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Abstract

Residual Network (ResNet) is undoubtedly a milestone in deep learning. ResNet is1

equipped with shortcut connections between layers, and exhibits efficient training2

using simple first order algorithms. Despite of the great empirical success, the3

reason behind is far from being well understood. In this paper, we study a two-layer4

non-overlapping convolutional ResNet. Training such a network requires solving5

a non-convex optimization problem with a spurious local optimum. We show,6

however, that gradient descent combined with proper normalization, avoids being7

trapped by the spurious local optimum, and converges to a global optimum in8

polynomial time, when the weight of the first layer is initialized at 0, and that of the9

second layer is initialized arbitrarily in a ball. Numerical experiments are provided10

to support our theory.11

1 Introduction12

Neural Networks have revolutionized a variety of real world applications in the past few years, such13

as computer vision (Krizhevsky et al., 2012; Goodfellow et al., 2014; Long et al., 2015), natural14

language processing (Graves et al., 2013; Bahdanau et al., 2014; Young et al., 2018), etc. Among15

different types of networks, Residual Network (ResNet, He et al. (2016a)) is undoubted a milestone.16

ResNet is equipped with shortcut connections, which skip layers in the forward step of an input.17

Similar idea also appears in the Highway Networks (Srivastava et al., 2015), and further inspires18

densely connected convolutional networks (Huang et al., 2017).19

ResNet owes its great success to a surprisingly efficient training compared to the widely used20

feedforward Convolutional Neural Networks (CNN, Krizhevsky et al. (2012)). Feedforward CNNs21

are seldomly used with more than 30 layers in the existing literature. There are experimental results22

suggest that very deep feedforward CNNs are significantly slow to train, and yield worse performance23

than their shallow counterparts (He et al., 2016a). However, simple first order algorithms such as24

stochastic gradient descent and its variants are able to train ResNet with hundreds of layers, and25

achieve better performance than the state-of-the-art. For example, ResNet-152 (He et al., 2016a),26

consisting of 152 layers, achieves a 19.38% top-1 error on ImageNet. He et al. (2016b) also27

demonstrated a more aggressive ResNet-1001 on the CIFAR-10 data set with 1000 layers. It achieves28

a 4.92% error — better than shallower ResNets such as ResNet-110.29

Despite the great success and popularity of ResNet, the reason why it can be efficiently trained30

is still largely unknown. One line of research empirically studies ResNet and provides intriguing31

observations. Veit et al. (2016), for example, suggest that ResNet can be viewed as a collection32

of weakly dependent smaller networks of varying sizes. More interestingly, they reveal that these33

smaller networks alleviate the vanishing gradient problem. Balduzzi et al. (2017) further elaborate34

on the vanishing gradient problem. They show that the gradient in ResNet only decays sublinearly35

in contrast to the exponential decay in feedforward neural networks. Recently, Li et al. (2018)36

visualize the landscape of neural networks, and show that the shortcut connection yields a smoother37
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optimization landscape. In spite of these empirical evidences, rigorous theoretical justifications are38

seriously lacking.39

Another line of research theoretically investigates ResNet with simple network architectures. Hardt40

and Ma (2016) show that linear ResNet has no spurious local optima (local optima that yield larger41

objective values than the global optima). Later, Li and Yuan (2017) study using Stochastic Gradient42

Descent (SGD) to train a two-layer ResNet with only one unknown layer. They show that the43

optimization landscape has no spurious local optima and saddle points. They also characterize the44

local convergence of SGD around the global optimum. These results, however, are often considered45

to be overoptimistic, due to the oversimplified assumptions.46

To better understand ResNet, we study a two-layer non-overlapping convolutional neural network,47

whose optimization landscape contains a spurious local optimum. Such a network was first studied in48

Du et al. (2017). Specifically, we consider49

g(v, a, Z) = a>σ
(
Z>v

)
, (1)

where Z ∈ Rp×k is an input, a ∈ Rk, v ∈ Rp are the output weight and the convolutional weight,50

respectively, and σ is the element-wise ReLU activation. Since the ReLU activation is positive51

homogeneous, the weights a and v can arbitrarily scale with each other. Thus, we impose the52

assumption ‖v‖2 = 1 to make the neural network identifiable. We further decompose v = 1/
√
p+w53

with 1 being a vector of 1’s in Rp, and rewrite (1) as54

f(w, a, Z) = a>σ
(
Z>(1/

√
p+ w)

)
, (2)

Here 1/
√
p represents the average pooling shortcut connection, which allows a direct interaction55

between the input Z and the output weight a.56

We investigate the convergence of training ResNet by considering a realizable case. Specifically,57

the training data is generated from a teacher network with true parameters a∗, v∗ with ‖v∗‖2 = 1.58

We aim to recover the teacher neural network using a student network defined in (2) by solving an59

optimization problem:60

(ŵ, â) = argmin
w,a

1

2
EZ [f(w, a, Z)− g(v∗, a∗, Z)]

2
, (3)

where Z is independent Gaussian input. Although largely simplified, (3) is nonconvex and possesses61

a nuisance — There exists a spurious local optimum (see an explicit characterization in Section 2).62

Early work, Du et al. (2017), show that when the student network has the same architecture as the63

teacher network, GD with random initialization can be trapped in a spurious local optimum with a64

constant probability1. A natural question here is65

Does the shortcut connection eases the training?66

This paper suggests a positive answer: When initialized with w = 0 and a arbitrarily in a ball,67

GD with proper normalization converges to a global optimum of (3) in polynomial time, under the68

assumption that (v∗)>(1/
√
p) is close to 1. Such an assumption requires that there exists a w∗69

of relatively small magnitude, such that v∗ = 1/
√
p + w∗. This assumption is supported by both70

empirical and theoretical evidences. Specifically, the experiments in Li et al. (2016) and Yu et al.71

(2018), show that the weight in well-trained deep ResNet has a small magnitude, and the weight for72

each layer has vanishing norm as the depth tends to infinity. Hardt and Ma (2016) suggest that, when73

using linear ResNet to approximate linear transformations, the norm of the weight in each layer scales74

as O(1/D) with D being the depth. Bartlett et al. (2018) further show that deep nonlinear ResNet,75

with the norm of the weight of order O(logD/D), is sufficient to express differentiable functions76

under certain regularity conditions. These results motivate us to assume w∗ is relatively small.77

Our analysis shows that the convergence of GD exhibits 2 stages. Specifically, our initialization78

guarantees w is sufficiently away from the spurious local optimum. In the first stage, with proper step79

sizes, we show that the shortcut connection helps the algorithm avoid being attracted by the spurious80

local optima. Meanwhile, the shortcut connection guides the algorithm to evolve towards a global81

optimum. In the second stage, the algorithm enters the basin of attraction of the global optimum.82

With properly chosen step sizes, w and a jointly converge to the global optimum.83

Our analysis thus explains why ResNet benefits training, when the weights are simply initialized at84

zero (Li et al., 2016), or using the Fixup initialization in Zhang et al. (2019). We remark that our85

1The probability is bounded between 1/4 and 3/4. Numerical experiments show that this probability can be
as bad as 1/2 with the worst configuration of a, v.
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choice of step sizes is also related to learning rate warmup (Goyal et al., 2017), and other learning86

rate schemes for more efficient training of neural networks (Smith, 2017; Smith and Topin, 2018).87

We refer readers to Section 5 for a more detailed discussion.88

Notations: Given a vector v = (v1, . . . , vm)> ∈ Rm, we denote the Euclidean norm ‖v‖22 = v>v.89

Given two vectors u, v ∈ Rd, we denote the angle between them as ∠(u, v) = arccos u>v
‖u‖2‖v‖2 , and90

the inner product as 〈u, v〉 = u>v. We denote 1 ∈ Rd as the vector of all the entries being 1. We91

also denote B0(r) ∈ Rd as the Euclidean ball centered at 0 with radius r.92

2 Model and Algorithm93

Model. We consider the realizable setting where the label is
generated from a noiseless teacher network in the following form

g(v∗, a∗, Z) =
∑k
j=1 a

∗
jσ
(
Z>j v

∗) .
Here v∗, a∗, Zj’s are the true convolutional weight, true output
weight, and input. σ denotes the element-wise ReLU activation.
Our student network is defined in (2). For notational convenience,
we expand the second layer and rewrite (2) as

f(w, a, Z) =
∑k
j=1 ajσ

(
Z>j (1/

√
p+ w)

)
, (4)

where w ∈ Rp, aj ∈ R, and Zj ∈ Rp for all j = 1, 2, . . . , k. We
assume the input data Zj’s are identically independently sampled
from N (0, I). Note that the above network is not identifiable,
because of the positive homogeneity of the ReLU function, that is

Convolution
  Layer

   Output
  Layer

+
<latexit sha1_base64="HFb7vPGXWshKfdtTiumEDK16me0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3CnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0qyUvctypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3LTjLM=</latexit>

Average Pooling
Shortcut

Z<latexit sha1_base64="FO5NRjT0DapzdaQZYFw0PtqJG0U=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUeEDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALoPjOI=</latexit>

Batch Norm
Layer

ReLU

w
<latexit sha1_base64="K+iivrhdeUPnWoxmB5CJQNdKl6I=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZlZDCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOYDjP8=</latexit>

a
<latexit sha1_base64="wqZLPcGml9Og5FDdUdFUNWEF4FE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJu2XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHxKuM6Q==</latexit>

y
<latexit sha1_base64="mEcz1FLhuG1BpP6c5hi50qAIJ0g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6QuNAQ==</latexit>

Figure 1: The non-overlapping
two layer residual network with
normalization layer.
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1
√
p+w and a can scale with each other by any positive constant without changing the output value.95

Thus, to achieve identifiability, instead of (4), we propose to train the following student network,96

f(w, a, Z) =
∑k
j=1 ajσ

(
Z>j

1/
√
p+w

‖1/√p+w‖2

)
. (5)

An illustration of (5) is provided in Figure 1. We then recover (v∗, a∗) of our teacher network by97

solving a nonconvex optimization problem98

min
w,a
L(w, a) =

1

2
EZ [g(v∗, a∗, Z)− f(w, a, Z)]2. (6)

Recall that we assume ‖v∗‖2 = 1. One can easily verify that (6) has global optima and spurious local99

optima. The characterization is analogous to Du et al. (2017), although the objective is different.100

Proposition 1. For any constant α > 0, (w, a) is a global optimum of (6), if 1/
√
p+w = αv∗ and101

a = a∗; (w, a) is a spurious local optimum of (6), if 1/
√
p+ w = −αv∗ and a = (11> + (π −102

1)I)−1(11> − I)a∗.103

The proof is adapted from Du et al. (2017), and the details are provided in Appendix B.1.104

Now we formalize the assumption on v∗ in Section 1, which is supported by the theoretical and105

empirical evidence in Li et al. (2016); Yu et al. (2018); Hardt and Ma (2016); Bartlett et al. (2018).106

Assumption 1 (Shortcut Prior). There exists a w∗ with ‖w∗‖2 ≤ 1, such that v∗ = w∗ + 1/
√
p.107

Assumption 1 implies (1/
√
p)>v∗ ≥ 1/2. We remark that our analysis actually applies to any w∗108

satisfying ‖w∗‖2 ≤ c for any positive constant c ∈ (0,
√

2). Here we consider ‖w∗‖2 ≤ 1 to ease the109

presentation. Throughout the rest of the paper, we assume this assumption holds true.110

GD with Normalization. We solve the optimization problem (6) by gradient descent. Specifically,111

at the (t+ 1)-th iteration, we compute112

w̃t+1 = wt − ηw∇wL(wt, at),

wt+1 =
1/
√
p+ w̃t+1

‖1/√p+ w̃t+1‖2
− 1√

p
, (7)

at+1 = at − ηa∇aL(wt, at).

Note that we normalize 1/
√
p+w in (7), which essentially guarantees Var

(
Z>j (1/

√
p+ wt+1)

)
=113

1. As Zj is sampled from N(0, I), we further have E
(
Z>j (1/

√
p+ wt+1)

)
= 0. The normalization114
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step in (7) can be viewed as a population version of the widely used batch normalization trick to115

accelerate the training of neural networks (Ioffe and Szegedy, 2015). Moreover, (6) has one unique116

optimal solution under such a normalization. Specifically, (w∗, a∗) is the unique global optimum,117

and (w̄, ā) is the only spurious local optimum along the solution path, where w̄ = −(1/
√
p)− v∗118

and ā = (11> + (π − 1)I)−1(11> − I)a∗.119

(v⇤, a⇤)
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a>a⇤
<latexit sha1_base64="1+QS05McFvZAeGMtjK82U8KnkMI=">AAACAnicbVDLSsNAFJ34rPEVdSVuBosgLkoigi6LblxWsA9o0jKZTNqhk5kwMxFKKG78FTcuFHHrV7jzb5y0WWjrgWEO59zLvfeEKaNKu+63tbS8srq2XtmwN7e2d3advf2WEpnEpIkFE7ITIkUY5aSpqWakk0qCkpCRdji6Kfz2A5GKCn6vxykJEjTgNKYYaSP1nUM/FCxS48R8Oer5WqQQ9c4mtt13qm7NnQIuEq8kVVCi0Xe+/EjgLCFcY4aU6npuqoMcSU0xIxPbzxRJER6hAekaylFCVJBPT5jAE6NEMBbSPK7hVP3dkaNEFVuaygTpoZr3CvE/r5vp+CrIKU8zTTieDYozBrWARR4wopJgzcaGICyp2RXiIZIIa5NaEYI3f/IiaZ3XPLfm3V1U69dlHBVwBI7BKfDAJaiDW9AATYDBI3gGr+DNerJerHfrY1a6ZJU9B+APrM8fYE+Wuw==</latexit><latexit sha1_base64="1+QS05McFvZAeGMtjK82U8KnkMI=">AAACAnicbVDLSsNAFJ34rPEVdSVuBosgLkoigi6LblxWsA9o0jKZTNqhk5kwMxFKKG78FTcuFHHrV7jzb5y0WWjrgWEO59zLvfeEKaNKu+63tbS8srq2XtmwN7e2d3advf2WEpnEpIkFE7ITIkUY5aSpqWakk0qCkpCRdji6Kfz2A5GKCn6vxykJEjTgNKYYaSP1nUM/FCxS48R8Oer5WqQQ9c4mtt13qm7NnQIuEq8kVVCi0Xe+/EjgLCFcY4aU6npuqoMcSU0xIxPbzxRJER6hAekaylFCVJBPT5jAE6NEMBbSPK7hVP3dkaNEFVuaygTpoZr3CvE/r5vp+CrIKU8zTTieDYozBrWARR4wopJgzcaGICyp2RXiIZIIa5NaEYI3f/IiaZ3XPLfm3V1U69dlHBVwBI7BKfDAJaiDW9AATYDBI3gGr+DNerJerHfrY1a6ZJU9B+APrM8fYE+Wuw==</latexit><latexit sha1_base64="1+QS05McFvZAeGMtjK82U8KnkMI=">AAACAnicbVDLSsNAFJ34rPEVdSVuBosgLkoigi6LblxWsA9o0jKZTNqhk5kwMxFKKG78FTcuFHHrV7jzb5y0WWjrgWEO59zLvfeEKaNKu+63tbS8srq2XtmwN7e2d3advf2WEpnEpIkFE7ITIkUY5aSpqWakk0qCkpCRdji6Kfz2A5GKCn6vxykJEjTgNKYYaSP1nUM/FCxS48R8Oer5WqQQ9c4mtt13qm7NnQIuEq8kVVCi0Xe+/EjgLCFcY4aU6npuqoMcSU0xIxPbzxRJER6hAekaylFCVJBPT5jAE6NEMBbSPK7hVP3dkaNEFVuaygTpoZr3CvE/r5vp+CrIKU8zTTieDYozBrWARR4wopJgzcaGICyp2RXiIZIIa5NaEYI3f/IiaZ3XPLfm3V1U69dlHBVwBI7BKfDAJaiDW9AATYDBI3gGr+DNerJerHfrY1a6ZJU9B+APrM8fYE+Wuw==</latexit><latexit sha1_base64="1+QS05McFvZAeGMtjK82U8KnkMI=">AAACAnicbVDLSsNAFJ34rPEVdSVuBosgLkoigi6LblxWsA9o0jKZTNqhk5kwMxFKKG78FTcuFHHrV7jzb5y0WWjrgWEO59zLvfeEKaNKu+63tbS8srq2XtmwN7e2d3advf2WEpnEpIkFE7ITIkUY5aSpqWakk0qCkpCRdji6Kfz2A5GKCn6vxykJEjTgNKYYaSP1nUM/FCxS48R8Oer5WqQQ9c4mtt13qm7NnQIuEq8kVVCi0Xe+/EjgLCFcY4aU6npuqoMcSU0xIxPbzxRJER6hAekaylFCVJBPT5jAE6NEMBbSPK7hVP3dkaNEFVuaygTpoZr3CvE/r5vp+CrIKU8zTTieDYozBrWARR4wopJgzcaGICyp2RXiIZIIa5NaEYI3f/IiaZ3XPLfm3V1U69dlHBVwBI7BKfDAJaiDW9AATYDBI3gGr+DNerJerHfrY1a6ZJU9B+APrM8fYE+Wuw==</latexit>

