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Abstract

We study the problem of learning the transition matrices of a set of Markov chains
from a single stream of observations on each chain. We assume that the Markov
chains are ergodic but otherwise unknown. The learner can sample Markov chains
sequentially to observe their states. The goal of the learner is to sequentially select
various chains to learn transition matrices uniformly well with respect to some
loss function. We introduce a notion of loss that naturally extends the squared loss
for learning distributions to the case of Markov chains, and further characterize
the notion of being uniformly good in all problem instances. We present a novel
learning algorithm that efficiently balances exploration and exploitation intrinsic to
this problem, without any prior knowledge of the chains. We provide finite-sample
PAC-type guarantees on the performance of the algorithm. Further, we show that
our algorithm asymptotically attains an optimal loss.

1 Introduction

We study a variant of the following sequential adaptive allocation problem: A learner is given a
set of K arms, where to each arm k € [K], an unknown real-valued distributions v with mean gy,
and variance o > 0 is associated. At each round ¢ € N, the learner must select an arm k; € [K],
and receives a sample drawn from . Given a total budget of n pulls, the objective is to estimate
the expected values (ux)re[x) of all distributions uniformly well. The quality of estimation in this
problem is classically measured through the expected quadratic estimation error E[(px—fix,»)?] for the
empirical mean estimate /i, ,, built with the Ty , =Y, I{k =k, } many samples received from v, at
time 7, and the performance of an allocation strategy is the maximal error, maxy.e ] E[ (1 —/ik.n)?].
Using ideas from the Multi-Armed Bandit (MAB) literature, previous works (e.g., [ 2]]) have
provided optimistic sampling strategies with near-optimal performance guarantees for this setup.

This generic adaptive allocation problem is related to several application problems arising in optimal
experiment design [3l 4], active learning [5]], or Monte-Carlo methods [6]; we refer to [[1}[7} 2| 18] and
references therein for further motivation. We extend this line of work to the case where each process
is a discrete Markov chain, hence introducing the problem of active bandit learning of Markov chains.
More precisely, we no longer assume that (v ), are real-valued distributions, but we study the case
where each vy is a discrete Markov process over a state space S C N. The law of the observations
(X},i)ien on arm (or chain) & is given by v (Xy 1, ... Xin) = pre(Xi1) [T—s Pe(Xk,iz1, Xk,i)s
where p;. denotes the initial distribution of states, and P}, is the transition function of the Markov
chain. The goal of the learner is to learn the transition matrices (Py)jc[x) uniformly well on the
chains. Note that the chains are not controlled (we only decide which chain to advance, not the states
it transits to).

Before discussing the challenges of the extension to Markov chains, let us give further comments
on the performance measure considered in bandit allocation for real-valued distributions: Using
the expected quadratic estimation error on each arm k makes sense since when T}, ,,, k € [K] are
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deterministic, it coincides with o3 /T, ,,, thus suggesting to pull arm & proportionally to its variance
o?. However, for a learning strategy, T} ,, typically depends on all past observations. The presented
analyses in these series of works rely on Wald’s second identity as the technical device, heavily
relying on the use of a quadratic loss criterion, which prevents one from extending the approach
therein to other distances. Another peculiarity arising in working with expectations is the order of
“max” and “expectation” operators. While it makes more sense to control the expected value of the
maximum, the works cited above look at maximum of the expected value, which is more in line with
a pseudo-loss definition rather than the loss; actually in extensions of these works a pseudo-loss is
considered instead of this performance measure. As we show, all of these difficulties can be avoided
by resorting to a high probability setup. Hence, in this paper, we deviate from using an expected loss
criterion, and rather use a high-probability control. We formally define our performance criterion in
Section

1.1 Related Work

On the one hand, our setup can be framed into the line of works on active bandit allocation, considered
for the estimation of reward distributions in MABs as introduced in [1} 7], and further studied in [2,(9].
This has been extended to stratified sampling for Monte-Carlo methods in [10} 8], or to continuous
mean functions in, e.g., [11]. On the other hand, our extension from real-valued distributions
to Markov chains can be framed into the rich literature on Markov chain estimation; see, e.g.,
(12,130 114} 151116, [17]. This stream of works extends a wide range of results from the i.i.d. case to
the Markov case. These include, for instance, the law of large numbers for (functions of) state values
[L7], the central limit theorem for Markov sequences [13]] (see also [[L7,[18]]), and Chernoft-type or
Bernstein-type concentration inequalities for Markov sequences [19, 20]. Note that the majority of
these results are available for ergodic Markov chains.

Another stream of research on Markov chains, which is more relevant to our work, investigates
learning and estimation of the transition matrix (as opposed to its full law); see, e.g., [L6} 15} 121} [22].
Among the recent studies falling into this category, [22]] investigates learning of the transition matrix
with respect to a loss function induced by f-divergences in a minimax setup, thus extending [23]] to
the case of Markov chains. [21] derives a Probably Approximately Correct (PAC) type bound for
learning the transition matrix of an ergodic Markov chain with respect to the total variation loss. It
further provides a matching lower bound. Among the existing literature on learning Markov chains,
to the best of our knowledge, [21] is the closest to ours. There are however two aspects distinguishing
our work: Firstly, the challenge in our problem resides in dealing with multiple Markov chains, which
is present neither in [21] nor in the other studies cited above. Secondly, our notion of loss does not
coincide with that considered in [21]], and hence, the lower bound of [21]] does not apply to our case.

Among the results dealing with multiple chains, we may refer to learning in the Markovian bandits
setup [24} 25, 126]. Most of these studies address the problem of reward maximization over a finite
time horizon. We also mention that in a recent study, [27] introduces the so-called active exploration
in Markov decision processes, where the transition kernel is known, and the goal is rather to learn the
mean reward associated to various states. To the best of our knowledge, none of these works address
the problem of learning the transition matrix. Last, as we target high-probability performance bounds
(as opposed to those holding in expectation), our approach is naturally linked to the PAC analysis.
[28] provides one of the first PAC bounds for learning discrete distributions. Since then, the problem
of learning discrete distributions has been well studied; see, e.g., [29} 130, 23] and references therein.
We refer to [23]] for a rather complete characterization of learning distribution in a minimax setting
under a big class of smooth loss functions. We remark that except for very few studies (e.g., [29]),
most of these results are provided for discrete distributions.

1.2 Overview and Contributions

Our contributions are the following: (i) For the problem of learning Markov chains, we consider
a notion of loss function, which appropriately extends the loss function for learning distributions
to the case of Markov chains. Our notion of loss is similar to that considered in [22] (we refer
to Section [2.3| for a comparison between our notion and the one in [22]]). In contrast to existing
works on similar bandit allocation problems, our loss function avoids technical difficulties faced
when extending the squared loss function to this setup. We further characterize the notion of a
“uniformly good algorithm” under the considered loss function for ergodic chains; (ii) We present
an optimistic algorithm, called BA-MC, for active learning of Markov chains, which is simple to



implement and does not require any prior knowledge of the chains. To the best of our knowledge, this
constitutes the first algorithm for active bandit allocation for learning Markov chains; (iii) We provide
non-asymptotic PAC-type bounds as well as an asymptotic one on the loss incurred by BA-MC,
indicating three regimes. In the first regime, which holds for any learning budget n > 4K, we

present (in Theorem a high-probability bound on the loss scaling as O (KTSZ), where 6() hides

log(log(n)) factors. Here, K and S respectively denote the number of chains and the number of
states in a given chain. This result holds for homogenous Markov chains. We then characterize a

cut-off budget ncyorr (in Theorem |2) so that when n > neyr, the loss behaves as O(2 + Tg}’Q ),
where A =37, 57 Pr(z,y)(1— Py(z,y)) denotes the sum of variances of all states and all chains,
and where P}, denotes the transition probability of chain k. This latter bound constitutes the second
regime, in view of the fact that % equals the asymptotically optimal loss (see Sectionfor more
details). Thus, this bound indicates that the pseudo-excess loss incurred by the algorithm vanishes
at a rate Con=3/2 (we refer to Sectionfor a more precise definition). Furthermore, we carefully
characterize the constant Cj. In particular, we discuss that Cyy does not deteriorate with mixing times
of the chains, which, we believe, is a strong feature of our algorithm. We also discuss how various
properties of the chains, e.g., discrepancies between stationary distribution of various states of a given
chain, may impact the learning performance. Finally, we demonstrate a third regime, the asymptotic
one, when the budget n grows large, in which we show (in Theorem [3)) that the loss of BA-MC
matches the asymptotically optimal loss % All proofs are provided in the supplementary material.

Markov chains have been successfully used for modeling a broad range of practical problems, and
their success makes the studied problem in this paper relevant in practice. There are practical
applications in reinforcement learning (e.g., active exploration in MDPs [27]) and in rested Markov
bandits (e.g., channel allocation in wireless communication systems where a given channel’s state
follows a Markov chair[), for which we believe our contributions could serve as a technical tool.

