A Useful Results and Definitions

In this section, we present auxiliary results and definitions.

Definition 7 (Proximal operator). Given a convex lower-semicontinuous function ¢ defined on RP,
the proximal operator of 1 is defined as the unique solution of the strongly-convex problem

. 1
Prox,|y] = argmin {2|y —z|? + zb(x)} )
rERP

Lemma 8 (Convergence rate of the sequences (ay)r>0 and (Ay)k>0). Consider the sequence in
(0,1) defined by the recursion

i =(1—oap)ai ; +qa with 0<qg<1,
and define Ay, = Hle(l — a). Then,
e ifq=0and ag =1, then, forallk > 1,

2 2
A

(k+2)2
e ifag = ./q, then forall k > 1,
Ay =(1— Q" and o, = /g
e ifag =1, then forallk > 1,
Ag < min <(1 — \/g)ﬂ (k;-;42)2> and «y > max <\/§, k\f2> .

Proof. We prove the three points, one by one.

First point. Let us prove the first point when ¢ = 0 and oy = 1. The relation Ay, = o is obvious
for all k¥ > 1 and the relation a% < holds for £ = 0. By induction, let us assume that we have

. 2
the relation ag_; <

4
(k+2)?
( = +1)2 and let us show that it propagates for ;. Assume, by contradiction, that

ai > ﬁ, meaning that o, > m. Then,

4k 4 4

2 2 4 _
ak_(l_a’“)ak‘lS(l_a’“)(lwrl)? Stk 1? (k+2)(k+2+1) S22

and we obtain a contradiction. Therefore, a3 < (ZE +2)2 and the induction hypothesis allows us to
conclude for all £ > 1. Then, note [44] that we also have for all £ > 1,

2 2
A’“_H L—a) >H( t+2> ST Dk+2) = hr2?

Second point. The second point is obvious by induction.

Third point. For the third point, we simply assume a9 = 1 such that ag > ,/q. Then, the
relation ay, > /g and therefore A;, < (1 — \/a)k are easy to show by induction. Then, consider the
sequence deﬁned recursively by u? = (1 — uy)ui_, with ug = 1. From the first point, we have that
V2

pz S Uk S k+2
since then we would have A4;, < Hle(l —uy) < ﬁ. First, we note that g = wug; then, assume

that ;1 > ug_1 and also assume by contradiction that ay, > uy. This implies that

We will show that oy, > uy, for all k¥ > 0, which will be sufficient to conclude

up = (1= upuj_y < (1—up)aj_y < (1—ap)aiy <aj,

which contradicts the assumption o, > uy. This allows us to conclude by induction. O
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Lemma 9 (Convergence rate of sequences O, = [[*_, (1 — 0;)). Consider the sequence 0; =

W with 7y in (0, 1]. Then,

e~ <9, < 1. (15)

—1:

Proof. We use the classical inequality log(1 +u) >

k

k
—log(Ox) = Zlog( 1+7) 1+7> Z (1+7) 1+7_ Z jE

when noting that the function g(z) = (1 + z)'*7 — x1+7 is greater than ~y for all z > 1, since
g(1) > 1 > v and g is non-decreasing. Then,

k k
1 1

=1

Then, we immediately obtain (15).

B Details about Complexity Results

B.1 Details about (5)

Consider the complexity (2) with h = F. To achieve the accuracy 2Bo?, it is sufficient to run the
method M for ¢ iterations, such that

C(1 — 1) (F(29) — F*) < Bo*.
It is then easy to see that this inequality is satisfied as soon as ¢, is greater than 2 log(C(F(z¢) —

F*)/Bo?). Since ¢ < Bo? and using the concavity of the logarithm function, it is also sufficient to
choose ty = Llog(C(F(zo) — F*)/e).

Then, we perform K restart stages such that e < . Each stage is initialized with a point x,
satisfying E[F(xy,) — F*] < ej_1, and the goal of each stage is to reduce the error by a factor 1/2.
Given that 1), increases the computational cost, the complexity of the k-th stage is then upper-bounded

by = log(2C) leading to the global complexity

o (ilog (W) . iikbg (20)) with K = [bg2 <2B€U2ﬂ :
k=1

and (5) follows by elementary calculations.

