A Algorithms

In this section, we present the details of the actor-critic algorithm.

Algorithm 1 Natural Actor-Critic Algorithm for Linear Quadratic Regulator

Input: Initial policy 7, such that p(A — BKy) < 1, stepsizes ~ for policy update, and a policy
evaluation algorithm.
Initialization: Set the current policy 7 by letting K <+ K.
while updating current policy do
Critic step. Estimate O g in (3.7) via a policy evaluation algorithm, e.g., the on-policy GTD
algorithm (Algorithm 2), which returns an estimator ©of © K-
Actor step. Update the policy parameter by K + K — - (022K — ©21).
end while N N
Output: The final policy 7, matrix © that estimates © g, and J that approximates J(K).

Algorithm 2 On-Policy Gradient-Based Temporal-Difference Algorithm for Policy Evaluation

Input: Policy 7, number of iterations 7', and stepsizes {cv }se[r)-
Output: Estimator © of O in (3.7).
Initialize the primal and dual variables by ¥y € Xg and wy € X, respectively.
Sample the initial state o € R? from the stationary distribution p . Take action ug ~ 7x (- | 7o)
and obtain the reward ¢ and the next state x7.
fort=1,2,...,T do
Take action u; according to policy 7, observe the reward c; and the next state z; ;.
Compute the TD-error §; = 9}_; — ct—1 + [d(zr—1,ur—1) — d(z¢, us)] TI7_4.
Update 9! by 9} = 9} — - [wiq + d(ze—1,ui1) Tw? 4]
Update 92 by 97 = 07 1 — a - [p(r—1,u-1) — ¢, up)] - d(p—1, 1) Twi .
Update w! by w} = (1 — ) - w} + - (911 — ci—1)-
Update w? by w? = (1 — o) - w? + v - 6 - d(my—1).
Project ¥; and w; to Xg and Xq, respectively.
endfor
Define § = (9", 02) = (S02; i - 94) /(g ) and & = (3, @ - wi) /(i )
Return 9! and © = smat(1)?) as the estimators of J(K) and O, respectively.

B Extension to the Off-Policy Setting

Recall that in our natural actor-critic algorithm, the critic can apply any policy evaluation algorithm to

estimate © . When using an off-policy method, we obtain an off-policy actor-critic algorithm. In this
section, we extend Algorithm 2 to the off-policy setting using importance sampling. Specifically, let
7, be the behavior policy and suppose it induces a stationary distribution v, over the state space R?.
Moreover, let 7 be the policy of interest and let 7x (2, u) = 7 (u| ) /mp(u | ) be the importance
sampling ratio. Then, the Bellman equation in (3.14) can be written as

(p(w,u),0%) = c(z,u) — J(K) + (E[p(a’, u) - 7 (2", u') | @, 0], O ), (B.1)

where (7, u) € R* 2/ is the next state given (x,u), and v’ ~ (- | 2). In the following, we denote
by E(,,.) the expectation with respect to 2 ~ v, and u ~ (- | ). Similar to Zx and b defined in
(3.15), for the off-policy setting, we define

Ek =Eguw{o@ u)[o(@,u) — (', u) - ¢(a’, u')] T}, bi =B [c(@,u)d(z, u)],
EK = IE(a:,u) [(15(1’7 u) - TK(I'/? u/) ! ¢<£L‘/7 u/)]a gK = IE(;z,u) [¢(xv u)]7 aKg = ]E(;c,u) [C((E, u)]

Based on (B.1) and direct computation, it can be shown that 9% = (J(K),svec(Ox)")" is the
solution to linear equation

T 1 —
Ard =g,  Ag = (1 ﬁK) , 0= (32) . Ak = (ZK) . B2
gK oK K
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Similar to the derivations in §3.2, we propose to estimate 9} by solving a minimax optimization
problem:

: il _ T o o . 2
Join max F(0,w) = w [Axd = Ax] = 1/2 - wl>. (B.3)

Here, similar to Assumption (4.1), we let Xg and X be Euclidean balls given by Xg and X, in
(3.18) be defined as Xo = {9: [[9']2 < E@} and Xo = {w: |2 < EQ}, where Re and Rq
are chosen appropriately. Notice that both F(1J,w) and its gradient can be estimated unbiasedly
using transitions sampled from the behavior policy. Solving (B.3) using stochastic gradient method,
we obtain the off-policy GTD algorithm for the ergodic setting. See Algorithm 3 for the details.

Combining this policy evaluation method with Algorithm 1, we establish the off-policy on-line natural
actor-critic algorithm.

Algorithm 3 Off-Policy Gradient-Based Temporal-Difference Algorithm for Policy Evaluation

Input: Policy 7y, number of iterations 7', and stepsizes {a }+<[7}, the behavior policy 7, and its

stationary distribution v.

Output: Estimators J and © of J(K) in (3.8) and O in (3.7), respectively.

Initialize the primal and dual variables by ¥y € X and wy € X, respectively.

Sample the initial state 2y € R? from the stationary distribution 1. Take action ug ~ (- | 2¢)

and obtain the reward ¢ and the next state x.

fort=1,2,...,T do
Take action u; according to policy 7, observe the reward c; and the next state z;4 ;.
Compute the TD-error 6; = U1 — ¢;—1 + [d(@s—1,us—1) — Tre (T, ug) - Py, ug)] T 971,
Update the primal variable ¥ by

Of =01, —au - [wiy + d(m—1,ue1)  wiy],

79? = 19371 - Q- [¢($t71>ut71) - TK(-'L'tvut) : ¢($t>ut)] : [Qb(gﬂtflautfl)—rw?fl + wth]-

Update the dual variable w by

wp = (1—ay) wf + oy {91+ [dlze1, u—1) — i (Te, ue) - dae,ue)] 97 — crn )

Wtz =(1—ay) 'Wf + a0 - P(z—1).

Project ¥4 and w; to Xg and Xq, respectively.
end for

Define 9 = (9", 92) = (S0,_; - 92)/ (X 1y a) and & = (S, o - wn) /(S o).
Return 9! and © = smat(19?) as the estimators of .J(K) and O , respectively.

Similar to Theorem 4.2, we have the following theorem that shows that Algorithm 3 converges at a
sublinear rate to the desired solution 7.

Theorem B.1 (off-policy GTD). Let 9" and © be the output of Algorithm 3 based on T iterations.
We set the stepsize to be a; = a/+/t with a > 0 being a constant. We assume that A in (B.2) is
invertible and that its minimum singular value is lower bounded by a constant «;, > 0. Moreover, we
assume that the Markov chain induced by the behavioral policy 7, is geometrically S-mixing with
parameter p € (0, 1). Let v, be the stationary distribution of this induced Markov chain. We assume
that, for (x,u) ~ vy, both ¢(x, u) and 7k (x, u) are sub-exponential random variables. Then, when
the number of iterations 7" is sufficiently large, with probability at least 1 — 7%, we have

Y[Ro, Ro, J(Ko) | K [0, 0ia(@)] 1og® T

Ko (1=p) VT
where T[E@,EQ,J(KO), |1 K ||r0s 0 (Q)] is a polynomial of Ra, Ra, J(Ko), | Ko, and
1/O'min(Q)~

Proof. The proof of this theorem is parallel to that of Theorem 4.2, thus here we only sketch the
proof for brevity.

||® - @K”%ro <
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The proof can be completed in three steps. In the first step, we show that (¥, w) = (9%, 0) is the
saddle point of the optimization problem in (B.3). To simplify the notation, we define a vector-valued
function G(z, u, z’,u'; ) by

Gz, u,z',u';9) = 9 — c(z,u) + (p(z,u) — (2, 0) - p(2’, ), 0%),
G*(z,u, 2’ W'59) = 9" ¢(w,u) + {[o(z,u) — (2, ) - TK(m’,u’)]T192 —c(z,u)} - ¢z, u).
(B.4)
By definition, for all (¢, w), F(9,w) in (B.3) can be equivalently written as
F(0,w) = (B 00 a0 G, u, 27,05 9)],w0) = 1/2 - w3 (B.5)
Thus, for any ¥, the solution to the unconstrained maximization problem max,, F'(6,w) is
w(0) = By w00 G, u, ', u'; ).
Recall that ¢(z,u) = (¢(z, u), svec[diag(Q, R)]). Since both ¢(z,u) and 7 (2, u) - $(z, u) are
sub-exponential random vectors, when Rg and R, are chosen properly, we can show that ¥}, € Xg

and that w(v) € X for all ¥ € Xg. Notice that w(¥};) = 0. Thus, (9%, 0) is the solution to the
minimax optimization problem in (B.3).

