) = ||x;||1. Thus,

) can remarkably reduce the implementation complexity of Algorithm [3|and

()

)

suitable choices of Pgt

enable the parallelism of x
()

i

updates for different i. See [8, 7] for more discussions on the benefit of
introducing P

Note r(t=1) = Efil Aiy(tfl) —bin Algorithm it now becomes transparent how ¢z(-t) (x;) in @) is

' (t=1)

developed in Algorithm (I} Each qbl(-t) (x;) is obtained by replacing each x in expression (22)) with

a newly introduced variable ygtfl). Algorithm I{then further call a SGD sub-procedure (Algorithm
to minimize ¢§t> (x;). The introduction of yit_l) is to compensate the error accumulated in the
SGD sub-procedures and is further justified in Section [2.1]

To further motivate the development of Algorithm [ from Algorithm 3] the next theorem summarizes
the convergence of Algorithm 3|for deterministic convex programs:

deterministic f(x). Let (x*, X*) be a saddle point in Assumption
1. General Convex (1. = 0): If we choose any fixed p*) = p > 0 and PZ(-t) =P, =vI-pATA;
with v > p||A||? in Algorithm 3] then we have

Theorem 3. Consider convex programs in the form of (1)) with f-convex (possibly non-smooth)

* 1 *
FET) <P+ grlxt = %G (23)
L2 1] = xPlq
T »p T N

where X7 = <A— 57 px® = 257, x"; Q = Diag(Qu.....Qn) = Diag(Py +
pATA,, ..., Py + pALAy).

[AX™) —b| <

(24)

2. Strongly Convex (1 > 0): If we choose p < 3y, o = tpand Pgt) =tp||A||’T — tpATA,;
in Algorithm 3] then we have

FED) <6 + ey A1 = <) 25)
<(T) _ AN 2lAflfx" %)
[AX" —b| < T +1) T D) (26)
Proof. See Supplement[6.3] O

Remark 5. It is sufficient to use any constant p to ensure O(1/T) convergence for the . = 0 case.
However, a larger p yields larger objective error (note that || - H?Q = O(p)) and smaller constraint
error. Thus, p can be controlled to trade off between objective error and constraint error. Similar
tradeoffs also hold for the © > 0 case (as long as p satisfies the condition ensuring the algorithm
convergence) and other algorithms in this paper.

Remark 6. For the ;i = 0 case, Algorithm |3| with fixed algorithm parameters degrades to the
proximal Jacobi ADMM considered in [7)]). However, the convergence rate shown in [7] is in the
weak form of ||x“+t1) — x®)||2 < o(1/t) and does not necessarily mea the convergence for the
objective value or feasibility shown in Theorem|3| In contrast, our Theorem E] proves the O(1/T)
convergence rate of Algorithm[3| regarding the objective value and feasibility, which is the concern
for math optimization.

A similar O(1/T") convergence rate, or equivalently, O(1/¢) convergence time, for i = 0 case is
independently shown in [11]] for an ADMM variant different from Algorithm [3] In Supplement
[6.3] we provide a different analysis that unifies both = 0 and p > 0 cases. To our knowledge,
the O(1/T?) convergence rate of Algorithm with time-varying parameters for ;1 > 0 case (with
possibly non-smooth f(x) and arbitrary matrix A) is new. Existing faster convergence of ADMM
for strongly convex programs requires additional conditions of f(x) and/or A.

*In fact, the ||x+1) — x®||2 < o(1/t) convergence is so weak that it does not even imply x* converges to

a fixed x*. For example, the scalar sequence ) = t*/4 satisfies ||+ — 2| < o(1/t) but diverges to
0.
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6.2 Analysis Technique in This Paper

Note that our analysis technique for the proximal Jacobi ADMM described in Algorithm [3] and
the communication efficient stochastic ADMM in Algorithm [1]is different from the analysis for
conventional Jacobi type ADMM as in [7]. The analysis in this paper is extended from [30]] where
a proximal Lagrangian based method is developed for convex programs with possibly non-linear
constraints. By utilizing the simpler linear constraint structure, we obtain finer convergence rate
results for Algorithm [3and further establish the computation and communication complexity for
Algorithm ]

6.3 Basic Facts from Lagrange Multiplier Updates

In this section, we present two lemmas that hold for any algorithm using (@) to update A. These two
lemmas are frequently used to analyze the feasibility violations in this paper.

Lemma 3. Let A”) = 0 and /\(t), t > 1 be updated according to (@).

1. ForanyT > 1, we have Zthl P (Ax® —b) = A

2. Forallt > 1, we have <)\(t_1),Ax(t) - b> = 2p1(t) (H)\(t)HQ - ||)\(t_1)H2) - %HAX(O -
b||2.

Proof.

1. This follows directly from the update equation (4.
2. Fix t > 1. Taking the squared vector /5 norm on both sides of (@) yields
N
INO? = A2 4 (6?3 Al < |2 420 (XD, Ax) ~b).
i=1

This part follows by dividing by 2p(*) on both sides and rearranging terms.
O

Note that part (1) of lemma implies that to analyze the accumulated feasibility violations over 7'
iterations, it is sufficient to analyze the boundedness of AT, The next lemma follows directly

from the saddle point assumption (Assumption |1) and relates AT with the accumulated objective
performance.

Lemma 4. Consider convex program (1)) under Assumptionsuch that (x*, \*) is any saddle point
defined in Assumption|l| For any T > 1, if an algorithm generates x\¥) € X and updates AW
according to {@)( with A0 = 0) at each iteration t € {1,2,...,T}, then we have

T T
DA Fa) =Y p W ) = AT IATY)
t=1 t=1

Proof. Fix T > 0. Forany ¢t € {1,...,T}, by Assumption|[I] we have
(a)
(&) = (W) 2 it () + (A, Ax = b)} < f(x) + (A, AxO) ~ b)
xE

where (a) trivially follows because x(*) € X. Multiplying p(*) on both sides and summing over
te{1,2,...,T} yields

T T T
PR SN <A*, > (Ax® — b>>
t=1 t=1

t=1

T
LY 07 ) (AT AT
t=1
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®) & i
<D pDFED) + AT IAD]
t=1
where (a) follows from part (1) of Lemma[3]and (b) follows from the Cauchy-Schwarz inequality. [J

6.4 New Facts on Convex Analysis

Recall the following important fact on the minimizer of strongly convex functions:
Lemma 5 (See e.g. Corollary 1in [30]). Let h : X — R be a strongly convex function, i.e., ji-convex
with p > 0, and X™" € X be a point that minimizes h over set X, then

A(x™™) < h(x) — ng —x™n|2 yx e X

Note that this fact holds trivially for convex functions without strong convexity (u-convex functions
with 2 = 0). We now extend the above property for a convex function given by h(x) = g(x)+ 3 %1%

where g(x) is a p-convex function and Q > 0 is a symmetric semidefinite positive matrix, in the
following lemma:

Lemma 6. Let h : X — R be defined as h(x) = g(x) + %||x||?;2 where g(x) is a p-convex function

and Q > 0 is a symmetric semidefinite positive matrix. If xX™" € X is a point that minimizes h over
set X, then

h(x )<h(x)—§||x—x ||(2Q+HI Vx e X.