2 Preliminaries and Problem Statement

2.1 Preliminaries

Before describing our model, we recall some preliminaries on Markov chains; these are standard
definitions and results, and can be found in, e.g., [32,133]]. Consider a Markov chain defined on a
finite state space S with cardinality .S. Let Ps denote the collection of all row-stochastic matrices
over S. The Markov chain is specified by its transition matrix P € Ps and its initial distribution p:
For all z,y € S, P(z,y) denotes the probability of transition to y if the current state is . In what
follows, we may refer to a chain by just referring to its transition matrix.

We recall that a Markov chain P is ergodic if P > 0 (entry-wise) for some m € N. If P is ergodic,
then it has a unique stationary distribution 7 satisfying m = 7 P. Moreover 7 := mingcs 7(x) > 0.
A chain P is said to be reversible if its stationary distribution 7 satisfies detailed balance equations:
Forall z,y € S, w(x)P(x,y) = n(y)P(y, x). Otherwise, P is called non-reversible. For a Markov
chain P, the largest eigenvalue is A1 (P) = 1 (with multiplicity one). In a reversible chain P,
all eigenvalues belong to (—1, 1]. We define the absolute spectral gap of a reversible chain P as
v(P) = 1 — A\ (P), where \,(P) denotes the second largest (in absolute value) eigenvalue of
P. If P is reversible, the absolute spectral gap v(P) controls the convergence rate of the state
distributions of the chain towards the stationary distribution 7. If P is non-reversible, the convergence
rate is determined by the pseudo-spectral gap as introduced in [20] as follows. Define P* as:
P*(x,y) := m(y)P(y,x)/n(x) forall z,y € S. Then, the pseudo-spectral gap vps(P) is defined as:

*\L pl
")/ps(P) = INaxy>1 7’}/((13[) P )

2.2 Model and Problem Statement

We are now ready to describe our model. We consider a learner interacting with a finite set of Markov
chains indexed by k € [K] := {1,2,..., K}. For ease of presentation, we assume that all Markov
chains are defined on the same state spacS with cardinality S. The Markov chain k, or for short

"For example, in the Gilbert-Elliott channels [31]].
2QOur algorithm and results are straightforwardly extended to the case where the Markov chains are defined
on different state spaces.



chain k, is specified by its transition matrix Pj, € Ps. In this work, we assume that all Markov chains
are ergodic, which implies that any chain & admits a unique stationary distribution, which we denote
by 7. Moreover, the minimal element of 7, is bounded away from zero: m;, := minges 7, () > 0.
The initial distributions of the chains are assumed to be arbitrary. Further, we let v := ~(Py) denote
the absolute spectral gap of chain k if k is reversible; otherwise, we define the pseudo-spectral gap of
k by Yps k 1= ’Yps(Pk)-

A related quantity in our results is the Gini index of the various states. For a chain k, the Gini index
for state z € S is defined as

Gk(m) = Zpk(%y)(l - Pk(x’y»

yeS

Note that G (z) < 1— % This upper bound is verified by the fact that the maximal value of Gy () is
achieved when Py, (x,y) = & forall y € S (in view of the concavity of z — > ¢ z(x)(1 — 2(x))).
In this work, we assume that forall £, s Gx(x) > OEI Another related quantity in our results is the
sum (over states) of inverse stationary distributions: For a chain k, we define Hj, := s m(z) 7L

Note that S? < H, < Sggl. The quantity Hj, reflects the discrepancy between individual elements
of w k-

The online learning problem. The learner wishes to design a sequential allocation strategy to
adaptively sample various Markov chains so that all transition matrices are learnt uniformly well. The
game proceeds as follows: Initially all chains are assumed to be non-stationary with arbitrary initial
distributions chosen by the environment. At each step ¢ > 1, the learner samples a chain k., based
on the past decisions and the observed states, and observes the state X}, ;. The state of k; evolves
according to Py, . The state of chains k£ # k; does not change: Xy, + = X}, . forall k # k;.

We introduce the following notations: Let T}, ; denote the number of times chain £ is selected by the

learner up to time ¢: Ty ; := >.0,_, I{kw = k}, where I{-} denotes the indicator function. Likewise,
we let T}, ;. ; represent the number of observations of chain &, up to time ¢, when the chain was in state
x: Thpp 1= Z:’:l I{ky = k, Xy = x}. Further, we note that the learner only controls T} ; (or
equivalently, Ez T} »,1), but not the number of visits to individual states. At each step ¢, the learner
maintains empirical estimates of the stationary distributions, and estimates transition probabilities
of various chains based on the observations gathered up to t. We define the empirical stationary
distribution of chain k at time ¢ as 7y, () := Tk 4+ /T, for all z € S. For chain k, we maintain the
following smoothed estimation of transition probabilities:

o+ Zi/=2 HXppy-1=a,Xpp =y}
aS + Tk,m,t

Pyi(a,y) = , Va,y €S, (1)

where « is a positive constant. In the literature, the case of @ = é is usually referred to as the
Laplace-smoothed estimator. The learner is given a budget of n samples, and her goal is to obtain
an accurate estimation of transition matrices of the Markov chains. The accuracy of the estimation
is determined by some notion of loss, which will be discussed later. The learner adaptively selects
various chains so that the minimal loss is achieved.

2.3 Performance Measures

We are now ready to provide a precise definition of our notion of loss, which would serve as the
performance measure of a given algorithm. Given n € N, we define the loss of an adaptive algorithm

A as:

L, (A) = juax Liy, with Ly, = Z;Sﬁk,n(x)||Pk($»') — Pyl )3

The use of the Ly-norm in the definition of loss is quite natural in the context of learning and
estimation of distributions, as it is directly inspired by the quadratic estimation error used in active

*We remark that there exist chains with > G (z) = 0. In view of the definition of the Gini index, such
chains are necessarily deterministic (or degenerate), namely their transition matrices belong to {0, 1}S %S One
example is a deterministic cycle with S nodes. We note that such chains may fail to satisfy irreducibility or
aperiodicity.



bandit allocation (e.g., [2]]). Given a budget n, the loss L,,(A) of an adaptive algorithm A is a random
variable, due to the evolution of the various chains as well as the possible randomization in the
algorithm. Here, we aim at controlling this random quantity in a high probability setup as follows:
Let 6 € (0,1). For a given algorithm .4, we wish to find € := &(n, §) such that

P (L, (A)>¢) <. 2)

Remark 1 We remark that the empirical stationary distribution 7y, , may differ from the stationary
distribution associated to the smoothed estimator Py, ; of the transition matrix. Our algorithm and

results, however, do not rely on possible relations between 7y, and Py, 4, though one could have used
smoothed estimators for . The motivation behind using empirical estimate 7y, ; of 7y, in Ly, is that
it naturally corresponds to the occupancy of various states according to a given sample path.

Comparison with other losses. We now turn our attention to the comparison between our loss
function and some other possible notions. First, we compare ours to the loss function L/, (A) =
maxy Y. cs | Px(,-) — Pen(e,-)||3. Such a notion of loss might look more natural or simpler,
since the weights 7, ,, () are replaced simply with 1 (equivalently, uniform weights). However, this
means a strategy may incur a high loss for a part of the state space that is rarely visited, even though
we have absolutely no control on the chain. For instance, in the extreme case when some states x
are reachable with a very small probability, T}, ;. , may be arbitrarily small thus resulting in a large
loss L}, for all algorithms, while it makes little sense to penalize an allocation strategy for these
“virtual" states. Weighting the loss according to the empirical frequency 7y, ,, of visits avoids such a
phenomenon, and is thus more meaningful.

In view of the above discussion, it is also tempting to replace the empirical state distribution
7y, n With its expectation 7y, namely to define a pseudo-loss function of the form L) (A) =

maxy Y, 7k (2)|| Py, ) — Ppn(,-)||3 (as studied in, e.g., [22] in a different setup). We recall
that our aim is to derive performance guarantees on the algorithm’s loss that hold with high probabil-
ity (for 1 — 4 portions of the sample paths of the algorithm for a given §). To this end, L,, (which uses
7k, ») is more natural and meaningful than L as L,, penalizes the algorithm’s performance by the
relative visit counts of various states in a given sample path (through 7, ,,), and not by the expected
value of these. This matters a lot in the small-budget regime, where 7, ,, could differ significantly
from 73, — Otherwise when n is large enough, 7, ,, becomes well-concentrated around 7, with high
probability. To clarify further, let us consider the small-budget regime, and some state = where 7 ()
is not small. In the case of L,,, using 7, ,, we penalize the performance by the mismatch between

Py (z,-) and Py(x, ), weighted proportionally to the number of rounds the algorithm has actually
visited z. In contrast, in the case of L, weighting the mismatch proportionally to 7 (x) does not
seem reasonable since in a given sample path, the algorithm might not have visited x enough even
though 7 () is not small. We remark that our results in subsequent sections easily apply to the
pseudo-loss L, at the expense of an additive second-order term, which might depend on the mixing
times.