Then, in the second step, we relate the estimation error ||© — O |2, to the primal-dual gap
Gap(d,8) = F(0,w) — min F(I,). B.6
ap(d, &) = max F'(d,w) — min F(4,0) (B.6)

Similar to the derivations in (C.14)—(C.17), since the minimum singular value of A i is lower bounded
by K7, it holds that

(0"~ JE) + 110 ~ O [fo < wi - Gap(d. ). (B.7)
Thus, it suffices to bound the primal-dual gap in (B.6), which is achieved in the last step.
Specifically, we would like to utilize Theorem C.4 obtained from [72]. Since this theorem requires

bounded iterates and Lipschitz gradient, similar to the third step in §C.1, we truncate the feature
vector ¢(x, u). In particular, we define

e= () {Io(weu)ll3 < Cxc - Yog T lIric(wrue) - ol w3 < Crc -log T, (BSY)
0<t<T

where Cj, is a constant specified by the stationary distribution 1. Since both is ¢(z, u) and ¢(x, u) -
Tr (x,u) are sub-exponential random vector when (z,u) ~ v, it can be shown that £ holds with
probability at least 1 — 27°~°. Then we define truncated random vectors

(’l;(:mu) = d(z,u) - Lg, o (z,u) = ¢(x,u) T (2, u) - Le
and the truncated minimax optimization problem,

. jog -~ . 2
Jnin max F,w) = (E(gu u [G@,u,a’ u';0)],w) —1/2 - |w]]3, (B.9)

where we define é(x,u,x’,u’;ﬁ) by
Gl (z,u, 2’ ' 9) = 0 — &, u) + (d(z,u) — rc(a,u'), 92),
Gz(x7u7$/7ul;’l9) = 191 : 5(1’,’&) + {[5(35’“) - @K(xlvul)}—rﬁz - E(x,u)} : a(gj’u)

Here we let ¢(z, u) = (¢(z,u), svec[diag(Q, R)]) in (B.10). Similar to the derivations from (C.25)

to (C.31), we can show that sup, , |[F'(¢,w) — F(9,w)| < 1/T, which implies that

(B.10)

Gap(¥,w) — L{Ié%{)é F(9,w) — Join F(ﬁ,w)} ‘ <2/T. (B.11)

Since F' defined in (B.9) have Lipschitz gradients, by Theorem C.4, we have
~ - ~ oe® T
max F(¥,w) — min F(9,©) < Ok log’T
wEXq deXeo (1-p)- VT

with probability at least 1 — T, where C'k is a constant that depends polynomially on Ee, R,
J(Kp), || K ||tro> and 1/0min(Q). Finally, combining (B.7), (B.11), and (B.12), we conclude the
proof of this theorem. O

(B.12)
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C Proofs of the Main Results

In this section, we provide the proofs of the main results, namely, Theorems 4.2 and 4.3, which
are proved in §C.1 and §C.2, respectively. The proofs of the supporting results are deferred to the
appendix.

C.1 Proof of Theorem 4.2

Proof. Our proof can be decomposed into three steps. In the first step, we show that, with Xg and
Xq given in (4.1) and (4.2), (¥, w) = (9%, 0) is the solution to the minimax optimization problem
in (3.18). Then, in the second step, we show that the primal-dual gap. of this optlmlzatlon problem

yields an upper bound for the estimation error ||® O k|2, where 0= smat(192) is the estimator
of O returned by the GTD algorithm. Finally, in the last step, we study the performance of such a
minimax optimization problem, which enables us to establish the error of policy evaluation.

Step 1. In the first step, we show that (V,w) = (U%,0) is the saddle point of the optimization
problem in (3.18). To simplify the notation, we define a vector-valued function G(x, u, z’, u’; ) by

Gz, u, 2’ u';9) = 9 — c(z,u),
G*(z,u, 2’ W59) = 9" - ¢(z,u) + {[o(z,u) — d)(:r:’,u’)]—rﬁ2 —c(z,u)} - ¢z, u).

By definition, G(x, u, ', u'; 1) is of the same shape as ) and w. Moreover, for all (¢, w), F/(¥,w) in
(3.18) can be equivalently written as

F(9,w) = (E(gu w0 Gz, u, 2’ u's9)],w) — 1/2 - ||w|3. (C2)

(C.1)

Thus, for any ¥, the solution to the unconstrained maximization problem max,, F'(8,w) is
w(¥) = B upu) G, u, 2’ u';9)). (C.3)

In the following, we show that ¥}, € Xg. Moreover, we also prove that, for any ¥ € Xg, w(¥) in
(C.3) belongs to Xq, where X and X, are defined in (4.1) and (4.2), respectively. Since w(d%,) = 0,
it holds that (9%, 0) is the solution to the minimax optimization problem in (3.18).

Recall that we assume J(K) < J(Kj), where K|, is the initial policy that is stable. Thus, J(Kj) is
finite. By the definition of ¥, to show U3, € Xe, it suffices to bound ||© i |- By the definition of
O in (3.7), we have

(Q+ATPkA  ATPB \_(Q AT
@K< BTPkA Rt PeB) -\ r)T pT)PxA B

which implies that
1€k llro < (1Qlltvo + [Rlltvo) + (1AlIfo + 1 BlIfo) - | P - (C4)

Now we apply the following lemma to obtain an upper bound on || Pk ||fro-
Lemma C.1. When 7 is a stable policy, we have

1kl < J(K)/omin(@Q), [Pkl < J(K)/omin(¥),

where oyin(+) denotes the minimal eigenvalue of a matrix.

Proof. By (3.8) in Proposition 3.1, we have

J(K) 2 t[(Q + K "RK)Tk] 2 0min(Q) - t1(2k) = omin(Q) - [ Exc,
J(K) 2 tr(Pr Vo) = omin(Vo) - tr(Px) 2 [ Pr|| = J(K)/omin(¥),

where we use the fact that U, > . Therefore, we conclude the proof. O

Applying Lemma C.1 to (C.4), we have

18xlv0 < (I1Qlltvo + [ Rlltr0) + ([Allfio + | Bllfo) - V- T(K)/0umin(). (C5)
Combining (C.5) and the definition of é@ in (4.3) we conclude that 9% € Xg.
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Furthermore, it remains to show that the vector in (C.3) belongs to Xy, for all ¥ € Xg. We consider
the two components of G(z, u, ', u’; J) separately. By (C.1), we have

|]E(:v,u,w’7u’) [Gl (1’, u, ZCI, u/; 79)” = |191 - J(K)| < J(Ko), (C6)

where the second inequality follows from the fact that 0 < < J (Ko). Moreover, by (C.1), for the
second component of G(z,u, x’, u'; ), we have

E(w)u7w/7u/)[G2(:1:, u, 2’ u'y9)] = 9! “Eu) [o(x,u)] + ExV? — b, (C.7)
where =y and by are defined in (3.15). By Lemma D.2, we have
IEx 9?2 < IEx] - [19°]l2 < 4(1+ | K[F0)* - 1217 - Re. (C8)
Moreover, for any positive definite matrix I', we have
by svec(l') = E(zu){(¢(z,u), svec[diag(Q, R)]) - (¢(x, u),smat(T')) }, (C9

where diag(Q, R) is the block diagonal matrix constructed by @ and R. Note that the joint distribution

of (2, u) is the Gaussian distribution N (0, £ ), where S is defined in (D.16). Thus, b svec(T)
can be written as the product of two quadratic forms of Gaussian random variables. Applying Lemma
D.3 to (C.9), we obtain that

by svec(T) = 2<§)Kdiag(Q,R)§]K,F> . +<§K,diag(Q,R)> . <§]K,F>,
which implies that

Ibxll2 < 3(1Qtro + [ Rlltro) - 1S 1- (C.10)
In addition, the first term on the right-hand side of (C.7) is bounded by
19" B o ]y < (o) - [Sxc GATY

Finally, combining (C.8), (C.10), (C.11), and the upper bounds in (D.17), we have
(2,00 [GP (@, u, 2 0 19)]“2
<2(d+ | Kfo) - ISkl + 401+ [ K[F0)* - [Zx]* - Re
+12(|Qlltro + I Rlliro) - (d + 1 K [7:0)* - 12k 12
< C-(1+|Kfo)* - Ro - 053 (Q) - [T(Ko)P, (C.12)
where C' > ( is an absolute constant.

Hence, combining (4.4), (C.6) and (C.12), we conclude that w(d) € X, for all ¥ € Xg. Therefore,
we have shown that (V7 0) is the saddle point of the optimization problem in (3.18), which concludes
the first step of the proof.

