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Abstract

Key to structured prediction is exploiting the problem’s structure to simplify the
learning process. A major challenge arises when data exhibit a local structure
(i.e., are made “by parts”) that can be leveraged to better approximate the relation
between (parts of) the input and (parts of) the output. Recent literature on signal
processing, and in particular computer vision, shows that capturing these aspects is
indeed essential to achieve state-of-the-art performance. However, in this context
algorithms are typically derived on a case-by-case basis. In this work we propose
the first theoretical framework to deal with part-based data from a general per-
spective and study a novel method within the setting of statistical learning theory.
Our analysis is novel in that it explicitly quantifies the benefits of leveraging the
part-based structure of a problem on the learning rates of the proposed estimator.

1 Introduction

Structured prediction deals with supervised learning problems where the output space is not endowed
with a canonical linear metric but has a rich semantic or geometric structure [5, 29]. Typical
examples are settings in which the outputs correspond to strings (e.g., captioning [19]), images (e.g.,
segmentation [1]), rankings [16, 20], points on a manifold [33], probability distributions [24] or
protein foldings [18]. While the lack of linearity poses several modeling and computational challenges,
this additional complexity comes with a potentially significant advantage: when suitably incorporated
within the learning model, knowledge about the structure allows to capture key properties of the data.
This could potentially lower the sample complexity of the problem, attaining better generalization
performance with less training examples. A natural scenario in this sense is the case where both
input and output data are organized into “parts” that can interact with one another according to a
specific structure. Examples can be found in computer vision (e.g., segmentation [1], localization
[6, 22], pixel-wise classification [41]), speech recognition [4, 40], natural language processing [43],
trajectory planing [31] or hierarchical classification [44].

Recent literature on the topic has empirically shown that the local structure in the data can indeed
lead to significantly better predictions than global approaches [17, 45]. However in practice, these
ideas are typically investigated on a case-by-case basis, leading to ad-hoc algorithms that cannot
be easily adapted to new settings. On the theoretical side, few works have considered less specific
part-based factorizations [12] and a comprehensive theory analyzing the effect of local interactions
between parts within the context of learning theory is still missing.

In this paper, we propose: 1) a novel theoretical framework that can be applied to a wide family of
structured prediction settings able to capture potential local structure in the data, and 2) a structured
prediction algorithm, based on this framework for which we prove universal consistency and general-
ization rates. The proposed approach builds on recent results from the structured prediction literature
that leverage the concept of implicit embeddings [8, 9, 28, 15, 25], also related to [30, 39]. A key
contribution of our analysis is to quantify the impact of the part-based structure of the problem on the
learning rates of the proposed estimator. In particular, we prove that under natural assumptions on
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Figure 1: (Left) Between-locality in a sequence-to-sequence setting: each window (part) y;, of the output
sequence y is fully determined by the part z,, of the input sequence z, for every p € P. (Right) Empirical
within-locality C,_ 4 of 100 images sampled from ImageNet between a 20 x 20 patch ¢ and the central patch p.

the local behavior of the data, our algorithm benefits adaptively from this underlying structure. We
support our theoretical findings with experiments on the task of detecting local orientation of ridges
in images depicting human fingerprints.

2 Learning with Between- & Within-locality

To formalize the concept of locality within a learning problem, in this work we assume that the data is
structured in terms of “parts”. Practical examples of this setting often arise in image/audio or language
processing, where the signal has a natural factorization into patches or sub-sequences. Following
these guiding examples, we assume every input z € X and output y € Y to be interpretable as a
collection of (possibly overlapping) parts, and denote x,, (respectively ;) its p-th part, withp € P a
set of part identifiers (e.g., the position and size of a patch in an image). We assume input and output
to share same part structure with respect to P. To formalize the intuition that the learning problem
should interact well with this structure of parts, we introduce two key assumptions: between-locality
and within-locality. They characterize respectively the interplay between corresponding input-output
parts and the correlation of parts within the same input.

Assumption 1 (Between-locality). y, is conditionally independent from x, given x,,, moreover the
probability of y, given x,, is the same as Yy, given x, for any p,q € P.

Between-locality (BL) assumes that the p-th part of the output y € Y depends only on the p-th part of
the input z € X, see Fig. 1 (Left) for an intuition in the case of sequence-to-sequence prediction.
This is often verified in pixel-wise classification settings, where the class y,, of a pixel p is determined
only by the sub-image in the corresponding patch x,,. BL essentially corresponds to assuming a joint
graphical model on the parts of = and y, where each y,, is only connected to x,, but not to other parts.

BL motivates us to focus on a local level by directly learning the relation between input-output parts.
This is often an effective strategy in computer vision [22, 45, 17] but intuitively, one that provides
significant advantages only when the input parts are not highly correlated with each other: in the
extreme case where all parts are identical, there is no advantage in solving the learning problem
locally. In this sense it can be useful to measure the amount of “covariance”

Cpg = Ep S(,24) — Eg or S(xp, 7)) (1)

between two parts p and g of an input x, for S(z,, z,) a suitable measure of similarity between parts
(f S(xp, xq) = xpaq, With x, and z, scalars random variables, then C,, 4 is the p, g-th entry of the
covariance matrix of the vector (z1,...,2|p|) ). Here E;S(x), z,) and E, . S(z,, 7;,) measure the
similarity between the p-th and the ¢-th part of, respectively, the same input, and two independent
ones (in particular C,, , = 0 when the p-th and g-th part of = are independent). In many applications,
it is reasonable to assume that C,, ;, decays according to the distance between p and gq.