Finally, we position the high-probability guarantee on L,,, in the sense of Eq. (2), against those
holding in expectation. Prior studies on bandit allocation, such as [[7} 2], whose objectives involve a
max operator, consider expected squared distance. The presented analyses in these series of works
rely on Wald’s second identity as the technical device. This prevents one to extend the approach
therein to other distances. Another peculiarity arising in working with expectations is the order of
“max” and “expectation” operators. While it makes more sense to control the expected value of the
maximum, the works cited above look at maximum of the expected value, which is more in line with a
pseudo-loss definition rather than the loss. All of these difficulties can be avoided by resorting to a
high probability setup (in the sense of Eq. ().

Further intuition and example. We now provide an illustrative example to further clarify some

of the above comments. Let us consider the following two-state Markov chain: P = {12 2 111 24 s
where € € (0, 1). The stationary distribution of this Markov chain is 7 = [;?, ﬁ] Let s1 (resp. s2)
denote the state corresponding to the first (resp. second) row of the transition matrix. In view of ,
when € < 1, the chain tends to stay in s, (the lazy state) most of the time: Out of n observations,
one gets on average only nm(s1) = ne/(2 + £) observations of state s1, which means, for ¢ < 1/n,
essentially no observation of state s;. Hence, no algorithm can estimate the transitions from s; in



such a setup, and all strategies would suffer a huge loss according to L , no matter how samples are
allocated to this chain. Thus, L, has limited interest in order to distinguish between good and base
sampling strategies. On the other hand, using L,, enables to better distinguish between allocation
strategies, since the weight given to s; would be essentially 0 in this case, thus focusing on the good
estimation of sy (and other chains) only.

2.4 Static Allocation

In this subsection, we investigate the optimal loss asymptotically achievable by an oracle policy that
is aware of some properties of the chains. To this aim, let us consider a non-adaptive strategy where
sampling of various chains is deterministic. Therefore, T}, ,,k = 1,..., K are not random. The
following lemma is a consequence of the central limit theorem:

Lemma 1 We have for any chain k: Ty, Ly n =T, ,, —o00 2, Gi(2) .

The proof of this lemma consists in two steps: First, we provide lower and upper bounds on Ly, ,, in
terms of the loss Ly, ,, incurred by the learner had she used an empirical estimator (corresponding to
a=0in ). Second, we show that by the central limit theorem, Tk L, =Ty, ,, 00 25 Gr(T).

Now, consider an oracle policy Aqracle, Who is aware of ) s G (x) for various chains. In view
of the above discussion, and taking into account the constraint 3 o) Tk,n = n, it would be
asymptotically optimal to allocate T} ,, = nxn samples to chain k, where

Mk ::%ZGk(a@), with A := Z ZGk(:E).

z€S ke[K]zeS

The corresponding loss would satisfy: nL,, (Agracte) —n—oo A . We shall refer to the quantity % as
the asymptotically optimal loss, which is a problem-dependent quantity. The coefficients 7, k € [K]
characterize the discrepancy between the transition matrices of the various chains, and indicate that
an algorithm needs to account for such discrepancy in order to achieve the asymptotically optimal
loss. Having characterized the notion of asymptotically optimal loss, we are now ready to define the
notion of uniformly good algorithm:

Definition 1 (Uniformly Good Algorithm) An algorithm A is said to be uniformly good if, for
any problem instance, it achieves the asymptotically optimal loss when n grows large; that is,
lim,, 00 L, (A) = A for all problem instances.

3 The BA-MC Algorithm

In this section, we introduce an algorithm designed for adaptive bandit allocation of a set of Markov
chains. It is designed based on the optimistic principle, as in MAB problems (e.g., [34, 35]]), and
relies on an index function. More precisely, at each time ¢, the algorithm maintains an index function
br,t+1 for each chain £, which provides an upper confidence bound (UCB) on the loss incurred by £

at t; more precisely, with high probability, by ;41 > Li¢ := D>, cg Tt (2) || Pe(2, ) — Isk’t(:z; I3,

where ﬁk,t denotes the smoothed estimate of P, with some o > 0 (see Eq. ). Now, by sampling a
chain k; € argmaxy¢(x] b,¢+1 at time ¢, we can balance exploration and exploitation by selecting
more the chains with higher estimated losses or those with higher uncertainty in these estimates.

In order to specify the index function by ., let us choose o = % (we motivate this choice of o
later on), and for each state € S, define the estimate of Gini coefficient at time ¢ as Gy, ((z) :=
>yes Pri(r,y) (1 — Prt(2,y)). The index b, ;41 is then defined as

28ﬂ25 Z H{Tk,x,t > 0}
T s Tyt + S

253 ~
b1 = E Z Tzt > 0}G () +
v xeS €S

6'653/2 Tlfft ~ =
i + Poa(a,y)(1 - Prola,y)),
Lt 2 (Thwt + 5)? y%;s\/ ot (2, 9) (1 = Pre(2,9))

zeS



where 3 := f(n,d) := clog ( “Zi((z))—‘ 6K552 ) , with ¢ > 1 being an arbitrary choice. In this paper,

we choose ¢ = 1.1.

We remark that the design of the index by,,. above comes from the application of empirical Bernstein
concentration for a-smoothed estimators (see Lemma 4 in the supplementary) to the loss function Ly, ;.
In other words, Lemma 4 guarantees that with high probability, by ;41 > Ly +. Our concentration
inequality (Lemma 4) is new, to our knowledge, and could be of independent interest.

Having defined the index function by, ., we are now ready to describe our algorithm, which we call
BA-MC (Bandit Allocation for Markov Chains). BA-MC receives as input a confidence parameter ¢,
a budget n, as well as the state space S. It initially samples each chain twice (hence, this phase lasts
for 2K rounds). Then, BA-MC simply consists in sampling the chain with the largest index by, ;1

at each round ¢. Finally, it returns, after n pulls, an estimate P}, ,, for each chain k. We provide the
pseudo-code of BA-MC in Algorithm |1} Note that BA-MC does not require any prior knowledge of
the chains (neither the initial distribution nor the mixing time).

Algorithm 1 BA-MC - Bandit Allocation for Markov Chains

Input: Confidence parameter §, budget n, state space S;
Initialize: Sample each chain twice;
fort=2K +1,...,ndo
Sample chain k; € argmaxy, by 111;
Observe X}, ¢, and update T}, ;. ; and T}, ¢;
end for

In order to provide more insights into the design of BA-MC, let us remark that (as shown in Lemma 8
in the supplementary) by, ;41 provides a high-probability UCB on the quantity ﬁ > Gr(x) as well.
Now by sampling the chain k; € argmaxye(x) b ¢+1 at time ¢, in view of discussions in Section

BA-MC would try to mimic an oracle algorithm being aware of ) G (x) for various chains.

We remark that our concentration inequality in Lemma 4 (of the supplementary) parallels the one
presented in Lemma 8.3 in [36]. In contrast, our concentration lemma makes appear the terms
Tk.z,+ + aS in the denominator, whereas Lemma 8.3 in [36] makes appear terms 7}, , ; in the
denominator. This feature plays an important role to deal with situations where some states are not
sampled up to time ¢, that is for when T}, ,, , = 0 for some x.

4 Performance Bounds

We are now ready to study the performance bounds on the loss L,,(BA-MC) in both asymptotic and
non-asymptotic regimes. We begin with a generic non-asymptotic bound as follows:

Theorem 1 (BA-MC, Generic Performance) Ler § € (0,1). Then, for any budget n > 4K, with
probability at least 1 — 6, the loss under A = BA-MC satisfies

287K S?p% < K?2S?
<= A (9( ) .

Ln(A)

n2

The proof of this theorem, provided in Section C in the supplementary, reveals the motivation to
choose a@ = % It verifies that to minimize the dependency of the loss on S, on must choose

a oc S71. In particular, the proof does not rely on the ergodicity assumption:
Remark 2 Theorem is valid even if the Markov chains Py, k € [K| are reducible or periodic.

In the following theorem, we state another non-asymptotic bound on the performance of BA-MC,
which refines Theorem [T] for when n > ncywofr, where

300 2KS )"
Neutoff = ncutoff(5) = Km]?x <'Y],€7Tk, IOg (T Ty 1)) )

where ;. = 7, if k is reversible, and 7, = vps, 1 Otherwise. To present the theorem, we recall the no-

tation A := >, > Gy (), and that for any chain k, np = x >, c5 Gi(@), Hi =3, cs mie(2) 71,
and 1), ;= minges m(z) > 0.