� = \(v, v⇤)
<latexit sha1_base64="g9dpiPvEWkwA2ZkiZmvNFr76r44=">AAACCHicbVDLSgMxFM34rPU16tKFwSJUkTIjgm6EohuXFewDOmPJZNI2NJMMSaZQhi7d+CtuXCji1k9w59+YaWehrQdCDufcy733BDGjSjvOt7WwuLS8slpYK65vbG5t2zu7DSUSiUkdCyZkK0CKMMpJXVPNSCuWBEUBI81gcJP5zSGRigp+r0cx8SPU47RLMdJG6tgHXiBYqEaR+VIv7tMrD/EeI+Xh6fDh5HjcsUtOxZkAzhM3JyWQo9axv7xQ4CQiXGOGlGq7Tqz9FElNMSPjopcoEiM8QD3SNpSjiCg/nRwyhkdGCWFXSPO4hhP1d0eKIpXtaiojpPtq1svE/7x2oruXfkp5nGjC8XRQN2FQC5ilAkMqCdZsZAjCkppdIe4jibA22RVNCO7syfOkcVZxnYp7d16qXudxFMA+OARl4IILUAW3oAbqAINH8AxewZv1ZL1Y79bHtHTBynv2wB9Ynz9/2Zma</latexit><latexit sha1_base64="g9dpiPvEWkwA2ZkiZmvNFr76r44=">AAACCHicbVDLSgMxFM34rPU16tKFwSJUkTIjgm6EohuXFewDOmPJZNI2NJMMSaZQhi7d+CtuXCji1k9w59+YaWehrQdCDufcy733BDGjSjvOt7WwuLS8slpYK65vbG5t2zu7DSUSiUkdCyZkK0CKMMpJXVPNSCuWBEUBI81gcJP5zSGRigp+r0cx8SPU47RLMdJG6tgHXiBYqEaR+VIv7tMrD/EeI+Xh6fDh5HjcsUtOxZkAzhM3JyWQo9axv7xQ4CQiXGOGlGq7Tqz9FElNMSPjopcoEiM8QD3SNpSjiCg/nRwyhkdGCWFXSPO4hhP1d0eKIpXtaiojpPtq1svE/7x2oruXfkp5nGjC8XRQN2FQC5ilAkMqCdZsZAjCkppdIe4jibA22RVNCO7syfOkcVZxnYp7d16qXudxFMA+OARl4IILUAW3oAbqAINH8AxewZv1ZL1Y79bHtHTBynv2wB9Ynz9/2Zma</latexit><latexit sha1_base64="g9dpiPvEWkwA2ZkiZmvNFr76r44=">AAACCHicbVDLSgMxFM34rPU16tKFwSJUkTIjgm6EohuXFewDOmPJZNI2NJMMSaZQhi7d+CtuXCji1k9w59+YaWehrQdCDufcy733BDGjSjvOt7WwuLS8slpYK65vbG5t2zu7DSUSiUkdCyZkK0CKMMpJXVPNSCuWBEUBI81gcJP5zSGRigp+r0cx8SPU47RLMdJG6tgHXiBYqEaR+VIv7tMrD/EeI+Xh6fDh5HjcsUtOxZkAzhM3JyWQo9axv7xQ4CQiXGOGlGq7Tqz9FElNMSPjopcoEiM8QD3SNpSjiCg/nRwyhkdGCWFXSPO4hhP1d0eKIpXtaiojpPtq1svE/7x2oruXfkp5nGjC8XRQN2FQC5ilAkMqCdZsZAjCkppdIe4jibA22RVNCO7syfOkcVZxnYp7d16qXudxFMA+OARl4IILUAW3oAbqAINH8AxewZv1ZL1Y79bHtHTBynv2wB9Ynz9/2Zma</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="/+4XI/KiL9/L/hs1vUVNzWEXAvU=">AAAB/XicbVBNS8NAEJ34WWvV6NWDi0WoIiXxohdB8OKxgv2AJpbNZtMu3WzC7qZQQo9e/CtePCji3/Dmv3HT9qCtD5Z5vDfDzrwg5Uxpx/m2VlbX1jc2S1vl7crO7p69X2mpJJOENknCE9kJsKKcCdrUTHPaSSXFccBpOxjeFn57RKViiXjQ45T6Me4LFjGCtZF69pEXJDxU49iU3EsH7NrDos9pbXQ+ejw7nfTsqlN3pkDLxJ2TKszR6NlfXpiQLKZCE46V6rpOqv0cS80Ip5OylymaYjLEfdo1VOCYKj+fHjJBJ0YJUZRI84RGU/X3RI5jVexqOmOsB2rRK8T/vG6moys/ZyLNNBVk9lGUcaQTVKSCQiYp0XxsCCaSmV0RGWCJiTbZlU0I7uLJy6R1UXedunvvQAkO4Rhq4MIl3MAdNKAJBJ7gBd7g3Xq2Xq2PWVwr1jy3A/gD6/MH5hqYJw==</latexit><latexit sha1_base64="/+4XI/KiL9/L/hs1vUVNzWEXAvU=">AAAB/XicbVBNS8NAEJ34WWvV6NWDi0WoIiXxohdB8OKxgv2AJpbNZtMu3WzC7qZQQo9e/CtePCji3/Dmv3HT9qCtD5Z5vDfDzrwg5Uxpx/m2VlbX1jc2S1vl7crO7p69X2mpJJOENknCE9kJsKKcCdrUTHPaSSXFccBpOxjeFn57RKViiXjQ45T6Me4LFjGCtZF69pEXJDxU49iU3EsH7NrDos9pbXQ+ejw7nfTsqlN3pkDLxJ2TKszR6NlfXpiQLKZCE46V6rpOqv0cS80Ip5OylymaYjLEfdo1VOCYKj+fHjJBJ0YJUZRI84RGU/X3RI5jVexqOmOsB2rRK8T/vG6moys/ZyLNNBVk9lGUcaQTVKSCQiYp0XxsCCaSmV0RGWCJiTbZlU0I7uLJy6R1UXedunvvQAkO4Rhq4MIl3MAdNKAJBJ7gBd7g3Xq2Xq2PWVwr1jy3A/gD6/MH5hqYJw==</latexit><latexit sha1_base64="nGrRcKkzUYkAu14K7v4gVXgStks=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahipQZN7oRim5cVrAP6Iwlk0nb0EwyJJlCGbp046+4caGIWz/BnX9jpp2Fth4IOZxzL/feE8SMKu0431ZhaXllda24XtrY3NresXf3mkokEpMGFkzIdoAUYZSThqaakXYsCYoCRlrB8CbzWyMiFRX8Xo9j4keoz2mPYqSN1LUPvUCwUI0j86VePKBXHuJ9Riqjs9HD6cmka5edqjMFXCRuTsogR71rf3mhwElEuMYMKdVxnVj7KZKaYkYmJS9RJEZ4iPqkYyhHEVF+Oj1kAo+NEsKekOZxDafq744URSrb1VRGSA/UvJeJ/3mdRPcu/ZTyONGE49mgXsKgFjBLBYZUEqzZ2BCEJTW7QjxAEmFtsiuZENz5kxdJ87zqOlX3zinXrvM4iuAAHIEKcMEFqIFbUAcNgMEjeAav4M16sl6sd+tjVlqw8p598AfW5w9+mZmW</latexit><latexit sha1_base64="g9dpiPvEWkwA2ZkiZmvNFr76r44=">AAACCHicbVDLSgMxFM34rPU16tKFwSJUkTIjgm6EohuXFewDOmPJZNI2NJMMSaZQhi7d+CtuXCji1k9w59+YaWehrQdCDufcy733BDGjSjvOt7WwuLS8slpYK65vbG5t2zu7DSUSiUkdCyZkK0CKMMpJXVPNSCuWBEUBI81gcJP5zSGRigp+r0cx8SPU47RLMdJG6tgHXiBYqEaR+VIv7tMrD/EeI+Xh6fDh5HjcsUtOxZkAzhM3JyWQo9axv7xQ4CQiXGOGlGq7Tqz9FElNMSPjopcoEiM8QD3SNpSjiCg/nRwyhkdGCWFXSPO4hhP1d0eKIpXtaiojpPtq1svE/7x2oruXfkp5nGjC8XRQN2FQC5ilAkMqCdZsZAjCkppdIe4jibA22RVNCO7syfOkcVZxnYp7d16qXudxFMA+OARl4IILUAW3oAbqAINH8AxewZv1ZL1Y79bHtHTBynv2wB9Ynz9/2Zma</latexit><latexit sha1_base64="g9dpiPvEWkwA2ZkiZmvNFr76r44=">AAACCHicbVDLSgMxFM34rPU16tKFwSJUkTIjgm6EohuXFewDOmPJZNI2NJMMSaZQhi7d+CtuXCji1k9w59+YaWehrQdCDufcy733BDGjSjvOt7WwuLS8slpYK65vbG5t2zu7DSUSiUkdCyZkK0CKMMpJXVPNSCuWBEUBI81gcJP5zSGRigp+r0cx8SPU47RLMdJG6tgHXiBYqEaR+VIv7tMrD/EeI+Xh6fDh5HjcsUtOxZkAzhM3JyWQo9axv7xQ4CQiXGOGlGq7Tqz9FElNMSPjopcoEiM8QD3SNpSjiCg/nRwyhkdGCWFXSPO4hhP1d0eKIpXtaiojpPtq1svE/7x2oruXfkp5nGjC8XRQN2FQC5ilAkMqCdZsZAjCkppdIe4jibA22RVNCO7syfOkcVZxnYp7d16qXudxFMA+OARl4IILUAW3oAbqAINH8AxewZv1ZL1Y79bHtHTBynv2wB9Ynz9/2Zma</latexit><latexit sha1_base64="g9dpiPvEWkwA2ZkiZmvNFr76r44=">AAACCHicbVDLSgMxFM34rPU16tKFwSJUkTIjgm6EohuXFewDOmPJZNI2NJMMSaZQhi7d+CtuXCji1k9w59+YaWehrQdCDufcy733BDGjSjvOt7WwuLS8slpYK65vbG5t2zu7DSUSiUkdCyZkK0CKMMpJXVPNSCuWBEUBI81gcJP5zSGRigp+r0cx8SPU47RLMdJG6tgHXiBYqEaR+VIv7tMrD/EeI+Xh6fDh5HjcsUtOxZkAzhM3JyWQo9axv7xQ4CQiXGOGlGq7Tqz9FElNMSPjopcoEiM8QD3SNpSjiCg/nRwyhkdGCWFXSPO4hhP1d0eKIpXtaiojpPtq1svE/7x2oruXfkp5nGjC8XRQN2FQC5ilAkMqCdZsZAjCkppdIe4jibA22RVNCO7syfOkcVZxnYp7d16qXudxFMA+OARl4IILUAW3oAbqAINH8AxewZv1ZL1Y79bHtHTBynv2wB9Ynz9/2Zma</latexit><latexit sha1_base64="g9dpiPvEWkwA2ZkiZmvNFr76r44=">AAACCHicbVDLSgMxFM34rPU16tKFwSJUkTIjgm6EohuXFewDOmPJZNI2NJMMSaZQhi7d+CtuXCji1k9w59+YaWehrQdCDufcy733BDGjSjvOt7WwuLS8slpYK65vbG5t2zu7DSUSiUkdCyZkK0CKMMpJXVPNSCuWBEUBI81gcJP5zSGRigp+r0cx8SPU47RLMdJG6tgHXiBYqEaR+VIv7tMrD/EeI+Xh6fDh5HjcsUtOxZkAzhM3JyWQo9axv7xQ4CQiXGOGlGq7Tqz9FElNMSPjopcoEiM8QD3SNpSjiCg/nRwyhkdGCWFXSPO4hhP1d0eKIpXtaiojpPtq1svE/7x2oruXfkp5nGjC8XRQN2FQC5ilAkMqCdZsZAjCkppdIe4jibA22RVNCO7syfOkcVZxnYp7d16qXudxFMA+OARl4IILUAW3oAbqAINH8AxewZv1ZL1Y79bHtHTBynv2wB9Ynz9/2Zma</latexit><latexit sha1_base64="g9dpiPvEWkwA2ZkiZmvNFr76r44=">AAACCHicbVDLSgMxFM34rPU16tKFwSJUkTIjgm6EohuXFewDOmPJZNI2NJMMSaZQhi7d+CtuXCji1k9w59+YaWehrQdCDufcy733BDGjSjvOt7WwuLS8slpYK65vbG5t2zu7DSUSiUkdCyZkK0CKMMpJXVPNSCuWBEUBI81gcJP5zSGRigp+r0cx8SPU47RLMdJG6tgHXiBYqEaR+VIv7tMrD/EeI+Xh6fDh5HjcsUtOxZkAzhM3JyWQo9axv7xQ4CQiXGOGlGq7Tqz9FElNMSPjopcoEiM8QD3SNpSjiCg/nRwyhkdGCWFXSPO4hhP1d0eKIpXtaiojpPtq1svE/7x2oruXfkp5nGjC8XRQN2FQC5ilAkMqCdZsZAjCkppdIe4jibA22RVNCO7syfOkcVZxnYp7d16qXudxFMA+OARl4IILUAW3oAbqAINH8AxewZv1ZL1Y79bHtHTBynv2wB9Ynz9/2Zma</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="/+4XI/KiL9/L/hs1vUVNzWEXAvU=">AAAB/XicbVBNS8NAEJ34WWvV6NWDi0WoIiXxohdB8OKxgv2AJpbNZtMu3WzC7qZQQo9e/CtePCji3/Dmv3HT9qCtD5Z5vDfDzrwg5Uxpx/m2VlbX1jc2S1vl7crO7p69X2mpJJOENknCE9kJsKKcCdrUTHPaSSXFccBpOxjeFn57RKViiXjQ45T6Me4LFjGCtZF69pEXJDxU49iU3EsH7NrDos9pbXQ+ejw7nfTsqlN3pkDLxJ2TKszR6NlfXpiQLKZCE46V6rpOqv0cS80Ip5OylymaYjLEfdo1VOCYKj+fHjJBJ0YJUZRI84RGU/X3RI5jVexqOmOsB2rRK8T/vG6moys/ZyLNNBVk9lGUcaQTVKSCQiYp0XxsCCaSmV0RGWCJiTbZlU0I7uLJy6R1UXedunvvQAkO4Rhq4MIl3MAdNKAJBJ7gBd7g3Xq2Xq2PWVwr1jy3A/gD6/MH5hqYJw==</latexit><latexit sha1_base64="/+4XI/KiL9/L/hs1vUVNzWEXAvU=">AAAB/XicbVBNS8NAEJ34WWvV6NWDi0WoIiXxohdB8OKxgv2AJpbNZtMu3WzC7qZQQo9e/CtePCji3/Dmv3HT9qCtD5Z5vDfDzrwg5Uxpx/m2VlbX1jc2S1vl7crO7p69X2mpJJOENknCE9kJsKKcCdrUTHPaSSXFccBpOxjeFn57RKViiXjQ45T6Me4LFjGCtZF69pEXJDxU49iU3EsH7NrDos9pbXQ+ejw7nfTsqlN3pkDLxJ2TKszR6NlfXpiQLKZCE46V6rpOqv0cS80Ip5OylymaYjLEfdo1VOCYKj+fHjJBJ0YJUZRI84RGU/X3RI5jVexqOmOsB2rRK8T/vG6moys/ZyLNNBVk9lGUcaQTVKSCQiYp0XxsCCaSmV0RGWCJiTbZlU0I7uLJy6R1UXedunvvQAkO4Rhq4MIl3MAdNKAJBJ7gBd7g3Xq2Xq2PWVwr1jy3A/gD6/MH5hqYJw==</latexit><latexit sha1_base64="nGrRcKkzUYkAu14K7v4gVXgStks=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahipQZN7oRim5cVrAP6Iwlk0nb0EwyJJlCGbp046+4caGIWz/BnX9jpp2Fth4IOZxzL/feE8SMKu0431ZhaXllda24XtrY3NresXf3mkokEpMGFkzIdoAUYZSThqaakXYsCYoCRlrB8CbzWyMiFRX8Xo9j4keoz2mPYqSN1LUPvUCwUI0j86VePKBXHuJ9Riqjs9HD6cmka5edqjMFXCRuTsogR71rf3mhwElEuMYMKdVxnVj7KZKaYkYmJS9RJEZ4iPqkYyhHEVF+Oj1kAo+NEsKekOZxDafq744URSrb1VRGSA/UvJeJ/3mdRPcu/ZTyONGE49mgXsKgFjBLBYZUEqzZ2BCEJTW7QjxAEmFtsiuZENz5kxdJ87zqOlX3zinXrvM4iuAAHIEKcMEFqIFbUAcNgMEjeAav4M16sl6sd+tjVlqw8p598AfW5w9+mZmW</latexit><latexit sha1_base64="g9dpiPvEWkwA2ZkiZmvNFr76r44=">AAACCHicbVDLSgMxFM34rPU16tKFwSJUkTIjgm6EohuXFewDOmPJZNI2NJMMSaZQhi7d+CtuXCji1k9w59+YaWehrQdCDufcy733BDGjSjvOt7WwuLS8slpYK65vbG5t2zu7DSUSiUkdCyZkK0CKMMpJXVPNSCuWBEUBI81gcJP5zSGRigp+r0cx8SPU47RLMdJG6tgHXiBYqEaR+VIv7tMrD/EeI+Xh6fDh5HjcsUtOxZkAzhM3JyWQo9axv7xQ4CQiXGOGlGq7Tqz9FElNMSPjopcoEiM8QD3SNpSjiCg/nRwyhkdGCWFXSPO4hhP1d0eKIpXtaiojpPtq1svE/7x2oruXfkp5nGjC8XRQN2FQC5ilAkMqCdZsZAjCkppdIe4jibA22RVNCO7syfOkcVZxnYp7d16qXudxFMA+OARl4IILUAW3oAbqAINH8AxewZv1ZL1Y79bHtHTBynv2wB9Ynz9/2Zma</latexit><latexit sha1_base64="g9dpiPvEWkwA2ZkiZmvNFr76r44=">AAACCHicbVDLSgMxFM34rPU16tKFwSJUkTIjgm6EohuXFewDOmPJZNI2NJMMSaZQhi7d+CtuXCji1k9w59+YaWehrQdCDufcy733BDGjSjvOt7WwuLS8slpYK65vbG5t2zu7DSUSiUkdCyZkK0CKMMpJXVPNSCuWBEUBI81gcJP5zSGRigp+r0cx8SPU47RLMdJG6tgHXiBYqEaR+VIv7tMrD/EeI+Xh6fDh5HjcsUtOxZkAzhM3JyWQo9axv7xQ4CQiXGOGlGq7Tqz9FElNMSPjopcoEiM8QD3SNpSjiCg/nRwyhkdGCWFXSPO4hhP1d0eKIpXtaiojpPtq1svE/7x2oruXfkp5nGjC8XRQN2FQC5ilAkMqCdZsZAjCkppdIe4jibA22RVNCO7syfOkcVZxnYp7d16qXudxFMA+OARl4IILUAW3oAbqAINH8AxewZv1ZL1Y79bHtHTBynv2wB9Ynz9/2Zma</latexit><latexit sha1_base64="g9dpiPvEWkwA2ZkiZmvNFr76r44=">AAACCHicbVDLSgMxFM34rPU16tKFwSJUkTIjgm6EohuXFewDOmPJZNI2NJMMSaZQhi7d+CtuXCji1k9w59+YaWehrQdCDufcy733BDGjSjvOt7WwuLS8slpYK65vbG5t2zu7DSUSiUkdCyZkK0CKMMpJXVPNSCuWBEUBI81gcJP5zSGRigp+r0cx8SPU47RLMdJG6tgHXiBYqEaR+VIv7tMrD/EeI+Xh6fDh5HjcsUtOxZkAzhM3JyWQo9axv7xQ4CQiXGOGlGq7Tqz9FElNMSPjopcoEiM8QD3SNpSjiCg/nRwyhkdGCWFXSPO4hhP1d0eKIpXtaiojpPtq1svE/7x2oruXfkp5nGjC8XRQN2FQC5ilAkMqCdZsZAjCkppdIe4jibA22RVNCO7syfOkcVZxnYp7d16qXudxFMA+OARl4IILUAW3oAbqAINH8AxewZv1ZL1Y79bHtHTBynv2wB9Ynz9/2Zma</latexit><latexit sha1_base64="g9dpiPvEWkwA2ZkiZmvNFr76r44=">AAACCHicbVDLSgMxFM34rPU16tKFwSJUkTIjgm6EohuXFewDOmPJZNI2NJMMSaZQhi7d+CtuXCji1k9w59+YaWehrQdCDufcy733BDGjSjvOt7WwuLS8slpYK65vbG5t2zu7DSUSiUkdCyZkK0CKMMpJXVPNSCuWBEUBI81gcJP5zSGRigp+r0cx8SPU47RLMdJG6tgHXiBYqEaR+VIv7tMrD/EeI+Xh6fDh5HjcsUtOxZkAzhM3JyWQo9axv7xQ4CQiXGOGlGq7Tqz9FElNMSPjopcoEiM8QD3SNpSjiCg/nRwyhkdGCWFXSPO4hhP1d0eKIpXtaiojpPtq1svE/7x2oruXfkp5nGjC8XRQN2FQC5ilAkMqCdZsZAjCkppdIe4jibA22RVNCO7syfOkcVZxnYp7d16qXudxFMA+OARl4IILUAW3oAbqAINH8AxewZv1ZL1Y79bHtHTBynv2wB9Ynz9/2Zma</latexit><latexit sha1_base64="g9dpiPvEWkwA2ZkiZmvNFr76r44=">AAACCHicbVDLSgMxFM34rPU16tKFwSJUkTIjgm6EohuXFewDOmPJZNI2NJMMSaZQhi7d+CtuXCji1k9w59+YaWehrQdCDufcy733BDGjSjvOt7WwuLS8slpYK65vbG5t2zu7DSUSiUkdCyZkK0CKMMpJXVPNSCuWBEUBI81gcJP5zSGRigp+r0cx8SPU47RLMdJG6tgHXiBYqEaR+VIv7tMrD/EeI+Xh6fDh5HjcsUtOxZkAzhM3JyWQo9axv7xQ4CQiXGOGlGq7Tqz9FElNMSPjopcoEiM8QD3SNpSjiCg/nRwyhkdGCWFXSPO4hhP1d0eKIpXtaiojpPtq1svE/7x2oruXfkp5nGjC8XRQN2FQC5ilAkMqCdZsZAjCkppdIe4jibA22RVNCO7syfOkcVZxnYp7d16qXudxFMA+OARl4IILUAW3oAbqAINH8AxewZv1ZL1Y79bHtHTBynv2wB9Ynz9/2Zma</latexit><latexit sha1_base64="g9dpiPvEWkwA2ZkiZmvNFr76r44=">AAACCHicbVDLSgMxFM34rPU16tKFwSJUkTIjgm6EohuXFewDOmPJZNI2NJMMSaZQhi7d+CtuXCji1k9w59+YaWehrQdCDufcy733BDGjSjvOt7WwuLS8slpYK65vbG5t2zu7DSUSiUkdCyZkK0CKMMpJXVPNSCuWBEUBI81gcJP5zSGRigp+r0cx8SPU47RLMdJG6tgHXiBYqEaR+VIv7tMrD/EeI+Xh6fDh5HjcsUtOxZkAzhM3JyWQo9axv7xQ4CQiXGOGlGq7Tqz9FElNMSPjopcoEiM8QD3SNpSjiCg/nRwyhkdGCWFXSPO4hhP1d0eKIpXtaiojpPtq1svE/7x2oruXfkp5nGjC8XRQN2FQC5ilAkMqCdZsZAjCkppdIe4jibA22RVNCO7syfOkcVZxnYp7d16qXudxFMA+OARl4IILUAW3oAbqAINH8AxewZv1ZL1Y79bHtHTBynv2wB9Ynz9/2Zma</latexit>