Since matrix Q can be rank deficient, the function %HXH% is not necessarily strongly convex.
Thus, h(x) = g(x) + %HXH?Q is in general p-convex. By Lemma we can only say h(x™") <
h(x) — 3|lx — x™in ||iI for all x € X, which is weaker than the inequality in Lemma@

The following lemma will be useful to prove Lemma 6]
Lemma 7. Let h : X — R be defined as h(x) = g(x) + %||x||?Q where g(X) is a p-convex function

and Q * 0 is a symmetric semidefinite positive matrix. Let Oh(x) be the set of all subgradients of h
at point x. Then

1
h(Y) > h(X) + <d7y - X> + §||y - XH2Q+/,1,I
SJorallx,y € X and all d € Oh(x).
Proof. Define ¢(x) = h(x) — &||x[|* — 5|x[|&§ = h(x) — 5[[x[[& ,1- Since A(x) = g(x) + 31|/
we known ¢(x) is a convex function. Let 0¢(x) denote the set of all subgradients of ¢ at point x,

then 0¢(x) = Oh(x) — (Q + pI)x = {d — (Q + pI)x | d € Oh(x)}. By convexity of ¢, for all
d € Oh(x) and all x,y € X, we have

P(y) 26(x) + (d = (Q+ pD)x,y — %)
=6(x) + [[X[[ G pur + (dy — %) = (Q + pD)x,y)

Substituting ¢(x) = h(x) — 3 [1%[1& .1 and ¢(y) = h(y) — 5[lylI§, .1 into it and rearranging terms
(noting that Q + pI is symmetric) yields

1
h(y) = h(x) +(d,y = %) + S [ly = X[[qs

Now we are ready to prove Lemma 6}

Proof of Lemmal|6;: Fix x € X. Note that / is also convex. By the first order optimality condition
of convex functions, e.g., Proposition B.24 (f) in [2], there exists d € 0h(x™") such that (d,x —
x™im) > (. By Lemma(7] we also have

h(x) = h™") 4 (dyx = x™7) + S fx = XG40

@ min 1 min
> h(x™") + 2% = X

where (a) follows from the fact that {(d,x — x™") > 0.
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Corollary 1. Let ¢ be a fixed constant vector and h(x) = g(x) + 1||x — c||2Q where g(x) is a

p-convex function and Q = 0 is a symmetric semidefinite positive matrix. If x™" € X be a point
that minimizes h over set X, then

h(x )<h(x)—§||x—x ”?Qﬂtl Vx € X.

Proof. Let g(x) = g(x)+ %||c||?Q + (¢, x). Note that §(x) is pu-convex as long as g(x) is. We further
note that h(x) = §(x) + %HXH%, which is a summation of y-convex function and %||x||22 Thus, this
corollary follows directly from Lemma

6.5 Proof of Theorem[3

The proof is built upon Corollary [1|from Section 6.4|and a different interpretation of the x(*) update
in Algorithm 3]

Lemma 8. The update in (20) (Algorithm[3) is equivalent to

N
. _ 1 _ b 1 _
x§t> = arggn/’én {fz(xl) + p<t) < E Aixgt D _py —p(t) A 1), Aix; — N> + §HX1 - XZ(-t 1)|\2Qgt) } )
(27)

Vie {1,2,..., N} withQ" =P + pOATA, - 0.

Proof. Note that AV and xgtfl) are given constants in (27). This lemma follows by noting that
is equivalent to

N ®
i 3 (x4 p® AxtD o L yen A PN ey 2
argmin {fz(xz)er <§ i + o A = )+ A = x|

=1

1 -1
gl x|

N
a _ 1 o _ ® _
@ argmin {fi(Xi)-l-p(t) <ZAix§.t Db — A A (x — x 1>)>+”2 Ay (x: — x\1))2

x; €EX; i—1 p(t)

1 -1
+§sz- - x\' >\|i,(t> }

N 2
_ B 1 -
Ai(xi—xgt 1>)+ZAix§t 1)_b+ﬁ)‘“ 1)

=1

x; €EX; 2

(®)
b . 1 —
g:gargmln {fl(xz) P + EHXl - th 1)||i,(_t) }

2
1 t—1) 2
+ gl =% I

where (a) follows because an argmin solution does not change if we add constant terms to the
expression to minimize and (b) follows by completing the square (and adding necessary constant
terms for this). O]

p(t)
Sargmin < fi(x;) + -

x; €EX;

Axi+ > ATV —b ﬁ)ﬁ*l)
J#L

Corollary 2. The update in (20) (Algorithm[3) is equivalent to

1 1
0 = argmin {0059 (Ax=) b L0, Ak b) 1 e xtg
x€EX p\ 2
(28)
with
Q" £ piag(Q(”,...,QY) = Diag(P{" + p ATA:,..., PV + p"ALAN)  (29)
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Proof. Note that the update of each x\") is fully decoupled in (7). That is, x® chosen by Algorithm
Blis to jointly minimize

al al 1 b\ 1
Z fi(xi) + p® <Z Aixl(-tfl) —b+ WA(FU, Aix; — > + §||Xi - Xz(-til)Hgm
i=1 i

i=1 N
=f(x) + pt <Ax(t—1) —b+

1 1
ﬁ,\“*l), Ax — b> + 5l — x(D2,

over set X' = Hfil X;
O

Lemma 9. Let x* be any optimal solution of problem (1). Let QW be defined in 29). IfPEt) =0
and p > 0 in Algorithmare chosen to satisfy
Q" = pMATA (30)
Then, for all T > 1, Algorithmensures that
T

T T

o1 1
S <300 + 530 p 00 = ZIADE
t=1 t=1

t=1

A * — *
where ©) = [[x* — x!! 1)||?,2<t> —x* - X(t)HZHQ“)‘

Proof. FixT > 1. Forany t € {1,2,...,T}, by Corollary x(®) is chosen to minimize f(x) +
p® <Ax(t*1) —b+ ﬁ)\(t_l), Ax — b> + 3lx - X(t*1)||g<t) over x € X. Note that f(x) +

p® <Ax(t*1) —b+ ﬁ)\(t_l), Ax — b> is p-convex since f(x) is p-convex. By Corollary
(note that x* € X’), we have

1 1
Fx®) 4 p® <Ax<f1> b4 W)‘(H)’ Ax(® b> e

* — 1 — * 1 * —
<f(x*)+p" <Ax<t Db+ WA“ D Ax* b> + gl = xCV G0 31)
1 * t) |12
- 5”X —x{ )HMIJ,-Q(O
a 1
where (a) follows because Ax* —b = 0 and O £ |x* — x(t=1 15 — IIx* = x(®) 12 g
Recall that by part (2) of Lemma[3] we have
(t—1) (®) 1 ()2 (t—1)y2 P(t) (t) 2
(N0 AXO —b) = o (IAVE = IACTIIR) - - Ax bl 33

By the basic identity (u,v) = Z[lul[3 + 3|[v||* — 4|ju — v||? for any vector u, v, we have
1 1 1
<Ax<t*1> ~ b, Ax® — b> = SIAXIY —b|2 4+ 2 Ax® — b - A —xD)|?
(34)
Substituting (33)-(34) into (32) and rearranging terms yields

1 (t)
=2 _ix@®p2) _ P (t—=1) _ 112
g (XU = V) = £ At — b

F) <767) + 500+

P(t) (t) (t—1)y(12 1 (t) (t—1)12
+ E A - x| - Sk - xR,

@ 1 1 _ 1 _

SFO) + 500 4 g (NI = INOI) = Sl =XVl o ara
® 1 1 _

SSO) + 500+ o (IACY P — 1A
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where (a) follows by ignoring the negative term — % | Ax(*=1) —b||? and noting that ” HA(
x(=D)12 = Ljx® — x(t=1) ||2(t)ATA’ and (b) follows because Q ®) = pMATA.

Multiplying p™® on both sides and summing over t € {1,...,T} yields

T T
Zp”f (<) <Zp(”f izp“)@“wiz(nx“-”n?||A“)||2)

(@)

Mﬂi

Z t)@ |>‘(T)H2

~~
Il
—

where (a) follows by simplifying the telescoping sums and recalling that A© =0, O

The following lemma provides a few practical sufficient conditions that ensure (30)
Lemma 10. The condition (30) holds if any of the following three conditions holds

1. P = 01— pOATA, with v > p© | A%
2. PY = uOT with v® > p0] |2
3. Pgt) = Vi(t)I with uft) > p(N —1)[|A4ll3

Proof. Note that (30) holds trivially when the first or the second condition holds. To see (30) holds
when P; = ul-(t)I with l/-(t) > p®M(N - 1)||AH§, we note that for any z = [zy; . .., zy] € RXim1 4,

2P ara—qo =2 ZA zi]? - Z 20200, o7,

(a)
Sp(f)NZ ||Z1||2ATA, - Z ||Zi||f)§t)+p(t)ATA.
i=1 ‘ o

i=1
N
_ 2
- Z ”zinpﬁf)_pu)(N_nA{A,-,
i=1
where (a) follows from the Cauchy-Schwarz inequality. O

Remark 7. Note that the sufficient conditions developed in Lemma|l O are similar to the conditions
Sfrom [7)], under which [7|] shows Algorithm|3|with constant p and P; can ensure x(® eventually
converge to an optimal solution X* and has an o(1/t) non-ergodic convergence rate in the sense
x4t — x(®)|2 = o(1/t). However, work [[7] does not establish the convergence rate of objective
violations and feasibility violations shown in our Theorem Furthermore, the fast O(1/T?)
convergence for strongly convex case is not considered in [7].