Assumption 2 (Within-locality). There exists a distance d : P x P — R and vy > 0, such that
Cpql < 1?74 with r* = sup |S(x,2")|. (2)

z,x’

Within-locality (WL) is always satisfied for v = 0. However, when z,, is independent of z, it holds
with v = oo and d(p, g) = J,, 4 the Dirac’s delta. Exponential decays of correlation are typically



observed when the distribution of the parts of x factorizes in a graphical model that connects parts
which are close in terms of the distance d: although all parts depend on each other, the long-range
dependence typically goes to zero exponentially fast in the distance (see, e.g., [26] for mixing
properties of Markov chains). Fig. 1 (Right) reports the empirical WL measured on 100 images
randomly sampled from ImageNet [13]: each pixel (i, j) reports the value of C,, , of the central

patch p with respect to a 20 x 20 patch g centered in (4, j). Here S(z, 24) = x; x4. We note that

, suggesting that Assumption 2

C,,q decreases extremely fast as a function of the distance || p—q
holds for a large value of ~.

Contributions. In this work we present a novel structured prediction algorithm that adaptively
leverages locality in the learning problem, when present (Sec. 4). We study the generalization
properties of the proposed estimator (Sec. 5), showing that it is equivalent to the state of the art in the
worst case scenario. More importantly, if the locality Assumptions 1 and 2 are satisfied, we prove that
our learning rates improve proportionally to the number | P| of parts in the problem. Here we give an

informal version of this main result, reported in more detail in Thm. 4 (Sec. 5). Below we denote by f
the proposed estimator, by £(f) the expected risk of a function f : X — Y and f* = argmin i€ ().

Theorem 1 (Informal - Learning Rates & Locality). Under mild assumptions on the loss and the
data distribution, if the learning problem is local (Assumptions 1 and 2), there exists co > 0 such that

- o\ /4 Pl
E g(f ) - g(f*):| < Co (7L|P|) s S = m Z e_’Yd(pv(I), (3)
p,q=1

where the expectation is taken with respect to the sample of n input-output points used to train f.

In the worst-case scenario v = 0 (no exponential decay of the covariance between parts), the bound
in (3) scales as 1/n'/4 (since s = r?| P|) recovering [8], where no structure is assumed on the parts.
However, as soon as v > 0, s can be upper bounded by a constant independent of | P| and thus the
rate scales as 1/(|P|n)'/*, accelerating proportionally to the number of parts. In this sense, Thm. 1
shows the significant benefit of making use of locality. The following example focuses on the special
case of sequence-to-sequence prediction.

Example 1 (Locality on Sequences). As depicted in Fig. 1, for discrete sequences we can consider
parts (e.g., windows) indexed by P = {1,...,|P|}, with d(p,q) = |p — q| for p,q € P (see
Appendix K.1 for more details). In this case, Assumption 2 leads to

s < 2r2(1—e*7)*1, 4)

which for v > 0 is bounded by a constant not depending on the number of parts. Hence, Thm. 1
guarantees a learning rate of order 1/(n|P|)*/4, which is significanlty faster than the rate 1/n'/* of
methods that do not leverage locality such as [8]. See Sec. 6 for empirical support to this observation.

3 Problem Formulation

We denote by X, Y and Z respectively the input space, label space and output space of a learning
problem. Let p be a probability measure on X x Y and A : Z x Y x X — R a loss measuring
prediction errors between a label y € Y and a output z € Z, possibly parametrized by an input x € X.
To stress this interpretation we adopt the notation A(z, y|x). Given a finite number of (z;,y;)7
independently sampled from p, our goal is to approximate the minimizer f* of the expected risk

win (), with ()= [ A(f(a). ) dpley). )

[ X—Z

Loss Made by Parts. We formalize the intuition introduced in Sec. 2 that data are decomposable
into parts: we denote the sets of parts of X, Y and Z by respectively [X], [Y] and [Z]. These are
abstract sets that depend on the problem at hand (see examples below). We assume P to be a set of
part “indices” equipped with a selection operator X x P — [X] denoted (z, p) — [z], (analogously
for Y and Z). When clear from context, we will use the shorthand x,, = [z] p- For simplicity, in the
following we will assume P be finite, however our analysis generalizes also to the infinite case (see



supplementary material). Let 7(-|) be a probability distribution over the set of parts P, conditioned
with respect to an input € X. We study loss functions A that can be represented as

Az, ylz) = Z m(pl2) Lp(2p; Yp| Tp)- (6)
peEP

The collection of (Ly,),ep is a family of loss functions L, : [Z] x [Y] x [X] — R, each comparing
the p-th part of a label y and output z. For instance, in an image processing scenario, L,, could
measure the similarity between the two images at different locations and scales, indexed by p. In this
sense, the distribution 7 (p|x) allows to weigh each L,, differently depending on the application (e.g.,
mistakes at large scales could be more relevant than at lower scales). Various examples of parts and
concrete cases are illustrated in the supplementary material, here we report an extract.

Example 2 (Sequence to Sequence Prediction). Let X = A*, Y = Z = B* for two sets A, B
and k € N a fixed length. We consider in this example parts that are windows of length | < k.
Then P = {1,...,k — 1+ 1} where p € P indexes the window x, = (z®) ... xPH=1) ywith
x € X, where we have denoted x'*) the s-th entry of the sequence x € X, analogous definition
for y,, zp. Finally, we choose the loss Ly, to be the 0-1 distance between two strings of same length
L,(zp, yplx) = 1(zp # yp). Finally, we can choose w(p|x) = 1/|P|, leading to a loss function
ANz, ylx) = ﬁ > pep L(2zp # Yp), which is common in the context of Conditional Random Fields
(CRFs) [21].

The example above, highlights a tight connection between the framework considerd in this work
and the literature of CRFs. However, we care to stress that the two approaches differ by the way
they interpret the concepts of loss (used to evaluate fitting errors at training time) and the score
functions (used to estimate predictions at inference time). Specifically, while such functions are two
separate entities in CRF settings, they essentially coincide in our framework (i.e. the score is a linear
combination of loss functions). However, as shown in Example 2, the resulting score functions for
both CRFs and our approach have essentially the same structure. Hence they ultimately lead to the
same inference problem [40]. We conclude this section by providing additional examples of loss
functons decomposable into parts.