B.2 Obtaining (5) from (6)

Since h is p-strongly convex, we notice that (6) implies the rate

D(h(zp) — h*) N Bo?
utd 27

* H2

E[h(z) = h*] <

by using the strong convexity inequality h(zg) > h* + 5|[z0 — 2
t' = [(2D/u)'/4] iterations, we can show that

. After running the algorithm for

h(zg) — h* n Bo?

2 2
Then, when restarting the procedure s times (using the solution of the previous iteration as initializa-
tion), and denoting by hg; the last iterate, it is easy to show that

h(zo) — h*  Bo? (=1 h(z) — h* )
E[h(zo) — h*] < + = ;5 <=2~ 1 Bo?

E[h(z) — h*] <

28 28

14



Then, calling ¢ = st’, we can use the inequality 27" < 1 — % for u in [0, 1], due to convexity, and

k
Nt 1
Elh(z) — h*] < (h(z0) — h*) (zfl/t ) + Bo? = (h(z) — h*) (1 - 2t> + Bo?,
which gives us (2) with C' =1 and 7 = % It is then easy to obtain (5) by following similar steps as
in Section B.1, by noticing that the restart frequency is of the same order O(1/7).

B.3 Details about (13)

Inner-loop complexity. Since 7, is chosen such that the bias 7y, Bo? is smaller than ¢, the number
of iterations of M to solve the sub-problem is O(7) = O(log(1/q)7), as in the deterministic case,
and the complexity is thus O(7/n).

Outer-loop complexity. Since E[F(z;) — F*] < O((1 — \/q/3)*(F(z¢) — F*))/q according to
Proposition 4, it suffices to choose

oL, (Fleo) —F
w=o (e ()
iterations to guarantee E[F(zx) — F*] < e = O(ek/q) = O((1 — \/q/3)% (F(z0) — F*)/q).

Global complexity. The total complexity to guarantee E[F' () — F*] < € is then

~ F — F* Bo?
=0 \Lf log ( (xO)s ) + KilT
‘ Va(1=4)" (Flao) - F*)
T F(xg) — F* Bo?r

—1

( Og< > TP )

where the last relation uses the fact that e = O(ex /q) = O((1 — \/q/3)" (F(z0) — F*)/q).
B.4 Complexity of accelerated stochastic proximal gradient descent with inexact prox

Assume that hy(xg) — hj, < ex. Then, following similar steps as in (11),
E[F ()] < Elhi(zx)] + El(9x — Vf (ys1)) " (21 = yr1)]
= Elhx(z)] + El(gr — Vf(yr1)) " (@n — up1)]
= Elhy,(2x)] + E[(gr — V(1) " (@ — 20)] + El(gx — V. (yr-1)) T (% — up-a)]

< Bl (o)) + El(gr — VFen)) (@0 — )] + -2

K+ u
< Efhu ()] + 9 i:f(if_l)m (N (T Fffﬂ
< Elhr(ag)] + Elhg(zr) — hE] + %
< E[hy] + 26k + Q(jfm
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And thUS, (5k = 2€]€ + %

C Proofs of Main Results

C.1 Proof of Propositions 1 and 4
Proof. In order to treat both propositions jointly, we introduce the quantity

| xf  for Algorithm 1
Wk =19 z, for Algorithm2 °

and, forall k > 1,
1—apq
v = wy + ———— (W — Tp1), (16)
(07755 ]

with vy = g, as well as g, = O‘l%qq for all kK > 0.
Note that the following relations hold for all £ > 1, keeping in mind that ai =(1- ak)ai_l + qay:

Cloop (k- ap)
L= = 17(1_ K

2 2 2
Qp —q _ Op — g ai_ (1 —ag) O

1—gq Q. — qo oy — ai +(1- Oék)Oéi_l Oéi_l +ay

Nk

Then, based on the previous relations, we have

(k4 p) (1 — o)

Yk = wi + Br(wr — Ti-1) + " () — wi)
ap-1(1 — ag-1)
= SR T PR o — 1— _
wy + 2 T o (wi, — xp-1) + (1 —np) (x — wi)
_ (1 — ag1)
=Wk + o (wr, — zp_1) + (1 — ) (g — wg)
-1

= npvr + (1 — i)k,

which is similar to the relation used in [33] when wy, = x. Then, the proof differs from [33] since
we introduce the surrogate function hy. For all z in RP,

hi(x) > hj + kL lz — z%||* (by strong convexity, see )
K+ K+ .
= 1+ ST o — ST oy — 2P+ G+ e — g wg - ). (D