Step 2. In the following, we relate the estimation error ||© — ©x||2, to the performance of the
optimization in (3.18). Specifically, we consider the primal-dual gap

Gap(19 w) = max F(19 w) — ﬁrggl F(v,©), (C.13)

which characterizes the closeness between (19, gf)) and the optimal solution (9%, 0), quantified by the
objective value.

Recall that w(?)) defined in (C.3) is the optimal dual variable for each § € Xg. Hence, for any
w € Xgq, it holds that

min F(J,w) < min max F(6,w)
YEXo 0eXo weXq

< pin {[9" = JE) + 0" - Eo o [é(w, w)] + Exc0® = brell3} = 0. (C.14)
Q
Thus, for 9 returned by the GTD algorithm, we have
{0 = JE)? 4+ 19" - B [0, )] + Excd? — bicll3} = max F(),w)
- — < .
= max F(9,w) ﬁrggé F(v,0)+ ﬂmgl F(9,0) < Gap(9,d), (C.15)
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where the last inequality follows from (C.14).

Furthermore, by direct computation, we can bound the left-hand side of (C.15) via

1 0 R 2
I N
H(E(z,u)[qs((l}7u)} :K> ( K) ,
Z H;(Q . ||fl9 — 19?(”% = K/*K. I:H@ — eKH?ro + |191 o J(K)|2}, (C16)

where we utilize the fact that ¥}, is the solution to the linear equation in (3.16) and 7 is specified in
Lemma 3.2. Therefore, combining (C.15) and (C.16), we have

9 — J(K)]? + 116 — Ok |3, < K - Gap(d,B), (C.17)

which establishes the connection between [|© — © x [|%, and the primal-dual gap in (C.13).

Step 3. In the last step, we construct an upper bound for the primal-dual gap. By (C.17), this yields
an upper bound for the error of parameter estimation.

Note that the distribution of the state-action pair (z, u) have unbounded support. We first construct
an event such that {¢(x;, u¢)}L_, are bounded conditioning on this event. To this end, we establish
an upper bound for tail probability of the ||¢(z, u)||2 using the Hansen-Wright inequality stated as
follows.

Lemma C.2 (Hansen-Wright inequality). For any integer m > 0, let A be a matrix in R™*™ and
let n ~ N(0, I,,) be the standard Gaussian random variable in R™. Then, there exists an absolute
constant C' > 0 such that, for any ¢ > 0, we have

Plln" An—E(n" An)| > t] < 2-exp[~C - min(t® - 4|53, ¢ |A]7)]
Proof. See [55] for a detailed proof. ]

Applying Lemma C.2 to (z,u) ~ N(0, %) with S defined in (D.16), we obtain
P([[lz2 + ull} - tr(Ex)| > ¢] < 2-exp[~C - min(¢ - |Sx 2, t- |Sx] )] (€18)

fro?’

Setting t = C - log T - || Sk || in (C.18) with constant C; sufficiently large, it holds that
—2

2|8kl = [Sxll - CF log® T Sk > CF - (@4 k)7 log® T2t S|

(C.19)
where the first inequality follows from the relation between the operator and Frobenius norms,

and the second inequality holds when logT > C Y. (d + k). For ease of presentation, for any
t€{0,1,...,T}, we define

& = {’||a:t||§ + w3 - tr(Ex)| < Oy -log T - HiKH} (C.20)

and write £ = (,<;<7 &. Combining (C.18) and (C.19), we obtain that £ holds with probability
at least 1 — 76 Thus, by taking a union bound for {(x;,u;)}._,, we have P(€) > 1 — 2T 5.
Moreover, combining (C.20) and (D.17) further implies that, on event £, we have

ngsz{H:ctH% + w3} < Cy - log T - HEKH +tr(§]K) < (Cy-logT+d+k)- ||§]K||

<20y logT - ||3k|| < 2Cy -log T [0” + (1 + | K|[Z,) - [ Bx]]- (c21)

In the sequel, we study the stochastic optimization problem in (3.18) with the restriction that £ holds.
Specifically, for any state-action pair (z, u), we define the truncated feature function as

d)(xvu) = ¢(.’[,U) : ]l{|H¢>(x,u)||§ - tr(iKﬂ < Cl : IOgT : HEKH} (C.22)

By this definition, for any ¢ € {0,...,t}, we have ¢(zy, us) = G(x¢, uy) - 1¢,. Now we replace
¢(x,u) by ¢(x, u) in (3.18) and consider the following minimiax optimization problem:

. ﬁ'ﬂ’ = EZEHIIU/ é y Wy /7 l719 ) _]- 2 27 C23
min max F(0,w) = (B (G, wa, uid)]w) =172 w3, (€23)
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where, similar to G(z, u, z’,u';¥) in (C.1), we define é(x, u,a’,u’;9) by

Gl (z,u, 2’ '3 0) = 9 — &(x,u),

G?(z,u, 2’ ' 9) = O - p(w,u) + {[g(x, u) — %(x',u’)]TﬂQ —¢(w,u)} - oz, u).
Here we denote &(z, u) = (¢(z, u), svec|diag(@®, R)]) in (C.24) to simplify the notation.

(C.24)

We remark that, when & is true, (1/9\ @) is also the solution returned by the gradient-based algorithm
for the minimax optlmlzatlon problem in (C.23). As aresult, when € holds, the primal-dual gap of

(C.23) is equal to max,e v, (19 w) — minge xg F(9,0).

In the following, we characterize the difference between the objective functions in (3.18) and (C.23).
For any (¢,w) € Xgo x Xq, by (C.2) and (C.23) we have

‘F('ﬁﬂ.{}) — ﬁ(’l?,(,«.})| = ‘<]E(z,u,z’,u/) I:G((E,U7.’I,'/,ul; 19) - é($7u7$/,ul;ﬁ)}7w>|
< ‘]E(m’u’x“u/) (G (z,u, 2’ w3 0) — G (z,u, 2’ ' 19)]‘ - J(Ko)

+ H]E(x,u,w’,u’) [GQ(J:’ U, J)/, ul; ?9) - éQ('xa U, 33/, u/; 19)] ||2 ' EQ
(C.25)

By the definitions of G(x, u, 2’, u’;1) and é(:c, u,z’,u’;9) in (C.1) and (C.24), we have
G (z,u, 2’ ' 9) — Gz, u, ' u'30) = e(w,u) - 1 ge (C.26)
G2 (z,u, 2’ ' 9) — GAx,u, ' u'30) = G2, u, @, u'50) - Dge +p(a u') 9% - p(w,u) - L g Lpe,
where we denote {[|¢(x, u)[|3 — tr(Sx)| < Ci -logT - [|Zk|} and {]||¢(z, u)[3 — tr(Zx)| <
Cy -logT - || Xk} by A and B, respectively, and .A°, B¢ are the complement sets of A and B.
For the first term on the right-hand side of (C.25), Cauchy-Schwarz inequality implies that

’E(z,u,z’,u’) [Gl(x, u, ' u' ) — él(x,u, x’,u’;ﬁ)” < \/IP(AC) } \/E[CQ(x,u)]. (C.27)
Since ¢(z, ) is a quadratic form of a Gaussian random variable, by Lemma D.3, we have
E[c?(z,u)] = 2tr[Sxdiag(Q, R)Exdiag(Q, R)] + {tr[Exdiag(Q, R)]}?

< 3(|Qlltro + | Rllgo)? - 1Zx 120 < 3(11Qllwo + | Rllto)? - [02 - &+ (d + [ K|E0)? - 25 ]1%],

where the last inequality follows from (D.17). Besides, for the second term on the right-hand side of
(C.25), combining (C.25), (C.26), triangle inequality, and Cauchy-Schwarz inequality, we have

NE 000y [GP (2, 0, 2" 0’5 9) — G?(z,u, 2 v, )]
< {||E(x,u,x’,u’)[G2(m7uaxlau/; 19) : ]l.A”]

I,
o [ [0 )0 - o, 0) 1], }

< {VE) - 2| G2 w5 0) ) + /EB - Bl - ot ) o] )

(C28)

For the expectations on the right-hand side of (C.28), using the inequality (a + b)? < 2a? + 2b?%, we
have

E[HG2(I’,U,LE,,U/;’(9)H§]
<2 EB{ [0 - clw,u) + 6lw,0) %) - o(@, w3} 42 Bl 6w, u) - oo’ ) O3],

(C.29)
Further applying Cauchy-Schwarz inequality to (C.29), we have
E{[0" ~ cla,w) + 6(x,u) 9*]* - [6(z, w3}
1/2
< (B{[0" - c(w,w) + (2, w) 0] ' FE oz, w)l3]) (C.30)
1/2
EH|¢(:1:,U) . QS(Q:’,U’)TﬁHz] < (E[|¢($’,U’)Tﬂ|4] E[H(b(x,u)”ﬂ) . (C.31)
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Since the marginal distributions of (x,u) and (2, u’) are both N (0, £x), in (C.30) and (C.31) we
bound the two terms in (C.29) using the fourth moments of N (0, X ), which can be written as a
polynomial of J(Ky), || K ||ltre, |Q|l, | R, Re, and Rgq.

