A Omitted proofs

Proof of Proposition 3.7. Suppose F satisfies Assumptions 3.1 and 3.2. Fix some ¢ > 0 and let
m =mf(e/3)and § = wmw;)l,:(s/?)). Now fix some ¢ € Z and consider any two u,v € M(R)
such that

max wi—s|us — vs| < 9. (A.])
s€{0,...,t}

Using the same reasoning as in the proof of Theorem 3.3, we can write (FW; 1)y = Fy (Wit

and (FW; ,,v); = IN:m(vt,m;t), where, as before, we set us = v, = 0 for s < 0. From the
monotonicity of w and (A.1) it follows that

[t = Ol < o wfu = va] < w3 f3),
which implies that
[(FWemtw)e — (FWi )| = |[Fon(Wi—mit) — Fon(Viemat)| < /3.
Altogether, we see that (A.1) implies that
[(Fu)e = (Fo)e| < [(Fu): — (FWemu)e| + [(FWemu): — (FWe mv)e| + [(Fo)e — (FWemv)¢l
<e/3+¢e/3+¢/3=¢,
which leads to (6).
—1

Now suppose that F has fading memory w.r.t. w. Given e > 0, let § = a,, ¢(¢) and choose any
m € Z, such that w,, < §/R. If t < m, then up:y = (Wy,mt)o:4, and thus (Fu); = (FW ,,u);.
On the other hand, if ¢ > m, then, for any u € M(R),

0, t—m<s<t

5€40,...,t} lus|, s<t—m

max |us — (Wy pu)s| = {
and therefore, by the monotonicity of w and the choice of m,

max  wi—s|ts — (W m)s| = max wi—s|us| < wpl|ullee <6,
s€{0,...,t} s<t—m

which implies that |(Fu); — (FW, ,u),| < e. Consequently, mi(¢) < m. Moreover, since the
elements of w take values in (0, 1], it follows from definitions that, for any u,v € M(R) and any ¢,

lwo:t — votlloo <6 = e?éaxt} wi—slus —vs| <6 = |(Fu)y — (Fv)¢| < auw,r(9).

This establishes (7). O]
Proof of Proposition 4.2. The family of mappings ¢, (+) has the following semiflow property: for
any input w and any 0 < r < s <'t,

pri(§) = o5 () (6))- (A2)
By telescoping and by the semiflow property (A.2), we have
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Using the fact that ¢4 (@&S(f)) = Pt (f(cpgs (€),us)) and the stability property (9),

o (a8 (O)) = P28 a )] < B (1 (o) = S (G Tt = 5= 1)

Substituting this into (A.3), we get (10). O
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Proof of Proposition 4.14. Since the matrix A is Schur, the function

9(r) :=sup|G(r2)| = |G(rlocecry, 7> p(A)

is continuous. In particular, there exists some 7o € (p(A),1), such that g(ro) < g(1)
Consequently, the rational function

H(z) = 1Gro2) = 1€ (zIn - A) B

To To
is well-defined for all z € C with |z| > r(, and we have the following:

A

o = is a Schur matrix;

e the pair (

<~ L

Then, by the Discrete-Time Bounded-Real Lemma [Vaidyanathan, 1985], there exist real matrices

L, W and a symmetric positive definite matrix P € R™*", such that
ATPA+~*CTC+riL"L=r3P
B'PB+W'W =1,
A"PB 4 rgL"W = rol,.
From (A.4), for any 6 € R we have
(A—6BC) P(A—60BC)—r2P
=ATPA-60(C"B"PA+ ATPBC)+6*C"B"PBC — 1P
= (0> —yHCTC — (roL —OWC) " (roL — OWC).
Let pu := 73. Then, since v > 62 for all § € [a, b], it follows that
(A—0BC)"P(A—6BC) —uP <0, a<6<b.

Since

0 0
%f(z,u) =5 (Az + By(u — Cz)) = A—'(u— Cz)BC

and ¢'(u — Cz) € [a, b] for all z and w, the proposition is proved.
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