Now we are ready to prove both parts of the theorem.

1. Proof of case ;. = 0: Note that p(*) = p and Pgt) = P; are chosen to satisfy (30) by Lemma
By LemmaJ|(with p = 0), we have

T
* 1 * — * 1
P> Fx®) <pTi(x) + 537 p (I =) =[x = xV[3) = SIAT2
P

* * 1
<pTF(x) + Slx" = x g = S I (35)
Ignoring the (negative term) — % ||)\(T) |2, dividing both sides by pT’, applying Jensen’s inequality
yields

FE) < FO) + oo
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which is (23) of our theorem.
By Lemma@(with p® = p), we have

T
pY F(xD) = pTf(x™) = A [IIAT]
t=1
Combining this with (33)) and cancelling the common term yields
I = 2I A [IIAT] < pllx = xOIg,
This quadratic inequality can be further be rewritten as
(DT = IX) < IA°I + ol — <O

Thus, we have

I <[] + \/H>\*II2 + pllxr = x|

(a) * *
<2|IX*|| + vollx* — x| q (36)

where (a) follows from the basic inequality v/a + b < /a + Vb forall a,b > 0.
By part (1) of Lemma(with pY) = p), we have

PZ( Ax® _ ) — ™D

Dividing both sides by p7" and taking the vector /o norm on both sides yields
IAXT) — bl ST IIA(T) |
<g; 2N, 1 Jx = xq
T »p T VP
where (a) follows from (36). Note this is (24) of our theorem.

. Proof of case ;2 > 0: Note that p*) = pt and Pl(-t) = tp||A||? — tpAT A, are chosen to satisfy
(30) by Lemma([I0] By Lemma[d] we have

T
Z (t)f( (t))
Y.
<3200 45 300 (1 X — b~ xlsqn) 5 IATIE G
t=1 23
where Q) = ¢p|| AL
Note that
T
S0 (e =XV = = x D)2 g )
-1
T-1
=pllx* — X(O)HiHAHQI - Z (P(t)”X* - X(t)H,iper — pl D Ix* — X(t)\|2Q<t+1>) (38)
t=1

- P ||X — x( HMH.Q(T)

T-1

=p”||A[]*[x* - X(O)H2 - Z [x" — X(t)Hi(t)(#HQ(t)),p(m)Q(m) —pIx" - x® H,_LI+Q(T)
t=1

@ , 2 (0) (2

<p |l ALFx = x| (39)

18



where (a) follows by ignoring the negative term —p” || x* —x(*) ||iI L qer) and noting that o (uI+
QW) — p QU = (ptp+ p**||A|* — p*(t + 1)*[| A )= pltp — p(2t + DIA|IMT =
pu(t — t“ )I = 0 where the first = follows because p < =4+ by our algorithm parameter

selection and the second > follows because ¢ > 1.
Substituting (39) into (37) yields

3HAH

T
1
Zp”f ®) SZ ||A|| " = x 2 = S AT (40)

Ignoring the (negative term) — 1 A2, dividing both sides by Ethl p®, applying Jensen’s
inequality yields

2

- * 14 2| ¥ (0) 112

FED) <f(x) + LA =<
22?:1P(t)

@
= A2 ] — %

() + T(T )

where (a) follows because 3, p® = p 31 t = pT@+D Note this is (Z3) of our theorem.
By Lemmafd] we have

T T
> i) Z ®Fec) = AT IAT)
t=1 t=1
Combining this with (40) and cancelling the common term yields
T * T *
IXTZ = 22 I < o A7 e = x )2
This quadratic inequality can be further be rewritten as

2
(AT = IA1) < A2 + 2 A2 = <O

Thus, we have

I <A+ \/IIX“H2 + P2 APl = xO2
((l) * *
<2|A%[ + pll Allflx" =< (41)

where (a) follows from the basic inequality v/a + b < \/a + Vb forall a,b > 0.
By part (1) of Lemma 3] we have

ZT: o ( Ax® _ b) — (D)

t=1

Dividing both sides by ZtT:1 p® and taking the vector [ norm on both sides yields

— 1
JART) — b = AT

i1 p(t)
@ AN 2l - x©)
pT(T +1) T(T +1)

where (a) follows from (@T) and the fact that 3, p® = p > ¢ = pTTH) Note this is
(26) of our theorem.
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6.6 Proof of Lemmal[2]

Fix z € Z. At each iteration k, the projected gradient update (6) in Algorithm [2]can be rewritten as

z® = argmin {(¢™),z — 2+~ 4

i sllz =2,
z€

Since the objective function is ﬁ-convex, by Lemma we have

<C(k)7z(k) _ z(k71)> + 7k _ Z(k71)|‘2 S(C(k),z _ Z(kfl)> + |z — z(k‘fl)H2

'Y(k) ”Z - Z(k)H2

Adding ¢z D) + (Vp(z*k=1) — ¢W) 20 — g1y 4 Lyjz(*F) — z(k=1||2 on both sides and
rearranging terms yields

Ha5) 4 (V(aE0), 209 — 50 4 Lo — D)2

1
k—1 (k) k—1 k—1)12 k)12
<o)+ (W2 =)+ = a DI — A )
1,1
5 (= = Dlla® — 2E D2 4 (Vo(alk-1) — ¢ 54 — 5lk-1) “2)
Y

Since ¢(+) is L-smooth, by the descent lemma, e.g., Proposition A.24 in [2], we have
_ _ _ L _
H(a®) < (F ) 4+ (Vo(alh ), 2 — 20} 4 ZJa® —gGD2 @)
By Young’s inequality, for any *) > 0, we have
_ 3 1 3 n(k) 3
(Vo (zF=D) — ¢B) 50 — zh=1)y < WHVWXIC H—¢®)2 + THZ(k) — 2|12 (44

Substituting (@3) and {@4) into @2) yields

1
(k) (k—1) (k) , _ ,(k=1) = g k=2 =y, (k)2
¢<Z ) S(Z)(Z >+ <C yZ —Z > + 2,}/(k) ”Z z H 27(1@) HZ z ”
1 1 1
(71— By, (k) _ (k=1)2 k—1y _ ~(k)2
3y = B = n ) = D 4 e P )

For any fixed z, since ¢ (®) is an unbiased i.i.d. stochastic gradient and z(*~1) is determined by
C(O), . ,C(k_l), we have

E[(¢"), 2 — 2" )) = (Vo). 2 - 2Y) (46)
By the bounded variance assumption, we have
E[|Ve(x*") = ¢W?) < o (47)
By the p-strong convexity of ¢(-), we have
6(z*D) + (Vo(z* ),z = 27D) < 6(2) — Sz — 2502 (48)

Taking expectations on both sides of (@3) and substituting (@6)-(@8) into it yields
1. 1

11
Elp(a)] <(a) + 5 (g7 ~ wEll2 — 2V %] = 5 5 Ela — 2O
1 1 1
Nl e SR ()] (k) _ ,(k=1)
3 — L= 1®El2® — = 1||]+277(,€>0'2 (49)
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Note that if we take v(*) = m, n*) = L, then (H — L —n® > 0since ko > 2k = 2%.