—Ag(x)
Introduce now the following quantity for the convergence analysis:
Zp1 = " + (1 — agp1)zg1,

and consider z = z;_; in (17) while taking expectations, noting that all random variables indexed by
k-1 are deterministic given Fy_q,

E[F(zx)] <E[hi] +6x  (by Hs)

< E[hy(251)] — E {”” thp

. w} L E[Ak(z0a)] + 6

K+ p
2

12k = will*| + E[Ak(zk-1)] + 0,
(18)

< EIF(a))+ B[Sl — 2] |

where the last inequality is due to (H2).
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Let us now open a parenthesis and derive a few relations that will be useful to find a Lyapunov
function. To use more compact notation, define X, = E[||z* — zx||?], Vi = E[||z* — vx||?] and
Fi, = E[F(zx) — F*], and note that

pog- (1 — ap-r)

E[F(zk-1)] < apa f*+ (1 = ap1 )E[F (zp-1)] — 5

Xi1

Efl|zk-1 — well*) = a1 Vi (19)

Elllzk-1 — vk [1?] < anr (a1 — 1) Xit + @11 Vier

The first relation is due to the convexity of f; the second one can be obtained from the definition
of v in (16) after simple calculations; the last one can be obtained as in the proof of Theorem 3
in [33] (end of page 16).

We may now come back to (18) and we use the relations (19):

K+ p)a? g1 (1 — g
F + %Vk < (11— ap1)Fey — w)@_ﬁ_
K K
5041@-1(0%—1 — Npe1) X1 + 5%-1%-1%-1 + 0k + E[Ag(21-1)]-

It is then easy to see that the terms involving X}, 1 cancel each other since ;1 = a1 — %(1 — Q1)

Lyapunov function. We may finally define the Lyapunov function

S = (1 — ak)Fk + il V. (20)
and we obtain S
T < Skt + O+ ElAk(ze), @1
—

For variant Algorithm 1, we have Ay (zx_1) = 0 since wy, = x}, and we obtain the following relation
by unrolling the recursion:

j
with  A; =TJ(1 - a). (22)
=1

Specialization to ;; > 0. When u > 0, we have ag = ,/q and

So = (1— y@) (Flag) — F*) + VIVT— Dy oo

2(1—4q)
= (1 = Vq)(F(zo) — F*) + et “)@W —4) 2o — 2*|? (23)

L), R
= (1 i) (Flao) ~ F) + POy
<2(1 = Vg)(F(xo) — F7),
by using the strong convexity inequality F'(z¢) > F* + &|zo — 2*||%. Then, noting that E[F (z},) —

F* < 175% and A, = (1 — \/cj)k (Lemma 8), we immediately obtain the first part of (8) from (22).

Specialization to s = 0. When p = 0, we have g = 1 and Sy = ||z — z*|?

to Lemma 8 and (22), for k > 1,

. Then, according

k
Sk K|lzo — 2*|? 0; Ak
E[F —F* < < A E e 24
[ (xk) } — 1 — = 2 k-1 + = Aj,] ) ( )
and we obtain the second part of (8) noting that Ay < ﬁ and that A; 1 > ﬁ Then,

Proposition 1 is proven.
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Proof of Proposition 4. 'When wy, = x, we need to control the quantity A (z_1). Consider any
scalar 6, in (0, 1). Then,

K+
Aw(err) = = Fllaw = 2tl” = (5 + p)err = wn, i — af)
K+
= =" e — @bl = (4 war (@ = v, i — 2)
n-i—
<~ E e — 212 + (54 e |2 — il — 2]

ek("<6 + ,U,)Oéi_l ||(E*

5 — vi||* (Young’s inequality)

1 K+
kS ) Pl — )2 +

0
2

1) o 1y B o

2
( ! ) hi(xr) — hy) + Mﬂx* — | (since O < 1)
O

— vl

leiaknk

_ (ek 1) Chalan) = ) + 5 o P

Then, we take expectations and, noticing that the quadratic term involving ||z* — v||? is smaller than
0rSk /(1 — ) in expectation (from the definition of Sy in (20)), we obtain