Theorem 2 Let 6 € (0, 1), and assume that n > Neyo. Then, with probability at least 1 — 20,

28A  Cop??  ~ .,

where Cg := 150K +/SA max;, H, + 3v SA max;, %

Recalling the asymptotic loss of the oracle algorithm discussed in Sectionbeing equal to A/n, in

view of the Bernstein concentration, the oracle would incur a loss at most for when the budget n

is finite. In this regard, we may look at the quantity L, (A) — # as the pseudo-excess loss of A (we
refrain from calling this quantity the excess loss as # is not equal to the high-probability loss of the

oracle). Theorem@]implies that when n is greater than the cut-off budget 7n¢y0fr, the pseudo-excess loss
under BA-MC vanishes at a rate O (n_g/ 2). In particular, Theorem characterizes the constant Cj
controlling the main term of the pseudo-excess loss: Cy = O(K+/SA maxy, Hy + v/SA max;, %)
This further indicates that the pseudo-excess loss is controlled by the quantity %, which captures (i)

the discrepancy among the ) G (x) values of various chains k, and (ii) the discrepancy between
various stationary probabilities 7i(z), z € S. We emphasize that the dependency of the learning
performance (through Cp) on Hy is in alignment with the result obtained in [21]] for the estimation of
a single ergodic Markov chain.

The proof of Theorem 2] provided in Section D in the supplementary, shows that to determine the
cut-off budget neywofr, ONe needs to determine the value of n such that with high probability, for any
chain k and state x, the term Ty ,, (T ., + aS) ! approaches 7 (x) ~!, which is further controlled
by Yps,k (or v if k is reversible) as well as the minimal stationary distribution 7. This in turn
allows us to show that, under BA-MC, the number T}, ,, of samples for any chain k comes close to
the quantity 7,n. Finally, we remark that the proof of Theorem [2]also reveals that the result in the
theorem is indeed valid for any constant o > 0.

In the following theorem, we characterize the asymptotic performance of BA-MC:
Theorem 3 (BA-MC, Asymptotic Regime) Under A =BA-MC, limsup,, _, . nL,(A) =A.

The above theorem asserts that, asymptotically, the loss under BA-MC matches the asymptotically
optimal loss A /n characterized in Section We may thus conclude that BA-MC is uniformly good
(in the sense of Definition [I)). The proof of Theorem [3| (provided in Section E of the supplementary)
proceeds as follows: It divides the estimation problem into two consecutive sub-problems, the
one with the budget ny = y/n and the other with the rest n — /n of pulls. We then show when
ng = /N > Neuofr> the number of samples on each chain k at the end of the first sub-problem
is lower bounded by ©(n'/4), and as a consequence, the index b, would be accurate enough:
bkng € Tlno(zfr Gr(z),Y", Gr(x) + O(n~1/8)) with high probability. This allows us to relate

the allocation under BA-MC in the course of the second sub-problem to that of the oracle, and further
to show that the difference vanishes as n — oo.

Below, we provide some further comments about the presented bounds in Theorems [TH3}

Various regimes. Theorem|I]provides a non-asymptotic bound on the loss valid for any 7, while
Theorem |3|establishes the optimality of BA-MC in the asymptotic regime. In view of the inequality
A < K(S — 1), the bound in Theoremis at least off by a factor of S from the asymptotic loss A /n.
Theorem [2]bridges between the two results thereby establishing a third regime, in which the algorithm

enjoys the asymptotically optimal loss up to an additive pseudo-excess loss scaling as (5(71_3/ 2).

The effect of mixing. It is worth emphasizing that the mixing times of the chains do not appear
explicitly in the bounds, and only control (through the pseudo-spectral gap 7ps,x) the cut-off budget
Neutoff that ensures when the pseudo-excess loss vanishes at a rate n~3/2, This is indeed a strong
aspect of our results due to our meaningful definition of loss, which could be attributed to the fact that
our loss function employs empirical estimates 7y, ,, in lieu of 7. Specifically speaking, as argued in
[36], given the number of samples of various states (akin to using ﬁk,t(x) in the loss definition), the
convergence of frequency estimates towards the true values is independent of the mixing time of the
chain. We note that despite the dependence of 7y, On the mixing times, BA-MC does not need to



estimate them as when n < nyofy, it still enjoys the loss guarantee of Theoremm We also mention

that to define an index function for the loss function maxy, > 7 (x)||Px(z, -) —f’;w(x, |12, one
may have to derive confidence bounds on the mixing time and/or stationary distribution 7y, as well.

More on the pseudo-excess loss. We stress that the notion of the pseudo-excess loss bears some
similarity with the definition of regret for active bandit learning of distributions as introduced in [[7} 2]
(see Section . In the latter case, the regret typically decays as n~3/2 similarly to the pseudo-excess
loss in our case. An interesting question is whether the decay rate of the pseudo-excess loss, as a
function of n, can be improved. And more importantly, if a (problem-dependent) lower bound on the
pseudo-excess loss can be established. These questions are open even for the simpler case of active
learning of distributions in the i.i.d. setup; see, e.g., [37, 18, 2. We plan to address these as a future
work.

5 Conclusion

In this paper, we addressed the problem of active bandit allocation in the case of discrete and ergodic
Markov chains. We considered a notion of loss function appropriately extending the loss function
for learning distributions to the case of Markov chains. We further characterized the notion of
a “uniformly good algorithm” under the considered loss function. We presented an algorithm for
learning Markov chains, which we called BA-MC. Our algorithm is simple to implement and does not
require any prior knowledge of the Markov chains. We provided non-asymptotic PAC-type bounds on
the loss incurred by BA-MC, and showed that asymptotically, it incurs an optimal loss. We further
discussed that the (pseudo-excess) loss incurred by BA-MC in our bounds does not deteriorate with
mixing times of the chains. As a future work, we plan to derive a problem-dependent lower bound on
the pseudo-excess loss. Another interesting, and yet very challenging, future direction is to devise
adaptive learning algorithms for restless Markov chains, where the state of various chains evolve at
each round independently of the learner’s decision.
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Notational Convention. Throughout the appendix, we use the following notational convention:
For matrices A, B € R™*™ with m € N, we let [AB] (4, j) := A(4,7)B(i,7) forall i, j € [m].

A Concentration Inequalities

Lemma 2 ([38, Lemma 2.4]) Let Z = (Z;)ien be a sequence of random variables generated by
a predictable process, and F = (Fy); be its natural filtration. Let ¢ : R — Ry be a convex
upper-envelope of the cumulant generating function of the conditional distributions with ©(0) = 0,
and let @, denote its Legendre-Fenchel transform, that is:

VA € D,Vt, logE [exp ()\Zt)|.7:t,1} < (M),
Ve eR,  pu(x) =sup(Az —¢(})),
AER
where D = {\ € R : Vt,10g E [exp(AZ;)|Fi—1] < ¢(A) < oo}. Assume that D contains an open
neighborhood of 0. Let go,:ﬁr R — Ry (resp. 30:17 ) be its reverse map on R (resp. R_), that is
90;1_(2) =sup{z < 0:¢.(2) >z} and ¢, (z) =inf{z >0:¢.(z) > 2}.

Let Ny, be an integer-valued random variable that is F-measurable and almost surely bounded by n.
Then, forall c € (1,n] and 6 € (0,1),

P Yz (o ([2] )] <5
1

n t=1

(
N
1 = _ c log(n)
Pl—) Z <! (1 ( ) <5
[Nn tz:; t = Pr (Nn 8 {log(c) ) -
Moreover, if N is a possibly unbounded N-valued random variable that is F-measurable, then for all
c>1landé € (0,1),

e (5o [2580) |
i gasn (o[58 |

We provide an immediate consequence of this lemma for the case of sub-Gamma random variables:

Corollary 1 Let Z = (Z;)ien be a sequence of random variables generated by a predictable process,
and F = (F;)¢ be its natural filtration. Assume for all t € N, |Z;| < b and E[Z2|Fs_1] < v for
some positive numbers v and b. Let N,, be an integer-valued random variable that is F -measurable
and almost surely bounded by n. Then, for all ¢ € (1,n] and § € (0,1),

Nn,
[ St g > [0 ]

t=1
1 20(n,8)v  C(n,8)b
P|— Ty < — . — ’ <
[Nn; b= N, 3N, ]—5’

where ((n,0) := clog ( Fﬁgg((m %), with ¢ > 1 being an arbitrary parameter.