Unknown<latexit sha1_base64="QnZG9wUoCZaKBYUAzLDc9z0YDXM=">AAAB+XicbVBNT8JAEN3iF+JX1aOXjcTEE2m56JHoxSMmFkigIdtlCxu2u83uFCUN/8SLB43x6j/x5r9xgR4UfMkkL+/NZGZelApuwPO+ndLG5tb2Tnm3srd/cHjkHp+0jMo0ZQFVQulORAwTXLIAOAjWSTUjSSRYOxrfzv32hGnDlXyAacrChAwljzklYKW+6/aAPUEU54EcS/UoZ3236tW8BfA68QtSRQWafferN1A0S5gEKogxXd9LIcyJBk4Fm1V6mWEpoWMyZF1LJUmYCfPF5TN8YZUBjpW2JQEv1N8TOUmMmSaR7UwIjMyqNxf/87oZxNdhzmWaAZN0uSjOBAaF5zHgAdeMgphaQqjm9lZMR0QTCjasig3BX315nbTqNd+r+ff1auOmiKOMztA5ukQ+ukINdIeaKEAUTdAzekVvTu68OO/Ox7K15BQzp+gPnM8fWVyUGg==</latexit><latexit sha1_base64="QnZG9wUoCZaKBYUAzLDc9z0YDXM=">AAAB+XicbVBNT8JAEN3iF+JX1aOXjcTEE2m56JHoxSMmFkigIdtlCxu2u83uFCUN/8SLB43x6j/x5r9xgR4UfMkkL+/NZGZelApuwPO+ndLG5tb2Tnm3srd/cHjkHp+0jMo0ZQFVQulORAwTXLIAOAjWSTUjSSRYOxrfzv32hGnDlXyAacrChAwljzklYKW+6/aAPUEU54EcS/UoZ3236tW8BfA68QtSRQWafferN1A0S5gEKogxXd9LIcyJBk4Fm1V6mWEpoWMyZF1LJUmYCfPF5TN8YZUBjpW2JQEv1N8TOUmMmSaR7UwIjMyqNxf/87oZxNdhzmWaAZN0uSjOBAaF5zHgAdeMgphaQqjm9lZMR0QTCjasig3BX315nbTqNd+r+ff1auOmiKOMztA5ukQ+ukINdIeaKEAUTdAzekVvTu68OO/Ox7K15BQzp+gPnM8fWVyUGg==</latexit><latexit sha1_base64="QnZG9wUoCZaKBYUAzLDc9z0YDXM=">AAAB+XicbVBNT8JAEN3iF+JX1aOXjcTEE2m56JHoxSMmFkigIdtlCxu2u83uFCUN/8SLB43x6j/x5r9xgR4UfMkkL+/NZGZelApuwPO+ndLG5tb2Tnm3srd/cHjkHp+0jMo0ZQFVQulORAwTXLIAOAjWSTUjSSRYOxrfzv32hGnDlXyAacrChAwljzklYKW+6/aAPUEU54EcS/UoZ3236tW8BfA68QtSRQWafferN1A0S5gEKogxXd9LIcyJBk4Fm1V6mWEpoWMyZF1LJUmYCfPF5TN8YZUBjpW2JQEv1N8TOUmMmSaR7UwIjMyqNxf/87oZxNdhzmWaAZN0uSjOBAaF5zHgAdeMgphaQqjm9lZMR0QTCjasig3BX315nbTqNd+r+ff1auOmiKOMztA5ukQ+ukINdIeaKEAUTdAzekVvTu68OO/Ox7K15BQzp+gPnM8fWVyUGg==</latexit><latexit sha1_base64="QnZG9wUoCZaKBYUAzLDc9z0YDXM=">AAAB+XicbVBNT8JAEN3iF+JX1aOXjcTEE2m56JHoxSMmFkigIdtlCxu2u83uFCUN/8SLB43x6j/x5r9xgR4UfMkkL+/NZGZelApuwPO+ndLG5tb2Tnm3srd/cHjkHp+0jMo0ZQFVQulORAwTXLIAOAjWSTUjSSRYOxrfzv32hGnDlXyAacrChAwljzklYKW+6/aAPUEU54EcS/UoZ3236tW8BfA68QtSRQWafferN1A0S5gEKogxXd9LIcyJBk4Fm1V6mWEpoWMyZF1LJUmYCfPF5TN8YZUBjpW2JQEv1N8TOUmMmSaR7UwIjMyqNxf/87oZxNdhzmWaAZN0uSjOBAaF5zHgAdeMgphaQqjm9lZMR0QTCjasig3BX315nbTqNd+r+ff1auOmiKOMztA5ukQ+ukINdIeaKEAUTdAzekVvTu68OO/Ox7K15BQzp+gPnM8fWVyUGg==</latexit>