Thus, under the current choice of 4(*) and n(k), @9 1mp11es that

Elp(z")] <(z) + & (k + ko — [z — 27V = Lk + ko)E[lz — 2|7 + —
Multiplying both sides by k + ko — 1 yields

(k + ko = DE[6(z)] <(k+ ko — 1)(2) + 5 (k + ko — 2)(k + ko — DE[|z — 2" |}
k+ko— 102

kp
<(k+ ko — 1)6(2) + £ (k + ko = 2)(k + ko — DE[]lz - 2~ V|2

— L0+ ko = 1)(k + ko)E[ |z — 2|2 +

— L0+ ko = 1)(k + ko)E[ |1z — 2|2 +

Summing over k € {1,2,..., K} and dividing both sides by Zszl (k4 ko — 1) yields

K
1 k)
E|[ (k + ko — 1)p(z™)]
ZkK:1(k+k0 ;

(kg — ko) )2 (kg — ko) K2 M (K2
< P\~ M) _ PR sk Sl A _ _ = _
<60) + g e Blln — 271 = gty gy Bl — 2 17) = SElla 2]

2]4100’2
J’_ - -
(K +2ko — 1)
Define 7 = L (k + ko — 1)z®). By Jensen’s inequality, we have

Zl{;{:] (k+k0_1)

~ 11(kg — ko) ©0) (12 11(kg — ko) (K) 12
E[¢(z)] <¢(z) QK(KJF%O_1)1[*3[||Z—Z "] = QK(KJF%O_1)1[*3[||Z—Z 1]
2kgo?
SBll =2 )+ e

6.7 Proof of Theorem[l]

For convenience of our presentation, we extract the assumption in Theorem [T]and call it Assumption

Assumption 2. Convex program|]|satisfies the following:
1. The constraint set X is bounded, i.e., there exists constant R > 0 such that ||x|| < R,Vx € X.

2. The function f(x) has unbiased stochastic subgradients with a bounded second order moment,
i.e., there exists constant D > 0 such that E¢[||G(x; €)||?] < D?,vx € X.

Lemma 11. Consider convex program (1) under Assumption[2} Let x* be any optimal solution. If
v® > 0and p® > 0in Algorlthmlare chosen to satisfy

v > pWA|%, v,

and the sub-procedure STO-LOCAL (Algorithm[2) uses z defined in Lemmall|as the output then, for
allT > 1, Algorithmmensures

T T
E[p® f(x(®) [ LS g, 0A® 2p(B1)?
; [P f(x Z f(x +2; [pWAD] = ZE[IAT?] +Z SOERO L)
with
PO 2yt -y 0O -y )2, (50)
and

(BD)? 2 2 APE[IA"V|P] + 6D + 6(p )| AIP(| A R + [[b])? + 24(v)?R?  (51)

where D and R are constants defined in Assumption 2]
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Proof. Fix t € {1,2,...,T}. Define ¢)(x) = SN ¢"(x;). Since ¢V (x) is separa-
ble with respect to each x;, the fact that Algorithm [I| updates each x; and y; locally and
in parallel by calling sub-procedure (x.”,y{”) = STO-LOCAL(¢{"(-), X;,y{" "V, K®) can
be interpreted as all NV nodes jointly update x and y via calling sub-procedure (x(t),y(t)) =
STO-LOCAL(¢® (-), X,y K®). (Note that the synchronization of parallel sub-procedures
STO—LOCAL((bZ(-t) (), X, ng), K®) is not needed since these sub-procedures are fully decoupled.
We just need to aggregate the variables with the same index together and write it into the above

compact form.)
For each i € {1,2,..., N}, the unbiased stochastic subgradient used in each iteration k €
{1,2,..., K™} of Algorithmis given by
¢ — G 1 AT(HO(Ay ) — b) + ACD) 4 05 _ 50D
(k)

Define ¢(¥) = [Cgk); o Cg\];)] = GHE L AT(pO(Ay =D —b) 4 AED) 4 (0 (z(F) _y (=D v €
{1,2,...,K ®) }. Then, ¢ (k) is the unbiased stochastic subgradient used in each iteration of the joint
sub-procedure (x*), y*)) = STO-LOCAL(¢® (), X, y*=1 K®)).

Note that

where ng) is an unbiased stochastic subgradient for f;(x;) at point x; = z

(a) _ -
E[|I¢™7) <2E[ATAD )P + 6(E[|GM 7] + 6E[|l o AT(Ay D — b))

+6E[y ) — y V)
®)
<2YAIEIAV ] +6D° +6(”) A (IAIR + [Ib])* +24(/7)° B
2By

where (a) follows from the basic inequality ||vi + va + vs + v4||? < 2||vy||* + 6]|va||* + 6[|vs]|* +
6||v4]|?, which can be easily shown by noting that ||vy + va + v3 + v4||? < 2||vy[|% + 2| va + v3 +
val|? < 2||v1]]2 +2- (3]|va|* + 3]|vs||* + 3]|v4]|?); (b) follows from Assumptionand basic matrix
norm inequalities; and (c) follows from the definition of B ®) in (ZT).

Since ¢ (-) is v(!)-convex (with v(!) > 0), by Lemma we have

(t) Q(B(t))Q
) (x®) ®)(x*) — X O 2 e 22
Bl ()] < Bl6 ()] = 3Bl x4 o ey
Substituting the expression of ¢§t) (+) (defined in (2)) into the above equation yields
E[f(x")] + pE[(Ay"~D — b, Ax) — b)] + E[A¢), Ax(") — b))

®)
1% —
+ LoEfIx® — y )

* — * — * V(t) * —
<E[f(x")] + pE[(Ay"~D — b, Ax" — b)] + E[(A""V, Ax = b)] + —-Eflx -y

(t) ) B(t))2
P i — o2y 4 2B
9 E[”X y ” ]+ V(t)(K(t) T 1)
(a) a1y L 2(B1)?
el 0]+ BN+ S ) (52)
where (a) follows because Ax* —b = 0 and I'® = v ||x* — y(=D|]2 — p(O)||x* — y(®)|2,
Recall that by part (2) of Lemma 3] we have
1 p(t)
XD AXO —b) = s (A - A - A — b2 s3)
’ 2p®) 2
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By the basic identity (u,v) = 1| lul|3 + 3|v||? — 1|ju — v||* for any vector u, v, we have

- 1 _ 1 1 _
(Ay“D = b Ax" —b) = J[AY"D b 4 | Ax —b|* - ZIAGY —y )

(54
Substituting (33) and (34) into (52) and rearranging terms yields
. 1 1 _ (t
E[f(x™)] <E[f(x")] + SE[A®] + WE[HA“ D17 = IAD 7] - S-E[lAyY Y b))
(t) (t) B®
r? 0 _ yt=y 2 — Y g _ ey 2B
+ ZBlIAGY —y ) ) - Tl - y O+ )
(@) 1 _ 2(B®)?
* - () (t=1)p2 _ (t)2
BN + GBI+ BV - AR + o 2t
where (a) follows by ignoring the negative term —Z-E[|Ay*~Y — b||?] and noting that

POA XD — yE=D)|12 — O] x® — y(E=1)2 < 0 for any x() and y(*=1) as long as () >
P(t)HA||2~
Multiplying both sides by p*) and summing over ¢ € {1,2,...,T} yields

T

T T T
SOEROF0)] < SEPO )] + 5 S EROTO] + 2SR ~ A
t=1 t=1 t=1

I 2 (B®)2
- Z < VOKD +1)

T T T
1 2,1 B(t))
(@ [p® (t)p(t) P
DB 6]+ 3 D BT - SEINTI + 3 S
t=1 t=1 t=1
where (a) follows by simplifying the telescoping sum and recalling that 2O =0, O

Lemma 12. Consider convex program (1) under Assumption|1{2} Let (x*, X*) be any saddle point
defined in Assumptton For all T > 1, if we choose any fixed p'*) = p > 0, v(*) =
Kt=K>Tin Algorlthm.and the sub-procedure STO-LOCAL (Algortthm@) uses Z defined in

Lemmamas the output, then we have

E[AD | < Q,vt € {0,1,...,T}

where
2

a (2N 4 Jovlxe -y 2 4 28202 | 2P IARGAIRSRLE | g, 2

2
| Jeelal
14

is an absoute constant (independent of T)) with constants R, D defined in Assumption|2)}

Proof. We prove this lemma by inductions. Note that A®) = 0 trivially satisfies IE[||)\(O) 1’1 <@
Assume E[|A®|2] < Q holds for all ¢ < to with 0 < t, < T — 1 and consider t = ¢y + 1.
By Lemmafd] we have

to+1 to+1

dopfe) =Y pfP) < IATIACTY)

t=1 t=1

Taking expectations on both sides yields

to+1 to+1
Y Elpf(x)] = Y Elpfx")] <A E[IACHD] < INIE[IA V2] (55)
t=1 t=1
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where (a) follows because E[X?] > (E[X])? for any random variable X.