Meanwhile, recall that we have shown that P(A¢) < 76 and P(B¢) < T—5. Thus, when T is

sufficiently large, by combining (C.25), (C.27), (C.28), and (C.29), we have |F (¥, w) — f‘(ﬂ, w)| <
1/T, which implies that

6e03.2) - s FO.) iy P9

< max|F(J,w) — F(J,w)| +52%3;1F(19,a) ~F(¥,0)| <

C.32
weXq ( )

Sl

Hereafter, we study the primal-dual gap in (C.13) conditioning on event £. To simplify the notation,
we define function H (¢, w; ¢, ¢') on Xo x Xq by

HW,w;¢,¢') = < (xua: u'; ), >—1/2-Hw\|§,

where the function qS(x,u) is defined in (C.22), and we denote a(x,u) and g(:z:’,u’) by ¢ and
@', respectively. Using this definition, the objective function F (9, w) in (C.23) can be written as
ﬁ(ﬂ,w) = E(oue,u) [H(9,w; ¢,¢")], where (x,u) and (z,u") are two consecutive state-action
pairs. Note that H (9, w; ¢, ¢') is a quadratic function of (¢, w) for all ¢ and ¢’. The partial gradients
of H(Y,w; ¢, ¢’) are given by

Vo HW,w;d,¢') = w' + d(z,u) w?, (C.33)
Vo H(0,w; 6,0) = [$(z,u) W] - [b(z,u) — d(a, )], (C.34)
Vo H(,w;¢,¢) =9 —¢(x,u) —wh, (C.35)
Ve HW,w;h,¢') = G?(z,u, ', u';9) — w?. (C.36)
By combining (C.22), (C.33), and (C.34), we can bound the norm of Vg H (¥, w; ¢, ¢') by
IV H (9,056, 8)]], < lw! + d(z,u) w?| +||[d(z,u) "w?] - [b(z,u) — d(a’,u)]|| (C.37)

< |w'| + 2] ¢, u)l2 - ||w2\|2 [l wll2 + 16(',u') 2]
< J(Ko) +16C3 - (1+ [[K[30)? - 1og> T - [0 + (1 + | K|,) - 2]

Here the second inequality holds when ||$(x, u)||2 > 1 and the last inequality follows from (C.21).
Similarly, combining triangle inequality, (C.35), and (C.36), we have

Vo (9,036, 8|, < 19" =&z, u) — |+ +[(1Qlltvo + [ Rllo) - |9, w)]l2
+ (|6, w)lz + o (x, w)ll2) - Re] - l(x, u)ll2
< 2J(Ko) +16C% -10g? T - [0® + (1 + | K|2,) - |Zx[|]” - Re. (C.38)
where the last equality holds since Re > ||Q||to + || B|tro- Moreover, we have V23,H(,w; b, ¢') =
0and —V2 _H(¥,w; ¢, ¢') is the identity matrix.
We utilize the following lemma, obtained from [69], to handle the dependence along the trajectory.

Lemma C.3 (Geometrically S-mixing). Consider a linear dynamical system X;;; = LX; + ¢,
where {X;}¢>0 C R™, e ~ N(0, ¥) is the random noise, and L € R™*"™ has spectral radius smaller
than one. We denote by v; the marginal distribution of X, for all ¢ > 0. Besides, the stationary
distribution of this Markov chain is denoted by N (0, ¥, ). For any integer k& > 1, we define the k-th
mixing coefficient as

B(k) = igngNW [prk | Xo=2) - PN(O,Eoo)(')HTV]'

Furthermore, for any p € (p(L), 1) and any k > 1, we have

BK) < Cpp - [tr(Sac) +m- (1 - p)2] 2 o,

where C|, 1, is a constant that solely depends on p and A. That is, { X; };> is geometrically 5-mixing.
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Proof. See Proposition 3.1 in [69] for a detailed proof. O

Recall that under policy 7k, {(2+, ut) }+>0 form a linear dynamic system characterized by (D.13)
and (D.14). Since p(L) = p(A — BK) < 1, Lemma C.3 implies that, for all p € (p(A — BK), 1),
(¢, 1) is a geometrically S-mixing stochastic process with parameter p. The following theorem,
adapted from Theorem 1 in [72], establishes the primal-dual gap for a convex-concave minimax
optimization problem involving a geometrically 5-mixing stochastic process.

Theorem C.4 (Primal-dual gap for minimax optimization). Let A and ) are bounded and closed

convex sets such that ||z — /|| < D forall z,2’ € X and ||y —¢/||2 < D forall y,y’ € V. Consider
the gradient algorithm for stochastic minimax optimization problem

min max F(z,y) = Eeur [®(2, 95 6)], (C.39)
where £ is a random variable with distribution ¢ and F'(z,y) is convex in  and concave in y.
In addition, we assume that ¢ is the stationary distribution of a Markov chain {&}+>0 which is
geometrically S-mixing with parameter p € (0, 1). Specifically, we assume that there exists a constant
C¢ > 0 such that, for all £ > 1, the k-th mixing coefficient satisfy 3 (k) < Ce - pk. Furthermore, we
consider the case where, almost surely for every  ~ m¢, ®(z,y; ) is L1-Lipschitz in both z and y,
Vo ®(z,y; &) is Lo-Lipschitz in z for all y € ), and V, ®(x, y; ) is Lo-Lipschitzin y forall z € X'
Here, without loss of generality, we assume that D, L1, Ly > 1. Consider solving the optimization
problem in (C.39) via T iterations of the gradient-based updates

xy = Iy [xt—l — Vo ®(24_1, yt—l;ft—l)], yr = Ly [yt—l + ooy Vy‘I)(ﬂft—l, yt—l;&—l)],

where ¢ € [T], Iy and ITy, are projection operators, and {a; = a/v/t},¢ )7y are the stepsizes, where
o > 0 is a constant. Let

Zte[T] Q- Ty EtG[T] Q- Yt
ZtE[T] ap ZtE[T] Q

be the final output of the algorithm. Then, there exists an absolute constant C' > 0 such that, for any
d € (0, 1), with probability at least 1 — 4, the primal-dual gap satisfies

(D2 + L2 + L1 LyD) log?T + log(1/8 -C¢lyD
maxF(f,y)*minF(x,@ﬁC (D" + Ly + Ln L, ) og” T+ log( /)+C Celn .
yey z€EX log(1/p) VT T

/{L‘\: @\:

Proof. This theorem follows from Theorem 1 in [72], where we set oy = o/ Viforallt > 1, and
focus on the case where {{; },>0 is geometrically §-mixing. Under the mixing assumption, for any
k > 1, the k-th mixing coefficient of {¢;};>0 satisfies (k) < Cg¢ - p¥. Then, for any 6,7 € (0, 1),
Theorem 1 in [72] implies

T 1 T T
max F(Z,y) — :I(Iél/rvl F(z,y) < (Z at) (Ao + A -7 Zat + As Za?—i— (C.40)

yey -1 t=1 t=1
16DL, - {2T(n) -log[r(n)/d] - Li: of +7(n)- al} }1/2> :

where we define 7(n) = log(n/C¢)/log(p) and denote
Ag=D*+12D-ay-7(n) Ay =4L1D Ay =10L% + (24L? + 8L, Ly D) - 7(n).

Now we set oy = «/+/t and 1 = C¢/T in (C.40), which implies that 7(n) = log T/ log(1/p).