Unknown<latexit sha1_base64="QnZG9wUoCZaKBYUAzLDc9z0YDXM=">AAAB+XicbVBNT8JAEN3iF+JX1aOXjcTEE2m56JHoxSMmFkigIdtlCxu2u83uFCUN/8SLB43x6j/x5r9xgR4UfMkkL+/NZGZelApuwPO+ndLG5tb2Tnm3srd/cHjkHp+0jMo0ZQFVQulORAwTXLIAOAjWSTUjSSRYOxrfzv32hGnDlXyAacrChAwljzklYKW+6/aAPUEU54EcS/UoZ3236tW8BfA68QtSRQWafferN1A0S5gEKogxXd9LIcyJBk4Fm1V6mWEpoWMyZF1LJUmYCfPF5TN8YZUBjpW2JQEv1N8TOUmMmSaR7UwIjMyqNxf/87oZxNdhzmWaAZN0uSjOBAaF5zHgAdeMgphaQqjm9lZMR0QTCjasig3BX315nbTqNd+r+ff1auOmiKOMztA5ukQ+ukINdIeaKEAUTdAzekVvTu68OO/Ox7K15BQzp+gPnM8fWVyUGg==</latexit><latexit sha1_base64="QnZG9wUoCZaKBYUAzLDc9z0YDXM=">AAAB+XicbVBNT8JAEN3iF+JX1aOXjcTEE2m56JHoxSMmFkigIdtlCxu2u83uFCUN/8SLB43x6j/x5r9xgR4UfMkkL+/NZGZelApuwPO+ndLG5tb2Tnm3srd/cHjkHp+0jMo0ZQFVQulORAwTXLIAOAjWSTUjSSRYOxrfzv32hGnDlXyAacrChAwljzklYKW+6/aAPUEU54EcS/UoZ3236tW8BfA68QtSRQWafferN1A0S5gEKogxXd9LIcyJBk4Fm1V6mWEpoWMyZF1LJUmYCfPF5TN8YZUBjpW2JQEv1N8TOUmMmSaR7UwIjMyqNxf/87oZxNdhzmWaAZN0uSjOBAaF5zHgAdeMgphaQqjm9lZMR0QTCjasig3BX315nbTqNd+r+ff1auOmiKOMztA5ukQ+ukINdIeaKEAUTdAzekVvTu68OO/Ox7K15BQzp+gPnM8fWVyUGg==</latexit><latexit sha1_base64="QnZG9wUoCZaKBYUAzLDc9z0YDXM=">AAAB+XicbVBNT8JAEN3iF+JX1aOXjcTEE2m56JHoxSMmFkigIdtlCxu2u83uFCUN/8SLB43x6j/x5r9xgR4UfMkkL+/NZGZelApuwPO+ndLG5tb2Tnm3srd/cHjkHp+0jMo0ZQFVQulORAwTXLIAOAjWSTUjSSRYOxrfzv32hGnDlXyAacrChAwljzklYKW+6/aAPUEU54EcS/UoZ3236tW8BfA68QtSRQWafferN1A0S5gEKogxXd9LIcyJBk4Fm1V6mWEpoWMyZF1LJUmYCfPF5TN8YZUBjpW2JQEv1N8TOUmMmSaR7UwIjMyqNxf/87oZxNdhzmWaAZN0uSjOBAaF5zHgAdeMgphaQqjm9lZMR0QTCjasig3BX315nbTqNd+r+ff1auOmiKOMztA5ukQ+ukINdIeaKEAUTdAzekVvTu68OO/Ox7K15BQzp+gPnM8fWVyUGg==</latexit><latexit sha1_base64="QnZG9wUoCZaKBYUAzLDc9z0YDXM=">AAAB+XicbVBNT8JAEN3iF+JX1aOXjcTEE2m56JHoxSMmFkigIdtlCxu2u83uFCUN/8SLB43x6j/x5r9xgR4UfMkkL+/NZGZelApuwPO+ndLG5tb2Tnm3srd/cHjkHp+0jMo0ZQFVQulORAwTXLIAOAjWSTUjSSRYOxrfzv32hGnDlXyAacrChAwljzklYKW+6/aAPUEU54EcS/UoZ3236tW8BfA68QtSRQWafferN1A0S5gEKogxXd9LIcyJBk4Fm1V6mWEpoWMyZF1LJUmYCfPF5TN8YZUBjpW2JQEv1N8TOUmMmSaR7UwIjMyqNxf/87oZxNdhzmWaAZN0uSjOBAaF5zHgAdeMgphaQqjm9lZMR0QTCjasig3BX315nbTqNd+r+ff1auOmiKOMztA5ukQ+ukINdIeaKEAUTdAzekVvTu68OO/Ox7K15BQzp+gPnM8fWVyUGg==</latexit> Converge
<latexit sha1_base64="3wRMsacLP2bohm1le/mzLZc9Pkg=">AAAB+3icbVC7TsMwFHV4lvIKZWSxqJCYqqQLjBVdGItEH1IbVY7rtFYdO7JvUKuov8LCAEKs/Agbf4PTZoCWI1k6Oudc+/qEieAGPO/b2dre2d3bLx2UD4+OT07ds0rHqFRT1qZKKN0LiWGCS9YGDoL1Es1IHArWDafN3O8+MW24ko8wT1gQk7HkEacErDR0KwNgMwijrKmkzY3Zojx0q17NWwJvEr8gVVSgNXS/BiNF05hJoIIY0/e9BIKMaOBU2AsHqWEJoVMyZn1LJYmZCbLl7gt8ZZURjpS2RwJeqr8nMhIbM49Dm4wJTMy6l4v/ef0Uotsg4zJJgUm6eihKBQaF8yLwiGtGQcwtIVRzuyumE6IJBVtXXoK//uVN0qnXfK/mP9SrjbuijhK6QJfoGvnoBjXQPWqhNqJohp7RK3pzFs6L8+58rKJbTjFzjv7A+fwBLrqUgQ==</latexit><latexit sha1_base64="3wRMsacLP2bohm1le/mzLZc9Pkg=">AAAB+3icbVC7TsMwFHV4lvIKZWSxqJCYqqQLjBVdGItEH1IbVY7rtFYdO7JvUKuov8LCAEKs/Agbf4PTZoCWI1k6Oudc+/qEieAGPO/b2dre2d3bLx2UD4+OT07ds0rHqFRT1qZKKN0LiWGCS9YGDoL1Es1IHArWDafN3O8+MW24ko8wT1gQk7HkEacErDR0KwNgMwijrKmkzY3Zojx0q17NWwJvEr8gVVSgNXS/BiNF05hJoIIY0/e9BIKMaOBU2AsHqWEJoVMyZn1LJYmZCbLl7gt8ZZURjpS2RwJeqr8nMhIbM49Dm4wJTMy6l4v/ef0Uotsg4zJJgUm6eihKBQaF8yLwiGtGQcwtIVRzuyumE6IJBVtXXoK//uVN0qnXfK/mP9SrjbuijhK6QJfoGvnoBjXQPWqhNqJohp7RK3pzFs6L8+58rKJbTjFzjv7A+fwBLrqUgQ==</latexit><latexit sha1_base64="3wRMsacLP2bohm1le/mzLZc9Pkg=">AAAB+3icbVC7TsMwFHV4lvIKZWSxqJCYqqQLjBVdGItEH1IbVY7rtFYdO7JvUKuov8LCAEKs/Agbf4PTZoCWI1k6Oudc+/qEieAGPO/b2dre2d3bLx2UD4+OT07ds0rHqFRT1qZKKN0LiWGCS9YGDoL1Es1IHArWDafN3O8+MW24ko8wT1gQk7HkEacErDR0KwNgMwijrKmkzY3Zojx0q17NWwJvEr8gVVSgNXS/BiNF05hJoIIY0/e9BIKMaOBU2AsHqWEJoVMyZn1LJYmZCbLl7gt8ZZURjpS2RwJeqr8nMhIbM49Dm4wJTMy6l4v/ef0Uotsg4zJJgUm6eihKBQaF8yLwiGtGQcwtIVRzuyumE6IJBVtXXoK//uVN0qnXfK/mP9SrjbuijhK6QJfoGvnoBjXQPWqhNqJohp7RK3pzFs6L8+58rKJbTjFzjv7A+fwBLrqUgQ==</latexit><latexit sha1_base64="3wRMsacLP2bohm1le/mzLZc9Pkg=">AAAB+3icbVC7TsMwFHV4lvIKZWSxqJCYqqQLjBVdGItEH1IbVY7rtFYdO7JvUKuov8LCAEKs/Agbf4PTZoCWI1k6Oudc+/qEieAGPO/b2dre2d3bLx2UD4+OT07ds0rHqFRT1qZKKN0LiWGCS9YGDoL1Es1IHArWDafN3O8+MW24ko8wT1gQk7HkEacErDR0KwNgMwijrKmkzY3Zojx0q17NWwJvEr8gVVSgNXS/BiNF05hJoIIY0/e9BIKMaOBU2AsHqWEJoVMyZn1LJYmZCbLl7gt8ZZURjpS2RwJeqr8nMhIbM49Dm4wJTMy6l4v/ef0Uotsg4zJJgUm6eihKBQaF8yLwiGtGQcwtIVRzuyumE6IJBVtXXoK//uVN0qnXfK/mP9SrjbuijhK6QJfoGvnoBjXQPWqhNqJohp7RK3pzFs6L8+58rKJbTjFzjv7A+fwBLrqUgQ==</latexit>

Trapped
<latexit sha1_base64="/EHtYA7XrefhLRWBTxyuxW3GgRg=">AAAB+nicbVC7TsNAEDyHVwgvB0oaiwiJKrLTQBlBQxmkvKTEis7ndXLK+aG7NRCZfAoNBQjR8iV0/A3nxAUkjLTSaGZXuzteIrhC2/42ShubW9s75d3K3v7B4ZFZPe6qOJUMOiwWsex7VIHgEXSQo4B+IoGGnoCeN73J/d49SMXjqI2zBNyQjiMecEZRSyOzOkR4RC/I2pImCfjzysis2XV7AWudOAWpkQKtkfk19GOWhhAhE1SpgWMn6GZUImcC5pVhqiChbErHMNA0oiEoN1ucPrfOteJbQSx1RWgt1N8TGQ2VmoWe7gwpTtSql4v/eYMUgys341GSIkRsuShIhYWxledg+VwCQzHThDLJ9a0Wm1BJGeq08hCc1ZfXSbdRd+y6c9eoNa+LOMrklJyRC+KQS9Ikt6RFOoSRB/JMXsmb8WS8GO/Gx7K1ZBQzJ+QPjM8fY5KUDg==</latexit><latexit sha1_base64="/EHtYA7XrefhLRWBTxyuxW3GgRg=">AAAB+nicbVC7TsNAEDyHVwgvB0oaiwiJKrLTQBlBQxmkvKTEis7ndXLK+aG7NRCZfAoNBQjR8iV0/A3nxAUkjLTSaGZXuzteIrhC2/42ShubW9s75d3K3v7B4ZFZPe6qOJUMOiwWsex7VIHgEXSQo4B+IoGGnoCeN73J/d49SMXjqI2zBNyQjiMecEZRSyOzOkR4RC/I2pImCfjzysis2XV7AWudOAWpkQKtkfk19GOWhhAhE1SpgWMn6GZUImcC5pVhqiChbErHMNA0oiEoN1ucPrfOteJbQSx1RWgt1N8TGQ2VmoWe7gwpTtSql4v/eYMUgys341GSIkRsuShIhYWxledg+VwCQzHThDLJ9a0Wm1BJGeq08hCc1ZfXSbdRd+y6c9eoNa+LOMrklJyRC+KQS9Ikt6RFOoSRB/JMXsmb8WS8GO/Gx7K1ZBQzJ+QPjM8fY5KUDg==</latexit><latexit sha1_base64="/EHtYA7XrefhLRWBTxyuxW3GgRg=">AAAB+nicbVC7TsNAEDyHVwgvB0oaiwiJKrLTQBlBQxmkvKTEis7ndXLK+aG7NRCZfAoNBQjR8iV0/A3nxAUkjLTSaGZXuzteIrhC2/42ShubW9s75d3K3v7B4ZFZPe6qOJUMOiwWsex7VIHgEXSQo4B+IoGGnoCeN73J/d49SMXjqI2zBNyQjiMecEZRSyOzOkR4RC/I2pImCfjzysis2XV7AWudOAWpkQKtkfk19GOWhhAhE1SpgWMn6GZUImcC5pVhqiChbErHMNA0oiEoN1ucPrfOteJbQSx1RWgt1N8TGQ2VmoWe7gwpTtSql4v/eYMUgys341GSIkRsuShIhYWxledg+VwCQzHThDLJ9a0Wm1BJGeq08hCc1ZfXSbdRd+y6c9eoNa+LOMrklJyRC+KQS9Ikt6RFOoSRB/JMXsmb8WS8GO/Gx7K1ZBQzJ+QPjM8fY5KUDg==</latexit><latexit sha1_base64="/EHtYA7XrefhLRWBTxyuxW3GgRg=">AAAB+nicbVC7TsNAEDyHVwgvB0oaiwiJKrLTQBlBQxmkvKTEis7ndXLK+aG7NRCZfAoNBQjR8iV0/A3nxAUkjLTSaGZXuzteIrhC2/42ShubW9s75d3K3v7B4ZFZPe6qOJUMOiwWsex7VIHgEXSQo4B+IoGGnoCeN73J/d49SMXjqI2zBNyQjiMecEZRSyOzOkR4RC/I2pImCfjzysis2XV7AWudOAWpkQKtkfk19GOWhhAhE1SpgWMn6GZUImcC5pVhqiChbErHMNA0oiEoN1ucPrfOteJbQSx1RWgt1N8TGQ2VmoWe7gwpTtSql4v/eYMUgys341GSIkRsuShIhYWxledg+VwCQzHThDLJ9a0Wm1BJGeq08hCc1ZfXSbdRd+y6c9eoNa+LOMrklJyRC+KQS9Ikt6RFOoSRB/JMXsmb8WS8GO/Gx7K1ZBQzJ+QPjM8fY5KUDg==</latexit>

a>a⇤
<latexit sha1_base64="1+QS05McFvZAeGMtjK82U8KnkMI=">AAACAnicbVDLSsNAFJ34rPEVdSVuBosgLkoigi6LblxWsA9o0jKZTNqhk5kwMxFKKG78FTcuFHHrV7jzb5y0WWjrgWEO59zLvfeEKaNKu+63tbS8srq2XtmwN7e2d3advf2WEpnEpIkFE7ITIkUY5aSpqWakk0qCkpCRdji6Kfz2A5GKCn6vxykJEjTgNKYYaSP1nUM/FCxS48R8Oer5WqQQ9c4mtt13qm7NnQIuEq8kVVCi0Xe+/EjgLCFcY4aU6npuqoMcSU0xIxPbzxRJER6hAekaylFCVJBPT5jAE6NEMBbSPK7hVP3dkaNEFVuaygTpoZr3CvE/r5vp+CrIKU8zTTieDYozBrWARR4wopJgzcaGICyp2RXiIZIIa5NaEYI3f/IiaZ3XPLfm3V1U69dlHBVwBI7BKfDAJaiDW9AATYDBI3gGr+DNerJerHfrY1a6ZJU9B+APrM8fYE+Wuw==</latexit><latexit sha1_base64="1+QS05McFvZAeGMtjK82U8KnkMI=">AAACAnicbVDLSsNAFJ34rPEVdSVuBosgLkoigi6LblxWsA9o0jKZTNqhk5kwMxFKKG78FTcuFHHrV7jzb5y0WWjrgWEO59zLvfeEKaNKu+63tbS8srq2XtmwN7e2d3advf2WEpnEpIkFE7ITIkUY5aSpqWakk0qCkpCRdji6Kfz2A5GKCn6vxykJEjTgNKYYaSP1nUM/FCxS48R8Oer5WqQQ9c4mtt13qm7NnQIuEq8kVVCi0Xe+/EjgLCFcY4aU6npuqoMcSU0xIxPbzxRJER6hAekaylFCVJBPT5jAE6NEMBbSPK7hVP3dkaNEFVuaygTpoZr3CvE/r5vp+CrIKU8zTTieDYozBrWARR4wopJgzcaGICyp2RXiIZIIa5NaEYI3f/IiaZ3XPLfm3V1U69dlHBVwBI7BKfDAJaiDW9AATYDBI3gGr+DNerJerHfrY1a6ZJU9B+APrM8fYE+Wuw==</latexit><latexit sha1_base64="1+QS05McFvZAeGMtjK82U8KnkMI=">AAACAnicbVDLSsNAFJ34rPEVdSVuBosgLkoigi6LblxWsA9o0jKZTNqhk5kwMxFKKG78FTcuFHHrV7jzb5y0WWjrgWEO59zLvfeEKaNKu+63tbS8srq2XtmwN7e2d3advf2WEpnEpIkFE7ITIkUY5aSpqWakk0qCkpCRdji6Kfz2A5GKCn6vxykJEjTgNKYYaSP1nUM/FCxS48R8Oer5WqQQ9c4mtt13qm7NnQIuEq8kVVCi0Xe+/EjgLCFcY4aU6npuqoMcSU0xIxPbzxRJER6hAekaylFCVJBPT5jAE6NEMBbSPK7hVP3dkaNEFVuaygTpoZr3CvE/r5vp+CrIKU8zTTieDYozBrWARR4wopJgzcaGICyp2RXiIZIIa5NaEYI3f/IiaZ3XPLfm3V1U69dlHBVwBI7BKfDAJaiDW9AATYDBI3gGr+DNerJerHfrY1a6ZJU9B+APrM8fYE+Wuw==</latexit><latexit sha1_base64="1+QS05McFvZAeGMtjK82U8KnkMI=">AAACAnicbVDLSsNAFJ34rPEVdSVuBosgLkoigi6LblxWsA9o0jKZTNqhk5kwMxFKKG78FTcuFHHrV7jzb5y0WWjrgWEO59zLvfeEKaNKu+63tbS8srq2XtmwN7e2d3advf2WEpnEpIkFE7ITIkUY5aSpqWakk0qCkpCRdji6Kfz2A5GKCn6vxykJEjTgNKYYaSP1nUM/FCxS48R8Oer5WqQQ9c4mtt13qm7NnQIuEq8kVVCi0Xe+/EjgLCFcY4aU6npuqoMcSU0xIxPbzxRJER6hAekaylFCVJBPT5jAE6NEMBbSPK7hVP3dkaNEFVuaygTpoZr3CvE/r5vp+CrIKU8zTTieDYozBrWARR4wopJgzcaGICyp2RXiIZIIa5NaEYI3f/IiaZ3XPLfm3V1U69dlHBVwBI7BKfDAJaiDW9AATYDBI3gGr+DNerJerHfrY1a6ZJU9B+APrM8fYE+Wuw==</latexit>