1 )
E[A(21)] < <9—1> e + K5k

k 1—oay
and from (21),
(1 - ak) 1
< -— _ — =1 .
Sk < =0y Sk-1 + O + o €k

By unrolling the recursion, we obtain
Sp < Ak S+Z §i—c;+ L) | with A-:ﬁ(l—a-) and @-:ﬁ(l—é)-)

k @k 0 A 9]‘ 7 1 J i)-

i=1 =1

(25)

Specialization to 1 > 0. When p > 0, we have o = ,/q for all £ > 0. Then, we may choose
2
0, = g; then, 1 —,/q < ( — g) and 8—’; < (1 — @)k for all £ > 0. By using the relation (23),

we obtain k ) bit1
5 gz(l_f) <1—¢a><F<mo>—F*>+2; (1_ ) (@"8”3%)
4) (o)

k—j

o)

L_ < 2. Since (1 — \/q)E[F(2x) — F*] < Sk, we obtain the

2

G

<(1-a) 2(—“25)k<F< Z(
a3

<a-va |2 —“f)kw( "

where the second inequality uses :

first part of Proposition (4).

Specialization to » = 0. When p = 0, we have ap = 1 and Sy = 5|z — 2*|*. We may then
choose 6, = W for any ~ in (0, 1], leading to e_(”‘Y) < O < 1forall k > 0 according to

Lemma 9. Besides, according to the proof of Lemma 8 <A < forall k£ > 1.

4
’ (k+2)z *+2)?
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Then, from (25),

Ap- 1/<6H$0_x*||2 A0, < €; 1 )
E[F(zy) — F* § =i+ 21+
[ (k?) ]— @k G)kAjl J J 7( j)

2e' (2 é 2 (j +1)%e
—— | Ellzo = 2* P+ D (G + 1% — &) + ~———2 |,
— (k+1)2 H 0 || j:1(] ) ( J J) o
which yields the second part of Proposition (4). O

C.2  Proof of Proposition 5

Assume that for £ > 2, we have the relation
E[hg1(zr1) — hjq] < epa- (26)
Then, we want to evaluate the quality of the initial point x;_; to minimize hg.
K K
hi(zr1) —hi= hea(zra) + 5”%-1 — g - §||3?1c-1 — Y| — h

K K
= hp-a1(zk-1) — hjqy +hjq — hf + §||5Uk—1 —ypal® - §H$k-1 — Yol

K
= hp(zpe1) — hiy + hiy — hi—r(@ha — k1) | (Yrt _yk—2)_§”yk—1 —Yr2|?.
27)

Then, we may use the fact that A} can be interpreted as the Moreau-Yosida smoothing of the
objective f, defined as G(y) = min,egrr F(z) + 5|l — y||?, which gives us immediately a few
useful results, as noted in [34]. Indeed, we know that G is k-smooth with VG(yx-1) = k(yx-1 — %)
forall £ > 1 and

* K

i1 = Gyr2) < Gyr1) + VG Wr1) T (k2 — yrr) + §Hyk4 — yp2|?
(28)
K

= hy + K(yr-1 — xZ)T(yk,Q — Yp1) + §||yk-—1 - yk72||2~

Then, combining (27) and (28),

hi(ko1) — by < hyea (1) — By + B(@ier — 25) T (o2 — Ya1)-

< hpper (The1) = Bhy 4+ K@ — 250) T (ko2 — Y1) H(Th —2%) T (ko2 — Y1)

< bt (@pe1) = By + 6(@eer — 25) T W2 — Y1) + BllYe-r — yeea )
(Tg-1) —

3K
< hpoa (p §||33k-1 —xiI?+ ?Hyk—l — Yol

3 3K
< i(hk—l (Tp-1) — hi_q) + ?Hyk—l — yrall®s

where the third inequality uses the non-expansiveness of the proximal operator; the fourth inequality

2 2
uses the inequality a b < @ + % for vectors a, b, and the last inequality uses the strong
convexity of hy_1. Then, we may use the same upper-bound on ||yx_1 — yx_2|| as [33, Proposition
12], namely

Y1 — yrall® < 36 max ([|zp — z*|?, |2en — ¥, 203 — 2*1?)
where we define x_1 = x¢ if k = 2.
C.3 Proof of Proposition 6

The proof is similar to the derivation described in Section B.3.

