A Proofs for results in Section

Before proceeding to the proofs of the main results, we need some intermediate lemmas and prelimi-
nary definitions.

Definition A.1. [[I] A function h(x) is said to satisfy the Quadratic Growth (QG) condition with
constant y > 0 if

h(x) —h* > %dist(x)Q, Ve,

where h* is the minimum value of the function, and dist(x) is the distance of the point x to the
optimal solution set.

The following lemma shows that PL implies QG [30].

Lemma A.2 (Corollary of Theorem 2 in [30])). If function f is PL with constant p, then f satisfies
the quadratic growth condition with constant y = 4.

The next Lemma shows the stability of arg max,, f(6, ) with respect to 6 under PL condition.

Lemma A.3. Assume that {hg(c) = —f(0,) | 0} is a class of u-PL functions in a. Define
A(0) = argmaxy f(0, o) and assume A(0) is closed. Then for any 01, 03 and oi; € A(04), there
exists an o € A(03) such that

L
o — || < %nel — 0, (15)

Proof. Based on the Lipchitzness of the gradients, we have that |V f(02, a1)|| < L12]/01 — 05]|.
Then using the PL condition, we know that
L3 2
9(02) + he, (1) < ﬂ”el — 6" (16)

Now we use the result of Lemmato show that there exists o, = arg minge a(q,) |loe — a1 ||* €
A(02) such that

L2
2o — ao|* < 2101 — 02 (17
2p
re-arranging the terms, we get the desired result that

L
o — o < Ti”gl — 6|

Finally, the following lemma would be useful in the proof of Theorem [3.4]

Lemma A.4 (See Theorem 5 in [30]). Assume h(x) is p-PL and L-smooth. Then, by applying
gradient descent with step-size 1/ L from point x for K iterations we get an x i such that

h(x) — h* < (1— %)K(h(azo) — ), (18)

where h* = min, h(x).

We are now ready to prove the results in Section 3]

A.1 Danskin-type Lemma for PL Functions

Lemma A.5. Under Assumption 2.3|and PL-game assumption,
Veg(0) =Vof(0,a"), where a” € argmax f(0, ).
acA
L

Moreover, g is L-Lipschitz smooth with L = L11 + ETh
I
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Proof. Leto* € argmax,, ¢ 4 f(6, ). By LemmalA.3] for any scalar 7 and direction d, there exists
a*(7) € argmax, f(0 + 7d, ) such that
* * L12
" (7) - o)) < Z2r.
w

To find the directional derivative of g(-), we compute
9(0+7d)—g(0) = [f(0+7d a"(r))— f(0,a
=1Vef(0,a*)Td +Vaf(0,a") (a*(1) —a*) + O(r?),
0

where the second equality holds by writing the Taylor series expansion of f(-). Thus, by definition of
the directional derivative of g(-), we obtain

9(0 +7d) — 9(6)

g'(0;d) = lim

T—01

=Vof(0,a*)7d. (19)

Note that this relationship holds for any d. Thus, Vg(0) = Vef(0,a*) for any a* €
arg max,c 4 f(60, a) = A(6). Interestingly, the directional derivative does not depend on the choice
of a*. This means that Vg f(0, 1) = Vo f(8, a2) for any a; and avs in argmax ¢ 4 (0, ).

We finally show that function ¢ is Lipschitz smooth. Let o € A(6;) and o =
arg minge a(0,) || — o> € A(62), then

Vg(61) — Vg(02)|| = Ve f(01,al) — Vo f(02,a3)]
= Hvef(ah aik) - v@f(GQa aY) + vef(02a aT) - v@f(027 a;)”
< L11][601 — 02| + Lizaf — a3

< (b + 52)16, - 021,

where the last inequality holds by Lemma@

O
A.2 Proof of Theorem 3.4
Using Lemma[A.5]and Assumption[3.3] we can define
ge = maxgeo |[Vg(0)|| and gmar = max{ge,1}. (20)

The next result shows that the inner loop in Algorithm computes an approximate gradient of g(-).
In other words, Vg f(0:, ar1) = Vg(0;).