CNN
<latexit sha1_base64="dp3NbyJsbU4ZDY71lhimGQKaxQU=">AAACB3icbVDLSsNAFJ34rPVVdelmsAiuSlIXuix001WpYB/QhDKZTNqhk0mYuRFL6Af4A271D9yJWz/DH/A7nLRZaOuBC4dz7ovjJ4JrsO0va2Nza3tnt7RX3j84PDqunJz2dJwqyro0FrEa+EQzwSXrAgfBBoliJPIF6/vTZu73H5jSPJb3MEuYF5Gx5CGnBIzkusAewQ+zZrs9H1Wqds1eAK8TpyBVVKAzqny7QUzTiEmggmg9dOwEvIwo4FSwedlNNUsInZIxGxoqScS0ly1+nuNLowQ4jJUpCXih/p7ISKT1LPJNZ0Rgole9XPzXC3S+cOU6hLdexmWSApN0eTxMBYYY56HggCtGQcwMIVRx8z+mE6IIBRNd2QTjrMawTnr1mnNdq9/Vq41WEVEJnaMLdIUcdIMaqIU6qIsoStAzekGv1pP1Zr1bH8vWDauYOUN/YH3+AKj6mjc=</latexit>

ResNet
<latexit sha1_base64="WLELBC1Ogq8feLQBnlaf7ZTwvmI=">AAACDHicbVDLSsNAFJ34rPXRqEs3wSK4Kkld6LLgpiupYh/QhjKZ3LRDJw9mbsQS+gv+gFv9A3fi1n/wB/wOJ20W2nrgwuGc++J4ieAKbfvLWFvf2NzaLu2Ud/f2Dyrm4VFHxalk0GaxiGXPowoEj6CNHAX0Egk09AR0vcl17ncfQCoeR/c4TcAN6SjiAWcUtTQ0KwOER/SC7A7UDeBsaFbtmj2HtUqcglRJgdbQ/B74MUtDiJAJqlTfsRN0MyqRMwGz8iBVkFA2oSPoaxrREJSbzR+fWWda8a0glroitObq74mMhkpNQ093hhTHatnLxX89X+ULl65jcOVmPEpShIgtjgepsDC28mQsn0tgKKaaUCa5/t9iYyopQ51fWQfjLMewSjr1mnNRq9/Wq41mEVGJnJBTck4cckkapElapE0YSckzeSGvxpPxZrwbH4vWNaOYOSZ/YHz+APB6m/g=</latexit>

� = \(
1
p

p
+ w, v⇤)

<latexit sha1_base64="Um17SVndxLj1ukkPrgZdbE0zC90="></latexit>

Stage II
<latexit sha1_base64="66n8/z2l7DxZCjnvrVForcLYT5Q=">AAAB+nicbVDLTgJBEJzFF+Jr0aOXicTEE9nlokeiF7lhlEcChMwOvTBh9pGZXpWsfIoXDxrj1S/x5t84wB4UrKSTSlX3THd5sRQaHefbyq2tb2xu5bcLO7t7+wd28bCpo0RxaPBIRqrtMQ1ShNBAgRLasQIWeBJa3vhq5rfuQWkRhXc4iaEXsGEofMEZGqlvF7sIj+j56S2yIdBabdq3S07ZmYOuEjcjJZKh3re/uoOIJwGEyCXTuuM6MfZSplBwCdNCN9EQMz4273cMDVkAupfOV5/SU6MMqB8pUyHSufp7ImWB1pPAM50Bw5Fe9mbif14nQf+il4owThBCvvjITyTFiM5yoAOhgKOcGMK4EmZXykdMMY4mrYIJwV0+eZU0K2XXKbs3lVL1MosjT47JCTkjLjknVXJN6qRBOHkgz+SVvFlP1ov1bn0sWnNWNnNE/sD6/AETNpPa</latexit><latexit sha1_base64="66n8/z2l7DxZCjnvrVForcLYT5Q=">AAAB+nicbVDLTgJBEJzFF+Jr0aOXicTEE9nlokeiF7lhlEcChMwOvTBh9pGZXpWsfIoXDxrj1S/x5t84wB4UrKSTSlX3THd5sRQaHefbyq2tb2xu5bcLO7t7+wd28bCpo0RxaPBIRqrtMQ1ShNBAgRLasQIWeBJa3vhq5rfuQWkRhXc4iaEXsGEofMEZGqlvF7sIj+j56S2yIdBabdq3S07ZmYOuEjcjJZKh3re/uoOIJwGEyCXTuuM6MfZSplBwCdNCN9EQMz4273cMDVkAupfOV5/SU6MMqB8pUyHSufp7ImWB1pPAM50Bw5Fe9mbif14nQf+il4owThBCvvjITyTFiM5yoAOhgKOcGMK4EmZXykdMMY4mrYIJwV0+eZU0K2XXKbs3lVL1MosjT47JCTkjLjknVXJN6qRBOHkgz+SVvFlP1ov1bn0sWnNWNnNE/sD6/AETNpPa</latexit><latexit sha1_base64="66n8/z2l7DxZCjnvrVForcLYT5Q=">AAAB+nicbVDLTgJBEJzFF+Jr0aOXicTEE9nlokeiF7lhlEcChMwOvTBh9pGZXpWsfIoXDxrj1S/x5t84wB4UrKSTSlX3THd5sRQaHefbyq2tb2xu5bcLO7t7+wd28bCpo0RxaPBIRqrtMQ1ShNBAgRLasQIWeBJa3vhq5rfuQWkRhXc4iaEXsGEofMEZGqlvF7sIj+j56S2yIdBabdq3S07ZmYOuEjcjJZKh3re/uoOIJwGEyCXTuuM6MfZSplBwCdNCN9EQMz4273cMDVkAupfOV5/SU6MMqB8pUyHSufp7ImWB1pPAM50Bw5Fe9mbif14nQf+il4owThBCvvjITyTFiM5yoAOhgKOcGMK4EmZXykdMMY4mrYIJwV0+eZU0K2XXKbs3lVL1MosjT47JCTkjLjknVXJN6qRBOHkgz+SVvFlP1ov1bn0sWnNWNnNE/sD6/AETNpPa</latexit><latexit sha1_base64="66n8/z2l7DxZCjnvrVForcLYT5Q=">AAAB+nicbVDLTgJBEJzFF+Jr0aOXicTEE9nlokeiF7lhlEcChMwOvTBh9pGZXpWsfIoXDxrj1S/x5t84wB4UrKSTSlX3THd5sRQaHefbyq2tb2xu5bcLO7t7+wd28bCpo0RxaPBIRqrtMQ1ShNBAgRLasQIWeBJa3vhq5rfuQWkRhXc4iaEXsGEofMEZGqlvF7sIj+j56S2yIdBabdq3S07ZmYOuEjcjJZKh3re/uoOIJwGEyCXTuuM6MfZSplBwCdNCN9EQMz4273cMDVkAupfOV5/SU6MMqB8pUyHSufp7ImWB1pPAM50Bw5Fe9mbif14nQf+il4owThBCvvjITyTFiM5yoAOhgKOcGMK4EmZXykdMMY4mrYIJwV0+eZU0K2XXKbs3lVL1MosjT47JCTkjLjknVXJN6qRBOHkgz+SVvFlP1ov1bn0sWnNWNnNE/sD6/AETNpPa</latexit>

Stage I
<latexit sha1_base64="VYi0pzzNh/sUKgKWgw93PmQKC/M=">AAAB+XicbVA9T8MwEHX4LOUrwMhiUSExVUkXGCtYYCuCfkhtVTnupbXqOJF9qaii/hMWBhBi5Z+w8W9w2wzQ8qSTnt67s+9ekEhh0PO+nbX1jc2t7cJOcXdv/+DQPTpumDjVHOo8lrFuBcyAFArqKFBCK9HAokBCMxjdzPzmGLQRsXrESQLdiA2UCAVnaKWe63YQnjAIswdkA6B3055b8sreHHSV+DkpkRy1nvvV6cc8jUAhl8yYtu8l2M2YRsElTIud1EDC+Mg+37ZUsQhMN5tvPqXnVunTMNa2FNK5+nsiY5ExkyiwnRHDoVn2ZuJ/XjvF8KqbCZWkCIovPgpTSTGmsxhoX2jgKCeWMK6F3ZXyIdOMow2raEPwl09eJY1K2ffK/n2lVL3O4yiQU3JGLohPLkmV3JIaqRNOxuSZvJI3J3NenHfnY9G65uQzJ+QPnM8feViThw==</latexit><latexit sha1_base64="VYi0pzzNh/sUKgKWgw93PmQKC/M=">AAAB+XicbVA9T8MwEHX4LOUrwMhiUSExVUkXGCtYYCuCfkhtVTnupbXqOJF9qaii/hMWBhBi5Z+w8W9w2wzQ8qSTnt67s+9ekEhh0PO+nbX1jc2t7cJOcXdv/+DQPTpumDjVHOo8lrFuBcyAFArqKFBCK9HAokBCMxjdzPzmGLQRsXrESQLdiA2UCAVnaKWe63YQnjAIswdkA6B3055b8sreHHSV+DkpkRy1nvvV6cc8jUAhl8yYtu8l2M2YRsElTIud1EDC+Mg+37ZUsQhMN5tvPqXnVunTMNa2FNK5+nsiY5ExkyiwnRHDoVn2ZuJ/XjvF8KqbCZWkCIovPgpTSTGmsxhoX2jgKCeWMK6F3ZXyIdOMow2raEPwl09eJY1K2ffK/n2lVL3O4yiQU3JGLohPLkmV3JIaqRNOxuSZvJI3J3NenHfnY9G65uQzJ+QPnM8feViThw==</latexit><latexit sha1_base64="VYi0pzzNh/sUKgKWgw93PmQKC/M=">AAAB+XicbVA9T8MwEHX4LOUrwMhiUSExVUkXGCtYYCuCfkhtVTnupbXqOJF9qaii/hMWBhBi5Z+w8W9w2wzQ8qSTnt67s+9ekEhh0PO+nbX1jc2t7cJOcXdv/+DQPTpumDjVHOo8lrFuBcyAFArqKFBCK9HAokBCMxjdzPzmGLQRsXrESQLdiA2UCAVnaKWe63YQnjAIswdkA6B3055b8sreHHSV+DkpkRy1nvvV6cc8jUAhl8yYtu8l2M2YRsElTIud1EDC+Mg+37ZUsQhMN5tvPqXnVunTMNa2FNK5+nsiY5ExkyiwnRHDoVn2ZuJ/XjvF8KqbCZWkCIovPgpTSTGmsxhoX2jgKCeWMK6F3ZXyIdOMow2raEPwl09eJY1K2ffK/n2lVL3O4yiQU3JGLohPLkmV3JIaqRNOxuSZvJI3J3NenHfnY9G65uQzJ+QPnM8feViThw==</latexit><latexit sha1_base64="VYi0pzzNh/sUKgKWgw93PmQKC/M=">AAAB+XicbVA9T8MwEHX4LOUrwMhiUSExVUkXGCtYYCuCfkhtVTnupbXqOJF9qaii/hMWBhBi5Z+w8W9w2wzQ8qSTnt67s+9ekEhh0PO+nbX1jc2t7cJOcXdv/+DQPTpumDjVHOo8lrFuBcyAFArqKFBCK9HAokBCMxjdzPzmGLQRsXrESQLdiA2UCAVnaKWe63YQnjAIswdkA6B3055b8sreHHSV+DkpkRy1nvvV6cc8jUAhl8yYtu8l2M2YRsElTIud1EDC+Mg+37ZUsQhMN5tvPqXnVunTMNa2FNK5+nsiY5ExkyiwnRHDoVn2ZuJ/XjvF8KqbCZWkCIovPgpTSTGmsxhoX2jgKCeWMK6F3ZXyIdOMow2raEPwl09eJY1K2ffK/n2lVL3O4yiQU3JGLohPLkmV3JIaqRNOxuSZvJI3J3NenHfnY9G65uQzJ+QPnM8feViThw==</latexit>