Note that our selection of p(*) = p and ¥ = v > 8p||A||? satisfies the condition in Lemma. 11| By
Lemmal|TT] we have

to+1
> Elpf(x")]
t=1
to+1 to+1 totl ()2
* pv * (t—1)12 * 2 L (to+1))2 2p(B™)
< E E — — — — —E[||IA —
< 3 Bl Sl VI -y GBI+ S 2
to+1 to+1 (t))2
* PV« (0) |2 1 (to+1) 12 2p(B'™")
<" E PV — ~ ZE[A A A
< 3Bl + I =y RN Y DA
Rearranging terms yields
(o) 2 to+1 . to+1 » . o2 to+1 4P(B(t))2
BN <2 (3 Elofx)] = 3 Elof )] ) + prlix” —y O + Y 1
t=1 t=1 =1
fotl
LN IEIN I e -y 3 T 56
- v(K+1)
where (a) follows by using (33).
Recalling the definition of (B®)? in (FT)) (with p = p and ) = v), we have
$ (B2
— v(K+1)
4p to+1
=" 2| APE[IAV 2] 4+ 6D% + 6(p)*| A 2(|A|R + |[b]))? + 24(r)? R?
Ty 2o CIAIEIN I+ 6D 5 606 AIP(IALR + b + 240 R°)
@24pD?  24(p)*||A|*(||A||R + |[b]])? 8pl| A2
< /Z)/ L A0 lIA] (\l\/ IR+ [Ibl]) +960pR? + Plly I Q 57)

where (a) follows because to + 1 < (K + 1) by our selection of K and E[||A®||2] < Q,V0 < t < ¢,
by induction hypothesis.

Denote ¢ 2 pufjx* — yO| + 222D° L 2@UIAPGAIRHIDD® 4 96,552, Note that Q =

2
2INEve ) substitutin i i
) g (57) into (36) yields

A 2
E[JACHD 2] < 2 x [y EIIACH D)2 1 ¢+ SIALE
1%
This can be rewritten as
2
A 2
( E[I/\“””IIQ}—I/\*II) < x 2 os PALG

which further implies that

* * 8pl||A 2
BN <la ]+ 1 e AT

(@ . E
Lax) + e+ AR g
o 4 e

N EE
1%
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where (a) follows from the basic inequality \/a; + as + a3 < (/a1 ++/az ++/as forall a1, as, as >
2

[sollA|2
14/ BellAlZ

0; and (b) follows by substituting ) = <2”)‘|+‘/E> .

Squaring both sides yields

N e

By far, we have shown E[|A®)||2] < Q for ¢ = ¢, + 1. Thus, this lemma follows by inductions. [J

=Q

Main proof of Theorem [T} Now, we are ready to prove the theorem. Fix 7" > 1. By Lemmal[T1]

T
> Elpf(x")]
t=1
Ts T (t

* pv * (t—=1) 12 * )2 } 2p(B

E E[||x* — X - -
> [pf(xm?; e =y — y O] — SEIAP) +Z e
to+1
2) B(f)
(0) 2 p(

; Elpf(x")] + H [ +Z s (58)

Dividing both sides by p7" and applying Jensen’s inequality yields

T

) B(t)
2 x -y O?  — Z (59)

Ef(=D)] <f )+ o7 T

Note that for all ¢ € {1,2,...,T}, we have

(BD)2 2 AIPE[IAY"V 2] + 6D2 + 602 A|2(JAIIR + ||b]|)? + 242 R
K+1 K+1
<22HAH2Q +6D% 4 6p*||A|]*(|A|IR + ||b])* + 241 R?

T

(60)

where (a) follows because E[|A® 2] < Q,Vt € {0,1,...,T} by Lemmaand K>T.
Substituting (60) into (39) yields

(())”2 +

Ef(x")] <f(x") +

I -

2T vT
with C 2 4)|A|2Q + 12D2 + 12p?| A|12(J| A||R + ||b||)? + 48v2 R2. This is (@) of our theorem.
By part (1) of Lemma(with p) = p), we have °1_, p (Ax® —b) = A™). Dividing both sides
by pT, taking the vector lo norm and then taking expectations on both sides yields
1
E[||AX) — b|]] =—E[||A®D
[lAx I T (A7)

1
<—/E[IAT) |2
< 7 VEIRTIE

(@) /Q

< 2=

where (a) follows from Lemma[T2} This is of our theorem.

25



6.8 Proof of Theorem 2|

For convenience of our presentation, we extract the assumptions in Theorem 2] and call it Assumption

Bt
Assumption 3. Convex program (1) satisfies the following:
o The function f(x) is L-smooth.

e The function f(x) has unbiased stochastic gradzents with a bounded variance, i.e., there exists
constant o > 0 such that E¢[||G(x; &) — Vf(x)|?] < 0?,Vx € X.

Lemma 13. Consider convex program (1)) with u-convex stochastic objective functions under As-
sumptl()n Let x* be any optimal solution. If vY) > 0 and p® > 0 in Algorlthmare chosen to
satisfy

v > pWA|%, v,

and the sub-procedure STO-LOCAL (Algorlthm uses kg > 2 ”EtiiL ,Vt and z defined in LemmaEI
as the output, then, for all T > 1, Algorlthmm ensures

S ER Fx)]

<im ® f( *>]+1iﬁ[ OAO] - (AT +i 20 koo
= prIEIIT S P WO + 1) (E® + 2ko — 1)

t=1 t=1 t=1

® k3 — ko) (" + p) (k§ — ko)
A® A (t) (V + ,U)( 0 0 x (t=1))2 _ (t) ) (Ko 0 (B2
(61)

and o2 is the constant defined in Assumption El

Proof. Fix t € {1,2,...,T}. Define ¢)(x) = T, ¢! (x,). Note that ¢(*) (x) is (L + v®)-
smooth and (p + v())-convex. Similarly to the observation in the proof of Lemma |1} each
iteration of Algorithm |l| is to jointly update x and y via the sub-procedure (x(t),y t)) =
STO-LOCAL(¢p® (-), &, y*=1 K®). Note that the stochastic gradient used in each iteration
of the sub-procedure is given by

¢® =g 4 AT(p(t)(Ay(tfl) —b)+ ,/(t)(z(k) _ y(tfl)))

and has the same variance bound o as the stochastic gradient of f(x).

By Lemma 2] we have

E[p (x")]

(9 + p) (k5 — ko)
2K (K® + 2ky — 1)

2
(tfl)HZ} _ (V(t) +:U‘)(k0 — ko) E[HX* _ y(t)H2]

(t) (xc*
<E[¢"™ (x*)] + 2K (K® + 2k — 1)

Eflx" -y

2k002
(K® + 2k — 1) (v® + p)

E[[|x* — y®|?] + (62)
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Substituting the expression of ¢§.” (+) (defined in (2)) into the above equation (and recalling r) =
Ay — b) yields

E[f(x™)] + pWE[(Ay*) — b, Ax®) — b)] + E[(A“"), Ax® — b)]

(®
14 _
+ LR -y

* — * — * V(t) * —
<E[f(x")] + pE[(Ay"") — b, Ax" — b)] + E[(A""V), Ax —b)] + - E[x" -y V|

(v + ) (8 — ho)

E[|x* — y(t=1 1] — (v® + 1) (kg — ko) E[|jx* — y(t)H2]
IKW(K®) 4 2k — 1) 2K(K® + 2k — 1)
(v® + 1) (B2 2koo®
W TRkt —
5 [le™ =y 117 + (K® +2kg — 1)(v® + p)
(a) 2]4300’2

VB[ ()] + SEIAC] + ©

2 (K® 4 2k — 1) (v® 4 1)
where (a) follows from Ax* — b = 0 and the definition of A(*) in (€T).