Lemma A.6. Define k = % >1land p=1— 21 < 1andassume g(6;) — f(6;,0(6,)) < A,
then for any prescribed € € (0, 1) if we choose K large enough such that

1 L
K >N 2 (4log(1 log(2"L°R°A/L* 21
> Niele) & - (tog(1/2) + Iog(2 L RA /1), e
where L = max{Lis, L2, L, gmaz,1} and R = max{R,1}, then the error e; =
Vo f(0:,ax(0:)) — Vg(0;) has a norm
A Le?
e <6 = and  [[Vaf(0r, arx ()] <e. (22)

26R(gmax + LR)?

Proof. First of all, Lemma[A.4]implies that

9(8:) = f (81, cuc(8,)) < p" A (23)
Thus, using the QG result of Lemma|[A.2] we know that there exists an a* € A(6,) such that

A
loese (6:) — e*|] < p™/2, | o (24)
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Thus,
lecll = Ve f(0r, ar(0:) — Vg(O)| < Lzl (6;) — |

A
< L12PK/2\/ oM

< Le?
- 2sz(gmaac + LR)2 ’

where the last inequality holds by our choice of K which yields

(25)

log (1/p)" > log (1/£)* + log (2" LORSA/L?1) = log (2 LORSA /L pe?)
which implies,
o e ey 2ty
= OBARPLZ(2LR)! = 22ARPLZ(L + LR)! — 22AR?L2(gyy + LR)L

p

Here the second inequality holds since R > 1, and the third inequality holds since g4z < L.

To prove the argument of the Lemma, note that

A
[Vaf(0:arx(6:) — Vaf(0:,a) | < Laallak(8;) — | < Lap™/? | — <, (26)
2
T 1%

where the last inequality holds by our choice of K which yields

2 272 2
L2A/ \215[4AR4 L2A
—_————

<1

Here the second inequality holds since ¢ < 1, E, R>1,and L < L.
O]

The above lemma implies that Algorithm [T]behaves similar to the simple vanilla gradient descent
method applied to problem ().

Notice that the assumption g(6;) — f(6;, ao(8;)) < A, Vi could be justified by Lemma[A.3] More
specifically, by Lemmal[A.3]

Lo

_ < ==
o1 — ]| < 2

1041 — 6],

where a; | = argmax,, f(0;.1,a)and a; = argmax,, f(6;, o). Hence, the difference between
consecutive optimal solutions computed by the inner loop of the algorithm, are upper bounded by the
difference between corresponding 8’s. Since O is a compact set, we can find an upper bound A such
that g(0;) — (6, 0(6;)) < A, for all t. We are now ready to show Theorem [3.4]

Proof. We start by defining

Ag = 9(00) - g*v
where g* £ ming g(8) is the optimal value of g. Note that by the compactness assumption of the
set ©, we have A, = g(6y) — ¢* < 0.

Based on the projection property, we know that

1
(0: — 7 Ve (O 1) = 0r11,6 — 0141) <0 V 6 €O,
Therefore, by setting 8 = 0, we get
(Vo f(0r,011),041 —6;) < —L||6; — 01417,
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which implies

(Vof(0r,0(6:)), 0041 — 0;) < —L||0; — 0r11]> + (Vo f(0:,0*(8:)) — Vo f (0, i), 0s1 — ;)
= —L|[60; — 0111 + (er, O; — O111)
27

where a*(0,) € argmax,c 4 f(0;, o) and e, £ ng(@t, aH_l) — ng(@t, a*(@t)). By Taylor
expansion, we have