Inner-loop complexity. With the choice of 05, we have that ;1 = O(0x-1/,/q). Besides, since
we enforce E[Hy (x) — H}] < d for all k > 0, the result of Proposition 5 can be applied and the
discussion following the proposition still applies, such that the complexity for computing xj, is indeed

O(7/m1)-
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Outer-loop complexity. Then, according to Proposition 1, it is easy to show that E[F'(z;) — F*] <
O((1 = \/q/2)¥(F(z0) — F*))/./q and thus it suffices to choose

oG (1)

iterations to guarantee E[F(xx) — F*] < e.

Global complexity. We use the exact same derivations as in Section B.3 except that we use the fact

thate = O(ex /\/q) = O((1 — \/q/3)* (F(x0) — F*)/\/q) instead of & = O(e /q), which gives
us the desired complexity.

D Methods M with Duality Gaps Based on Strongly-Convex Lower Bounds

In this section, we summarize a few results from [28] and introduce minor modifications to guarantee
the condition (14). For solving a stochastic composite objectives such as (1), where F' is p-strongly
convex, consider an algorithm M performing the following classical updates

2y < Proxyy (21 —nge]  with  E[g:|Fi_1] = V f(2e-1),
where 7 < 1/L, and the variance of g; is upper-bounded by o2. Inspired by estimate sequences
from [40], the authors of [28] build recursively a p-strongly convex quadratic function d; of the form
di(z) = dj + 5z — 2|
From the proof of Proposition 1 in [28], we then have
Eld;] > (1 = nu)E[di_y] + nuE[F (z¢)] — n°po?,
which leads to
F* —E[d;] + nu(E[F ()] = F*) < (1 = nu)E[F* — diy] +n*poy,
which is a minor modification of Proposition 1 in [28] that is better suited to our purpose.

With constant variance. Assume now that oy = o for all £ > 1. Following the iterate averaging
procedure used in Theorem 1 of [28], which produces an iterate Z;, we obtain
E[F(2,) - d;] < (1 = )" (F(z0) — d§) +no”, (29)

where dj can be freely specified for the analysis: it is not used by the algorithm, but it influences d;
through the relation E[d;(2)] < Tydo(2) + (1 — T)E[F(2)] with T; = (1 — un)*, see Eq. (11)
in [28]. In contrast, Theorem 1 in [28] would give here

E[F(2) = F* +dy(2") — di] < (1 =) (2(F(20) = F*)) + no®, (30)
where z* is a minimizer of F', which is sufficient to guarantee (2) given that d;(z*) > d}.

Application to the minimization of Hy. Let us now consider applying the method to an auxiliary
function Hy, from (14) instead of F', with initialization x_;. After running 7T iterations, define hy, to
be the corresponding function dr defined above and ), = Zp. Hy, is (k+ u)-strongly convex and thus
hy; is also (k+p1)-strongly convex such that (1) is satisfied. Let us now check possible choices for dj
to ensure (Hs). For 2,1 = ap12*+(1—ay1)z 1, Eldr(251)] < Trdo(zk1)+(1—T7)Hi (25-1)
such that we simply need to choose df such that E[dy(zj_1)] < E[Hy(2k-1)]. Then, choose

6 :H,:—F(xk_ﬁ—i-F*, 3D
and
K+

2

. (h+poi .
=dj+ %ka—l — ||2
= dj + Ellarr — 2|2
<d+ F(zk1) — F* = Hf < Hp(z5-1),
such that (#.) is satisfied, and finally (29) becomes
E[Hy(zx) — hi) < (1= n(p+ k)" (Hy(zea) — Hy + F(axa) — F*) + 102,
which matches (14).

do(2k-1) = d + @51 — 2kl
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Variance-reduction methods. In [28], gradient estimators g; with variance reduction are studied,
leading to variants of SAGA [13], MISO [35], and SVRG [53], which can deal with the stochastic
finite-sum problem presented in Section 1. Then, the variance of 7 decreases (Proposition 2 in [28]).

1

Let us then consider again the guarantees of the method obtained when minimizing F’ with £ < =-.