Moreover, note that forall 7" > 1, we have 2T +1—-2 < Zthl 1/Vt < 2v/T —1 and Z;l 1/t <
log T' 4 1. The last term on the right-hand side of (C.40) can be upper bounded by

16DLy - {2log T/ log(1/p) - log[r(n)/d] - [log T + 1 + a - log T/ log(1/p)] }1/2

< 16DLy - {2logT/log(1/p) - [loglog T + log(1/6)] - [log T + 1 + a - log T/ log(1/p)] }1/2
< C-DL; -logT/log(1/p) - v/loglog T + log(1/5), (C.41)
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where C is an absolute constant. Moreover, for the first three terms, we have
Ag=D?+12D -« -logT/log(1/p) < C - D*logT/log(1/p), Ay-n<C-C¢L1D/T,
(C.42)
Aj - Z af < [10L? + (24L% + 8L, LyD) - log T/ log(1/p)] - (log T + 1)

< C-[L? + L1 LyD] - log* T/ log(1/p). (C.43)
Thus, combining (C.40), (C.41), (C.42), and (C.43), we obtain that

max F(Z,y) — rrél}vlF(ﬂi,@\) < C-[(D*+ L} + LiL2D)/log(1/p) -log T - log(T/8)/NT + CeLD/T],

yey

which concludes the proof of Theorem C.4. O

In order to apply Theorem C.4 to the minimax optimization in (C.23), we only need to specify
parameters Cg, D, Ly, and Lo. First, for any p € (p(A — BK), 1), by Lemma C.3, we can set

Ce=Cp - [x(Ex) + (d+ k) - (1= p)*)'/?
<20, VaA+E-{ [+ L+ K [R) - IBxl]* + (1 =)'} (€44
Moreover, by the definitions of Xg and X, in (4.1) and (4.2), respectively, we can set D by
D? = 2[J(Ko)l + R + (1 + || K|[f,)" - RS, (C45)
Moreover, by (C.37), (C.38), and the form of V2G (0, w; ¢, ¢'), we have
Ly <1603 log? T [o% + (14 | K[R) - 1] - [(1 4 |K[2,)°  Ba + Bo].  Lo=1.
(C.46)

Combining Theorem C.4, (C.44), (C.45), and (C.46), we to obtain an upper bound for the primal-dual
gap in (C.13). Specifically, for any p € (p(A — BK), 1) and any ¢ € (0, 1), with probability at least
1 — 9, the primal-dual gap of the optimization problem in (C.23) is bounded by

Clog T [o% + (1 + | K)2.) - IExll] " - [(1 + | K[20)? - Ra + Re)’
_(1og2:r+10g(1/5)Jr Vd+k )
log(1/p) - VT ~— (1—p)-T)

where C' > 0 is an absolute constant. Besides, we note that o is a constant and that | X x| >
Omin(¥) O Finally, recall that, when event £ holds, the primal-dual gap is equal to
maXye x, F( ) minge x, F(9,&). Combining (C.32), (C.47) with § = T—5, and the fact
that P(& ) > 1 —2T~>, we conclude that

(C.47)

\/\/

~ = = 12
Gap(0,@) < C-log" T+ (1 + | K[fo)* - 1Tk [|* - [(1 + [ KEo)? - Ro + Re]
<1og2T+1og(T5)+ \/d+k> 2

log(1/p) - VT —~ (1=p)-T

T
5 32
<C- (KR 12k - [+ 1K) - Ro + Re

. log® T
(1-p)- VT

holds with probability at least 1 — 375 > 1 — T—*%, where in the second inequality we use the fact
that 1 — 1/x < logz < x + 1 holds for all > 0, which implies that 1/log(1/p) < 1/(1 — p).
This further implies that the first term on the right-hand side of the first inequality dominates the
second term. The upper bound of Gap(?J, @) in (C.48) concludes the last step of our proof. Finally,
combining (C.17) and (C.48), we complete the proof of Theorem 4.2. O

(C.48)
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C.2 Proof of Theorem 4.3

Proof. Our proof of the global convergence can be decomposed into two steps. In the first step,
similar to the analysis in [26], we study the geometry of the average return J(K), as a function of
K. Specifically, we show that J(K) is gradient dominated [51]. Note that we study the ergodic
setting with system noise and stochastic policies. In contrast, [26] study the case where both the
transition and the policy are deterministic. Thus, their analysis of the geometry of J(K') cannot be
directly applied to our problem. Motivated by their analysis, we follow the similar approach to with
modifications for our setting. In addition, in the second step, we utilize the geometry of J(K) to
show the global convergence of the actor-critic algorithm. Specifically, combining Theorem 4.2, we
show that, with high probability, Algorithm 1 constructs a sequence of policies that converges linearly
to the optimal policy 7 x~.

Step 1. As shown in (3.8) in Proposition 3.1, we can write J(K) as
J(K) = tr(Pg¥y) + 02 tr(R) = Eeniou,) (v Prx) + 0 - tr(R).

In the following lemma, for two policies 7Ty and 7w, we bound the difference between x| Pxx
and 2 " P 2. Then, taking expectation with respect to z € N (0, ¥,,) yields the difference between
J(K) and J(K').

Lemma C.5. Let K and K’ be two stable policies such that both p(A — BK) and p(A — BK') are
smaller than one. For any x € R?, let {7} };>0 C R be the sequence of states satisfying x{, = x and
x;, 1 = (A— BK')x} forall t > 0. Then it holds that

z Pyx —x' Pgax = ZAKJ(I(Z‘;),
t>0
where the function Ag g : R? — R is defined as

Ak gi(z) =22 (K' — K) Egr +2" (K’ — K)"(R+ B' Pk B)(K' — K)x.

Proof. Note that both Px and Pk satisty the Bellman equation specified in (3.4). Moreover, using
the operator 75 defined in (D.3), we have Py = T, (Q + K'T RK’), which is equivalent to

o Prx=Y a [(A- BK)T(Q+ K' RK')[(A— BK')"]z. (C.49)
t>0

By the construction in Lemma (C.5), for all t > 0, we have (A — BK')'x = . Thus, by (C.49) we
have

o Prz=Y 2, (Q+K RK)x, =Y () Qu}+u} Ru}), (C.50)
>0 >0
where we define uj, = —K'x} for all t > 0. Thus, by (C.50), we have the following telescoping sum:
' Pz — 2! Prx = Z [(x;TQxi + u;TRug) + I;TPKI; — .Z‘;TPKIZ?;] — xBTPKQ:B
t>0

= [} Qu} +uy  Rup) + i}y, Py, — ) Pgay].  (C51)
t>0

Thus, in (C.51) we write T Pz — x| Prx as a summation where each term can be written as a
quadratic function of z;. To further simplify (C.51), for any 2 € R, we have

2" Qe+ (—K'z)"R(~K'z) + [(A — BK')z] " Px[(A — BK')z] — 2" Pxx (C.52)
=2 [Q+(K' - K+ K)"R(K' — K + K)|x+
2"[A—BK — B(K' — K)] ' Pg[A— BK — B(K' — K)|z — 2" P
=22 (K'—K)'[(R+B"PxkB)K — B"PxAlz +2' (K' — K)"(R+ B" PxB)(K' — K)z.
=22 (K' —K) Exx+a2"(K' = K)"(R+ B PxB)(K' — K)z,

where Eix = (R+ BTPKB)K — BT Py A. Finally, combining (C.51) and (C.52), we complete the
proof of this lemma. O
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In the following lemma, we utilize Lemma C.5 to show that J(K) is gradient dominated.

Lemma C.6 (Gradient domination of J(K)). Let K* be an optimal policy. Suppose K has finite
cost. Then, it holds that

Omin(¥) - |[R+ BT P B|| ™! - tr(ELEx) < J(K) — J(K*)

<1/0min(R) - |Zk-|| - tr(Ep Ex). (C.53)
Proof. For the upper bound in (C.53), bu (3.8) we obtain that
J(K) — J(K*) = tr[(Px — Pg)W,] = Epunow,) [# (Px — P)a], (C.54)

where ¥, = W+ 02BB T does notinvolve K or K*. Applying Lemma C.5 to (C.54) with K’ = K*,
we have

J(K) = J(K*) = =Egxn0,0,) {Z AK,K*(II)] , (C.55)
t>0
where we define z} = (A — BK*)z§ for all t > 0. Besides, by direct computation, we have

Eus N (0.0 [Z :v’:(:vZ‘)T]

>0
— ]ExNN(O,%){ > (A-BE*)'z2"[(A- BK*)f]T} =Ti-(¥,) = Sk, (C.56)
>0
where the operator T is defined in (D.3).
Meanwhile, by the definition of Ag k-, forany x € R?, by completing the squares we have
Aggi(z) =22 (K' — K)'Exr+2"(K' = K)"(R+ B' PxB)(K' — K)x
_ tr{x:cT [K'— K + (R+ B PxB)'Ex] (R+ B PxB)[K' — K + (R+ B PxB) ' Ek] }
—tr[za" Eg(R+ B PxB) ' Ex]
> —trfza Ex(R+ B" PxB) 'Ex]|, (C.57)
where the equality is attained by K’ = K — (R+ BT Px B) ' Ex.
Thus, combining (C.55), (C.56), and (C.57), we obtain that
J(K) — J(K*) < tr[Sx-Ex(R+ B PxB) 'Ex| < ||Zk-|| - tr[Ex-Ef (R + BT Px B) ' Ex]
< Skl - [[(R+ BT PgB) ™| - tr(Ex Ex). (C.58)

Notice that R + BT Px B = R implies (R + BT P B)~! < R™'. Therefore, by (C.58) we obtain
that J(K) — J(K*) < 1/omin(R) - || Zk+| - tr(E} Ex), which establishes the upper bound in
(C.53).