Remark 1 (Examples of Loss Functions by Parts). Several loss functions used in machine learning
have a natural formulation in terms of (6). Notable examples are the Hamming distance [10, 42, 11],
used in settings such as hierarchical classification [44], computer vision [29, 45, 41] or trajectory
planning [31] to name a few. Also, loss functions used in natural language processing, such as
the precision/recall and F1 score can be written in this form. Finally, we point out that multi-task
learning settings [27] can be seen as problem by parts, with the loss corresponding to the sum of
standard regression/classification loss functions (least-squares, logistic, etc.) over the tasks/parts.

4 Algorithm

In this section we introduce our estimator for structured prediction problems with parts. Our approach
starts with an auxiliary step for dataset generation that explicitly extracts the parts from the data.

Auxiliary Dataset Generation. The locality assumptions introduced in Sec. 2 motivate us to learn the
local relations between individual parts p € P of each input-output pair. In this sense, given a training
dataset D = (x;, y;)—, afirst step would be to extract a new, part-based dataset {(x,, p, yp) | (z,y) €
D, p € P}. However in most applications the cardinality | P| of the set of parts can be very large
(possibly infinite as we discuss in the Appendix) making this process impractical. Instead, we
generate an auxiliary dataset by randomly sub-sampling m € N elements from the part-based dataset.
Concretely, for j € {1,...,m}, we first sample ¢; according to the uniform distribution U,, on
{1,...,n}, set x; = x;;, sample p; ~ 7(- | x;) and finally set 7; = [y;,],,. This leads to the
auxiliary dataset D’ = (x;,pj,7;)}1, as summarized in the GENERATE routine of Alg. 1.

Estimator. Given the auxiliary dataset, we propose the estimator f: X — Z,suchthat Vo € X

-~

f(z) = argmin Z Zaj(ﬂc,p) {7‘(‘(])|.’L‘) Lyp(2p,mjlxp) |- @)

z2€Z peP j=1

The functions o; : X x P — R are learned from the auxiliary dataset and are the fundamental
components allowing our estimator to capture the part-based structure of the learning problem. Indeed,
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for any test point x € X and part p € P, the value o (z, p) can be interpreted as a measure of how
similar z,, is to the p;-th part of the auxiliary training point y ;. For instance, assume «;(z, p) to be
an approximation of the delta function that is 1 when x,, = [X]] and O otherwise. Then,

aj(@,p) Lyp(zp,mjlzp) =~ 6(xp, [X;lp;) Lp(2p, njl2p), (®)
which implies essentially that
» = X, = 2 )

In other words, if the p-th part of test input = and the p;-th part of the auxiliary training input ; (i.e.,
the p;-th part of the training input z; ;) are deemed similar, then the estimator will encourage the
p-th part of the test output z to be similar to the auxiliary part n;. This process is illustrated in Fig. 2
for an ideal computer vision application: for a given test image x, the « scores detect a similarity
between the p-th patch of = and the p;-th patch of the training input z;,. Hence, the estimator will
enforce the p-th patch of the output z to be similar to the p;-th patch of the training label y; ..

Learning a. In line with previous work on structured prediction [8], we learn each a; by solving a
linear system for a problem akin to kernel ridge regression (see Sec. 5 for the theoretical motivation).
In particular, let k : (X x P) x (X x P) — R be a positive definite kernel, we define

(a1 (,p), .., am(z,p) " = (K +mA) " v(z,p), (10)

where K € R™*™ is the empircal kernel matrix with entries K5, = k((x;,»;), (Xn,pr)) and
v(z,p) € R™ is the vector with entries v(z,p); = k((X;,p;), (z,p)). Training the proposed
algorithm, consists in precomputing A = (K + mAI)~! to evaluate the coefficients « as detailed by
the LEARN routine in Alg. 1. While computing A amounts to solving a linear system, which requires
O(m?) operations, we note that it is possible to achieve the same statistical accuracy with reduced
complexity O(m+/m) by means of low rank approximations (see [14, 32]).

Remark 2 (Evaluating f). According to (7), evaluating f on a test point x € X consists in solving
an optimization problem over the output space Z. This is a standard strategy in structured prediction,
where an optimization protocol is derived on a case-by-case basis depending on both /\ and Z
(see, e.g., [29]). Hence, from a computational viewpoint, the inference step in this work is not
more demanding than previous methods (while also enjoying strong theoretical guarantees on the
prediction perfomance, as discussed in Sec. 5). Moreover, the specific form of our estimator suggests
a general stochastic meta-algorithm to address the inference problem in special settings. In particular,
we can reformulate (7) as

f(z) = argmin E; , h; ,(z|x), (11)
2€EZ
with p sampled according to, j € {1, ..., m} sampled according to the weights o; and h; ,, suitably

defined in terms of L,. When the h; ,, are (sub)differentiable, (11) can be effectively addressed by
stochastic gradient methods (SGM). In Alg. 3 in Appendix J we give an example of this strategy.



S Generalization Properties of Structured Prediction with Parts

In this section we study the statistical properties for the proposed algorithm, with particular attention
to the impact of locality on learning rates, see Thm. 4 (for a complete analysis of univeral consistency
and learning rates without locality assumptions, see Appendices F and H). Our analysis leverages the
assumption that the loss function A is a Structure Encoding Loss Function (SELF) by Parts.

Definition 1 (SELF by Parts). A function A : Z xY x X — Ris a Structure Encoding Loss Function
(SELF) by Parts if it admits a factorization in the form of (6) with functions L,, : [Z] x [Y]x [X] = R,
and there exists a separable Hilbert space H and two bounded maps ¢ : [Z] x [X] x P — H,
¢ : Y] = H such that forany ¢ € [Z], ne€ [Y], (€ [X],pe P

The definition of “SELF by Parts” specializes the definition of SELF in [9] and in the following
we will always assume A to satisfy it. Indeed, Def. 1 is satisfied when the spaces of parts involved
are discrete sets and it is rather mild in the general case (see [8] for an exhaustive list of examples).
Note that when A is SELF, the solution of (5) is completely characterized in terms of the conditional
expectation (related to the conditional mean embedding [7, 23, 36, 34]) of (y,) given z, denoted by
g" : X x P — H, as follows.