The remaining part of our proof is almost identical to the proof of Lemma|[IT] Recall that by part (2)
of Lemma 3] we have

(AU, A% —b) =

()
- P
o (IAVIE = IACVE) — Fax® —blE o

By the basic identity (u,v) = 3| lul[? + 3|[v||* — 1|ju — v||? for any vector u, v, we have

_ 1 _ 1 1 _
(Ay — b, AxD —b) = Ay < b 5 Ax® < bJ? — AR — ¥V

(65)
Substituting (64) and (63)) into (63) and rearranging terms yields
E[f(x®))]
1 p®
* - (t) (t—1)2 (t=1) _ 12
<SELfG)] + BN+ o GBI = I~ S llAy bl
(®) ®) 2koo?
P ®) (t—=1)y|2 v (t) (t—1)2 00
P Rm[|Ax® — Vg x® —
+ 9 [IA(x y 7] 2 [lIx Yy "]+ (K(t) T ok — 1)(y(t) )
(a) 2koo?

E[IAY 7 = AW +

SEF ()] + SEAO] +

2 T (KO + 2k — 1) 1 )

where (a) follows by ignoring the negative term —% |Ay*—1 —b||? and noting that p) || A (x(*) —
y )12 = v®)x® — yE=1))12 < 0 for any x(*) and y*~1) as long as v > p®)||A]|2.

Multiplying both sides by p*) and summing over ¢ € {1,2,...,T} yields
T

B )]

1

o~
Il

T T

T
1 1 _
<D EROLEO 4 5 D Bl WA+ 2 Y TE[IACTY)E - A0
t=1 t=1 t=1
T
2p M koo
+ Y RO Toh —De®
P (K® + 2k — 1) (v 4 p)
T T t)
(a) (t) (T) 20 koo?
= E[p Ep [lIA +
IETIETEDS SN+ X e e
where (a) follows by simplifying the telescoping sums and recalling that A0 = . O
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Now we are ready to prove both parts of the theorem.

1. Proof of case ; = 0: Fix T > 1. Note that our selection of p() = p, v = v > p||A||? and
positive integer ko > 2 L+" satisfies the condition in Lemma. By Lemma.(w1th w=0), we

have
T T N T T ka 52
Bl f(x)] < PN RG] - Lgam)2 0
t=1 t=1 t=1 t=1
(66)
Note that
T K2 T
A(t) (1 (t—l) 2 _ * ()12
DAY = +T<T+2k01)§(“x 12 = Ix =¥ )1)
k?
—(1 —)( (0)2_ *_TQ)
(14 g =) (1 =y O = I =7
k2 — ko
<u(1 0 ) x _ o (0))2 67
(1 o )y (67)
and
XT: 2pkoo? _2pk002 T < 2pkoo? 68)
t:l(T+2k0_1)V_ v TH+2k-1" v
Substituting (67)-(68) into (66) yields
T
Z Elpf(x'")]
k2 — ko 2,0]{300'2 1
<SS E| + 2 (14 g ) I =y @2+ T - CE[AT)?
Z oS (x + g I = O + 2 — SR
(a) pv(ko+1), . 2pkoo? 1
< Zﬂ«: of(x %nx —y O 4 2R ZgpAD) (69)
kg —ko ko—1
where (a) follows because T(Ti%rl) <=2 when T > 1.

Ignoring the negative term —%E[H)\(T) 2], dividing both sides by pT" and applying Jensen’s
inequality yields

_ 1 v(ko+ 1) 1 2kgo?
E (T)y] < *\ 502 4 =
RO < ) + 5 2 = y O 4 =0
This is (TI) of our theorem.
By Lemma 4] (after taking expectations on both sides), we have
T T
E[Y pf(x") Z — I E(AT )
t=1 t=1
Combining this inequality with (69) and cancelling the common terms yields
. pv(ko+1), 4pkoo?
E[[AD 7] < 2N EJAD (] + = lx" = yOI? + ———

2

2
Since (E[H)\(T)H]) < E[|A]2], we further have

2 % pl/(k() + 1) % 4pk‘00‘2
(BIADI) ™ < 2Ix EIAD )]+ EE57= e — y 02 + 2202

2
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This quadratic inequality can be rewritten as

2 2
N . pviko+1), ., 4pkoo
(EOA™N — 1270)” < a2+ 2R E D e g2y 2P0
Thus, we have
. . pv(ko +1) dpkyo?
BIAT <IA°] + I+ 25 D ey ko

. ko + 1 Apkoo?
<+ 2B e oo Aekor? a0)

. vko+ 1), , Apkoo?
P L e s an

By part (1) of Lemma (with p() = p), we have

ET: (Ax(t) ): AT

t=1

Dividing both sides by pT', taking the vector [ norm and then taking expectations on both sides
yields

1
%T) _ bl = (1)
E[[AX" — D] pT]EHIA I

(@1 (2 v(ko + 1) koo?
<= ZA* AT e 3(0) 9, 7
_T<p|| I+ 2 =y 0 -2 [ 22

where (a) follows from (7). This is (78] of our theorem.

. Proof of Case 1 > 0: Note that our selection of p*) = tp, v(!) = tp||A||? and ko > 2(1 + )
satisfies the conditions in Lemma[I3] By Lemma|[I3] we have

T

SB[ f(x XT: )]+
2 2

T
t=1 =1

1
E[pA0] — SE[IAT)?]
t

ZT: 20 oo (72)
VO ) (KO + 2k — 1)

Recalling the definition of A? in (61), we have

T
S p0A®
t=1
(PIAI® + m) (ks — ko) \ | -
=p <p\|A||2+ 2(3hy — 192 ll* =y

T—1 2 2 2
HAI? +1 p(t+ DIAIP + 4y k3 — ko
_ 2IHANR + tu — ot + D2IAN? p _ 0 (B2
> <p(p AN+t = (e + D IAI®) + (= T o) -l

) pT||A]%2 + N k2 — ko .
pr(TpnAnww( IAIT £y fo e — ¥

T(T +1) (2ko — 1)2
) 2 (P||A||2 + M)(kg — ko) * 0) 12
< _
sp <PHA|| + 2(2ko — 1) [I= y (73)

where (a) follows by ignoring the last negative term and noting that pt?||A||? + tu — p(t +
1)2 ||A||2 =tp—p(2t+1)||A]> > p(t — 25L) > 0forall ¢t > 1, where the first inequality uses

ptHAH +u _ p+DIAIP+u . p—pl Al
p< 3HAH2’ and t+2 = t+D(E+2)
p =<

3HAH

> 0, where the inequality also uses
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We also note that
Z t)koo' N Qkod 1% Z t
(v® + p)( K(t) +2kg —1) 2k — 1 = (pt| A + p)(t+ 1)

t=1

( ) 2k00 t
<
~2ko—1 Z (t+ 1)(t +3)[|A]|?

2k00’
<—— 5 log(T' + 1 74
~(2ko — DIIA[P s+ o

where (a) follows because 1 > 3p||A]|? by p < STATE -

Substituting (73) and (74) into (72) yields

T

> B fx)]

t=1

T

1 (Pl A[* + 1) (kg — ko) 1
< (t) * : 2 0 « _oy2 L (T) 12
_;E[P f(x")]+ 5P (P”A” + 2o —1)2 x* =y QE[”)‘ 2]
2]{3002
4+ ————log(T+1
2k, — AT # Y

—~

Mvﬂ

a

1
< 262 log(T 4+ 1) (75)

E[p® f(e)) + penx” = y @ = SEIADP) +

~
I
—

where (a) follows because ¢; = p||A||? + W and ¢y = m-

Ignoring the negative term —ZE[||A 11121, dividing both sides by Zle p™® and applying

Jensen’s inequality yields

B[ (™)) </ () + —ap— (perllx’ —y O + eslog(T + 1))

2 ZtT=1 p®
(a) 1 (02, 2
—_— — —log(T'+1
U16) + (c1|x YO+ 2 log(T + 1
where (a) follows because 3, p® = p 31 ¢ = 2XTH) This is (77) of our theorem.