L
9(0:41) < g(0:) + (Vo f(6:, 0% (6)),0,11 — 60;) + §\|9t+1 — 6,7

L (28)
<g(6:) — EHOH-I — 041> + (e, 0; — 0;11).
where the last inequality holds by (27). Moreover, by the projection property, we know that
(Vof(6i,0441),0 —01p1) > L(O, — 6,41,0 —6,11) VOE€O,
which implies
<V9f(9t, oy1),0 — 9t> > <V0f<0t; 1), 001 — 9t> + L<0t — 041,60 — 0t+1>
> _(gmaw +2LR+ ||€tH)H9t+1 - Ot” (29)

v

_2(gmaw + LR)HOtJrl - BtH

Here the second inequality holds by Cauchy-Schwartz, the definition of e; and our assumption that
© C Bg. Moreover, the last inequality holds by our choice of K in Lemmal[A.6|which yields

ledll = Vo f(0:, i (6:)) — Vg (0)]| (30)
< Li|ak(6:) — a7
< Lygp™/? 2
2p
<1 (31)
< Ymaz- (32)

Hence,
_Xt > _2(g7naac + LR)HOt-‘rl - 915”7

or equivalently

X
01— 0| > ——. 33
16141 =01l > 5 (33
Combined with 28), we get
L x?
o(O) —9(0) < R,
(gmax + LR)

where the inequality holds by using Cauchy Schwartz and our assumption that © is in a ball of radius
R. Hence,
2 2
l Zlfol th S 8Ag (gmam + LR) + 166R(9ma$ + LR)
T == LT L

62

< —
— 2 b
where the last inequality holds by using Lemma[A.6and choosing K and T™:
s 32A4(gmaz + LR)?

T>Nr = = ) KZNK(E)é

log1/p (4 log(1/e) + 10g(215E6R6A/L2M))_
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Therefore, using Lemma there exists at least one index  for which

X <e and ||Vaf(Opop )| <e (34)
This completes the proof of the theorem.

B Algorithmic details and proofs for the results in Section {4

B.1 Accelerated Projected Gradient Ascent Subroutine Used in Algorithm 2]

Algorithm 3 APGA: Accelerated Projected Gradient Ascent with Restart
Require: Constants v, 8¢, ), K, and N.

1: fork=0,...,|K/N] do

2 Sety; =1

3: if k=0then y; = o, else y; = xn
4 for:=1,2,...,N do

5 Set x; = proj 4 (yi + 7Vy fr(01,¥4))

1+ /1+492
2

6: Set i1 =
i — 1

7. Yit1 = X; + (% )(Xz —Xi—1)
Yi+1

8: end for

9: end for

10: Return xp

B.2 Frank-Wolfe update rule for Step[3)in Algorithm 2]

In Step [3of Algorithm 2] instead of projected gradient descent discussed in the main body, we can
also run one step of Frank—Wolfe method. More precisely, we can set

X
011 =0+ ?tsu
L

where N
X = —ming (Vo fa(0:, ary1),8)
(35)
st. O, +s€0, |s]| <1,
and N
51 = argmin, (Ve fx(0:, ax(6:)),s)
(36)

st. 0, +s€0,|s|| <1

is the first order descent direction. In the unconstrained case, the descent direction is 5; =
—Veo fr(0:, at11), which becomes the same as the gradient descent step.

B.3 Smoothness of function g, (-)

Lemma B.1. Under Assumption[2.5|and Assumption[d.1] the function gy is L-Lipschitz smooth with
L2
L=1L1+ Tm

Proof. First notice that the differentiability of the function g, (-) follows directly from Danskin’s
Theorem [4]]. It remains to show that g, is a Lipschitz smooth function. Let

o) £ argmax f)(0;,) and af = argmax fy (02, @).
acA acA
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Then by strong convexity of — f (0, -), we have

A
fA(027a3) < f>\(027a>‘1<) + <Vaf,\(02,a{),a§ - aT> - 5”‘13 - aT||27
and N
IN82,a1) < fa(62,05) + (Vafa (02, 3), &f — a3) —|as — ail”.
<o, by optimality of «
Adding the two inequalities, we get
(Vafr(02,07), a5 — af) > M| — o2, (37)
Moreover, due to optimality of o}, we have
(Vafr(01,a]), a5 —ai) <0. (38)

Combining and (38) we obtain

Mlas — ail? < (Vafa(02, af) — Vafa(1,ai), 05 — aj)

* * 3
< Lia)i61 — Bslfleg — of, 59

where the last inequality holds by Cauchy-Schwartz and the Lipschtizness assumption. We finally
show that g is Lipschitz smooth.