Lemma 2. Let A\ be SELF and Z compact. Then, the minimizer of (5) is px-a.e. characterized by

f*(x) = argmin > w(p|2) (¥(2p, p, p), 97 (2, D)), » g*(x,p)=/ys0(yp)dp(ylw)~ (13)

z€EZ pEP

Lemma 2 (proved in Appendix C) shows that f* is completely characterized in terms of the conditional

expectation g*, which indeed plays a key role in controlling the learning rates of f. In particular,
we investigate the learning rates in light of the two assumptions of between- and within-locality
introduced in Sec. 2. To this end, we first study the direct effects of these two assumptions on the
learning framework introduced in this work.

The effect of Between-locality. We start by observing that the between-locality between parts of the
inputs and parts of the output allows for a refined characterization of the conditional mean g*.

Lemma 3. Ler g* be defined as in (13). Under Assumption 1, there exists g* : [X]| — H such that
9" (x,p) = 3" (xp) Vze X, peP. (14)

Lemma 3 above shows that we can learn g* by focusing on a “simpler” problem, identified by
the function g* acting only the parts [X] of X rather than on the whole input directly (for a proof
see Lemma 21 in Appendix G). This motivates the adoption of the restriction kernel [6], namely a
function & : (X x P) x (X x P) — R such that

k((z,p), («',q)) = k(zp, ), (15)

which, for any pair of inputs =, ' € X and parts p, ¢ € P, measures the similarity between the p-part
of = and the ¢-th part of ¢ via a kernel k : [X] x [X] — R on the parts of X. The restriction kernel is
a well-established tool in structured prediction settings [6] and it has been observed to be remarkably
effective in computer vision applications [22, 45, 17].

The effect of Within-locality. We recall that within-locality characterizes the statistical correlation
between two different parts of the input (see Assumption 2). To this end we consider the simplified
scenario where the parts are sampled from the uniform distribution on P, i.e., w(p|z) = ‘—}Jl for any
x € X and p € P. While more general situations can be considered, this setting is useful to illustrate
the effect we are interested in this work. We now define some important quantities that characterize
the learning rates under locality,

Cpg =Eq o [ l_c(xp,:cq)z - l_c(xp,:c;)Q ] , r= sup E(xp,xp). (16)
zeX,peP

It is clear that the terms C,, , and r above correspond respectively to the correlations introduced in (1)

and the scale parameter introduced in (2), with similarity function S = k2. Let 7 be the structured
prediction estimator in (7) learned using the restriction kernel in (15) based on & and denote by G the
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Figure 3: Learning the direction of ridges in fingerprint images. (Left) Examples of ground truths and predictions
with pixels’ color corresponding to the local direction of ridges. (Right) Test error according to A in (18).

space of functions G = H ® F with F the reproducing kernel Hilbert space [3] associated to k. In
particular, in the following we will consider the standard assumption in the context of non-parametric
estimation [7] on the regularity of the target function, which in our context reads as g* € G. Finally
we introduce ¢X = Sup, ¢ ,ex ﬁ > pep I¥(z,2,p) |3, to measure the “complexity” of the loss A
w.r.t. the representation induced by SELF decomposition (Def. 1) analogously to Thm. 2 of [8].

Theorem 4 (Learning Rates & Locality). Under Assumptions 1 and 2 with S = k?, let §* satisfying
Lemma 3, with g = ||§*||g < oc. Let s be as in (3). When A = (r*/m +s/(|P|n))*/2, then

r S

R r2 2 1/4

The proof of the result above can be found in Appendix G.1. We can see that between- and within-
locality allow to refine (and potentially improve) the bound of n~1/4 from structured prediction
without locality [8] (see also Thm. 5 in Appendix F). In particular, we observe that the adoption of the
restriction kernel in Thm. 4 allows the structured prediction estimator to leverage the within-locality,
gaining a benefit proportional to the magnitude of the parameter . Indeed r* < s < r?|P| by
definition. More precisely, if ¥ = 0 (e.g., all parts are identical copies) then s = r?| P| and we recover
the rate of O(n~'/*) of [8], while if  is large (the parts are almost not correlated) then s = r> and we
can take m o n|P| achieving a rate of the order of O((n|P|)_1/ *). We clearly see that depending
on the amount of within-locality in the learning problem, the proposed estimator is able to gain
significantly in terms of finite sample bounds.

6 Empirical Evaluation

We evaluate the proposed estimator on simulated as well as real data. We highlight how locality leads
to improved generalization performance, in particular when only few training examples are available.

Learning the Direction of Ridges for Fingerprint. Similarly to [37], we considered the problem of
detecting the pointwise direction of ridges in a fingerprint image on the FVC04 dataset' comprising 80
grayscale 640 x 480 input images depicting fingerprints and corresponding output images encoding
in each pixel the local direction of the ridges of the input fingerprint as an angle § € [—m, 7]. A
natural loss function is the average pixel-wise error sin(f — 6")? between a ground-truth angle 6 and
the predicted 6" according to the geodesic distance on the sphere. To apply the proposed algorithm,
we consider the following representation of the loss in term of parts: let P be the collection of patches
of dimension 20 x 20 and equispaced each 5 x 5 pixels” so that each pixel belongs exactly to 16
patches. For all z,y € R640%480 'the average pixel-wise error is

20

. 1 .
%) |p|;“p’yp with L(Cw)=20Xzoi;““([dij,[nhj)% (18)

"http://bias.csr.unibo.it/fvc2004, DB1_B. The output is obtained by applying 7 x 7 Sobel filtering.
?For simplicity we assume “circular images”, namely [z]; ; = [%](; mod 640),(j mod 480)-
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where ( = z,,n =y, € [T, are the extracted patches and [-];; their value at pixel (¢, 7).