Furthermore, for the lower bound, since K/ = K — (R + BTPyxB )*1E i attains the lower bound
in (C.57) and K* is the optimal policy, similar to (C.55) and (C.56), we have

J(K) = J(K*) > J(K) = J(K') = —Eq4: on(0,w,) {Z AK,K’(»’U;)]
>0

=tr[Sx/Ef(R+ B"PxkB) 'Ex| > 0min(¥) - |[R+ B P B|| " - tr(Ex Ex),

where in the first equality we define 2}, = (A — BK')! for all t > 0, and the last inequality follows
from the fact that X s = U > 0p,in (V) - I4. Therefore, we conclude the proof of Lemma C.6. [J

Notice that X = K* achieves the minimum of J(K). Lemma C.6 implies that
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where A = 1/0min(R) - ||Zk+||. That is, the difference of the objective can be bounded by the
norm of the natural gradient. Therefore, updating the policy parameter K in the direction of natural
gradient E'x yields decreases the objective value. Therefore, we conclude the first step.

Step 2. In the second part of the proof, equipped with Lemma C.6, we establish the global convergence
of the natural actor-critic algorithm. Recall that we assume that the initial policy 7, is stable, which
implies that J(K)) is finite. Moreover, according to Algorithm 1, the policy parameters are updated
via

Ky =K, —v-Ex,,  Ex, =07K,— 6}, (C.59)
where (:)t is the estimator of © g, returned by Algorithm 2.
We use mathematical induction to show that {.J(K) };>¢ is a monotone decreasing sequence. Suppose
J(K;) < J(Ko). We define K|, = K; — - Fg,, i.e., K[, is obtained by a single step of natural

policy gradient, starting from K. In the sequel, we use J(K7 ;) to connect J(K;) and J(K;41).
By Lemma C.5, we have

J(K{sy) = J(Ki) = Bsnniowo) 2" (P, — Pr,)x]
= —2v-tr(Sky,, - B, Ex,) +7° - r[Sk;,, - B, (R+ BT Pk, B)Ex,]
= —2v-tr(Xk;,, - Bg,Ex,) +7° - |R+ B' Pg,B| - tr(Sk;,, - Ex, Ex,)-
(C.60)
When 7 is sufficiently small such that
v (IRl + o () - 1B]? - J (Ko)] <1, (C61)
by triangle inequality, we have
V- IR+ BT Pr, Bl < v [IRI + I1BI* - 1 Pre. ] <+ [I1RI + 05 (%) - [|BII* - T (Ko)] < 1,
(C.62)
where the second inequality follows from Lemma C.1 and the induction assumption that J(K;) <
J(Ky), and the last inequality follows from (C.61). Thus, combining (C.60) and (C.62), we have

J(Kipy) = J(Ky) < —v-te(Sky, -EBf,Bx,) < —7 - 0mn(¥) - tr(Eg, By,),
<=9 Omin(¥) - Omin (R) - | Sxes |7+ [J(K) — J(K7)]. (C.63)
where the third inequality follows from the fact that X K, = W, and the last inequality follows from
Lemma C.6. Note that (C.63) implies that J (K, ) < J(K;) < J(K).
Furthermore, by the difference between J (K1) and J(K/, ;) can be bounded by
|J(Kt+1) - J(K7g+1)| = |tI‘ [(PKt+l - PKt'+1) : \I/U] | < ||\I/U||f1‘0 : HPKt+1 - PK

< [I¥llero - +0* - 1 Blifo] - |Priss — P

t+1||'

ol
(C.64)

Now we utilize the following Lemma, obtained from [26], to construct and upper bound for || Pk, , —
PKt/Jrl ”
Lemma C.7 (Perturbation of Pg). Suppose mx is a small perturbation of 7 in the sense that
IK" = K| < omin(9) /4 [Zx[|7HIBI7" - (14 - BK || +1)7, (C.65)
then we have
1Prr = Prc|| < 60505, (%) - [ S| - [ K - || R

(1K1 I1BI - |IA = BE[ +[|K] - Bl +1) - | K = K'|l. (C.66)

Proof. This lemma is a slight modification of Lemma 24 in [26]. Here we sketch the proof. See [26,
Lemmas 17 and 24] for a detailed proof.
Recall that we define operator T in (D.3). The operator norm of Tk is defined as ||Tx| <
supq || T (Q2)]|/]|€2]|, where the supremum is taken over all symmetric matrices. As shown in
Lemma 17 in [26], we have || Tk || < o5 (¥) - |Ek |- Moreover, under the condition in (C.65), in
the proof of Lemma 24 in [26], it is shown that

1P — Prcl| < 6l Txcll - KT IRIF- (K- IBI - 1A = BEL+ K| - (Bl +1) - | K — K.

Combining this with the upper bound on || 7k ||, we conclude the proof. O
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To use this lemma, we need to verify (C.65). That is,

4 Kepr = K- L+ |[A= BE D) - 1Bl 125, T < 0min(P). (C.67)
By the definition of K, and K7, we have
[Kir1 — Kipall =7 1Bk, — Ex, | <7100 — Ok, [l - (1 + [[Kell), (C.68)

where E K, 1s defined in (C.59). Plugging (C.68) into the left-hand side of (C.67), we obtain that
A[Kesr — K|l - A+ [[A= BK; ) - 1B - 12k,

Ll

<4700 = Ok, It - (L4 1K) - (L +[|[A = BE{ ) - B - 2k

t+1 ”

(C.69)
Utilizing Lemma (C.1) and the fact that J (K, ;) < J(Kj), we have
1Zk7,, | < J(E ) /omin(Q) < J(Ko)/omin(Q)- (C.70)
In addition, by triangle inequality, we have
A= BK{|| <|[|[A=BK| +~- Bl [ Ex,|
S [JA=BE[+ - [[B]l - €[ - (1 + | K- (C.71)
By the definition of O g in (3.7), we have

1Ok, Il < IQNl + IRl + (| Allo + | Bllzvo)® - || Prc, |
< 1@+ IRI + (1Allso + 1 Blltro)? - J (Ko) /Tmin (P), (C.72)
where the last inequality follows from Lemma (C.1) and the induction assumption. Furthermore, by
triangle inequality, it holds that
el < Tl + - 1Bk < Il + - O8I - (1 + (1K)

<Kl + - IR+ IR + (I Allso + | Blltro)? - J (Ko)/0min(¥)] - (1 4[| Kz ).
(C.73)

In the sequel, we set

_ —1

7= (IRl + 00 (®) - | BII* - J (Ko)] (C.74)

Note that we assume that [|Q|], || R]|, | All, || B]l, 0min(@), omin(R) are all constants. Combining
(C.69), (C.70), (C.71), and (C.72), we conclude that there exists a polynomial Y (-, -) such that

A K1 — Kyl - A+ [[A = BE ) - Bl 12k

t+1

1< Y[l Kl T(Ko)] - 186 = O, o
(C.75)

Furthermore, for the right-hand side of (C.66), combining (C.68), (C.69), (C.70), (C.71), (C.72), and
(C.73). we conclude that there exists a polynomial T5(-, -) such that

@0 - +02 - 1Bllfo] + 60mmin () - 12, 1 [ K[ - 1]
(Gl 1B - 1A = BE ol + Il IBI 1) - (K = Kl
< Ta [l J(Ko)] - 18: — O, 1o (C.76)

Meanwhile, in Theorem 4.2 we have shown that, there exists a polynomial T3(-, -) such that, for T
sufficiently large, Algorithm 2 with 7 iterations returns an estimator O for O g, such that

Y3 [l Kl J (Ko)] . log® T

K, /(L —p) TV

H@t - (—:)Kf, ||fr0 S

(C.77)

holds with probability at least 1 — 7%, where p € (p(A — BK;),1) and KJ, is specified in Lemma
3.2, which depends only on p, o, and o, (¥). Notice that log® T'-T—/4 < T=1/5 for T sufficiently
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large. Therefore, in the GTD algorithm for estimating ©,, we set the number of iterations T}
sufficiently large such that