Vgxr(01) — Vagr(02)| = [Va fa(01,a7) — Ve fa (02, as)||
= Vo fa(01, 1) — Vo fr(02,a7) + Vo fr(02,a]) — Vo fa(02, c5)||
1

< L1101 — 6o + Lisflaf — o3|
L%

< (Ln + T)Hel — 0,

where the last inequality holds by (39). O

Algorithm [2] solves the inner maximization problem using accelerated projected gradient descent
(outlined in Algorithm [3). The next lemma is known for accelerated projected gradient descent when
applied to strongly convex functions.

Lemma B.2. Assume h(x) is \-strongly convex and L-smooth. Then, applying accelerated projected

gradient descent algorithm [I3] with step-size 1/ L and restart parameter N = \/8L/\ — 1 for K
iterations, we get X such that

1

K/N
o) <) < (5) (o) = B @0)

where x* £ arg min, » h(x).

Proof. According to 3| Theorem 4.4], we have

2L
h(xin) — h(x*) < WHX(FDN —x*?
4L

%(h(x(ifl)N) - h(X*))7

where the second inequality holds by strong convexity of h and the optimality condition of z*, and
the last inequality holds by our choice of N. This yields,

h(xg) — h(x*) < (%)K/N (h(x0) — h(x")), (42)

which completes our proof. O

IN
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B.4 Proof of Theorem [4.2]
We first show that the inner loop in Algorithmcomputes an approximate gradient of gy (-). In other
words, Vg fa(0;, ary1) = Vgr(6y).

L
Lemma B.3. Define x = % > 1 and assume gx(0;) — fr(0, 0(0:)) < A, then for any

prescribed £ € (0,1) if we choose K large enough such that

K > Ng(e) = 17;:'; (4log(1/e) + log(2'"L°RCA/L?N)), (43)
where L 2 max{Li2, Loz, L, gmaz,1} and R = max{R,1}, then the error ¢; =
Vo fr(0:, i (0:)) — Vgx(0) has a norm

Le?
<52 44
1= 0 S R g + LR e
and
€ N
- > Zmax (Va /o (0:, ax(0:)),s
5 > Vi K SX < fA( t K( t)) > ) (45)
st. ag(@:)+se A fs| <1
Proof. Starting from Lemma|[B.2] we have that
1
gx(0;) — f)\(ataaK(at)> < —% A. (46)
9 Vsn
Let a*(6;) £ argmaxgc 4 f(0:, ). Then by strong convexity of — f(6;, -), we get
A . 9 1
5 ek (8e) —a”(0)[° < 9x(6:) — fa(0r, ax (8:)) < ——A. 47)
9 Ven
Combined with the Lipschitz smoothness property of the objective, we obtain
ledl = IVefr(6, cxc (6:)) — Vga(6y)]
= [Vosr(6:, ax(6:)) — Vo fr(6:, ™ (6y))]]
< Lisllak (0:) — (6| (48)
L12 2A
= 9K/2vEx | A
Le?

<
= 20R(gmas + LR)?

where the second inequality uses (7)), and the third inequality uses the choice of K in (@3] which
yields yields

log (2K/ V@) > log (1/)* + log (21TLSRSA /L)) = log (27 LS RSA /LAt
which implies,

<1>K/2\/@ Le2v/ Le2v/\ Le2vA
= < YA L - .
2 262ARL(2LR)? ~ 20V2ARL(L + LR)? ~ 26v/2ARL(gmas + LR)?

Here the second inequality holds since R > 1, and the third inequality holds since g4z < L. To
prove the second argument of the lemma, we also use the Lipschitz smoothness property of the
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objective to get

<Vaf>\(9t, ak(6:)), 3> = <Vaf>\(0t7 ax(0:)) — Vafr(0:, a(6:)), 3> + <Vaf/\(9ta a*(6y)), 3>
S Vafa(Br, ax(6:) = Va fa(0r, o (80)ll[Is] + (Vafr(6:, e (6:)), )
< (La2 + Nla*(8:) — o (0) | [Is]] + (Vaufa (B, (), 5).