Proof. The proof follows by an application of Lemma [2] for sub-Gamma random variables with
2

parameters (v,b). Note that sub-Gamma random variables satisfy ¢(\) < %, for all A €

(0,1/b); see, e.g., [39, Chapter 2.4]. Therefore,

cp:i(z) =+V2vz+bz and <p:1_(z) = —V2vz —bz.
Plugging these into the first statements of Lemma 2] completes the proof. (]

As a consequence of this corollary, we present the following lemma:
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Lemma 3 (Bernstein-Markov Concentration) Let (X;)1<;<,, be generated from a Markov chain

defined on a finite state-space S with transition matrix P. Consider the smoothed estimator ]3n of P
defined as follows: For all (x,y) € S?,

p a+3 X =2, X =y}
Pofay) = S ,

with o > 0. Then, for any § € (0,1), it holds that with probability at least 1 — §, for all (x,y) € S?,

— < )
|P,(2,y) — P(z,y)| < \/(Tw,n +a5> T+ ad + TPY:

)

where ((n,d) := clog ( Plzi((?))—‘ %) with ¢ > 1 being an arbitrary parameter.

Proof. The proof uses similar steps as in the one of Lemma 8.3 in [36]. Consider a pair (z,y) € S2.
We have

~ a+S" . I{X 1=z, X =y
Pu(w,y) ~ Plary) = r e Tt 20 R =)
T:c,n v O{(l — Sp(xvy))

Ty +aS™ " Tpn+aS

where Y,, := %L i X1 =2, Xy = y} — Ty, P(z,y)). Hence,

~ T. a|1—SP($»y)|

Pn ) _Pv S e Yn
Pale,y) = Pyl < g 22ogWal 4 S0

3
To control Y, similarly to the proof of [36, Lemma 8.3], we define the sequence (Z;)1<;<n, With
71 :=0, and

Zy =Xy = 2}{ Xy =y} — P(z,y)), Vi>2.

Note that for all t, Z; € [—-P(z,y),1 — P(z,y)] almost surely. Moreover, denoting by (F%); the
filtration generated by (X;)1<¢<n, We observe that (Z;)1<¢<, is F;—1-measurable and E[Z; | F;_1] =
0. Hence, it is a bounded martingale difference sequence with respect to (F3);, and

E[Z{|Fi-1] = P(a,y)(1 = P(z,y))[{X,1 =x}, Vt>2.
Applying Corollary [T yields

QP(xay)(l — P(Z’y))C(”%é) C(nv(g)
¥ S\/ Tom M7

with probability at least 1 — % Plugging the above bound into H and taking a union bound complete
the proof. (|

Lemma 4 (Empirical Bernstein-Markov Concentration) Ler (X;)1<;<n, be generated from a

Markov chain defined on S with transition matrix P. Consider the smoothed estimator P,, of
P as defined in Lemma Then, with probability at least 1 — 6, for all (z,y) € S?,

D QTr,n[ﬁn(I - ﬁn)](xa y)C Te \/Tl’,n[ﬁn(j - ﬁn)](m‘, y) Co
D) 1

Pn ) —-Pp ) <
|Pr(z,y) (z,9)| (Tym + aS) (Typn + S)? * (Tyn + S)?

where ¢ := ((n, ) := clog ( “zi((z))-‘ %) where ¢ > 1 is an arbitrary parameter, (' := 3¢ +
a(S —1), and

c1 =826+ () and ey =7 +40(AC + '+ 20/CC) + ¢V/BL(B3V + V/20) .
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Proof. Fix a pair (r,y) € S2. Recall from Lemmathat with probability at least 1 — 4,

D 2(Ty n[P(I — P)|(z,y) ¢
|Pn(x7y) - P(xay)| < \/ (Twﬁn + 045)2 + Tw,n + oS ’

so that

(Po(x,y) — P(z,y))? < 2 TonPU = P)l(z,y) ¢ N \/ 8¢Tyn[P(I— P)|(z,y)

(Tyn + aS)? (Tyn + S)? (Tyn + S)? Tpn+aS
4

Next we derive an upper bound on [P(I — P)](z,y). By Taylor’s expansion, we have
[P = P))(z,y) = [Pa(l — P))(w,y) + (I = 2B,) (P — B))(w, ) — (P — B (,)?
P.(I = P))(z,y) + [(I = By — P)(P = Py))(z,y)

< [Ball = Pl ) + 1 = P~ P)(z,) <\/2<Tm,n[p(1_p>]<x,y) ¢ )

(Tym + aS)? + Tyn+aS

)

< [Pall = ﬁn)](% w \/SCT%&EiEI—F—aZ;L(%y) * Ta:.n2§_/ aS’

Using the fact that a < by/a + ¢ implies a < b? + by/c + ¢ for nonnegative numbers a, b, ¢, we get

P(T— P)(y) < [Pall — B)() + 2o \/ oz (1B - Pl + o)

Tyn+aS Tpm + S Ton +aS
8CTr,n
T Tom 1 aS)
= = 8Ton 5 = 8¢ +2¢" + 4/¢¢
< [Pull ~ P)(aw) + \/M[P (5 - B)l(e,y) + ST RS
5)

where we have used va + b < \/a + /b valid for all a, b > 0. Taking square-root from both sides
and using the fact va + b < \/a + ﬁ valid for all a, b > 0 give

VTP < /Bl o) + ﬁ<f+\/84+2gf+4f>
< BT - Bl y) + 2TV ©

Tyn + S ’

where we have used
V20 + \/8C+2C’+4 (¢ < V2( + \/6c+2(ﬂ+ V)2 <5.3VC+V2¢
Plugging (®) and (6) into (@), we obtain
(Pu(,y) — P(x,y))°
v ([ﬁnu — Pl o) + \/ B (1= PGy + TR 4*@>

(Trn+aS (Typ + S)? Ty +aS
¢ 8T n 5 = 5.3v/C + v2( &
Tt as\| Ton + )2 VI~ P + TootaS ) (Tom +a5)
2CT’t n[ n (I P \/TCE n )](LC y) + C2
N (TIn+aS) (Tmn—i—aS) (Tz,n+a5)2 ’
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with

e = V/BC((+¢) and ep = ¢ AC(C+ ¢+ 20/CC) + VBBV V20)

which after taking the square-root from both sides yields the announced result. ]
Next we recall a result for the convergence of empirical stationary distributions in an ergodic Markov
chain to its stationary distribution:

Lemma 5 ([20]) Let (X;)1<i<n be an ergodic and reversible Markov chain defined on S with
stationary distribution ™ and spectral gap . Let 7, denote the corresponding empirical stationary
distribution of the Markov chain. For any ¢ € (0, 1), with probability at least 1 — 6,

|7tn(x) — ()| < 8ﬂ(m)<1_ﬂ($>)log<5 —_ 2 )—l—iolo (S —_ 2 ), Vx € S.

n 0 \/ min, m(x) 0 \/ min, m(x)

B Technical Lemmas

Before providing the proofs of the main theorems, we provide some technical lemmas. We begin
with the following definition:

Definition 2 (Definition of the Event C) Letn > 1and § > 0. For any (z,y) € S? and k € [K]
define

Cryi(n,0) 1= {Vt < n:|(Pre — Po)(a,y)| < \/2T’”’t[P’“(I ) G DEIGIL) S UL }

(Tk,x,t + O(S)Q 3(Tk,x,t + OéS)

where 3(n,d) := clog ( “ii((?ﬂ %) Define

C = C(n,é) = mke[K] ﬁm}yeg Cz’y,k(n, 5) .

Lemma 6 For any o < n>1,and § € (0,1), it holds that P(C(n,0)) > 1 — 0.

35’

Proof. Let n > 1 and 6 > 0. Define ((n,d) = clog ( Flzgg((z))-‘ 2I%SQ>, and note that 8(n,d) =

¢(n,d) + clog(3). Applying Lemma[3] we obtain for any chain k:

2T} 2 [P (I — Pp)](z,9)C(n, 0) n 2¢(n,8) + (S — 1)
(Th e +S)? Tytn+ S ’

|(Prt — Pu)(@,y)| < \/

for all (x,y), and uniformly for all ¢ < n, with probability at least 1 — %. With the choice of & = =&

35>
and noting that 3(n,d) > ((n, ) and
—— S—-1)< <
R e e
we obtain P(M; yesCy,y.x(n,0)) > 1 —¢/K for all k. Finally, using a union bound concludes the
proof. |

In the following lemma, we provide an upper bound on the loss Ly, ,,, which is valid for all n. To
simplify the notation, in the following results we let 8 = 3(n, d).

Lemma 7 (Upper Bound on the Loss) Assume that the event C holds. Then, for any budget n > 1
and chain k,

2fﬂ3/2f 1 \/Gr(@) Sﬂ Thorom
Z(k k Z Tk k,

25
n = H z,n T
Lin < E Gr(x){Tk 5 n > 0} - o Thom + aS)? e+ aS)?