By Lemma ] (after taking expectations on both s1des), we have

T
E[Y oM f(x®) Z [ £ (x)] = IATE[IAT]
t=1

Combining this inequality with (73)) and cancelling the common terms yields

E[IAT)P] < 2 X [E[INT] + perlx” = y O + ¢ log(T + 1)
2
Since (IE[H)\(T)H]) < E[|A™]2], we further have

2
(EOATD)™ < 2N [EIAD ] + pea [ — y || + ¢ log(T + 1)
This quadratic inequality can be rewritten as

2
(BIADIT = IA)” < IAI2 + peax* = y 2 + 3 1og(T + 1)
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Thus, we have

(A < X|| + \/IIA*IIQ +per||x* =y O + e log(T + 1)

2N + perllxt =y + /ealog(T + 1) (76)
By part (1) of Lemma(with p) = p), we have
T
o ( Ax® _ b) — (D
t=1

Dividing both sides by Zle pt) = p@, taking the vector /s norm and then taking expecta-
tions on both sides yields

2

BIAXD — bl =gz BN
(%) 2 4H>‘ || + EHX* . y(O)” + C2 1Og(T + 1)
T+ \ » VP p

where (a) follows from (76). This is (78] of our theorem.

6.9 Performance of Algorithm [T]for strongly convex non-smooth problems

In this subsection, we consider stochastic convex program (I)) under the the following assumption.
Assumption 4. Convex program (1)) satisfies the following:

e The function f(x) satisfies (13).

e The function f(x) has unbiased stochastic subgradients with a bounded second order moment,
i.e., there exists constant D > 0 such that E¢[||G(x; €)||?] < D?,vx € X.

Theorem 4. Consider convex program (1) with u-convex (u > 0) possibly non-smooth function
under Assumption and Assumptiond} Let (x*, \*) be any saddle point defined in Assumption

If the sub-procedure STO-LOCAL (Algorithm uses z 2 (k4 ko — 1)z as the
Zk:l(k‘+k071)

2 ko =2and K' = 3t in Algorithm then for all

output and p < W, p =tp, v =tp| A
T>1,

S oy )2 Plog(T + 1
T (el =y 2 og(r 1) )

_ 2 4N Ve« 0 c2log(T + 1)
E[|AX™) —bl|] < + Y= x -y O Y (78)
I <7770, NG I [ )

—(T) _ 1 T () (t). A 2, 20lAIP+p) . A 16(B*+M?)
where X\ = ST Yooy PPx W and ¢ = p||Al]7 + s 02 = T arAz— are iwo

constants.

We first develop a lemma that summarizes that Algorithm [2]behaves well as a sub-procedure under
Assumption[d] This lemma essentially says Algorithm[2]has good performance when used to minimize
a stochastic function that is the sum of a smooth part and a part that satisfying (I3).

Lemma 14. Assume ¢(z) = $(z) + ¢(z) where ¢(z) is ju1-convex and satisfies that the assumption
that there exists a constant M > 0 such that

$(21) < d(2z2) + (d, 21 — 22) + M |21 — 22|, (79)

forall z,,25 € Z and d € d¢(z,); and $(z) is a L-smooth and p-convex deterministic function

(2 > 0) over set Z with conditional number k = ML = 1. Assume there exists a constant B such

2
that the unbiased subgradient ¢ ) yused in Algorithm|2| satisfy
E[l¢™)?) < B2 vk € {1,2,... K}
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If we take ko = 2 in Algorithm[2] then we have

7 _ I (ONT - I _ 2 _ M _ )2
El¢(2)] <¢(z) + K(K+3)E[Hz z "] K(K+3)EHIZ z "] = SEllz —2"7]
8(B2 + M?)
(K + 3)1 50
~ A A
where z = m(k + ko — 1)z and pp = py + po

Proof. Fix z € Z. At each iteration k, the projected gradient update (€) in Algorithm [2] can be
rewritten as

(k) — in {(¢® (k=1) (k=1)2
z\") = argmin 2 —Z + zZ—z :
fez {{ ) 27 (#) I 17}
Since the objective function is Tl’” -convex, by Lemma we have

(¢®) gk _ g (k=1)y |2(F) — z(F=1))|2

1

1 1
k) , _ (k1) _ k=12 _ _zk))2
<(",z—z )+ 2 |z —z | 2 () |z — 2|

Since ¢®) is an unbiased stochastic subgradient of ¢(z) at z = z*~1) and ¢(z) is a deterministic
function, we have E[¢")] = d + V¢ (z* 1) for some d € dg(z+~1).
Adding (") +(d V(2 D) ¢ ¥ 50 —5ED) L L15) g D][2 4 A0 5]
on both sides and rearranging terms yields
. L
B D) + (d+ TE(EA), 28 - g0D) 1 2 gD 4 a4
1

=allz — 292

1
(k—1) k) o, _ ,(k=1) _ (k=12 _
<¢(z )+, 2~z )+ 2~ () |z — = | 9~ (k)

— 5 — Dlla® = DR+ MJa® — 20D+ (B - ¢ 2 @)

Since <;S() is L-smooth, by the descent lemma, e.g., Proposition A.24 in [2], we have

. . L
$a®) < Ga*V) + (VD)2 - 26D) 4 Zah) - DR (2)
By Young’s inequality, for any ) > 0, we have

] 1 (k)
(BIE™) = ¢, = a0 7D) < S BICH) = ¢+ T =2V 83

Substituting (79), (82) and (83) into (8T) and recalling that ¢(z(*)) = ¢(z(¥)) + ¢(z(¥) yields

1 1
k k—1 (k) k—1) (k=12 L (R))2
o(z") <p(@™ ) + (W2 = 2"V + il — 2OV - g lle - 2]
1,1 1
T (—— — [ — pR gk _ g (k=1) )2 (k) _ 5 (k=1) - (k) _ R 2
3Gy — L= )l =P M) — 6V 4 Bl - )

(84)

Recall that L = po and p1 = g1y + po. If we take y(¥) =
ﬁ —L—n® = Bk + py > Lk Thus, we have
1. 1

ey With ko = 2, n™) = Lk, then

5y~ L0 =P g M) )

= %k”z(k) — 252 4 M|z® — 2|

(@) 202

< (85)
kp
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where (a) follows from the basic inequality —au? + bu < b?/(4a) for any a < 0 and u € R.
Substituting (83) into (84) yields

1 2M?
(k) (k—1) (k) , _ ,(k=1) _pk=12 _ =y, _ k)2 4 27
8(2) <o)+ (¢, =24 70) + lla s I - e - 2+ T
1
(k) _ (k)2
+ g B - ¢ (86)

For any fixed z, since ¢ (%) is an unbiased i.i.d. stochastic subgradient and z(*~1) is determined by
C(O), . ,C(k_l), we have

B¢, 2 —2® )] = B[E[(CY), 2 = 2" D) (")) = B[(d + Vo2 V) 2 — 2071))
87)
By the basic probability fact, we have
E[IE[C™] - ¢ ) < EfI¢™)®) < B2 (88)
By the p-convexity of ¢(-), we have
62+ D) + (d+ Vd(* ),z —247Y) < 6(2) - Dz — 252 (89)
Taking expectations on both sides of (86) and substituting (87)-(89) into it yields
Bip(a)] <0(a) + (g — wBllz — 207 - il — )+ B 4 Lo
=0(e) + 505+ ho = 2)Ella — 5 VIP) — B0+ kBl — 2007+ 2220
(90)

Multiplying both sides by k + ko — 1 yields
(k+ ko — DE[6(z")]

< (ko — 1)6(2) + & (k + ko — 2)(k + ko — DE[z — -~

k+ky—1
kp

(a)
< (k+ ko = 1)(2) + L (k + ko — 2)(k + ko — DE[}z — 25|
#1124 4(B* 4+ M?)