From Corollary 5 of [28], we have
E[F(2) — F* + dy(2*) — d}] < 8 (1 — )" (F (o) — F*) + 18no”,
and (2) is satisfied. Consider now two cases at iteration 7'

o if E[dr(z*)] > F*, then we have E[F (27) — d}] < 8(1 — un)" (F(xzo) — F*) 4 18n02.
e otherwise, it is easy to modify Theorem 2 and Corollary 5 of [28] to obtain
E[F(2r) — df] < (1—pn)" (2(F(z0) — F*) + 6(F* — dg)) + 18n0”, (32)

Application to the minimization of H;. Consider now applying the method for minimizing Hy,
with the same choice of dfj as (31), which ensures (H2), and same definitions as above for z;, and hy.
L L

Note that the conditions on x and L above are satisfied when £ = z= — 1 under the condition 7 > p.

Then, we have from the previous results, after replacing F' by Hj, making the right subsitutions
E[H () = hi] < (1= (n+r)n)" (8(Hy(wx1) — Hf) + 6(F (z4.1) — F*)) + 18707,
and (14) is satisfied.

Other schemes. Whereas we have presented approaches were d; is quadratic, [28] also studies
another class of algorithms where d; is composite (see Section 2.2 in [28]). The results we present in
this paper can be extended to such cases, but for simplicity, we have focused on quadratic surrogates.

E Additional Experimental Material

Computing resources. The numerical evaluation was performed by using four nodes of a CPU
cluster with 56 cores of Intel CPUs each. The full set of experiments presented in this paper (with 5
runs for each setup) takes approximately half a day.

Making plots. We run each experiment five times and average the outputs. We display plots on a
logarithmic scale for the primal gap F'(x)) — F* (with F'* estimated as the minimum value observed
from all runs). Note that for SVRG, one iteration is considered to perform two epochs since it requires
accessing the full dataset every n iterations on average.

E.1 Additional experiments.

Acceleration with no noise, ) = 0. We start evaluating the acceleration approach when there is
no noise. This is essentially evaluating the original Catalyst method [33] in a deterministic setup
in order to obtain a baseline comparison when § = 0. The results are presented in Figures 2 and 3
for the logistic regression problem. As predicted by theory, acceleration is more important when
conditioning is low (bottom curves).

Stochastic acceleration with no noise, § = 0.01 and § = 0.1. Then, we perform a similar
experiments by adding noise and report the results in Figures 4, 5, 6, 7. In general, the stochastic
Catalyst approach seems to perform on par with the accelerated SVRG approach of [28] and even
better in one case.

Evaluating the square hinge loss. In Figure 8, we perform experiments using the square hinge
loss, where the methods perform similarly as for the logistic regression case, despite the fact that the
bounded noise assumption does not necessarily hold on the optimization domain for the square hinge
loss.

Evaluating ill-conditioned problems. Finally, we study in Figure 10 how the methods behave
when the problems are badly conditioned. There, acceleration seems to work on ckn-cifar, but fails
on gene and alpha, suggestions that acceleration is difficult to achieve when the condition number is
extremely low.
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Figure 2: Accelerating SVRG-like methods for ¢2-logistic regression with = 1/(10n) (top) and
w = 1/(100n) (bottom) for § = 0. All plots are on a logarithmic scale for the objective function
value, and the z-axis denotes the number of epochs. The colored tubes around each curve denote a
standard deviations across 5 runs. They do not look symmetric because of the logarithmic scale.
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Figure 3: Same plots as in Figure 2 when comparing SVRG and SAGA, with no noise (§ = 0) with

= 1/(10n) (top) and px = 1/(100n) (bottom) .
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Figure 4: Same plots as in Figure 2 for § = 0.01 with 4 = 1/(10n) (top) and = 1/(100n)
(bottom).
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Figure 5: Same plots as in Figure 3 for § = 0.01 with 4 = 1/(10n) (top) and p = 1/(100n)
(bottom).
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Figure 6: Same plots as in Figure 2 for § = 0.1 with g = 1/(10n) (top) and . = 1/(100n) (bottom).
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Figure 7: Same plots as in Figure 3 for = 0.1 with ;x = 1/(10n) (top) and p = 1/(100n) (bottom).
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Figure 8: Accelerating SVRG-like methods when using the squared hinge loss instead of the logistic
for 6 = 0 (top) and § = 0.1, both with g = 1/(10n).
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Figure 9: Same plots as in Figure 8 for SVRG and SAGA, with § = 0 (top) and § = 0.1 for

= 1/(10n).
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Figure 10: Illustration of potential numerical instabilities problems when the problem is very ill-
conditioned. We use ¢ = 1/(1000n) with § = 0 for the logistic loss (top) and squared hinge
(bottom).
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