(w⇤, a⇤)
<latexit sha1_base64="tnZZtZXdFFNGATzixfwgQBXPrXA=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2ARapGyK4Iei148VrAPaLclm822odlkSbJKWXvwr3jxoIhX/4Y3/43ZtgdtHQgZZr6PTMaPGVXacb6t3NLyyupafr2wsbm1vWPv7jWUSCQmdSyYkC0fKcIoJ3VNNSOtWBIU+Yw0/eF15jfviVRU8Ds9iokXoT6nIcVIG6lnH3R8wQI1isyVlh665VPULZ+Me3bRqTgTwEXizkgRzFDr2V+dQOAkIlxjhpRqu06svRRJTTEj40InUSRGeIj6pG0oRxFRXjrJP4bHRglgKKQ5XMOJ+nsjRZHKIprJCOmBmvcy8T+vnejw0kspjxNNOJ4+FCYMagGzMmBAJcGajQxBWFKTFeIBkghrU1nBlODOf3mRNM4qrlNxb8+L1atZHXlwCI5ACbjgAlTBDaiBOsDgETyDV/BmPVkv1rv1MR3NWbOdffAH1ucPFB6Vdw==</latexit><latexit sha1_base64="tnZZtZXdFFNGATzixfwgQBXPrXA=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2ARapGyK4Iei148VrAPaLclm822odlkSbJKWXvwr3jxoIhX/4Y3/43ZtgdtHQgZZr6PTMaPGVXacb6t3NLyyupafr2wsbm1vWPv7jWUSCQmdSyYkC0fKcIoJ3VNNSOtWBIU+Yw0/eF15jfviVRU8Ds9iokXoT6nIcVIG6lnH3R8wQI1isyVlh665VPULZ+Me3bRqTgTwEXizkgRzFDr2V+dQOAkIlxjhpRqu06svRRJTTEj40InUSRGeIj6pG0oRxFRXjrJP4bHRglgKKQ5XMOJ+nsjRZHKIprJCOmBmvcy8T+vnejw0kspjxNNOJ4+FCYMagGzMmBAJcGajQxBWFKTFeIBkghrU1nBlODOf3mRNM4qrlNxb8+L1atZHXlwCI5ACbjgAlTBDaiBOsDgETyDV/BmPVkv1rv1MR3NWbOdffAH1ucPFB6Vdw==</latexit><latexit sha1_base64="tnZZtZXdFFNGATzixfwgQBXPrXA=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2ARapGyK4Iei148VrAPaLclm822odlkSbJKWXvwr3jxoIhX/4Y3/43ZtgdtHQgZZr6PTMaPGVXacb6t3NLyyupafr2wsbm1vWPv7jWUSCQmdSyYkC0fKcIoJ3VNNSOtWBIU+Yw0/eF15jfviVRU8Ds9iokXoT6nIcVIG6lnH3R8wQI1isyVlh665VPULZ+Me3bRqTgTwEXizkgRzFDr2V+dQOAkIlxjhpRqu06svRRJTTEj40InUSRGeIj6pG0oRxFRXjrJP4bHRglgKKQ5XMOJ+nsjRZHKIprJCOmBmvcy8T+vnejw0kspjxNNOJ4+FCYMagGzMmBAJcGajQxBWFKTFeIBkghrU1nBlODOf3mRNM4qrlNxb8+L1atZHXlwCI5ACbjgAlTBDaiBOsDgETyDV/BmPVkv1rv1MR3NWbOdffAH1ucPFB6Vdw==</latexit><latexit sha1_base64="tnZZtZXdFFNGATzixfwgQBXPrXA=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2ARapGyK4Iei148VrAPaLclm822odlkSbJKWXvwr3jxoIhX/4Y3/43ZtgdtHQgZZr6PTMaPGVXacb6t3NLyyupafr2wsbm1vWPv7jWUSCQmdSyYkC0fKcIoJ3VNNSOtWBIU+Yw0/eF15jfviVRU8Ds9iokXoT6nIcVIG6lnH3R8wQI1isyVlh665VPULZ+Me3bRqTgTwEXizkgRzFDr2V+dQOAkIlxjhpRqu06svRRJTTEj40InUSRGeIj6pG0oRxFRXjrJP4bHRglgKKQ5XMOJ+nsjRZHKIprJCOmBmvcy8T+vnejw0kspjxNNOJ4+FCYMagGzMmBAJcGajQxBWFKTFeIBkghrU1nBlODOf3mRNM4qrlNxb8+L1atZHXlwCI5ACbjgAlTBDaiBOsDgETyDV/BmPVkv1rv1MR3NWbOdffAH1ucPFB6Vdw==</latexit>

(w̄, ā)
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Figure 2: The left panel shows random initializa-
tion on feedforward CNN can be trapped in the
spurious local optimum with probability at least
1/4 (Du et al., 2017). The right panel demonstrates:
1). Under the shortcut prior, our initialization of
(w, a) avoids starting near the spurious local opti-
mum; 2). Convergence of GD exhibits two stages
(I. improvement of a and avoid being attracted by
(w̄, ā) II. joint convergence).

We initialize our algorithm at (w0, a0) satisfy-120

ing: w0 = 0 and a0 ∈ B0(|1>a∗|/
√
k). We set121

a0 with a magnitude of O(1/
√
k) to match com-122

mon initialization techniques (Glorot and Ben-123

gio, 2010; LeCun et al., 2012; He et al., 2015).124

We highlight that our algorithm starts with an125

arbitrary initialization on a, which is different126

from random initialization. The step sizes ηa127

and ηw will be specified later in our analysis.128

3 Convergence Analysis129

We characterize the algorithmic behavior of the130

gradient descent algorithm. Our analysis shows131

that under Assumption 1, the convergence of132

GD exhibits two stages. In the first stage, the133

algorithm avoids being trapped by the spurious134

local optimum. Given the algorithm is suffi-135

ciently away from the spurious local optima, the136

algorithm enters the basin of attraction of the global optimum and finally converge to it.137

To present our main result, we begin with some notations. Denote
φt = ∠(1/

√
p+ wt,1/

√
p+ w∗)

as the angle between 1/
√
p+ wt and the ground truth at the t-th iteration. Throughout the rest of138

the paper, we assume ‖a∗‖2 is a constant. The notation Õ(·) hides poly(‖a∗‖2), poly( 1
‖a∗‖2 ), and139

polylog(‖a∗‖2) factors. Then we state the convergence of GD in the following theorem.140

Theorem 2 (Main Results). Let the GD algorithm defined in Section 2 be initialized with w0 =141

0 and arbitrary a0 ∈ B0(|1>a∗|/
√
k). Then the algorithm converges in two stages:142

Stage I: Avoid the spurious local optimum (Theorem 4): We choose ηa = O(1/k2) and ηw =143

Õ(1/k4). Then there exists T1 = Õ(1/ηa), such that m ≤ a>T1
a∗ ≤ M and φT1 ≤ 5

12π hold for144

some constants M > m > 0.145

Stage II: Converge to the global optimum (Theorem 13): After T1 iterations, we restart the counter,146

and choose η = ηa = ηw = Õ(1/k2). Then for any δ > 0, any t ≥ T2 = Õ( 1
η log 1

δ ), we have147

‖wt − w∗‖22 ≤ δ and ‖at − a∗‖22 ≤ 5δ.148

Note that the set {(wt, at) | a>t a∗ ∈ [m,M ], φt ≤ 5π/12} belongs to be the basin of attraction149

around the global optimum (Lemma 11), where certain regularity condition (partial dissipativity)150

guides the algorithm toward the global optimum. Hence, after the algorithm enters the second stage,151

we increase the step size ηw of w for a faster convergence. Figure 2 demonstrates the initialization of152

(w, a), and the convergence of GD both on CNN in Du et al. (2017) and our ResNet model.153

We start our convergence analysis with the definition of partial dissipativity for L.154

Definition 3 (Partial Dissipativity). Given any δ ≥ 0 and a constant c ≥ 0, ∇wL is (c, δ)-partially155

dissipative with respect to w∗ in a set Kδ , if for every (w, a) ∈ Kδ, we have156

〈−∇wL(w, a), w∗ − w〉 ≥ c‖w − w∗‖22 − δ;
∇aL is (c, δ)-partially dissipative with respect to a∗ in a set Aδ , if for every (w, a) ∈ Aδ, we have157

〈−∇aL(w, a), a∗ − a〉 ≥ c‖a− a∗‖22 − δ.
Moreover, If Kδ ∩ Aδ 6= ∅,∇L is (c, 2δ)-jointly dissipative with respect to (w∗, a∗) in Kδ ∩ Aδ, i.e.,158

for every (w, a) ∈ Kδ ∩ Aδ, we have159

〈−∇wL(w, a), w∗ − w〉+ 〈−∇aL(w, a), a∗ − a〉 ≥ c(‖w − w∗‖22 + ‖a− a∗‖22)− 2δ.
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The concept of dissipativity is originally used in dynamical systems (Barrera and Jara, 2015), and160

is defined for general operators. It suffices to instantiate the concept to gradients here for our161

convergence analysis. The variational coherence studied in Zhou et al. (2017) and one point convexity162

studied in Li and Yuan (2017) can be viewed as special examples of partial dissipativity.163

3.1 Stage I: Avoid the Spurious Local Optimum164

We first show with properly chosen step sizes, GD algorithm can avoid being trapped by the spurious165

local optimum. We propose to update w, a using different step sizes. We formalize our result in the166

following theorem.167

Theorem 4. Initialize with arbitrary a0 ∈ B0(|1>a∗|/
√
k) and w0 = 0. We choose step sizes

ηa =
π

20(k + π − 1)2
= O

(
1/k2

)
, and ηw = C‖a∗‖22η2a = Õ(η2a)

for some constant C > 0. Then, we have168

φt ≤ 5π/12 and 0 ≤ m ≤ a>t a∗ ≤M, (8)
for all t ∈ [T1, T ], where

T1 = Õ(1/ηa), T = O(1/η2a), m = ‖a∗‖22/5, and M = 3‖a∗‖22 + 2
(
1>a∗

)2
.

Proof Sketch. Due to the space limit, we only provide a proof sketch here. The detailed proof is169

deferred to Appendix B.2. We prove the two arguments in (8) in order. Before that, we first show our170

initialization scheme guarantees an important bound on a, as stated in the following lemma.171

Lemma 5. Given w0 = 0 and a0 ∈ B0(|1>a∗|/
√
k), we choose ηa ≤ 2π

k+π−1 . Then for any t > 0,172

−3
(
1>a∗

)2 ≤ 1>a∗1>at −
(
1>a∗

)2 ≤ 0. (9)

Under the shortcut prior assumption 1 that w0 is close to w∗, the update of w should be more173

conservative to provide enough accuracy for a to make progress. Based on Lemma 5, the next lemma174

shows that when ηw is small enough, φt stays acute (φt < π
2 ), i.e., w is sufficiently away from175

w̄ = −(1/
√
p)− v∗ .176

Lemma 6. Given w0 = 0 and a0 ∈ B0(|1>a∗|/
√
k), we choose ηa < 2π

k+π−1 and ηw =177

C‖a∗‖22η2a = Õ(η2a) for some absolute constant C > 0. Then for all t ≤ T = O(1/η2a),178

φt ≤ 5π/12. (10)

We want to remark that (9) and (10) are two of the key conditions that define the partially dissipative179

region of∇wL , as shown in the following lemma.180

Lemma 7. For any (w, a) ∈ A,∇aL satisfies181

〈−∇aL(w, a), a∗ − a〉 ≥ (1/10π)‖a− a∗‖22, (11)

where A =
{

(w, a)
∣∣a>a∗ ≤ 1

20‖a∗‖22 or ‖a − a∗/2‖22 ≥ ‖a∗‖22, ‖w + 1/
√
p‖2 = 1, φ ≤182

5
12π, − 3(1>a∗)2 ≤ 1>a∗1>a− (1>a∗)2 ≤ 0

}
.183

Please refer to Appendix B.2.3 for a detailed proof. Note that with arbitrary initialization of a,184

a>a∗ ≤ 1
20‖a∗‖22 or ‖a − a∗/2‖22 ≥ ‖a∗‖22 possibly holds at a0. In this case, (w0, a0) falls in A,185

and (11) ensures the improvement of a.186

Lemma 8. Given (w0, a0) ∈ A, we choose ηa < π
20(k+π−1)2 . Then there exists τ11 = O(1/ηa),187

such that 1
20‖a∗‖22 ≤ a>τ11a∗ ≤ 2‖a∗‖22.188

One can easily verify that a>a∗ ≤ 2‖a∗‖22 holds for any a ∈ B0(|1>a∗|/
√
k). Together with Lemma189

8, we claim that even with arbitrary initialization, the iterates can always enter the region with a>a∗190

positive and bounded in polynomial time. The next lemma shows that with proper chosen step sizes,191

a>a∗ stays positive and bounded.192

Lemma 9. Suppose 1
20‖a∗‖22 ≤ a>0 a

∗ ≤ 2‖a∗‖22, φt ≤ 5
12π, and −3

(
1>a∗

)2 ≤ 1>a∗1>at −(
1>a∗

)2 ≤ 0 holds for all t. Choose ηa < 2π
π−1 , then we have for all t ≥ τ12 = Õ(1/ηa),

‖a∗‖22/5 ≤ a>t a∗ ≤ 3‖a∗‖22 + 2
(
1>a∗

)2
.
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Take T1 = τ11 + τ12, and we complete the proof.193

In Theorem 4, we choose a conservative ηw. This brings two benefits to the training process: 1). w194

stays away from w̄. The update on w is quite limited, since ηw is small. Hence, w is kept sufficiently195

away from w̄, even if w moves towards w̄ in every iteration); 2). a continuously updates toward a∗.196

Theorem 4 ensures that under the shortcut prior, GD with adaptive step sizes can successfully197

overcome the optimization challenge early in training, i.e., the iterate is sufficiently away from the198

spurious local optima at the end of Stage I. Meanwhile, (8) actually demonstrates that the algorithm199

enters the basin of attraction of the global optimum, and we next show the convergence of GD.200

3.2 Stage II: Converge to the Global Optimum201

Recall that in the previous stage, we use a conservative step size ηw to avoid being trapped by the202

spurious local optimum. However, the small step size ηw slows down the convergence of w in203

the basin of attraction of the global optimum. Now we choose larger step sizes to accelerate the204

convergence. The following theorem shows that, after Stage I, we can use a larger ηw, while the205

results in Theorem 4 still hold, i.e., the iterate stays in the basin of attraction of (w∗, a∗).206

Theorem 10. We restart the counter of time. Suppose m ≤ a>0 a∗ ≤M, and φ0 ≤ 5
12π. We choose

ηw ≤ m
M2 = Õ( 1

k2 ) and ηa < 2π
k+π−1 . Then for all t > 0, we have

φt ≤ 5π/12 and 0 ≤ m ≤ a>t a∗ ≤M.

Proof Sketch. To prove the first argument, we need the partial dissipativity of∇wL.207

Lemma 11. For any m > 0,∇wL satisfies208

〈−∇wL(w, a), w∗ − w〉 ≥ m

8
‖w − w∗‖22,

for any (w, a) ∈ Km, where209

Km =
{

(w, a)
∣∣ a>a∗ ≥ m, (w + 1/

√
p)>v∗ ≥ 0, ‖w + 1/

√
p‖2 = 1

}
.

This condition ensures that when a>a∗ is positive, w always makes positive progress towards w∗, or210

equivalently φt decreasing. We need not worry about φt getting obtuse, and thus a larger step size ηw211

can be adopted. The second argument can be proved following similar lines to Lemma 9. Please see212

Appendix B.3.2 for more details.213

Now we are ready to show the convergence of our GD algorithm. Note that Theorem 10 and Lemma214

11 together show that the iterate stays in the partially dissipative region Kw, which leads to the215

convergence of w. Moreover, as shown in the following lemma, when w is accurate enough, the216

partial gradient with respect to a enjoys partial dissipativity.217

Lemma 12. For any δ > 0,∇aL satisfies218

〈−∇aL (w, a) , a∗ − a〉 ≥ π − 1

2π
‖a− a∗‖22 −

1

5
δ,

for any (w, a) ∈ Am,M,δ , where219

Am,M,δ =
{

(w, a)
∣∣ a>a∗ ∈ [m,M ], ‖w − w∗‖22 ≤ δ, ‖w + 1/

√
p‖2 = 1

}
.

As a direct result, a converges to a∗. The next theorem formalize the above discussion.220

Theorem 13 (Convergence). Suppose 1
5‖a∗‖22 = m ≤ a>t a∗ ≤M = 3‖a∗‖22 + 2

(
1>a∗

)2
hold for

all t > 0. For any δ > 0, choose ηa = ηw = η = min
{

m
2M2 ,

5π2

4(k+π−1)2
}

= Õ( 1
k2 ), then we have

‖wt − w∗‖22 ≤ δ and ‖at − a∗‖22 ≤ 5δ

for any t ≥ T2 = Õ( 1
η log 1

δ ).221

Proof Sketch. The detailed proof is provided in Appendix B.4. Our proof relies on the partial222

dissipativity of∇wL (Lemma 11) and that of∇aL (Lemma 12).223

Note that the partial dissipative region Am,M,δ, depends on the precision of w. Thus, we first show224

the convergence of w.225
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Lemma 14 (Convergence of wt). Suppose 1
5‖a∗‖22 = m ≤ a>t a

∗ ≤ M = 3‖a∗‖22 + 4
(
1>a∗

)2
hold for all t > 0. For any δ > 0, choose η ≤ m

2M2 = Õ( 1
k2 ), then we have

‖wt − w∗‖22 ≤ δ
for any t ≥ τ21 = 4

mη log 4
δ = Õ( 1

η log 1
δ ).226

Lemma 14 implies that after τ21 iterations, the algorithm enters Am,M,δ. Then we show the conver-227

gence property of a in next lemma.228

Lemma 15 (Convergence of at). Suppose m ≤ a>t a∗ ≤M and ‖wt −w∗‖22 ≤ δ holds for all t. We
choose η ≤ 5π2

4(k+π−1)2 = O( 1
k2 ). Then for all t ≥ τ22 = 4

η log
‖a0−a∗‖22

δ = Õ( 1
η log 1

δ ), we have

‖at − a∗‖22 ≤ 5δ.