T [ Kill, J(Ko)] - Y[l Kell, J(Ko)] -, - (1= p) V21,7 < 0 (W),
Yo (1K, T(Ko)] - Ta[ll Kell, J(Ko)] - wig, - (L —p)~ /2.1, 1°
< €/2 omin(P) - omin(R) - | Zr+| ™ (C.78)

hold simultaneously. For such a T}, combining (C.75) and (C.77), we conclude that (C.67) holds.
Lemma C.7 implies that (C.66) is true. Combining (C.64), (C.66), (C.76), and (C.77), we conclude
that

’J(KHI) - J(Kt/Jrl)’ <€/2 omin(¥) - omin(R) - [ XK= ||_1 (C.79)

holds with probability at least 1 — T, *. Thus, when J(K;) — J(K*) > ¢, combining (C.63) and
(C.79) we have
J(Ki1) — J(Kp) < —€/2 - 40min (V) - 0min(R) - [|[ Sk || 71 < 0.
Therefore, we have shown that, as long as J(K;) — J(K*) > €, J(K;4+1) < J(K) holds with
probability at least 1 — T;l/ 4
Meanwhile, (C.63) implies that,
J(K(y) = J(K") < [1 =7 omin(V) - omin (R) - | X+

) = T ()]
By (C.79), when J(K;) — J(K*) > ¢, with probability 1 — T, *, we have
J(Kier) = J(K) < [1=7/2 - 0nin( ) - in(B) - | S| 71] - [I(5) = I ()],

which shows that, in terms of the policy parameter, natural actor-critic algorithm converges linearly.
Specifically, with

N > 2||Sk-

/7 Ot (W) - o (R) - log{2[J (Ko) — J(K*)]/€} (C.80)

policy updates, we have J(Ky) — J(K™*) < e with high-probability, where  is specified in (C.74).

Finally, it remains to determine 7} for all t € [N]. Notice that T} satisfies the two inequalities in
(C.78). Thus, we set

Ty > TalllKill, J(Ko)] - wie, ™ (Bxe,) - [L = p(A — BEy)] /%0

for some polynomial function Y4(-, -). With such a T, the fail probability 7, * < ¢~2°. Notice that
the total number of iterations depends on € only through log(1/¢). Thus, the total fail probability can
be bounded by €'°. Therefore, we conclude the proof.

D Proofs of the Auxiliary Results

In this section, we provides the proofs for Proposition 3.1 and Lemma 3.2.

D.1 Proof of Proposition 3.1

Proof. We first establish (3.8). Note that under 7, we can write u; as —Kz; + o - 1, where
ne ~ N(0, I4). This implies that, for all > 0, we have

Elc(ze, u) | 2] = &) Qi + Epyon(0,10) (- Kzt + 0 - mu) " R(—=Kay + 0 - 11))]
=2/ (Q+ K"RK)x; + 0% - tr(R). (D.1)
Thus, combining (D.1) and the definition of J(K) in (2.1), we have

J(K) = lim E{; S Ele(w, w) | mt]} _ Tngo]E{; S (@ + KT RE )z, + 0 .tr(R)]}

T—o0
t>0 t>0

=Epui 2 (Q+ K RK)z] + 02 - tr(R) = tr[(Q + K RK)Sk] + 0 - tr(R), (D.2)
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where the third inequality in (D.2) holds because the limiting distribution of {z;}¢>0 is vk.

It remains to establish the second equality in (3.8). To this end, for K € R**< such that p(A—BK) <
1, we define operators we define Tx and T, by

Tic(@) = D (A= BK)Q(A-BK)]",  T{(Q) =Y [(A-BK)"] QA - BK),

>0 >0
(D.3)
where 2 € R4 is positive definite. By definition, 7z (£2) and T, () satisfy Lyapunov equations
Ti(Q) =Q+ (A— BK)Tx(Q)(A - BK) ", (D.4)
T (Q) =Q+ (A - BK)"T{ (Q)(A - BK), (D.5)

respectively. Moreover, for any positive definite matrices €)1, {25, since p(A — BK) < 1, we have
Q- T ()] = Y tr{Q (A - BK)'Q,[(A - BK)"|"}
>0

=> t{[(A— BK)"| "1 (A - BK)'Qa} = tx[Tg (1) - Q). (D.6)

Meanwhile, by combining (3.3), (3.4), (D.4), and (D.5), we have ¥ x = Tx (V,) andPx = T, (Q +
KT RK). Thus, (D.6) implies that

tr[(Q@ + K'RK) - Sk| = tr[(Q + K "RK) - T (¥o)] = tr[T¢ (@ + K" RK) - ¥, | = tr(PxV,).
Combining this equation with (D.2), we establish the second equation of (3.8).

In the following, we establish the value functions. In the setting of LQR, the state-value function Vi
is given by

Vi (x) = Z{E[c(mt,ut) |zg =z, uy = —Kay+ 0 -] — J(K)}

= i{E[xZ(Q + K"RK)xy] + 0? - tr(R) — J(K)}. (D.7)
t=0

Combining the linear dynamics in (3.2) and (D.7), we see that Vi is a quadratic function, which is
denoted by Vi (z) = 2" Pxx + ag, where both Px and axr depends on K. Note that Vi satisfies
the Bellman equation

Vic () = By [c(z, )] — J(K) + E[Vi (27) | 2],
where 2’ is the next state given (z,u). Thus, for any = € R, we have
2" Pxr=2(Q+ K'"RK)x+2' (A— BK)" Pg(A - BK)z.

Thus, Py is the unique positive definite solution to the Bellman equation in (3.4). Meanwhile, since
Eymvy [Vk(2)] = 0, we have ag = — tr(Px Xk ). Hence, we establish (3.5).

Furthermore, for any state-action pair (x, u), we have
Qk (z,u) = c(x,u) — J(K) + E[Vk(2") | 2, u]
= c(z,u) — J(K) 4 (Az + Bu)" Px(Ax + Bu) + tr(Pg¥) — tr(PxSk)
=2"Qx+u' Ru+ (Az + Bu) " Px(Az + Bu) — 0? -tr(R + Pk BB") — tr(Px k),
where 2’ in the first equality is the next state following (z, u), and the last equality follows from (3.8)
and the fact that ¥, = ¥ + ¢ - BBT. Thus, we prove (3.6).
It remains to derive the policy gradient V ;¢ J(K). By (3.8), we have

VKJ(K) ZQRKZK-FVKU(Q()-ZK (D.8)

)|Q(,:Q+KT RK’

where the second term denotes that we first take compute the gradient V i tr[QoX k] with respect to
K and then set Qo = Q + K T RK. Recall that we can write ©x = T (¥, ). The following lemma
enables us to compute the gradient involving 7.
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Lemma D.1. Let W and ¥ be two positive definite matrices. Then it holds that
Vi tr[W - T (¥)] = —2BT T (W)(A — BK) Tk (T).
Proof. To simplify the notation, we define operator Fx by
Fi(Q) = (A - BK)"Q(A - BK)
and let f;’t be the ¢-th composition of Fg . Thus, by the definition of TII and ]-";, we have

T(Q) =) Fr'(Q).
t>0
Moreover, by (D.4) we have
tr[W - T (V)] = tr(W¥) + tr[(A — BK)"W(A — BK) - T ()],

which implies that

Vi tr[W - Tie (¥)] = —2BTW(A — BK)Tic(¥) + Vi tr[W; T (V)] ‘ gy P9
1=K
For any k£ > 1, by recursively applying (D.9) for k times, we have
Vi tr[W - T (0)]
k
_ T T,t
= -2B [Z}"K (W)] (A—BE)Tk(9) + Vi tr[W1 Tk (9)] ‘ Wa— D) () (D.10)

t=0

Meanwhile, since p(A — BK) < 1, we have
lim tr[F " (W) T (¥)] < Jim (W[ [Tk (W)] - p(A — BE)* =0,
— 00

k—o0

Thus, by letting £ on the right-hand side of (D.10) go to infinity, we obtain

Vi tr[W - Tg(¥)] = —2B7 [i]—}?t(W)] (A— BE)T(¥) = —2B" T; (W)(A — BK)Tx ().
t=0

Therefore, we conclude the proof of the lemma. O
By the above lemma, since X = Tx (¥, ), we have

Vi (@0 2|, = Vit [Qo- T (W]
= 2B T (Q+ KTRK)(A - BK)Ti(V,) = —2B" Px(A— BK)Sg,  (D.11)

where we use the fact that Py = T; Q@+ K TRK ). Therefore, combining (D.8) and (D.11), we
establish (3.9), which completes the proof of Proposition 3.1. O

D.2 Proof of Lemma 3.2

We present a stronger lemma than Lemma 3.2, whose proof automatically validates Lemma 3.2.