We compared our approach using A (Local-/\) or least-squares (Local-LS) with competitors that do
not take into account the local structure of the problem, namely standard vector-valued kernel ridge
regression (KRLS) [7] and the structured prediction algorithm in [8] with A loss (A-Global). We used
a Gaussian kernel on the input (for the local estimators the restriction kernel in (15) with & Gaussian).
We randomly sampled 50/30 images for training/testing, performing 5-fold cross-validation on A in
[1076,10] (log spaced) and the kernel bandwidth in [10~3, 1]. For Local-/A and Local-LS we built
an auxiliary set with m = 30000 random patches (see Sec. 4), sampled from the 50 training images.

Results. Fig. 3 (Left) reports the average prediction error across 10 random train-test splits. We make
two observations: first, methods that leverage the locality in the data are consistently superior to their
“global” counterparts, supporting our theoretical results in Sec. 5 that the proposed estimator can lead
to significantly better performance, in particular when few training points are available. Second, the
experiment suggests that choosing the right loss is critical, since exploiting locality without the right
loss (i.e., Local-LS in the figure) generally leads to worse performance. The three sample predictions
in Fig. 3 (Right) provide more qualitative insights on the models tested. In particular while both
locality-aware methods are able to recover the correct structure of the fingerprints, only combining
this information with the loss A leads to accurate recovery of the ridge orientation.

Within-locality. In Fig. 4 we visualize the (empirical) within-locality of the central patch p for the
fingerprint dataset. The figure depicts C, , (defined in (16)) for ¢ € P, with the (¢, j)-th pixel in
the image corresponding to C,, , with ¢ the 20 x 20 patch centered in (i, j). The fast decay of these
values as the distance from the central patch p increase, suggests that within-locality holds for a large
value of ~y, possibly justifying the good performance exhibited by (Local-A) in light of Thm. 4.

Simulation: Within-Locality. We complement our analysis with synthetic experiments where we
control the “amount” of within-locality v. We considered a setting where input points are vectors
x € RFIPI comprising | P| parts of dimension & = 1000. Inputs are sampled according to a normal
distribution with zero mean and covariance ¥(v) = M () ® I, where M () € RIZI*IP| has entries
M (7)pg = e~ 74P9 and d(p, q) = |p — q|/|P|. By design, as y grows C varies from being rank-one
(all parts are identical copies) to diagonal (all parts are independently sampled).

To isolate the effect of within-locality on learning, we tested our estimator on a linear multitask (actu-
ally vector-valued) regression problem with least-squares loss A. We generated datasets (x;, y;)"_;
of size n = 100 for training and n = 1000 for testing, with z; sampled as described above and
y; = w'z; + € with noise € € R*¥I” sampled from an isotropic Gaussian with standard deviation
0.5. To guarantee between-locality to hold, we generated the target vector w = [w, ..., w] € RFI7I
by concatenating copies of a w € R* sampled uniformly on the radius-one ball. We performed
regression with linear restriction kernel on the parts/subvectors (Local-LS) on the “full” auxiliary
dataset ([z;]p, [y:]p) with 1 < ¢ < mand 1 < p < |P|, and compared it with standard linear regres-
sion (Global-LS) on the original dataset (;,y;)"_; and linear regression performed independently
for each (local) subdataset ([x;],, [y:]p) 7, (IndependentParts - LS). The parameter A was chosen by
hold-out cross-validation in [107%, 10] (log spaced).



Fig. 5 reports the (log scale) mean square error (MSE) across 100 runs of the two estimators for
increasing values of v and | P|. In line with Thm. 4, when + and | P| are large, Local-LS significantly
outperforms both i) Global-LS, which solves one single problem jointly and does not benefit within-
locality, and i7) IndependentParts-LS, which is insensitive to the between-locality across parts and
solves each local prediction problem in isolation. For a smaller 7y, such advantage becomes less
prominent even when the number of parts is large. This is expected since for v = 0 the input parts
are extremely correlated and there is no within locality that can be exploited.

7 Conclusion

We proposed a novel approach for structured prediction in presence of locality in the data. Our
method builds on [8] by incorporating knowledge of the parts directly within the learning model. We
proved the benefits of locality by showing that, under a low-correlation assumption on the parts of the
input (within locality), the learning rates of our estimator can improve proportionally to the number
of parts in the data. To obtain this result we additionally introduced a natural assumption on the
conditional independence between input-output parts (between locality), which provides also a formal
justification for adoption of the so-called “restriction kernel”, previously proposed in the literature,
as a mean to lower the sample complexity of the problem. Empirical evaluation on synthetic as
well as real data shows that our approach offers significant advantages when few training points are
available and leveraging structural information such as locality is crucial to achieve good prediction
performance. We identify two main directions for future work: 1) consider settings where the parts
are unknown (or “latent”) and need to be discovered/learned from data; 2) Consider more general
locality assumptions. In particular, we argue that Assumption 2 (WL) might be weakened to account
for different (but related) local input-output relations across adjacent parts.

References

[1] Karteek Alahari, Pushmeet Kohli, and Philip H. S. Torr. Reduce, reuse & recycle: Efficiently
solving multi-label MRFs. In Conference on Computer Vision and Pattern Recognition (CVPR),
pages 1-8, 2008.

[2] Charalambos D. Aliprantis and Kim Border. Infinite Dimensional Analysis: a Hitchhiker’s
Huide. Springer Science & Business Media, 2006.

[3] Nachman Aronszajn. Theory of reproducing kernels. Transactions of the American Mathemati-
cal Society, 68(3):337-404, 1950.

[4] Lalit Bahl, Peter Brown, Peter De Souza, and Robert Mercer. Maximum mutual information esti-
mation of hidden markov model parameters for speech recognition. In International Conference
on Acoustics, Speech, and Signal Processing (ICASSP), volume 11, pages 49-52, 1986.