Combine the above two lemmas together, take T2 = τ21 + τ22, and we complete the proof.229

Theorem 13 shows that with larger ηw than in Stage I, GD converges to the global optimum in230

polynomial time. Compared to the convergence with constant probability for CNN (Du et al., 2017),231

Assumption 1 assures convergence even under arbitrary initialization of a. This partially justifies the232

importance of shortcut in ResNet.233

4 Numerical Experiment234

We present numerical experiments to illustrate the convergence of the GD algorithm. We first235

demonstrate that with the shortcut prior, our choice of step sizes and the initialization guarantee236

the convergence of GD. We consider the training of a two-layer non-overlapping convolutional237

ResNet by solving (6). Specifically, we set p = 8 and k ∈ {16, 25, 36, 49, 64, 81, 100}. The teacher238

network is set with parameters a∗ satisfying 1>a∗ = 1
4‖a∗‖22, and v∗ satisfying v∗1 = cos(7π/10),239

v∗2 = sin(7π/10), and v∗j = 0 for j = 3, . . . , p.2 More detailed experimental setting is provided240

in Appendix C. We initialize with w0 = 0 and a0 uniformly distributed over B0(|1>a∗|/
√
k). We241

adopt the following learning rate scheme with Step Size Warmup (SSW) suggested in Section242

3: We first choose step sizes ηa = 1/k2 and ηw = η2a, and run for 1000 iterations. Then, we243

choose ηa = ηw = 1/k2. We also consider learning the same teacher network using step sizes244

ηw = ηa = 1/k2 throughout, i.e., without step size warmup.245

We further demonstrate learning the aforementioned teacher network using a student network of246

the same architecture. Specifically, we keep a∗, v∗ unchanged. We use the GD in Du et al. (2017)247

with step size η = 0.1, and initialize v0 uniformly distributed over the unit sphere and a uniformly248

distributed over B0(|1>a∗|/
√
k).249

For each combination of k and a∗, we repeat 5000 simulations for aforementioned three settings,250

and report the success rate of converging to the global optimum in Table 1. As can be seen, our GD251

on ResNet is capable of avoiding the spurious local optimum, and converges to the global optimum252

in all 5000 simulations. However, GD without SSW can be trapped in the spurious local optimum.253

The failure probability diminishes as the dimension increase. Learning the teacher network using a254

two-layer CNN student network (Du et al., 2017) can also be trapped in the spurious local optimum.
Table 1: Success rates of converging to the global optimum for GD training ResNet with and without
SSW and CNN with varying k and and p = 8.

k 16 25 36 49 64 81 100
ResNet w/ SSW 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
ResNet w/o SSW 0.7042 0.7354 0.7776 0.7848 0.8220 0.8388 0.8426
CNN 0.5348 0.5528 0.5312 0.5426 0.5192 0.5368 0.5374

255

We then demonstrate the algorithmic behavior of our GD. We set k = 25 for the teacher network,256

and other parameters the same as in the previous experiment. We initialize w0 = 0 and a0 ∈257

B0(|1>a∗|/
√
k). We start with ηa = 1/k2 and ηw = η2a. After 1000 iterations, we set the step258

sizes ηa = ηw = 1/k2. The algorithm is terminated when ‖at − a∗‖22 + ‖wt − w∗‖22 ≤ 10−6.259

We also demonstrate the GD algorithm without SSW at the same initialization. The step sizes are260

ηa = ηw = 1/k2 throughout the training.261

2v∗ essentially satisfies ∠(v∗,1/√p) = 0.45π.
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Stage II starts

Step size warmup
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Figure 3: Algorithmic behavior of GD on ResNet. The
horizontal axis corresponds to the number of iterations.

One solution path of GD with SSW is262

shown in the first column of Figure 3. As263

can be seen, the algorithm has a phase tran-264

sition. In the first stage, we observe that wt265

makes very slow progress due to the small266

step size ηw. While a>t a
∗ gradually in-267

creases. This implies the algorithm avoids268

being attracted by the spurious local opti-269

mum. In the second stage, wt and at both270

continuously evolve towards the global op-271

timum.272

The second row of Figure 3 illustrates273

the trajectory of GD without SSW being274

trapped by the spurious local optimum.275

Specifically, (wt, at) converges to (w̄, ā)276

as we observe that φt converges to π, and277

‖wt − w∗‖22 converges to 4‖v∗‖22.278

5 Discussions279

Deep ResNet. Our two-layer network model is largely simplified compared with deep and wide280

ResNets in practice, where the role of the shortcut connection is more complicated. It is worth281

mentioning that the empirical results in Veit et al. (2016) show that ResNet can be viewed as an282

ensemble of smaller networks, and most of the smaller networks are shallow due to the shortcut283

connection. They also suggest that the training is dominated by the shallow smaller networks. We are284

interested in investigating whether these shallow smaller networks possesses similar benign properties285

to ease the training as our two-layer model.286

Moreover, our student network and the teacher network have the same degree of freedom. We have287

not considered deeper and wider student networks. It is also worth an investigation that what is the288

role of shortcut connections in deeper and wider networks.289

From GD to SGD. A straightforward extension is to investigate the convergence of SGD with290

mini-batch. We remark that when the batch size is large, the effect of the noise on gradient is limited291

and SGD mimics the behavior of GD. When the batch size is small, the noise on gradient plays a292

significant role in training, which is technically more challenging.293

Related Work. Li and Yuan (2017) study ResNet-type two-layer neural networks with the output294

weight known (a = 1), which is equivalent to assuming a>t a
∗ > 0 for all t in our analysis. Thus,295

their analysis does not have Stage I (a>0 a
∗ < 0). Moreover, since they do not need to optimize a,296

they only need to handle the partial dissipativity of∇Lw with δ = 0 (one-point convexity). In our297

analysis, however, we also need to handle the the partial dissipativity of ∇La with δ 6= 0, which298

makes our proof more involved.299

Initialization. Our analysis shows that GD converges to the global optimum, when w is initialized300

at zero. Empirical results in Li et al. (2016) and Zhang et al. (2019) also suggest that deep ResNet301

works well, when the weights are simply initialized at zero or using the Fixup initialization. We are302

interested in building a connection between training a two-layer ResNet and its deep counterpart.303

Step Size Warmup. Our choice of step size ηw is related to the learning rate warmup and layerwise304

learning rate in the existing literature. Specifically, Goyal et al. (2017) presents an effective learning305

rate scheme for training ResNet on ImageNet for less than 1 hour. They start with a small step size,306

gradually increase (linear scale) it, and finally shrink it for convergence. Our analysis suggests that in307

the first stage, we need smaller ηw to avoid being attracted by the spurious local optimum. This is308

essentially consistent with Goyal et al. (2017). Note that we are considering GD (no noise), hence,309

we do not need to shrink the step size in the final stage. While Goyal et al. (2017) need to shrink the310

step size to control the noise in SGD. Similar learning rate schemes are proposed by Smith (2017).311

On the other hand, we incorporate the shortcut prior, and adopt a smaller step size for the inner layer,312

and a larger step size for the outer layer. Such a choice of step size is shown to be helpful in both313

deep learning and transfer learning (Singh et al., 2015; Howard and Ruder, 2018), where it is referred314

to as differential learning rates or discriminative fine-tuning. It is interesting to build a connection315

between our theoretical discoveries and these empirical observations.316
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390

Supplementary Material for Understanding the391

Importance of Shortcut Connections in ResNet392

393

A Preliminaries394

We first provide the explicit forms of the loss function and its gradients with respect to w and a.395

Proposition 16. Let φ = ∠(1/
√
p+ w, v∗).When ‖1/√p + w‖2 = 1, the loss function L (w, a)396

and the gradient w.r.t (w, a), i.e.,∇aL (w, a) and∇wL (w, a) have the following analytic forms.397

L (w, a) =
1

2
[
(π − 1)

2π
‖a∗‖22 +

(π − 1)

2π
‖a‖22 −

1

π
(g (φ)− 1) a>a∗

+
1

2π

(
1>a∗

)2
+

1

2π

(
1>a

)2 − 1

π
1>a∗a>1],

∇aL(a,w) =
1

2π
(11> + (π − 1))a− 1

2π
(11> + (g(φ)− 1))a∗,

∇wL (w, a) = −a
>a∗ (π − φ)

2π

(
I − (1/

√
p+ w)(1/

√
p+ w)>

)
v∗,

where g(φ) = (π − φ) cos(φ) + sin(φ).398

This proposition is a simple extension of Theorem 3.1 in Du et al. (2017). Here, we omit the proof.399

For notational simplicity, we denote vt = 1/
√
p+ wt in the future proof.400

B Proof of Theoretical Results401

B.1 Proof of Proposition B.1402

Proof. Recall that Du et al. (2017) proves that (v̄, ā) = (−v∗, (11> + (π− 1)I)−1(11> − I)a∗) is403

the spurious local optimum of the CNN counterpart to our ResNet. Substitute v̄ by 1/
√
p+w

‖1/√p+w‖2 and404

we prove the result.405

B.2 Proof of Theorem 4406

B.2.1 Proof of Lemma 5407

Proof. By simple manipulication, we know that the initialization of a satisfies −2
(
1>a∗

)2 ≤408

1>a∗1>a0 −
(
1>a∗

)2 ≤ 0. We first prove the right side of the inequality. Expand at as at−1 −409

ηa∇aL(wt−1, at−1), and we have410

1>a∗1>at =

(
1− ηa (k + π − 1)

2π

)
1>a∗1>at−1 +

ηa (k + g (φt−1)− 1)

2π

(
1>a∗

)2
≤
(

1− ηa (k + π − 1)

2π

)
1>a∗1>at−1 +

ηa (k + π − 1)

2π

(
1>a∗

)2
.

Subtract
(
1>a∗

)2
from both sides, then we get411

1>a∗1>at −
(
1>a∗

)2 ≤ (1− ηa (k + π − 1)

2π

)
(1>a∗1>at−1 −

(
1>a∗

)2
)

≤
(

1− ηa (k + π − 1)

2π

)t
(1>a∗1>a0 −

(
1>a∗

)2
) ≤ 0,

for any t ≥ 1. The right side inequality is proved.412
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The proof of the left side follows similar lines. Since g(φ) ≥ 0, we have413

1>a∗1>at =

(
1− ηa (k + π − 1)

2π

)
1>a∗1>at−1 +

ηa (k + g (φt−1)− 1)

2π

(
1>a∗

)2
≥
(

1− ηa (k + π − 1)

2π

)
1>a∗1>at−1 + ηa

k − 1

2π

(
1>a∗

)2
,

which is equivalent to the following inequality.414

1>a∗1>at −
(
1>a∗

)2 ≥ (1− ηa (k + π − 1)

2π

)
(1>a∗1>at−1 −

(
1>a∗

)2
)− ηa

2

(
1>a∗

)2
.

≥
(

1− ηa (k + π − 1)

2π

)t
(1>a∗1>a0 −

(
1>a∗

)2
)− 1

1−
(

1− ηa(k+π−1)
2π

) ηa
2

(
1>a∗

)2
≥
(

1− ηa (k + π − 1)

2π

)t
(1>a∗1>a0 −

(
1>a∗

)2
)− π

k + π − 1

(
1>a∗

)2
≥
(

1− ηa (k + π − 1)

2π

)t
(−2

(
1>a∗

)2
)− π

k + π − 1

(
1>a∗

)2
≥ −3

(
1>a∗

)2
.

Then we prove the lemma.415

B.2.2 Proof of Lemma 6416

Proof. For each iteration, the distance of wt moving towards w̄ is upper bounded by the product of417

the step size ηw and the norm of the gradient ∇wL (w, a) . We first bound the norm of the gradient.418

From the analytic form of∇wL (w, a) , we need to bound a>a∗. We first have the following lower419

bound.420

at+1a
∗ =

(
1− ηa (π − 1)

2π

)
a>t a

∗ +
ηa (g (φt)− 1)

2π
‖a∗‖22 +

ηa
2π

((
1>a∗

)2 − 1>a∗1>at)
≥
(

1− ηa (π − 1)

2π

)
a>t a

∗ − ηa
2

π
‖a∗‖22,

which is equivalent to421

at+1a
∗ +

4

π − 1
‖a∗‖22 ≥

(
1− ηa (π − 1)

2π

)
(a>t a

∗ +
4

π − 1
‖a∗‖22)

≥
(

1− ηa (π − 1)

2π

)t+1

(a>0 a
∗ +

4

π − 1
‖a∗‖22).

Since a>0 a
∗ ≥ −‖a∗‖22, we have a>0 a

∗ + 4
π−1‖a∗‖22 ≥ 0. Thus, when ηa < 2π

π−1 ,

at+1a
∗ ≥ − 4

π − 1
‖a∗‖22 ≥ −2‖a∗‖22.

When at+1a
∗ < 2‖a∗‖22, the following inequality holds true.422

‖∇wL (wt, at) ‖22 =

(
a>t a

∗)2 (π − φt)2
4π2

v∗>
(
I − vtv>t

)
v∗

≤ ‖a∗‖42(I − v>t v∗)(I + v>t v
∗) ≤ ‖a∗‖42‖vt − v∗‖22.

We next prove that when ηw is small enough, φt < π/2 holds for all t ≤ T = O(1/η2a). We first423

have the following inequality.424

1 ≤ ‖ṽt+1‖2 =
√
‖vt‖22 + ‖ηw∇wL (wt, at) ‖22 ≤ 1 + ‖ηw∇wL (wt, at) ‖2.

Under Assumption 1, we know that φ0 < π/3. Then we can bound the norm of the difference425

between iterates wt+1 and w∗ as follows.426

‖vt+1 − v∗‖2 = ‖ṽt+1/‖ṽt+1‖2 − v∗‖2 ≤
1

‖ṽt+1‖2
‖ṽt+1 − v∗‖2 + 1− 1

‖ṽt+1‖2
≤ ‖ṽt+1 − v∗‖2 + 1− 1

1 + ‖ηw∇wL (wt, at) ‖2
.
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Plug in the upper bound of the norm of ∇wL (wt, at) , and we obtain427

‖vt+1 − v∗‖2 ≤ ‖ṽt+1 − v∗‖2 + 1− 1

1 + ηw‖a∗‖22‖vt − v∗‖2

= ‖vt − v∗ − ηw∇wL(at, wt)‖22 +
ηw‖a∗‖22‖vt − v∗‖2

1 + ηw‖a∗‖22‖vt − v∗‖2
≤ ‖vt − v∗‖2 + ηw‖∇wL(at, wt)‖2 + ηw‖a∗‖22‖vt − v∗‖2
≤ ‖vt − v∗‖2 + ηw‖a∗‖22‖vt − v∗‖2 + ηw‖a∗‖22‖vt − v∗‖2
= (1 + 2ηw‖a∗‖22)‖vt − v∗‖2 ≤ (1 + 2ηw‖a∗‖22)t‖v0 − v∗‖2
≤ exp(2tηw‖a∗‖22)‖v0 − v∗‖2

≤ exp(2tηw‖a∗‖22) ≤ 2− 2 cos

(
5

12
π

)
,

for all t ≤ T = O(1/η2a), when ηw = C1‖a∗‖22η2a = Õ(η2a) for some constant C1 > 0. Thus428

φt ≤ 5
12π for all t ≤ T = O(1/η2a).429

B.2.3 Proof of Lemma 7430

Proof. For any C3 ∈ (0, 1), if we have a>a∗ ≤ C3‖a∗‖22, the norm of the difference between a and
a∗ satisfies the following inequality.