< 2Lgolla*(8:) — aw (8:)|l][s]] + (Ve fr (6, (), 5),
(49)
where the second inequality holds by our Lipschitzness assumption and the last inequality holds by
our assumption that Los /A > 1. Moreover,

min,  —(Vafr(0:,a*(6y)), s) ming  —(Vafr(0:,a*(0y)), o — o (01))

s.t. ag(@)+se A, s <1 st ac A |la—ag(8)] <1

= ~(Vafr(8:,a*(6,)), a*(6;) — ax(6;))

maXe <v(xf)\(0t7 a*(at))7 a — a*(at)>
s.t. ac A |la—ax(0:)] <1

0

= _<vaf/\(0tv a*(6y)), 0" (6,) — aK(at)>

)

(50)
where the last equality holds since a* (0;) is optimal and ||a*(6;) — ax (0:)]| < 1. Combining @9)
and (30), we get

mie TP en @D 2 (19000t (0))] + 2Las) a0 - o,

(51D
Hence, using (TT)), we get
yt,K < (2L22 +gmax)||aK(0t) - a*”
< 3L 2A
= grevan X 42
5
< o
-2
where the second inequality uses (7)), and the last inequality holds by our choice of K in (#3)) and
since € € (0,1). O
Le?

The above lemma implies that ||V fx (0, ax (0;)) — Vgr(0;)|| < 6 = AL We now show

that our assumption g(0;) — f(6:, ap(0;)) < A for all t in the above Lemma holds. Let

o, £argmax fy(041,0) and af =argmax fy(0;, ).
acA acA
Then by strong convexity of — f (0, -), we have

A
f/\(9t+1»at*+1) < fa(@ig1, ) + <VafA(0t+1vaf)7aik+1 —ap) — §||aik+1 - aZkHQa

and

* * * * * A * *
IO, 0f) < f/\(9t+17at+1) + <Vafk(0t+17at+l)7at - at+1> _§||at+1 — 0y H2

<0, by optimality of a7,
Adding the two inequalities, we get

(Vafr(Ori1,07), 0y — o) 2 ey — ag|*. (53)
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Moreover, due to optimality of o}, we have

<Vaf,\(0t,a:),a:+1 —af) <0. (54)
Combining (33) and (54) we obtain
)‘”O‘I—&-l - O‘IH2 < <Vaf>\(0t+1a O‘?) - Vaf)x(eta a;), a:-&-l - a:> (55)

< Li2||0¢ — O llloyy — ol
Thus,
Lo
levers — el < ==10e41 — .
Hence, the difference between consecutive optimal solutions computed by the inner loop of the

algorithm, are upper bounded by the difference between corresponding 6’s. Since © is a compact set,
we can find an upper bound A such that g(0;) — f(6:,a0(6;)) < A, for all ¢.

We are now ready to show the main theorem that implies convergence of our proposed algorithm to an
e—first-order stationary solution of problem (2). In particular, we show that using Vg f (0, ax (0;))
instead of Vg, (8;) for a small enough X in the Frank-Wolfe or projected descent algorithms applied
to gy, finds an e-FNE. We are now ready to show Theorem 4.2

Proof. Frank-Wolfe Steps: We now show the result when Step 7 of Algorithm 2]sets
Xy o
0t+1 =60, + ?tst.
L

Using descent lemma on g and the definition of Lin Algorithm 2, we have

L
92 (0111) < ga(6:) + (Vgr(6:), 0111 — 01) + S 1041 — CAIR

X R X2

= gx(0:) + ft<V9A(9t)’ S1) + i”stﬂz
X =R th

< gA(6:) + 7<V9A(9t)7 Se) + o (56)
X, X7

=gx(0;) — ft<vof/\(0taaK(9t)) —Vgr(0y),5:) — i

X, X2
< ga(0y) + = leg]| — =1
g(t) L”t“ Y

where §; and X; are defined in equations (33) and (36) of the manuscript, and the second and last
inequalities use the fact that ||s;]| < 1.