[5] G. H. Bakir, T. Hofmann, B. Scholkopf, A. J. Smola, B. Taskar, and S. V. N. Vishwanathan.
Predicting Structured Data. MIT Press, 2007.

[6] Matthew B. Blaschko and Christoph H. Lampert. Learning to localize objects with structured
output regression. In European Conference on Computer Vision, pages 2—15. Springer, 2008.

[7] Andrea Caponnetto and Ernesto De Vito. Optimal rates for the regularized least-squares
algorithm. Foundations of Computational Mathematics, 7(3):331-368, 2007.

[8] Carlo Ciliberto, Lorenzo Rosasco, and Alessandro Rudi. A consistent regularization approach
for structured prediction. Advances in Neural Information Processing Systems 29 (NIPS), pages
4412-4420, 2016.

[9] Carlo Ciliberto, Alessandro Rudi, Lorenzo Rosasco, and Massimiliano Pontil. Consistent multi-
task learning with nonlinear output relations. In Advances in Neural Information Processing
Systems, pages 1983-1993, 2017.

[10] Michael Collins. Parameter estimation for statistical parsing models: Theory and practice of
distribution-free methods. In New Developments in Parsing Technology, pages 19-55. Springer,
2004.



[11] Corinna Cortes, Vitaly Kuznetsov, and Mehryar Mohri. Ensemble methods for structured
prediction. In International Conference on Machine Learning, pages 1134-1142, 2014.

[12] Corinna Cortes, Vitaly Kuznetsov, Mehryar Mohri, and Scott Yang. Structured prediction theory
based on factor graph complexity. In Advances in Neural Information Processing Systems,
pages 2514-2522, 2016.

[13] Jia Deng, Wei Dong, Richard Socher, Li-Jia Li, Kai Li, and Li Fei-Fei. Imagenet: A large-
scale hierarchical image database. In 2009 IEEE conference on computer vision and pattern
recognition, pages 248-255. Ieee, 2009.

[14] Aymeric Dieuleveut, Nicolas Flammarion, and Francis Bach. Harder, better, faster, stronger con-
vergence rates for least-squares regression. Journal of Machine Learning Research, 18(1):3520-
3570, 2017.

[15] Moussab Djerrab, Alexandre Garcia, Maxime Sangnier, and Florence d’Alché Buc. Output
fisher embedding regression. Machine Learning, 107(8-10):1229-1256, 2018.

[16] John C. Duchi, Lester W. Mackey, and Michael 1. Jordan. On the consistency of ranking
algorithms. In Proceedings of the International Conference on Machine Learning (ICML),
pages 327-334, 2010.

[17] Pedro F. Felzenszwalb, Ross B. Girshick, David McAllester, and Deva Ramanan. Object
detection with discriminatively trained part-based models. [EEE Transactions on Pattern
Analysis and Machine Intelligence, 32(9):1627-1645, 2010.

[18] Thorsten Joachims, Thomas Hofmann, Yisong Yue, and Chun-Nam Yu. Predicting structured
objects with support vector machines. Communications of the ACM, 52(11):97-104, 2009.

[19] Andrej Karpathy and Li Fei-Fei. Deep visual-semantic alignments for generating image
descriptions. In Proceedings of the Conference on Computer Vision and Pattern Recognition,
pages 3128-3137, 2015.

[20] Anna Korba, Alexandre Garcia, and Florence d’Alché Buc. A structured prediction approach
for label ranking. In Advances in Neural Information Processing Systems, pages 8994-9004,
2018.

[21] John Lafferty, Andrew McCallum, and Fernando C. N. Pereira. Conditional random fields:
Probabilistic models for segmenting and labeling sequence data. 2001.

[22] Christoph H. Lampert, Matthew B. Blaschko, and Thomas Hofmann. Efficient subwindow
search: A branch and bound framework for object localization. IEEE Transactions on Pattern
Analysis and Machine Intelligence, 31(12):2129-2142, 2009.

[23] Guy Lever, Luca Baldassarre, Sam Patterson, Arthur Gretton, Massimiliano Pontil, and Steffen
Griinewélder. Conditional mean embeddings as regressors. In International Conference on
Machine Learing (ICML), volume 5, 2012.

[24] Giulia Luise, Alessandro Rudi, Massimiliano Pontil, and Carlo Ciliberto. Differential properties
of sinkhorn approximation for learning with wasserstein distance. In Advances in Neural
Information Processing Systems, pages 5859-5870, 2018.

[25] Giulia Luise, Dimitris Stamos, Massimiliano Pontil, and Carlo Ciliberto. Leveraging low-rank
relations between surrogate tasks in structured prediction. International Conference on Machine
Learning (ICML), 2019.

[26] Sean P. Meyn and Richard L. Tweedie. Markov Chains and Stochastic Stability. Springer
Science & Business Media, 2012.

[27] Charles A. Micchelli and Massimiliano Pontil. Kernels for multi—task learning. In Advances in
Neural Information Processing Systems, pages 921-928, 2004.

[28] Alex Nowak-Vila, Francis Bach, and Alessandro Rudi. Sharp analysis of learning with discrete
losses. AISTATS, 2018.

10



[29] Sebastian Nowozin, Christoph H Lampert, et al. Structured learning and prediction in computer
vision. Foundations and Trends in Computer Graphics and Vision, 2011.

[30] Anton Osokin, Francis Bach, and Simon Lacoste-Julien. On structured prediction theory with
calibrated convex surrogate losses. In Advances in Neural Information Processing Systems,
pages 302-313, 2017.

[31] Nathan D. Ratliff, J. Andrew Bagnell, and Martin A. Zinkevich. Maximum margin planning.
In Proceedings of the International Conference on Machine Learning, pages 729-736. ACM,
2006.