Lemma D.2. Suppose p(A — BK) < 1. Let N(0, 5 k) be the stationary distribution of the state-
action pair (z, u) when following policy 7k . Then for Zx defined in (3.15), we have

Ex = Ok @ 2k) — (SxLT) @ (CxLl") = (Ex @ Sx)(I - LT @, LT).  (D.12)

Moreover, Z is a invertible matrix whose operator norm is bounded by 2[c? + (1+ || K||2.) - |Z x]|]-
There exists a positive number «7}, such that the minimum singular value of the matrix in the left-hand
side of (3.16) is lower bounded by a constant k7§, > 0, where k% only depends on p(A — BK), o,
and oymin (V). Furthermore, since = is invertible, the linear equation in (3.16) has unique solution
9%, whose first and second components are J(K') and svec(0O g ), respectively.
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Proof. Throughout the proof of Lemma D.2, for any state-action pair (x,u) € R4T*, we denote the
next state-action pair following policy 7x by (2, u'). Then we can write

¥’ = Az + Bu + ¢, v =—-Ki'+oc-n=-KAr — KBu— Ke+o0-n, (D.13)

where ¢ ~ N(0,¥) and € N(0, Ii). For notational simplicity, we denote (x, u) and (', u") by z
and 2/, respectively. Thus, we can write 2’ = Lz + &, where we define

A B I
L= (—KA —KB) - (—%() (4 B, °= (—Keia-n)' (D.14)

Since it holds that p(M N) = p(NM) for any two matrices M and N [32, Theorem 1.3.22], we
have p(L) = p(A — BK) < 1. Meanwhile, by definition, ¢ € R%*+* is a centered Gaussian random
variable with covariance

v ~UKT
(—qu KUK 402 Ik> ’ (D.15)

which is denoted by U, for notational simplicity. In addition, for © ~ vk and u ~ 7 (-|2),
we denote the joint distribution of z = (x,u) by Uk, which is a centered Gaussian distribution

in R™*_ Since # ~ N(0,Zg) and u = —Kax + o - I, we can write 7k as N (0, %), where
Y € REHK)*(d+K) can be written as

T
S EK —XJI(I(T _ 0 0 Id Id
EK—(KZK KEKKT+J2~Ik>_(O 02'1k>+<—K YK K . (D.16)

Thus, by triangle inequality we have
1Bkl 0 b+ 12kl - (d+ [KllRe),  [IBx[|<0® + A+ 1K) - 2k, D17
where in (D.17) we use the fact that || AB||tr0 < || Allfro - || B]|-

Furthermore, since L defined in (D.14) satisfy p(L) < 1, Yk is the unique positive definite solution
to the Lyapunov equation

Sk =LERLT + Uy, (D.18)
where W is defined in (D.15). Moreover, the feature mapping can be written as ¢(z, u) = ¢(z) =
svec(zz ), which implies that

o(z,u) — ¢(a',u) = svec[zz| — (Lz+¢e)(Lz+e)']
= svec (,zz—r —Lzz" LT —Lze” —e2"LT — E&‘T).

Hence, since ¢ is independent of z, by the definition of Zx in (3.15), we have

Ex = E, 5. [6(2)svec(zax’ — Lax LT —0,)"].

Now let M and N by any two matrices, by direct computation, we have
svec(M) Ex svec(N) = oz [(227, M) - (227 — Lzz" LT — ¥, N)]
=E.iy [z M2z (N — LTNL)2] — E,p [z M2] - (¥, N)
=EgonN(0,7441) [QTE}(mMi}(ngQTi}(m(Z\T — LTNL)ii(ﬂg] — <§]K, M) - <\Tlo, N),
(D.19)

where i%z is the square root of ¥ x defined in (D.18). We utilize the following Lemma to compute
the expectation of the product of quadratic forms of Gaussian random variables.

Lemma D.3. Let g ~ N(0, I;) be the standard Gaussian random variable in R% and let A;, A be
two symmetric matrices. Then we have

Elg" A1g-g" Apg] = 2tr(A; Ag) + tr(A;) - tr(Ay).

Proof. See, e.g., [48, 43] for a detailed proof. O
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Applying this lemma to (D.19), we have
svec(M) T Eg svec(N)
=24 [S)P M- SA(N - LTNL)E)
(S MEY?) 0 [E)2(N - LTNL)SY?] — (S, M) - (¥, N)
=2(M,Sx(N - L' NL)Eg) + (M, Ex) - [(N -~ LTNL,Zg) - (¥,,N)]. (D.20)
Note that 3 x satisfy the Lyapunov equation in (D.18), which implies that
(N-L"NL,Sg) = (N,Sg) — (N, LS L") = (N, ¥,).
Thus, by (D.20) we have
svec(M) " Ef svec(N) = 2(M, Si(N — LTNL)§K> = 2svec(M) " svec [EK(N - LTNL)EK]
= 2svec(M)T(§JK Rs iK — iKLT R EKLT) SVGC(N)T
= 2svec(M)" [(iK ®s EK)(I — LT ®L")] svec(N),
where the last equality follows from the fact that
(A®s B)(C®sD)=1/2-(AC ®; BD+ AD ®,; BC)

holds for any matrices A, B, C, D. Thus, we have established (D.12). Since p(L) = p(A—BK) < 1
I — LT ® L7 is positive definite, which implies that = is invertible.

Now we consider the linear equation in (3.16). Since = is invertible,

= 1 0\ 1 0
oK = (E(x wlo(z,u)] EK) o <svec(EK) EK) D.21)

is also 1nvert1ble Thus, (3.16) has unlque solution 9}.. Moreover, to bound the smallest singular
value of = K, we note that the inverse of =, can be written as

L 10
K =\ —Etsvec(Xg) =)

whose operator norm is bounded via

[

=_112 —_ fd 2 —_
-7 < 1+ [|2x" svee(Ex) |, + 121 (D.22)
By (D.12), we have
E;{l svec(ix) =(I-L"®, LT)*l(iK R EK)*l svec(iK)
—(I-L" @, L) ' (O @ S5l )svee(Sr) = (I — LT @, LT) Lsvee(S51). (D.23)

The following lemma characterizes the eigenvalues of symmetric Kronecker matrices.

Lemma D.4 (Lemma 7.2 in [2]). Let A and B be two matrices in R™*™ that can be diagonalized si-
multaneously. Moreover, let A1, ..., A\, and p1, . . ., 4 be the eigenvalues of A and B, respectively.
Then, the eigenvalues of A ®, B are given by {1/2 - (A\jp; + \jpi), 4,7 € [m]}.

By Lemma D.4, the spectral radius of LT ®, LT is bounded by p?(L) = p*(A — BK) < 1. By
(D.23) we have

|25t svec(Ex)||, < [L - p2(D)] - IE- I F S VA E-[1-p2L)] - IS5 (D24)
Besides, by (D.12) we have

IER < 10— LT e D)7 B @ S < 1= @] ISR 029)
Notice that ||§J;(1 | = 1/0min(Ex). Hence, combining (D.22), (D.24), and (D.25) we conclude that

IER P <14+ @+E)-[1—pL)?] 7 [omn(Ex)] 2+ 1= p(L)?] > [owmin(Ex)] 4,
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which implies that
~ [1 - p*(A — BK)] - [01in(Zk)]

Umin(EK) > — — 172 > 0.
(14 1= (A= B - a1+ (d+ B) - [min (510)?)

Moreover, to see that omin (S ) only depends on o and omin (¥), for any a € R% and b € R¥, we
have

:
(g) S (b) — Bl (072 4570 = By ooy {lla — K T0) + 0 -1}
> 02 5]} + Oin(¥) - la = KTB3 = (02 = 0rmin (V) - K2 - [B]3 + 0in (V) - a3

Thus, suppose o2 is sufficiently large such that 62 — oy (¥) - |K[|2 > 0, omin(Sk) is lower
bounded by min{o? — omin(¥) - || K||%, 0min(¥)}. Therefore, we can find a constant %, depending
only on p(A — KB), 0, and 0y,in (¥) such that o,in(Ex) > K.

Finally, to obtain an upper bound on ||Z ||, by triangle inequality and Lemma D.4 we have
- = S S 2 S 2
IExl < |5k @ B[ (L +ILT @, LT]) < [k (1 +IL17) < 23k,
where we use the fact that p(L) < 1. Applying (D.17) to the inequality above, we obtain that
IExll < 2[0* + (1 + [ KlEo) - 125 [],

which concludes the proof. O
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