- %(kJrko — 1)(k + ko)E[|lz — 2] + (2(B* + M?))

— %(/{ + ko — 1)(k + ko)E[|z — z

where (a) follows by recalling ko = 2. Summing over k € {1,2,..., K} and dividing both sides by
Zszl(k + ko — 1) yields

K
1 k

E[ (k + ko — 1)p(2™)]

SR (k4 ko — kz

(kg — ko) ()12 (kg — ko) (K2 M (K) 2
R0 Rz — _ M=) g, _FEig—
2K (K + 2ko — 1) (Il — 27117 2K (K + 2ko — 1) llz —z""] 2 [llz — 2z [7]
8B+ M7)
(K +2ko — 1)p

<¢(z) +

1

m(k‘ + ko — 1)z(®). By Jensen’s inequality and recalling ko = 2, we have
k=1

Define 7 2
E[¢(z)]

<0(2) + e g Bz = 2 1) = ety Bl — 2717 = Gl — 20 +

8(B? + M?)
(K +3)u
O
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Lemma 15. Consider convex program (1)) with ,u convex stochastic objective functions under As-
sumptton Let X* be any optimal solution. If V) > 0 and p® > 0 in Algortthmare chosen to
satisfy

(0 > p(t)||AH2,Vt,

and the sub-procedure STO-LOCAL (Algorithm @) uses kg = 2 and z defined in Lemmaas the
output, then, for all T > 1, Algorithm[l|ensures

T T T T

[p® F(x®)] [o® 1 ) (0 SISESY 8p'" (B + M?)
;:1 f(x §= fF(x5)] + 2 t§=1 E[p" &) — SE[IAT %] = (VO + p)(K® +3)
where
2 + p) 20 + p)
oM 2 (L, 2\ " TH) * _ge=nn2 0 AV TR x (612
Vit gy ) oy et gy ) I Y

O

and B and M are constants defined in Assumption 4]

Proof Fix t € {1,2,...,T}. Define ¢®(x) = SN ¢"(x;). Note that if we define
. .. _ _ ’/(t) _
IO = f(x) and $(x) = pO "t + AT Ax — b + 47 x — yO D2, then
oD (x) = ¢ (x) + ¢'(x) where ¢()(x) is p-convex and satisfies by Assumption [4{ and
p w y p
»® (x) is v -convex and v(*)-smooth. As in the observation in the proof of Lemma [11| or

Lemma @ each iteration of Algorithm [I]is to jointly update x and y via the sub-procedure
= STO-LOCAL(¢®W(+), X,y K®).

Thus, by Lemma|[T4] we have

»(®) o
Bl6) ()] <60 6") + LT Bl - O] - T Bl - 2002)

(v »®
KK 13) K(K +3)
W + ) L2 8(B* + M?)
— T Pl o

This is almost identical to (62) (with kg = 2) in Lemmaﬂexcept the constant o2 is replaced by
2(B% + M?).

Following the same lines (after (62)) in the proof of Lemma[I3] we can show

S - 1 ¢ = Y(B? + M?)
() (t) (t) : (t) ) (T)
;E[P fx g fx 2; M) — ZE[IAD)2 +; V(mw K13
A »(® _ L(®
where ®*) = (l/(t) 12((*(1{2;) ) |x* — yE=D|2 - (y(t) +u+ ;({(Kir%) ) x* — y®2.

Since the conclusion from Lemma |15|is quite similar to that from Lemmaﬂzl (with kg = 2) with
the minor distinction that constant o is replaced by 2(B? + M?), the main proof of Theoremlé-_q S
similar to the proof of y > 0 case of Theorem 2}

Main Proof of Theorem 4; Note that our selection of p(*) = tp, (!} = tp||A||? and ko = 2 satisfies
the conditions in Lemma |5} By Lemma T3] we have

) T T T 2 2
Z [p® F(x®)] Z [ f(x" 12 pOo®] — LEia® ) + Z 8p)(B% + M?)
2 ~ (v® 4 ) (K® 4 3)

t=1 t=1 t=1
92)
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Recalling the definition of ®* in (OT) and K*) = 3t, we have

T
3 a0
t=1

Al? +
=p (pHA”2 + (pH H N)) ” y(O)HZ

T—1
A+ 1 pt+DIA|* 4+ py\ 2 * )2

—§ A2+t — p(t + 1D2A]2) + p( 2 _ < (t)

H(ﬂ(p [lA]] = p( | II) p( 1 PR )9 Ix" —y*|l

T|A|? +
N e Y Ll

(@) 2(p|| A1 + .
<p <p|\A||2 + %8“)) I =y (93)

where (a) follows by ignoring the last negative term and noting that pt2||A||% +tu—p(t+1)2||A||? =
ti—p(2t + 1[|A]? = p(t — 232) > 0 forall ¢ > 1, where the first inequality uses p < grh7s;

ptAIP+p _ p(+D[AIP+p _ p—pllAl® : : [
and P ) = D (D) > 0, where the inequality also uses p < STATZ

We also note that

ET: 80" (B2 + M?)  8p(B*+ M?)
VO F (KO +3) 3

t=1

t
(A2 +p)(E+1)

M=

1

t
4

@ 8p(B% + M?)
(t+ 1)+ 3)[|A[?

- 3

M=

t=1

1
t+1

8p(B% + M?)
N
<8p(BZ+M2)
N

]~

t=1

log(T + 1) (94)

where (a) follows because 1 > 3p||A|? by p < SHXHZ'

Substituting (93) and (94) into (92) yields

T
D E[p® f(x™)]
t=1
d (t) 1 o, 20pllAl> + p) o2 L (T) 12
<NE Nt =p(pl| A2+ DL TR s — ZE[|A
< SZE 0+ g (A1 + 2R ) ey O GEIAT
8p(B? + M?)
+ —————1log(T +1)
[A[]?
@ & () (o 1 « o2 1L Ty 27, 1
<D EW )]+ gpellxt =y = SEIAT ) + Sealog(T + 1) 95)
t=1
where (a) follows because ¢; = p||A||% + %ﬁfﬂ‘) and ¢y = %
Ignoring the negative term —1E[||A (1))12], dividing both sides by Zthl p™®) and applying Jensen’s

inequality yields

1
BUE) <100 + o (perlix” = y @2 + 3 1og(T + 1))

(a) * 1 * 0))12 C2
@ L _ © 1og(T + 1
f(x )+T(T+1) (C1|X y U + p og(T +1)
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where (a) follows because Zt 1 p =p Zt b= TH) . This is (77) of our theorem.
By Lemma 4] (after taking expectations on both sides), we have

T

T
E[Y oM f(xM)] Z — [IX[E[AT]
t=1

Combining this inequality with (73)) and cancelling the common terms yields

E[JAD )] < 2N EINT] + pe[x =y O + ez log(T + 1)
2
Since (E[H)\(T)H]) < E[|IA™)|2], we further have
2
(BIADN)" < 20X EIAD ) + perllx* — ¥ 2 + e los(T + 1)
This quadratic inequality can be rewritten as

E[IAT] = A7 2<||>\*||2+ " =y % + c2 log(T + 1)
> pc1||X y co log

Thus, we have

ENAT ) <IA -+ IAT2 + perllxs — yO[2 + ez log(T + 1)

<L2/A*|| + Vperllxt — y O + ea log(T + 1) (96)
By part (1) of Lemma (with p©) = p), we have
T
S (Ax —b) = AT
t=1
Dividing both sides by Zt pt) = (T;l) , taking the vector /5 norm and then taking expectations
on both sides yields
2
E[|AXT) — b|]] ==————E[|AD
1A = bl =g -y EIA
(a) 2 4|\ log(T +1
ra+u\ » " p o
where (a) follows from (76). This is (78] of our theorem.
O
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