15



Proof. Let n > 1 and consider a chain k. To simplify the notation, we omit the dependence of various
quantities on k (hence Ty , := Tk zn, Ty, := Tk n, and so on). On the event C, we have

so that

2B6[P(I — P)|(x,y) 132 Lﬁﬁs/z
Tw’" +as " (Tw n9+ aS) * ( z,mn + OéS \/Tr’n[P(I B P)](x’ y) :

Hence, we obtain the announced upper bound on the loss:
Z () Y (Pul@,y) — P(x,y))’
y

20~ TenGlz) | 2v2 B2 i 23
T, ~ Tyn +aS 3 T, (T, —|—aS

(ﬁn(l'7y) - P(l‘,y))z S

) + % Tx,n
97, (Tx,n + aS)?

IN

%fﬁ”J’ 7 /G ﬂfg}—iﬂbf
T, - (Tyn +aS)2 9T, - (Typn+aS)?’

2
< ﬂZG J{Tyrn > 0} +
where the last step follows from the Cauchy-Schwarz inequality. (|
The following lemma presents bounds on the index by, . on the event C' (defined in Definition :

Lemma 8 (Bounds on the Index) Consider a chain k, and assume that the event C holds. Then,
for any time t,

2 133/2f Gr(){Thpr >0} 39828 <~ Tk ot >0
br,i+1 < BZGk V{Ty o >0} + B Z\/ k() Tyt } p=S Z{k it }

/\

Thwt + S Tt Tiwt+aS "’

I \/

bi,t+1 Tk Z Gr(z H{Tk z,t > 0}.
t

Proof. Fix a chain k and time ¢. To ease the notation, let us omit the dependence of various quantities
on k throughout. We first recall the definition of the index b;1:

T3/2

o 25 -~ C1 CQS ]I{TLt > 0}
bf+1—ﬁ;Gf(l’)H{T@7t>0}+i $t+a522\/PtI Pf I’y) T ;m,

where ¢; = 6.68°/2 and ¢y = 2832.

To derive an upper bound on by, we first find an upper bound on [P,(I — P,)](x, y) as follows. First,
using Taylor’s expansion, we have

[P(I = P))(x,y) = [P(I = P))(w,y) + [(I = 2P)(P; = P)](z,y) — (P, = P)(x,y)’
= [P(I = P)|(w,y) + [(I = P = P)(P;, = P)](x,y)

86[P(I — P)|(x,y) 28
2
28
< ( [P(I = P)J(x,y) + w) ;
where (/) follows from the definition of C'. Hence,
= = 2
VIR = Pasy) < VIPT= P + ®
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Using (7) and (8], we obtain the following upper bound on b, on the event C":

b1 < % D <[P (I = P)l(z,9) + \/ = T(m n oﬂs(x 2 3(Tx,t2i aS)) HTos > 0}

6665/2 T3/2 2[‘3 28525 ]I{Txt > O}
+ T; Zw: t+04522 Pl@.y) + Tot+aS " T; = Tot +asS

ZG JI{T,., > 0} + 13ﬂ3/2\f Z\/ z)I{T,,, > 0} n 39828 Z {T,+ > 0} -

m it + aS Tt Tz7t + aS

To prove the lower bound on the index, we recall from the proof of Lemmaﬂ] (see @) with the choices
(=pBand (' = &) that

(P = PO(w9) > [P = Pl(ay) - \/ T P = Pley) -

Putting this together with the definition of b, leads to b;y1 > % > . G(@)[{T,; > 0}, and thus
completes the proof. O

C Proof of Theorem [T

Consider a chain & and assume that the event C' (defined in Definition[2) holds. Applying Lemma([7}
we obtain

2 T3/2 2

Lin <
h _Tkn 3 Tkn Tkmn+a5) ngn Tkmn+aS)2
Ty e 0 >0 ’ ’ Ty

23 2V/2 B3/2 1
< G D S G _
= Tim 2. G+ Tim 2. G 3 Thwm + S
T, e,m >0 ’ Ty 0,n>0 Ty 0,n>0 >
532 1
9Tk L Tk,a:,n +aS

3PS o !
- Gule) + S s ]
STk 0,0 >0 9Tkv" @ Th .0 >0 Tk,x,n + aS

where we have used Cauchy-Schwarz in the second inequality. Introducing

SB? 1 28
Aq g = ——— and Ay = Z Gr(z),
9Tk,n T ,n>0 Tk,m,n + as Tk,n T ,n>0

we provide upper bounds on A; ;, and As j;, in the following lemmas:

Lemma 9 On the event C, it holds for any chain k and any n:

0.175K5%32
A < —mM—.
Lk S T T
Lemma 10 Assume that the event C holds. Then for any chain k and n:

272K 5232  518K25%32
n—2K (n —2K)2

Aoy <
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Applying Lemmas 9] and [I0] gives

~n—-2K n—2K

287 n 532K
n—2K (n—2K)?

2
K52 2 518
Lin < (VAL + A2k b ( 272 4 +v017>

< KS?p? <
where we have used

2
518K 518K 518K 532K
< 272 + oK +\/0.175> <273+ +2v0.1754/272 + < 287 +

n—2K n—2K — n—2K "

Finally, using the inequality (n — 2K)~! < n~! 4+ 4Kn~2 valid for n > 4K, and noting that the
event C' holds with probability higher than 1 — ¢, we get the desired bound on the loss. (]

C.1 Proof of Lemmal9]

Assume that C holds. We claim that there exists a chain j such that T} ,, > % Indeed, if for all 7,
T;n < % then Zle T}.n» < n, which is a contradiction. Hence the claim holds.
Now, consider a chain j such that T} , > % Lett + 1 < n be the last time that it has been sampled.

Hence, T} 111 = Tjnand Ty = Tj,, — 1 > 2 — 1. Applying Lemmafor chain j, it follows that
on the event C,

2 1333/2y/S Gi(x) 394328 1
bjts1 < Gjw) + 2 et —
’ Tj’t $IT§>O ’ Tj’t $3T§>0 E’Lt + aS Tj7t x:T ¢ >0 T’j,z,t + OéS
28 1333/2y/S 1
ST Gilw)+——— | > G T Tas
Jt T 2 >0 It x:Tj 2, >0 T >0 7yt
39828 1
+ p _—
3t T 2 >0 Tj}z,t + as

K 1 !
—% 28 % Gjx) + 138%/2 S%:Gj(x) %:1+QS+39ﬂ2SZ£:1+aS
K
< —= 25§ G,( +125ﬁ3/2\/7 Y " Gj(x) +308%S% |,

where the last step uses a = 5. Noting that ) G;(x) < S — 1, we get

44K S?B?
n—K '’

f{K (25(5 ~ 1) +1288%2/8 — 1+ 30&252) <

b; <
'+l > n
where we have used that S > 2. Note that for any chain ¢, by the definition of b; +11,

28325 > KTize >0} _ 28528 > T zn > 0}

b; > .
= Ti,t Ti,x7t + asS E,n Ti@,n + oS

Furthermore, since j is played at time ¢, it holds that for any chain ¢ # 7, b; 411 < bj 141, so that for
any chain 7,
28329 K{T; s n >0}

Tin - Tiem + as

bjt+1 = big41 =
Thus, combining this with the upper bound on b; ;11 leads to the desired results. O
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C.2 Proof of Lemma/[10]

The proof borrows some ideas from the proof of Lemma 1 in [2]. Consider a chain j that is
sampled at least once after initialization, and let t + 1(> 2K) be the last time it was sampled.
Hence, Ty = T;, — 1 and T;41 = T} ,. Moreover, let X, ; be the observed state of j at
t+ 1. Then, T} x,,,+ = T x,;.n — Land T} x,., ++1 = T} x,,,,n, Whereas for all x # X,
Tixt=Tjz41 =Tjqon Wethushave, T, > T, — lforallz € S.

By the design of the algorithm, for any chain k, by, ;41 < bj ¢41. Using Lemmayields

3/ <z
28 Y Gl < 2 > Gj(a;)+7135“\/§ > _Gi@)

Tk,n 2Tk, z,n>0 Tj,n -1 z:T 2,6>0 T]n -1 z:T 2,4>0 E,x,t tas
N 39528 Z 1
Tim—1 2T} 5,0 >0 Tjwr +asd
2 2633/2\/S G
=T ,81 2. Gila)+ Tﬁ \( T j(x)s
n TSy Tj,e,n>0 gm = T 2 n>0 J5Em To
n 156425 Z 1
Tj7n_ 1$szn>0Tan+aS
where in the second inequality, we have used that for o = %* and T} ;. n, > 1,
x,m S
Tj,x,t + aS Z Tj,x,n —1 + asS > % .