‖a− a∗‖22 ≥ (1− 2C3) ‖a∗‖22.
Let C2 = g( 5

12π) − 1 = 0.4402. SInce φ ≤ 5
12π, and g is strictly decreasing, we know that431

g(φ) ≥ C2. Using the above two inequalities, we can lower bound the inner product between the432

negative gradient and the difference between a and a∗ as follows.433

〈−∇aL (w + ξ, a+ ε) , a∗ − a〉 =
1

2π

(
1>a− 1>a∗

)2
+

1

2π
((π − 1) a− (g (φ)− 1) a∗)> (a− a∗)

=
1

2π

(
1>a− 1>a∗

)2
+

1

2π
(π − g (φ)) a> (a− a∗) +

g (φ)− 1

2π
‖a− a∗‖2

≥ − 1

2π
(π − g (φ)) a>a∗ +

g (φ)− 1

2π
‖a− a∗‖22

≥ − 1

2π
(π − g (φ)) a>a∗ +

g (φ)− 1

4π
‖a− a∗‖22 +

g (φ)− 1

4π
‖a− a∗‖22

≥ −C3

2
‖a∗‖22 +

C2

4π
(1− 2C3) ‖a∗‖22 +

C2

4π
‖a− a∗‖22

≥ C2

4π
‖a− a∗‖22 ≥

1

10π
‖a− a∗‖22,

when C3 ≤ C2

2(C2+π)
. Take C3 = 1

20 , and we prove the result.434

B.2.4 Proof of Lemma 8435

Proof. We prove the result by contradiction. Specifically, we show that if at ∈ A always holds,436

there always exist some time τ such that aτ /∈ A, which is a contradiction. Formally, suppose437

∀τ ≤ t, aτ ∈ A, then we have438

‖at+1 − a∗‖22 = ‖at − a∗‖22 − 2〈−ηaEξ,ε∇aL (wt, at) , a
∗ − at〉 (12)

+ ‖ηa∇aL (wt, at) ‖22. (13)
The second term is lower bounded according to the partial dissipativity of∇aL. Thus, we only need439

to bound the norm of the gradient.440

‖∇aL (wt, at) ‖22 = ‖∇aL (wt, at)−∇aL (w∗, a∗) ‖22
= ‖ 1

2π

(
11> + (π − 1) I

)
(at − a∗)−

g (φ)− π
2π

a∗‖22

≤ 1

2π2
‖
(
11> + (π − 1) I

)
(at − a∗) ‖22 +

1

2
‖a∗‖22

≤ (k + π − 1)
2

π2

(
‖at − a∗‖22

)
+

1

2
‖a∗‖22.
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Plug the above bound into (12), then we have441

‖at+1 − a∗‖22 ≤
(

1− π

5
ηa + η2a

(k + π − 1)
2

π2

)
‖at − a∗‖22 +

η2a
2
‖a∗‖22

≤ (1− λ1) ‖at − a∗‖22 + b1

≤ (1− λ1)t+1‖a0 − a∗‖22 +
b1
λ1
,

where λ1 = π
5 ηa − η2a

(k+π−1)2
π2 and b1 =

η2a
2 ‖a∗‖22. When ηa < π

20(k+π−1)2 , we have b1
λ1
≤ ‖a

∗‖22
6 .442

Thus, after τ11 = O( 1
ηa

) iterations, we have443

‖aτ11 − a∗‖22 <
‖a∗‖22

4
.

On the other hand, aτ11 ∈ A implies that ‖aτ11−a∗‖22 ≥ 1
4‖a∗‖22. Thus, after τ11 = O( 1

ηa
) iterations,

we have
1

20
‖a∗‖22 ≤ a>t a∗ and ‖at − a∗/2‖22 ≤ ‖a∗‖22.

Moreover, ‖at − a∗/2‖22 ≤ ‖a∗‖22 implies a>t a
∗ ≤ 2‖a∗‖22, and we prove the lemma.444

B.2.5 Proof of Lemma 9445

Proof. We first prove the left side. Write at+1 = at − ηa∇aL(w, a) and we have446

a>t+1a
∗ =

(
1− ηa (π − 1)

2π

)
a>t a

∗ +
ηa (g (φt)− 1)

2π
‖a∗‖22 +

ηa
2π

((
1>a∗

)2 − 1>a∗1>at)
≥
(

1− ηa (π − 1)

2π

)
a>t a

∗ + ηa
C2

2π
‖a∗‖22.

The last inequality holds since g(φ) ≥ 1 and
(
1>a∗

)2 − 1>a∗1>at ≥ 0. Subtract C2

π−1‖a∗‖22 from447

both sides and we have the following inequality448

a>t+1a
∗ − C2

π − 1
‖a∗‖22 ≥

(
1− ηa (π − 1)

2π

)(
a>t a

∗ − C2

π − 1
‖a∗‖22

)
≥
(

1− ηa (π − 1)

2π

)t(
a>0 a

∗ − C2

π − 1
‖a∗‖22

)
.

Thus, when t ≥ τ12 = Õ(1/ηa) > 0, we have a>t a
∗ ≥ 1

5‖a∗‖22.449

For the right side, follows similar lines to the left side, we have450

a>t+1a
∗ =

(
1− ηa (π − 1)

2π

)
a>t a

∗ +
ηa (g (φt)− 1)

2π
‖a∗‖22 +

ηa
2π

((
1>a∗

)2 − 1>a∗1>at)
≤
(

1− ηa (π − 1)

2π

)
a>t a

∗ + ηa
π − 1

2π
‖a∗‖22 + ηa

3

2π
(1>a∗)2

≤
(

1− ηa (π − 1)

2π

)t+1

a>0 a
∗ + ‖a∗‖22 +

3

π − 1
(1>a∗)2.

Note that a>0 a
∗ ≤ 2‖a∗‖22. Thus, for all t, a>t+1a

∗ ≤ 3‖a∗‖22 + 2(1>a∗)2.451

B.3 proof of Theorem 10452

B.3.1 Proof of Lemma 11453

Proof. Note that ‖vt‖2 = ‖v∗‖2 = 1, according to Proposition 16, the gradient with respect to w454

can be rewritten as455

∇wL (wt, at) = −a
>
t a
∗
t (π − φt)

2π

(
I − vtv>t

)
v∗.

14



Then we have the following inequality.456

〈−∇wL(wt, at), w
∗ − wt〉 = 〈−∇wL(wt, at), v

∗ − vt〉

=
a>t a

∗
t (π − φt)

2π

(
1− (v>t v

∗)2
)

≥ m

4
(1− v>t v∗)

=
m

8
‖w − w∗‖22.

457

B.3.2 proof of Theorem 10458

Proof. First, we bound the norm of the gradient as follows459

‖∇wL (w, a) ‖22 =

(
a>a∗

)2
(π − φ)

2

4π2
v∗>

(
I − vv>

)
v∗ ≤ M2

4
(I − v>v∗)(I + v>v∗) ≤ M2

4
‖v − v∗‖22.

Next we show that ‖vt+1 − v∗‖22 ≤ ‖ṽt+1 − v∗‖22. We first have the following two inequalities.460

‖ṽt+1‖22 = ‖vt‖22 + ‖ηw∇wL (wt, at) ‖22 ≥ 1.
461

ṽ>t+1v
∗ = v>t v

∗ + ηw〈−∇wL(wt + ξ, at + ε), v∗ − vt〉 ≥ v>t v∗ > 0.

Thus, 0 < v>t+1v
∗ ≤ 1. We then have462

‖ṽt+1 − v∗‖22 = 1 + ‖ṽt+1‖22 − 2‖ṽt+1‖2v>t+1v
∗

≥ 1 + 1− 2w>t+1w
∗ = ‖vt+1 − v∗‖22.

Then the distance between w̃t+1 and w∗ is as follows.463

‖vt+1 − v∗‖22 ≤ ‖ṽt+1 − v∗‖22 = ‖wt − ηw∇wL(at, wt)− w∗‖22
= ‖vt − v∗‖22 + ‖ηw∇wL(at, wt)‖22 − 2〈−∇wL(wt + ξ, at + ε), v∗ − vt〉

≤ (1− ηw
m

4
+ η2w

M2

4
)‖vt − v∗‖22 ≤ ‖vt − v∗‖22,

when ηw ≤ m
M2 . Thus, φt ≤ φ0 ≤ 5

12π. We prove the first part.464

We then prove the second part. Using the same expansion as in Lemma 9, we get465

a>t+1a
∗ =

(
1− ηa (π − 1)

2π

)
a>t a

∗ +
ηa (g (φt)− 1)

2π
‖a∗‖22 +

ηa
2π

((
1>a∗

)2 − 1>a∗1>at)
≥
(

1− ηa (π − 1)

2π

)
a>t a

∗ + ηa
C2

2π
‖a∗‖22.

Choose ηa < 2π
π−1 , such that 1− ηa(π−1)

2π < 1. If m ≤ a>t a∗ ≤ C2

π−1‖a∗‖22, the following inequality466

shows that a>t a
∗ increases over time.467

a>t+1a
∗ ≥

(
1− ηa (π − 1)

2π

)
a>t a

∗ + ηa
C2

2π
‖a∗‖22 ≥ a>t a∗ ≥ m.

If a>t a
∗ ≥ C2

π−1‖a∗‖22, we show that this inequality holds for all t.468

a>t+1a
∗ ≥

(
1− ηa (π − 1)

2π

)
a>t a

∗ + ηa
C2

2π
‖a∗‖22,

≥
(

1− ηa (π − 1)

2π

)
C2

π − 1
‖a∗‖22 + ηa

C2

2π
‖a∗‖22 =

C2

π − 1
‖a∗‖22

Combine these two cases together, we have a>t+1a
∗ ≥ min{m, C2

π−1‖a∗‖22} = m. The other side469

follows similar lines in Lemma 9. Here, we omit the proof.470
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B.4 Proof of Theorem 13471

B.4.1 Proof of Lemma 12472

Proof. Note that
‖wt − w∗‖22 ≤ δ ⇐⇒ cos(φt) ≥ 1− δ

2
.

Moreover, we can bound g(φt) as follows473

π ≥ g(φt) = (π − φt) cosφt + sinφt ≥
(

1− δ

2

)
π = π − δ

2
π.

Thus we have the partial dissipativity of∇aL.474

〈−∇aL (w, a) , a∗ − a〉 =
1

2π

(
1>a− 1>a∗

)2
+

1

2π
((π − 1) a− (g (φ)− 1) a∗)> (a− a∗)

=
1

2π

(
1>a− 1>a∗

)2
+

1

2π
(π − g (φ)) a∗> (a− a∗) +

π − 1

2π
‖a− a∗‖22

≥ π − 1

2π
‖a− a∗‖22 − δ/5.

475

B.4.2 Proof of Lemma 14476

Proof. First, we bound the norm of the gradient as follows477

‖∇wL (w, a) ‖22 =

(
a>a∗

)2
(π − φ)

2

4π2
v∗>

(
I − vv>

)
v∗ ≤ M2

4
(I − v>v∗)(I + v>v∗) ≤ M2

4
‖v − v∗‖22

We next show that ‖wt+1 − w∗‖22 ≤ ‖w̃t+1 − w∗‖22. We first have the following inequality.478

‖w̃t+1‖22 = ‖wt‖22 + ‖η∇wL (wt, at) ‖22 ≥ 1.

Since we have w>t+1w
∗ ≤ 1, we show that ‖ṽt+1 − v∗‖22 ≤ ‖vt+1 − v∗‖22.479

‖ṽt+1 − v∗‖22 = 1 + ‖w̃t+1‖22 − 2‖w̃t+1‖2w>t+1w
∗

≥ 1 + 1− 2w>t+1w
∗ = ‖vt+1 − v∗‖22.

Then the distance between w̃t+1 and w∗ is as follows.480

‖vt+1 − v∗‖22 ≤ ‖ṽt+1 − v∗‖22 = ‖wt − η∇wL(at, wt)− w∗‖22
= ‖wt − w∗‖22 + ‖η∇wL(at, wt)‖22 − 2〈−∇wL(w + ξ, a+ ε), w∗ − w〉

≤ (1− ηm
4

+ η2
M2

4
)‖vt − v∗‖22.

So we have for any t,481

‖vt − v∗‖22 ≤ (1− ηm
4

+ η2
M2

4
)t‖v0 − v∗‖22.

Thus, choose η ≤ m
2M2 = Õ( 1

k2 ), and after t ≥ τ21 = 4
mη log 4

δ iterations, we have
‖vt − v∗‖22 ≤ δ,

which is equivalent to
‖wt − w∗‖22 ≤ δ.

482

B.4.3 Proof of Lemma 15483

Proof. The proof follows similar lines to that of Lemma 14. By the partial dissipativity of La, we484

have485

‖at+1 − a∗‖22 = ‖at − a∗‖22 − 2〈−ηEξ,ε∇aL (wt, at) , a
∗ − at〉

+ ‖η∇aL (wt, at) ‖22

≤
(

1− ηπ − 1

π
+ η2

(k + π − 1)
2

π2

)
‖at − a∗‖22 + 2η2δ2/25 + 2ηδ/5

≤ (1− λ2) ‖at − a∗‖22 +
4

5
ηδ

≤ (1− λ2)t+1‖a0 − a∗‖22 +
b2
λ2
.

16



where λ2 = η π−1π − η2 (k+π−1)2
π2 and b2 = 4

5ηδ. Take η ≤ 5π2

4(k+π−1)2 , and then λ2 ≥ η
4 . When

t ≥ τ22 = 4
η log

‖a0−a∗‖22
δ = Õ( 1

η log 1
δ ), we have

‖at − a∗‖22 ≤ 5δ.

486

C Experimental Settings487

The output weight a∗ in the teacher network is chosen as in Table 2.

k (a∗)>

16 [1, . . . , 1︸ ︷︷ ︸
9

,−1, . . . ,−1︸ ︷︷ ︸
7

]

25 [1, . . . , 1︸ ︷︷ ︸
14

,−1, . . . ,−1︸ ︷︷ ︸
11

]

36 [1, . . . , 1︸ ︷︷ ︸
19

,−1, . . . ,−1︸ ︷︷ ︸
16

, 0]

49 [1, . . . , 1︸ ︷︷ ︸
26

,−1, . . . ,−1︸ ︷︷ ︸
22

, 0]

64 [1, . . . , 1︸ ︷︷ ︸
34

,−1, . . . ,−1︸ ︷︷ ︸
30

]

81 [1, . . . , 1︸ ︷︷ ︸
43

,−1, . . . ,−1︸ ︷︷ ︸
38

]

100 [1, . . . , 1︸ ︷︷ ︸
52

,−1, . . . ,−1︸ ︷︷ ︸
47

, 0]

Table 2: Output weight a∗.

488

The trajectories in Figure 3 are obtained with a initialized at489

a0 =[−0.1268,−0.1590,−0.1071,−0.1594,−0.4670, 0.1563, 0.1894,−0.2390,−0.0602,

− 0.5047, 0.0325,−0.0886, 0.1514,−0.0883,−0.0243, 0.1198,−0.2805, 0.0024,

− 0.0855, 0.0742,−0.0976,−0.1768, 0.1207, 0.0049, 0.1809].
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