Summing up these inequalities for all values of ¢ leads to

T-1

1 2LA
Z th S T + 4||etHg’rnaw S
t=0

oOLA &2  ¢2
— [t T
T T + 4 — 27 57

where the first inequality holds since
Xy = (Vo (01, ar () — Vofr (0, a*(6:)) + Vo fr(0r, " (6)),5:)
< Imaz + ||etH

S 297”(1.’1; .
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Here the first inequality in holds by (TT), Cauchy-Schwartz, and the fact that ||5;|| < 1. The last
inequality holds by our choice of K in Lemma|B.3]

K > Ng(e) & 1—;:; (4log(1/e) + log(2'"L°R°A/L?N)),
which yields |le¢|] < 1 < gmaz and by choosing T" such that

LA
T > Nr(e) 8

£2

Therefore, using Lemma there exists at least one index ¢ for which

X<e and Vg < % (58)
Hence,
A R _ maxs (Vo f(0n ax(07),s
V(6 o (67) = s.t. aK(th) +se€ f4, Is|l <1
_ max, (Va/fr (0 ax(6)),s) + Max(8;) —a)''s
st ax(@;)+se A, |s|| <1 , (59)

< Vik + Allax(6p) — &

<e

where the first inequality uses Cauchy Shwartz and the fact that ||s|| < 1, and the last inequality
holds due to (58), the choice of A in the theorem and our assumption that ||k (6;) — & < 2R.

Projected Gradient Descent:
We start by defining

Ay =gx(60) — 9"
where g} £ ming g, (@) is the optimal value of gy. Note that by the compactness assumption of the
set ©, we have Ay, = g5 (0y) — g5 < 0.

We now show the result when Step 7 of Algorithm [2fsets
) 1
6,11 = proje (6 — EVBfA(Ota ak(t))),
Based on the projection property, we know that

1
G 7 Ve (0 ar1) = 0r11,0 — 0111) <0 V 0 €0,

Therefore, by setting 8 = 0, we get
(Vof(6r,0u11),60041—6,) < —L|6, — 011,

which implies

<V0f(9t7 a*(at)); 0141 — 0t> < —L|6; - 9t+1||2 + <V0f(0t, a*(et)) - Vef(at, at+1)70t+1 - 9t>

= —L[|6; — Opy1]” + (er, O — Op11)
(60)
where a* (0;) £ argmaxe 4 f2(0:, @) and e, = Vo f (0, c41) — Vo f (0, (6;)).
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By Taylor expansion, we have

L
Ir(0141) < gx(0:) + (Vo f (01, a*(6;)), 0141 — 6;) + §||0t+1 — 6,

(61)

L 2

< gx(0:) — §||0t+1 — 04 + (et,0; — 0;11).
Moreover, by the projection property, we know that
(Vo f(0r,a141),0 — 1) > L(O; — 011,00 — 0,11),
which implies
(Vof(0y,041),0 — 6,) > (Vo f(0r,00411),0i01 — 0;) + L(O; —0,1.1,0 — 6,41)

2 —(9maz + 2LR + [|le¢[)[|0r41 — 64 (62)

> _Q(Qmaw + LR)HOtJrl - BtH

Here the second inequality holds by Cauchy-Schwartz, the definition of e; and our assumption that
© C Bg. Moreover, the last inequality holds by our choice of K in Lemmal[A.6|which yields

ledl| = Vo f(0:, ok (0:)) — Vg ()] (63)
< Lio||a (6) — ™|

A
< L12PK/2\/ 2w

<1 (64)
< Gmaz- (65)
Hence,
— X > —2(gmaz + LR)||0141 — 64|,

or equivalently

X
[011+1 — 6] > 5 :

(gmaaﬁ + LR) ' (66)

Combined with (61)), we get
L X2
9r(0e41) —gr(0t) < —¢ -

where the inequality holds by using Cauchy Schwartz and our assumption that © is in a ball of radius
R. Hence,