[32] Alessandro Rudi, Luigi Carratino, and Lorenzo Rosasco. Falkon: An optimal large scale kernel
method. In Advances in Neural Information Processing Systems, pages 3891-3901, 2017.

[33] Alessandro Rudi, Carlo Ciliberto, GianMaria Marconi, and Lorenzo Rosasco. Manifold
structured prediction. In Advances in Neural Information Processing Systems, pages 5610-5621,
2018.

[34] Rahul Singh, Maneesh Sahani, and Arthur Gretton. Kernel instrumental variable regression.
Advances in Neural Information Processing Systems, 2019.

[35] Steve Smale and Ding-Xuan Zhou. Learning theory estimates via integral operators and their
approximations. Constructive Approximation, 26(2):153-172, 2007.

[36] Le Song, Kenji Fukumizu, and Arthur Gretton. Kernel embeddings of conditional distributions:
A unified kernel framework for nonparametric inference in graphical models. IEEE Signal
Processing Magazine, 30(4):98-111, 2013.

[37] Florian Steinke, Matthias Hein, and Bernhard Scholkopf. Nonparametric regression between
general riemannian manifolds. SIAM Journal on Imaging Sciences, 3(3):527-563, 2010.

[38] Ingo Steinwart and Andreas Christmann. Support Vector Machines. Information Science and
Statistics. Springer New York, 2008.

[39] Kirill Struminsky, Simon Lacoste-Julien, and Anton Osokin. Quantifying learning guarantees
for convex but inconsistent surrogates. In Advances in Neural Information Processing Systems,

pages 669—-677, 2018.

[40] Charles Sutton and Andrew McCallum. An introduction to conditional random fields. Founda-
tions and Trends®) in Machine Learning, 4(4):267-373, 2012.

[41] Martin Szummer, Pushmeet Kohli, and Derek Hoiem. Learning CRFs using graph cuts. In
European Conference on Computer Vision, pages 582-595. Springer, 2008.

[42] Ben Taskar, Carlos Guestrin, and Daphne Koller. Max-margin Markov networks. In Advances
in Neural Information Processing Systems, pages 25-32, 2004.

[43] Ioannis Tsochantaridis, Thorsten Joachims, Thomas Hofmann, and Yasemin Altun. Large
margin methods for structured and interdependent output variables. volume 6, pages 1453-1484,
2005.

[44] Devis Tuia, Jordi Munoz-Mari, Mikhail Kanevski, and Gustavo Camps-Valls. Structured
output svm for remote sensing image classification. Journal of Signal Processing Systems,
65(3):301-310, 2011.

[45] Andrea Vedaldi and Andrew Zisserman. Structured output regression for detection with partial
truncation. In Advances in Neural Information Processing Systems, pages 1928-1936, 2009.

11



Supplementary Material of:
Localized Structured Prediction

In this appendix we provide further background to the main discussion and results in the main sections
of the current work. In particular:

e Appendix A introduces a generalization of the proposed framework to account for a larger
family of structured prediction problems where locality can be exploited.

e Appendix B introduces the notation and auxiliary results that will be useful to prove the
results discussed in this work.

e Appendix C discusses the derivation of the structured prediction estimator proposed and
studied in this work.

e Appendix D extends the Comparison inequality for the SELF estimator in [8] to the case
where the locality of the problem can be exploited.

e Appendix E provides an analytical decomposition of a bound for the excess risk of the
proposed estimator that is then used to prove the learning rates of the proposed estimator
without and with parts (respectively Appendices F and G) and also the universal consistency
(Appendix H).

e Appendix I compares the proposed framework with structured prediction (without parts) in
[8].

e Appendix J provides more details on the problem of learning and evaluating the estimator
proposed in this work.

e Appendix K discusses in more detail loss functions considered in the literature that can be
decomposed into “parts”.

An overview of the main result in Thm. 4.

For the sake of clarity, before delving in the discussion below, we discuss here how the main result
of this work, namely Thm. 4, is situated within the appendix. While the formal proof is given in
Appendix G.1, here we highlight and reference the key results used to this purpose. The main analysis
in this sense can be found in Appendices E to G.

In particular, the proof hinges on three main components: first, we study the conditional expectation
g* introduced in Lemma 2 in terms of an estimator g. In Appendix C we prove that this estimator is
tightly connected to our structured prediction estimator in (7) according to the comparison inequality

E(F) = (") < calld = 9" lr2(xx Prpx o) (19)
proved in Thm. 9 in Appendix C.

Second, we study the quantity ||g — g* || L2(x x P,»px ) Providing an analytic decomposition of this
error in Thm. 11 in Appendix E.

Finally, in Appendix F we consider how each term in such analytical decomposition can be controlled
in expectation with respect to a training dataset randomly sampled from the underlying distribution
p. Putting together all these independent bounds we are able to characterize the excess risk bounds

for our estimator f in the general setting where locality does not necessary hold, which is reported
below and proved at the end of Appendix F.3.

Theorem 5. Let J?as in (7) with i.i.d. training set and auxiliary dataset sampled according to Alg. 1.
Let \ be SELF, Z compact, g* € G and X\ > (r* /m 4 q/n)'/2. Then

2

R 1/2
Ee(f)-e(f)] <12cae (;m+;jl+x) . 20)

Here we have introduced the quantity

q= Ew,$’Ep,q|m,r|:1:’ Cp,q(xw%J) C;D,q(xax/) = [k‘((x,p), (J}, q))2 - k((l’,p), (xly T))Q] 5 (21)
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where E,, ;,;[-] is a shorthand for } . p 7(p|z)m(g|x)[] (analogously for E, ). It can be seen that
this quantity allows to capture and leverage the within-locality assumption. In particular, it will allow
us to quantify explicitly the advantages of using our locality-aware estimator.

The result above explicitly shows how the quantities measuring the within locality do affect the
constants in the learning rates of the proposed estimator. By combining Thm. 5 with Assumptions 1
and 2 and leveragin the locality properties of the restriction kernel introduced in (15), we are then
able to prove Thm. 4 as desired. As mentioned, the details of this proof are reported in Appendix G.1.