The above holds for any chain k, and any chain j that is sampled at least once after initialization
(hence, T} ,, > 2). Summing over such choices of j gives

2 Gl Y @)

Ty e, >0 3T n>2
<2BY N Gi(w)+268°2VS Y Y _Gilr) ) S H1566°5% 3 !
i = § Ty en>0 Tiam + Jj @Ty 2 n>0 TJ””"+QS

<2BA+268%2VSA |>0 > T S+1565252 > T;ng
j.x,mn J,z,m

J T e n>0 7 xTj e n>0

where we have used Cauchy-Schwarz in the last inequality, and that 3, >~ Gj(z) = A. Noting that
Zj:Tj_n>2(Tj-,n —1) > n — 2K yields

23 28A 2663/2/A S
Gr(z) <

Tin d. Gl s et Tk Z 2 Tion+aS

Ty e 0 >0 J xTj .n>0 2T

1565 S
anKZ Z Tjon+aS’

J xTj .n>0

s L. 58KS L
By LemmaEl» Zx;Tj,m,po TyomTal = T », for any chain j. Thus,

2 28A 336%/2\/A K52 247K 8?32
Tin n—2K n—2K (n—2K)(n—K) &
Ty e >0 J
_ 2BKS N 3363/2 K §3/2 n_, 247K S%3%n
~n—-2K n—2K n— 2K (n —2K)?
272K S%3%  518K?252%32
n—2K (n—2K)% "’
where we have used Zj Tjn=nA<KS S>2and /—55 <1+ n—I;K' O
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D Proof of Theorem 2|

Let§ € (0,1) and n > neyofe(d). To control the loss in this case, we first state the following result

for the concentration of empirical state distribution 7 .

Lemma 11 (Concentration of Empirical State Distributions) Assume that C holds, and define
E = Nrek] Nzes {ﬁ'k’n(.%‘)_l < 27rk(a:)_1} .

Forany § € (0,1), if n > Neuop(9), then P(E) > 1 — 6.

Recalling that 7, (z) = T’“ =t forall z € S, and Hy, = Y
we have by Lemmal [7]and Lemma@

ves Te(2) "1, on the events C and E,

2\f 842/5 x) S 1
Lin < Tk N ZG 3/2 Z Tgen () 9T,f)n %: Then ()
28 4,63/2f Gilw) | 2SHiB?
<
= Tiem ;Gk( 3T/§/712 zz: i (x 9Tk2,n

283 43/2 25 Hy 3
< T %:Gk(x) + vk SHk%:Gk(x) + oz,

where the last step follows from the Cauchy-Schwarz inequality.

To control the right-hand side of the above, we first provide an upper bound on TB > . Gr(x)
assuming that C' and F occur:

Lemma 12 Assume that the events C' and E hold. Then, for any chain k and n > Ny it holds
that

Ay As
ZGk <7+T/2+7+0( _5/2),

Tk N
3912K S H par 32
Tmin '

Applying Lemma|[12] and noting P(C) > 1 — § (see Lemma[6) and P(E) > 1 — §, we obtain the
following bound on Ly, ,,, which holds with probability greater than 1 — 24:

4,8 3/2 QSHkﬁ
3TiTE |SH, Z Gl 9T13

3/2 2
28 0.48+/SHy, 2S Hi,
= Tknsz <Tknsz ) Zka(I) - (Z Gk (Tknsz )

T T

JA A A <A1 Ay A3)3/2 0.48v/SH;

where Ay =2BA, Ay =1508%2K\/SAHay, Az =

Lk,n >

*ntertT e\ terTe) Y. e
25 H, A A A\Y —5/2
T, G2 (n Tt n) TOE)
@A A A 084V, A3 A3 N A3?
S T pd2 2 S Gr(m) \ n32 T n9/a n3
ASH), <A2 A2 A§> e
e (S 224 53 4 O
ORI s Tt ) TOUT)
Al 1 O 844/ 3/2
< = A @
=3 /( ZGku + 0
28 2. 4~/
< S o (150K VSR Hn + O(n~2),
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where (a) follows from the fact that for positive numbers a;,7 = 1,..., m, we have by Jensen’s
inequality,

sothat (31" a;)3/2 < /m > ®. Finally, taking the maximum over k completes the proof. [J

D.1 Proof of Lemma (11l

By Lemma[5] we have for all chains k£ and all z € S,

87k (x)ek n 20es
Tk:,n Tk n ’

)

|ﬁ_k,n(1’) - Wk($)| < gk,r,n =

with probability at least 1 — &, where €, := Wik log (%51 / 7?7) . Itis easy to verify thatif T}, ,, > %,
then &y . < () /2, so that 7y, ,, () > w(x)/2. Hence, for all k and all z, 7y, ,, (z) 1 < 27y, (z)~*
with probability at least 1 — 4.
It remains to show that if n > ncyerr, we have Ty, > 976;%. Assuming that C' occurs, as a
consequence of Lemmal9] one has

2 232
Sp Z 1 < 0.175KS*p 7
9Tk,n Tk,x,n + aS n—K

.'L':Tk.l-,">o
Using the trivial bound T}, , ,, < T} », it follows that

5232 < 0.175K 5232
9Tk,n(Tk,n + OzS) - n—K ’

n—K 1 n 1 n
Thom > 1/ —Z > 056y — — = > 0327/ —.
b=\ 1575k 3° K 3° K

- : . T 96¢e 96¢e
Putting together, we deduce that if n satisfies 0.327 VE 2 Tkk’ we have T}, , > E—k’“, and the

so that

lemma follows.
Moreover, when the chain k is non-reversible, we may use [20, Theorem 3.4] (instead of Lemma EB,
and follow the exact same lines as above to deduce that if n > K max;, (’v 300 log (wq /z,;l>> s

ps, kT, 0

the assertion of the lemma follows.

D.2 Proof of Lemma (12|

The proof borrows some ideas from the proof of Lemma 1 in [2]. Consider a chain j that is
sampled at least once after initialization, and let t + 1(> 2K) be the last time it was sampled.
Hence, Ty = T}, — 1 and T;,41 = T} ,. Moreover, let X, ; be the observed state of j at
t+ 1. Then, T x,,,+ = Tj x,;,,n — Land T} x, ., ++1 = T} x,,, n, Whereas for all x # Xit1,
Tjﬂc,t = Tj,Lt-H = Tj,m,'m ‘We thus have, Tj@}t > Tj,m,n — 1forallx € S.

By the design of the algorithm, for any chain k, by, ;11 < bj ++1- Applying Lemma gives

5 Cs\F C4S
Tktz ;G Zc: ]xt—FOéS Tjtz ]xt—FOéS

28 2c3v/S i(z) deaS 1
< __F )
;Gj(l') Jn*]-z Jzn+aS+Tj,n*1;,‘ijmvn+aS’

where ¢3 = 133%/2 and ¢4 = 3932, and where where in the second line we have used that for @ = -

35
and T} ;. ,, > 1

x,m S
zjt+aS>Tan—1+aS>%
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Now, applying Lemma I T|and using T% ; < T}, yield

c3V8S () 8csS 1
Tk - Zw: Gr(r) < Z —1/2 ZI: (z) (Tj,n — DT, Z ,

Tjn_]-) x 71—J(:L‘)

1 V8ecs SC4SH
T 1 25;Gj($) 311/12USH ZG TL

Note that the above relation is valid for any &, and any j that is sampled after initialization (i.e.,
T}, > 2). Summing over such choices of j gives

2[‘3 Zz Gk(x) C3 8SHJ ZT G](IE) 8C4SH‘
'Z = (Tj’n—l)glz 28 Gj(z) + gy + Tjnj .
3:T5n>2 ’ 3T n>2 x ’

Jn_l

IA

Jm

Noting that Zj:Tj so(Tjn—1) > n — 2K, we have

C3 SSHJZQ:G](.%) 864SH'
TanGk (25%:Gj(x)+ pTp +

T j,n Jom
28A V8 8¢y S H;

< % 03 Z Glz) | 8ea Z—J )
n—2K n—2K T n n— 2K Tin

To carefully control the right-hand side of the last inequality, we use the following lemma:

Lemma 13 Under the same assumptions of Lemma[I2] we have for any chain j,

B ﬁ C3 4C4SHmaX
o< V2 Home JA 4 —A2 Fmax__
T = 2K) T i — 2K I R — 2K

B nmin(n - nmin

RSP

n—2K  fun(n—2K)"
Now, applying Lemma 3] yields
T D) < g+ 376/_%2 (E 77185@>
* % - (nmin(nﬁ— 2K) * n2..(n i32K)3/2 V 25H; /A + 1%)

- 26A 53832 K\/SHpax A 978K S H x5
~—n-—-2K (n —2K)3/2 Nmin(n — 2K)?

+O((n —2K)75/%).

Finally, using the inequality (n —2K)™! <n=! +4Kn=2? andn — 2K > n/2 valid foralln > 4K,
we get the desired result:

23 25/\ 1508%/2 K /SAH pmax 3912K5Hmax52 ~ s
ZGk(x)S n n3/2 Tnin? +Om™).