5 +2|le||R,

1 71 8A,(gmaz + LR)>  166R(gmaz + LR)?
= XQ < g
TZt:O t = LT + L
52
< a )
)

where the last inequality holds by using Lemma [B.3]and choosing /& and 7"

2 Iy
= 32Ag(g7z(?2+LR) , and K > Ng(e) = —8;(4 log(1/e)+log(2'"LOR°A/L? X)),

T > N-
= Nr(e) log

Therefore, using Lemma there exists at least one index 7 for which

€

A <e and yaKgi. 67)
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Hence,

V(6;, ax(6;)) max, <Vao;(JE (0;,35 (66’;)% )

s
s.t. 6;) sl €1

s, (Vafs (0, arc(6)), )+ Aleurc(67) — &)
st. ax(f;)+seA, s <1 ; (68)

< Vik + Mlox(6p) —al

<e

where the first inequality uses Cauchy Shwartz and the fact that ||s|| < 1, and the last inequality holds
due to (67), the choice of X in the theorem and our assumption that ||k (0;) — &|| < 2R.

O

C Numerical Results on Fashion MNIST with SGD

The results of using SGD optimizer are summarized in Table ] and Table[5] Note SGD optimizer
requires more tuning and therefore the results when batch-size = 3000 is also included here.

T-shirt/top Coat Shirt Worst
mean std mean std mean std mean std
Normal 850.26 859 806.78 18.92 558.72 30.99 558.72 30.99
MinMax 754.68 12.03 699.04 28.76 724.86 18.00 696.60 25.93

MinMax with Regularization 756.16 13.60 701.02 30.07 723.14 18.52 698.16 26.96

Table 4: The mean and standard deviation of the number of correctly classified samples when SGD
(mini-batch) is used in training, A = 0.05, batch-size = 3000.

T-shirt/top Coat Shirt Worst
mean std mean std mean std mean std
Normal 849.76 820 807.60 19.19 56390 29.64 563.90 29.64
MinMax 75534 1372 702.60 26.11 723.70 1892 700.46 24.02

MinMax with Regularization 754.78 14.92 703.70 24.80 72344 19.29 701.78 23.13

Table 5: The mean and standard deviation of the number of correctly classified samples when SGD
(mini-batch) is used in training, A = 0.0005, batch-size = 600.

D Numerical Results on Fashion MNIST with Logistic Rgression Model

Table[6] shows that the proposed formulation gives better accuracies under the worst category (Shirts),
and the accuracies over three categories are more balanced. Note that this model is trained by gradient
descent. The standard derivations not equal to O is due to the early termination of the simulation.
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T-shirt/top Pullover Shirt
mean std mean std mean std

[42] 849.00 44.00 876.00 45.00 745.00 60.00
Proposed 778.48 878 77346 8.76 740.60 9.26

Table 6: The mean and standard deviation of the number of correctly classified samples when gradient
descent is used in training, A = 0.1.

E Numerical Results on Robust Neural Network Training

Neural networks have been widely used in various applications, especially in the field of image
recognition. However, these neural networks are vulnerable to adversarial attacks, such as Fast
Gradient Sign Method (FGSM) [25] and Projected Gradient Descent (PGD) attack [31]]. These
adversarial attacks show that a small perturbation in the data input can significantly change the
output of a neural network. To train a robust neural network against adversarial attacks, researchers
reformulate the training procedure into a robust min-max optimization formulation [38]], such as

mln Z 5 max  L(f(x; 4+ 03 wW), y5).

i) st |0i]eo <e

Here w is the parameter of the neural network, the pair (z;, y;) denotes the i-th data point, and d;
is the perturbation added to data point 7. As discussed in this paper, solving such a non-convex
non-concave min-max optimization problem is computationally challenging. Motivated by the theory
developed in this work, we approximate the above optimization problem with a novel min-max
objective function which has concave inner optimization problem. To do so, we first approximate the
inner maximization problem with a finite max problem

N
min > max {0(f(2io(W); W), ), -, L(f (Zio(W): W), i)}, (69)
—

where each &;;(w) is the result of a targeted attack on sample z; aiming at changing the output of
the network to label j. More specifically, ;,(w) is obtained through the following procedure:

In the one but last layer of the neural network architecture for learning classification on MNIST
we have 10 different neurons, each corresponding with one category of classification. For any
sample (z;,y;) in the dataset and any j = 0, - - - , 9, starting from x?J = x;, we run gradient ascent to
obtain the following chain of points:

:cfj“ = Projp(, . [33 +aV,(Zj(x fj,w) - Zyi(mf’j,w))}, k=0,---, K —1,

where Z; is the network logit before softmax corresponding to label j; o > 0 is the step-size;
and Projg, .)[-] is the projection to the infinity ball with radius ¢ centered at z. Finally, we set

Clearly, we can replace the finite max problem (69) with a concave problem over a probability
simplex, i.e.,

N 9
n‘lAi,antneT il (f (z5:w),u:), T={t eRP[t >0, [[t][; =1}, (70)
i=1 =0

which is non-convex in w, but concave in t. Hence we can apply Algorithm[2]to solve this opimization
problem. We test (70) on MNIST dataset with a Convolutional Neural Network(CNN) with the
architecture detailed in Table[/| The result of our experiment is presented in Table
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Layer Type Shape

Convolution + ReLU 5 x5 x 20
Max Pooling 2x2
Convolution + ReLU 5 x5 x 50
Max Pooling 2 %2

Fully Connected + ReLU 800
Fully Connected + ReLU 500
Softmax 10

Table 7: Model Architecture for the MNIST dataset.

FGSM L., [25] PGD* L., [B1]
e=02 =03 =04 =02 =03 =04

[38] withe =0.35 98.58% 96.09% 94.82% 89.84% 94.64% 91.41% 78.67%
[57] withe =0.35 9737% 9547% 94.86% 79.04% 94.41% 92.69% 85.74%
[57] withe =040 97.21% 96.19% 96.17% 96.14% 95.01% 94.36% 94.11%
Proposed withe = 0.40 98.20% 97.04% 96.66% 96.23% 96.00% 95.17% 94.22%

Natural

Table 8: Test accuracies under FGSM and PGD attacks. We set K = 10 to train our model, and we
take step-size 0.01 when generating PGD attacks. All adversarial images are quantified to 256 levels
(0 — 255 integer).

Remark E.1. We would like to note that there is a mismatch between our theory and this numerical
experiment. In particular, we assume smoothness of the objective function in our theory. However,
in this experiment, the ReLu activation functions and the projection operator make the objective
function non-smooth. We also did not include regularizer (strongly concave term) while solving (70)
as the optimal regularizer was very small (and almost zero).

Remark E.2. The main take away from this experiment is to demonstrate the practicality of the
following idea: when solving general challenging non-convex min-max problems, it might be possible
to approximate it with one-sided non-convex min-max problems where the objective function is
solvable with respect to one of the player’s variable. Such a reformulation leads to computationally
tractable problems and (possibly) no loss in the performance.

F Experimental Setup of Fair Classifier

Layer Type Shape
Convolution + tanh 3x3x%x5H
Max Pooling 2x2
Convolution + tanh 3x3x10
Max Pooling 2x2

Fully Connected 4 tanh 250
Fully Connected 4 tanh 100
Softmax 3

Table 9: Model Architecture for the Fashion MNIST dataset. [55]]
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Parameter

Learning Rate 0.1 0.05 0.01
Epochs 4000 1000 500

Table 10: Training Parameters for the Fashion MNIST dataset with gradient descent. [S5]]

Parameter
Learning Rate 107% 10=°> 107
Iterations 4000 4000 4000

Batch-size 600

Table 11: Training Parameters for the Fashion MNIST dataset with Adam. [S35]]

Parameter
Learning Rate 10=2 10=% 107°
Iterations 8000 8000 8000

Table 12: Training Parameters for the Fashion MNIST dataset with SGD. [53]]

G Links

Robust NN Training: https://github.com/optimization-for-data-driven-science/
Robust-NN-Training

Fair  Classifier: https://github.com/optimization-for-data-driven-science/
FairFashionMNIST
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