D.3 Proof of Lemma (13|

The proof borrows some ideas from the proof of Lemma 1 in [2]. Consider a chain j that is sampled
at least once after initialization, and let ¢ + 1(> 2K) be the last time it was sampled. Hence,
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Tt = Tj, — 1. Using the same arguments as in the beginning of the proof of Lemma([T2} we have
on the events C' and F,

SSHJZIGJ(LE) 8C4SHj
Tknzz:G’“ __1<25ZG . + 7. ) (10)

Note that (10) is valid for any &, and any j that is sampled after initialization.

Now consider a chain j such that T ,, — 2 > n,(n — 2K). In other words, j is over-sampled
(w.r.t. budget n — 2K). In particular, j is sampled at least once after initialization. Hence, using (I0)
and noting that T ,, > n,;(n — 2K) + 2, we obtain

8SH; >  Gji(x) 8csSH;
Gip(r) < ——— [ 2 G, ( o z
TZ #l —m<n—2K (62 e oK) T (n—2K)
g) QﬂA i C3 8SAH j 8C4SH]‘
T n—=2K  ni(n—2K)¥%  ni(n—2K)?’
where (a) follows from the definition of 7;. Multiplying both sides on % gives:

ﬁ < ﬁ i 03\/2SAHJ‘ 4C4SHj

Thm ~ Me(n—2K)  Angn;(n —2K)3/2 Ankn?(n —2K)?

g cs 4c4SH;
< . e e SN
~ Nmin(n — 2K) * n2.(n — 2K)3/2 25H;/A + AP (n—2K)2’

m1n

(an

(12)

thus verifying the first statement of the lemma. To derive the second statement, we take square-root
from both sides of (TT):

25 \/ 28 c3\/SSAH, 8cySH;

Tkn n_2k & nj(n —2K)3/2 "~ ni(n —2K)?

n—2K n;(n—2K)32  nj(n-2K)
< \/ QBA + \/03/6\/5Hmax \/8045Hmax
~Vn-2K Nmin(n — 2K) Nmin(n — 2K)’

where the second and third inequalities respectively follow from v/a + b < /a 4+ vb and va + b <
Vva + ﬁ valid for all a,b > 0. Plugging c3 = 133%/2 and ¢, = 3932 into the last inequality
verifies the second statement and concludes the proof. (]

. \/ 267 c3/BSKH, /S5,

E Asymptotic Analyses — Proofs of Lemma [I]and Theorem 3]

E.1 Proof of Lemmall

Consider a chain k, and let us denote by ﬁkm the corresponding empirical estimator of Py, (corre-
sponding to o = 0). That is, for all (z,y) € S?, Py n(z,y) = % S X =2, X, =y}
Further, let E;m denote the corresponding loss of Isk,n for chain k. To prove the lemma, we first

show that llmTAn*)OO Tk,nLk,n = hmTkmﬁoo Tk,nLk,n-

To this end, we derive upper and lower bounds on Ly, ,, in terms of Ekn We have forall (z,y) € S 2.

Z?:Q Xy =2, X =y} +a _ Z?:z X1 =2,Xy =y} ’

|(Pen — Pun)(z,y)| =

Tyzm + S Trom
(0% n
- Th.o n — S WX, = ,X _
Tr z,n(Tk,w,n + aS) k,z,n ; { t—1 T, Xt y}‘
ST o,n < asS

- Tk,:};,n(Tk;,:j;,n + OéS) - Tk,l‘,’n ’
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We therefore get, on the one hand,

Lkn>2m W B, ) = Pon (@, I3+ Lion > Ly,

and on the other hand,
Lkn<Z7r;m W Pem (") = Pz, ||2+Z7Tkn M Pi(z,) = Pen(z, )3

+2Z7Tk,n IE Z|Pk,n(xvy) _Pk:,n z, Yy ||Pk,n xvy) _Pk(xvy)’

Yy

A
<Z7rkn |Pkn )_ﬁk,n($7)||§+zka7l+2‘4

Ty zn 2 = a?s3 1 >
< o Ly, +2A= Ly, +2A.
o g Tk:,n Z <Tk' x, n) + * + Tk,n ; Tk,x,n + w +

Furthermore, A is upper bounded as follows:

Aézﬁ-k‘,n( Tk Z|Pkn x y Pk(x7y)|
0[252 ~
< \/Z S (o) g ﬁj Fn(2) S B () — Pa(a,9))?
x Yy s, x Yy
2Sd e
Z Tka \/ Lk,n )

nTka:n

where we have used Cauchy-Schwarz in the second line. In summary, we have shown that
a?83

+2 —_—
Tk,n = Tk,m,n = Tk,nTk’,x,n

1 / a?S8 ~
+2 A\ TinLkp -
; Tk,ac,n ; Tk,x,n w s

Taking the limit when T}, ,, — oo and noting the fact that when T}, ,, — oo, by ergodicity, Tj, 5, —

zk,n S Lk,n S Zk:,n +

so that

Tk,nzk,n < Tk,nLk,n < Tk,nzk,n + a283

ooforall z € S, we obtain limyy, | 00 Tk nLi.n = lim7p, | 00 Tk nLk n-

It remains to compute limy, | o0 Th.nLk,n. We have

~ 1 -
Lk,n = ﬁ Z Tx,n Z(Pk,n(xa Z/) - Pk(.]?, Z/))2

y
Tknzz \/Tkxn(Pkn('r y) Pk(m y))}
‘ Z(w,y)

When T, ,, — oo, by ergodicity, we have T}, ,, , — oo for all x € S. Therefore, by the central limit
theorem, +/ Tkw,n(f’k,n(aj, y) — Pi(z,y)) converges (in distribution) to a Normal distribution with
variance [Py (I — Py)](z,y), and Z(z,y) converges to a Gamma distribution with mean [Py (I —
Py))(z,y). Hence, the mean of Ly, ,, would be T =3 2, [Pl = Po)l(z,y) = 72— 32, Gr(a),
thus completing the proof. ]

E.2 Proof of Theorem 3]
Let n be a budget such that \/n > neyoft, and let ng := y/n. The proof proceeds in two steps. We

first consider the case with budget ng, and show that at the end of this sub-problem, the index of each
chain is well estimated. Then, we consider allocation in the second sub-problem.
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Step 1: Bounds on the index at t = ny. Fix a chain k. To derive upper and lower bounds on the
index by + at t = ng, we derive a lower bound on T}, ,,,. Recall that by Lemma@], we have with the
choice n = no,
Sp? 1 < 0.187TK 5?32
9T]€7n0 Tk:,z,no +aS — ng — K ’

Tk, w,ny >0

with probability at least 1 — §. Using the trivial bound T}, 4, < Tk n,. it follows that
S22 < 0.175K 5232
9Tk,n0 (T}g’no + aS) - ng — K ’

no— TLO
Tieno 2 \/1575K 3—4

with probability greater than 1 —

so that

Noting that ng > ncuofr, We apply LemmaB] and [T T]to obtain

25 1953/2\F G(z) 90525 1
Tk o %:Gk Z s/n?O Z m(z Tano zw: mr(z)’

with probability at least 1 — 28. Using Cauchy-Schwarz and recalling Hy, := >, 7 (x) ™', we obtain
give

2 2 193%/2 78625 H
i Y Gula) < brngtr < o Zak(:cn% SHkZGk(x)JF#’
Tk,no = Tk,no = Tkvno - ko

ZGk( ) < 5 bkno+1<ZGk T1/2 SH’“ZGk(x)+TLI€’
- k,ng €z e

with probability at least 1 — 26. Using the lower bound T}, ,,, > % yields

no L 20 1/2 15635 H, VK
Zak < I Drmgs1 < ZGk f/s \/SKH;CZG;C(:E)—FM’

nl/4
with probability at least 1 — 2. Let us write the last inequality as
Ty,
ZGk nobkn0+l<ZGk +én,

where £, = O(n~'/%), thus giving

%:Gk(x) < binot+1 < Tk " (;Gk + €n) .

Tk},no

Step 2: The second sub-problem. Now let us consider ng + 1 < t < n. It follows that with
probability 1 — 29, BA-MC allocates according to the following problem

26 (
max max ————— Gi(z) + ) s.t.: Tp=n—+vn
£€[0,en]X K xk+Tk,nU ; k() &k ; k f
whose optimal solution satisfies

(n=vn) ¥, Grlz) _  _ (n— \/ﬁ)(ZI Gr(x) +en)
A+ Ke, == A '

Tk n

Recalling &, = O(n~'/8) and noting that Ty, ,, > xy, we obtain oo w

It remains to show that the loss L,,(BA-MC) approaches A/n as n tends to infinity. By Lemma

, recall that limy, |, oo ThnLkn = ), Gr(x). So, using T"T” oo M, we conclude
im,,_y00 L » = A, and the claim follows. O
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