A Generalization of the Model by Parts

In this section we introduce a slight generalization of the model considered in this work and that will
be used in the rest of the appendixes. In particular we consider the case where P is not necessarily
finite and, possibly, the observed parts of y are not necessarily deterministic.

A.1 When the Parts don’t correspond exactly

In general, y,, (the p-th part of 3) could not be univocally determined given p € P. For instance,
consider a speech recognition problem where the goal is to predict the sentence pronounced by a
speaker from an audio signal. In this setting the input space X is the set of all audio signals and
Y = Z is the set of all strings that can be produced in the speaker’s language. In principle, for any
part x,, of an input signal @ € X it is possible to identify the corresponding part y,, of the target string.
In practice, such a procedure would require significant preprocessing (e.g. using hidden markov
models) and would however not be guaranteed to be error-free.

In general, given an input x € X alabel y € Y and a part p € P, observations for the p-th part
of y can be distributed according to some probability u(wl|y,x, p) over the set [Y] of parts of Y.
A possible way to model this situation is to consider a characterization of L in terms of a further
function £ : Z x [Y] x X x P — R such that

Az yle) = /P L(z ylz, p)dn(plz), where 22)
L(z,ylxz,p) /m U(z,m|x,p) du(nly, z,p). (23)

In this sense, the distribution p can be interpreted as characterizing how likely it is for the part p of
an input = with associated label y to correspond to n € [Y]. It is possible to recover the standard
characterization by selecting p to be the Dirac de

p(nly, z,p) = 06(n, yp)-

Remark 3 (Connection with standard Structured Prediction). Note that the loss above generalizes the
standard structured prediction framework as in [43, 29, 8]. Indeed, it is always possible to formulate
a structured prediction loss /\ in the proposed setting, by taking { = N\ and P = {0}, [Y] =Y,
m(0|z) = 1 and p(wly, x,0) = &,. However, if there exists a non-trivial characterization of /\ in
terms of these objects, then the algorithm proposed in this work is able to exploit this additional
structure to achieve improved generalization performance.

Here we give the extended defintion of the SELF assumption, given the definition of loss in (22).

Definition 2 (SELF by Parts (Extended)). A function A\ : Z x' Y x X — R is a Structure Encoding
Loss Function (SELF) by Parts if it admits a factorization in the form of (22) with functions ¢ :
Z x |[Y] x X x P — R, and there exists a separable Hilbert space H and two bounded continuous
maps Y : [Z] x [X] x P = H, ¢ : [Y] — H such that forany z € Z,ne€ Y],z € X,pe P

5(2777|$7P) = <1/](Z,5L'7p)a SD(U»H . (24)

Remark 4 (Def. 2 is more general than Def. 1). Given a loss A\ satisfying Def. 1 for some 3, ¢, H',
then it satisfy Def. 2, with (z,x,p) = V' (2p, 2p, D), with ¢ = ¢’ with H = H'.
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B Notation and Main Definitions

Let L?(X x P, mpx) be the Lebesgue function space with norm

18120 Pomy = / B(x,p)? dr(pla)dpx (x)
XxP

with 3 : X x P — R. Analogously, L?(X x P, mpx,H) be the Lebesgue function space with norm

IBIZ2 (x x o 20 =/ 18z, p)|I3; dr(plz)dpx (x)
XxXP

with 8 : X x P — H. Let ((Jci,yi))nzl be the training set and let ((xij,yij,pj,wj));n:l. Denote

with py the probability measure = 37 | 6,,. We define L?(X x P, 7px,H) the Lebesgue function
space with norm

1 n
181 e = 3 3 [ 13(a )y ).
i=1

with 8: X x P — H.

Letk : (X x P) x (X x P) — R be a reproducing kernel with associated reproducing kernel Hilbert
space (RKHS) F. For any (z,p) € X x P we denote k, ;, = k((z,p),) € F.

We introduce the following objects:
e S:F — L*(X x P,mpx) the operator such that, for any f € F,
(SHC) = (k) 5 -

o S*: L*(X x P,mpx) — F the operator such that, for any 8 € L*(X x P, mpx),

S*ﬂ = kw,pﬂ(zap) dﬂ'(p‘:l})dpx(:c).
XxP

e C: F — F the operator C' = kup @ Ky p dr(plz)dpx (z).
XXP

~ 1<
e C: F — F the operator C = — g / kg, p ® kg, p dm(plz;).
ns P
i=1

~ ~ 1 &
o C: F — F the operator C' = — Z Kei p; @ Kei p;-
j=1

o L : L*(X xPmpx) — L*(X x P,mpx) the operator such that for any 3 €
L?(X x P,mpx), we have that (LB)(-) = [, p k((z,p),-)B(x,p) dr(plx)dpx (z).

e B:H — Ftheoperator B = [}, kap® @(w) du(wly, z, p)dr(p|z)dp(y, ). Note that
by definiton B = [k, , @ g*(z,p) dn(p|z)dpx (z) with g* defined as in (13).

e B:H — F the operator B = L > kai, p; @ p(w)).

G : H — L*(X x P,mpx) the operator such that, for any h € H is such that (Gh)(:) =
(9%(+), h)4, for any h € H, with g* defined as in (13).

Further Notation. Let H and F be two Hilbert spaces and let h € H and f € F, we denote with
h ® f the bounded linear operator from F — # such that, for any g € F, we have (h ® f)g =
h{f,g)z. Notethat h® f € H ® F, where H ® F is the tensor product between the Hilbert
spaces H, F and is isometric to the the space of Hilbert-Schmidt operators from F to ‘H, denoted
by HS(F, H), namely the bounded linear operators G : F — H with finite Hilbert-Schmidt norm

HG”HS = TI'(G*G).
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B.1 Auxiliary Results
Lemma 6. With the notation introduced above, the following equations hold.
o [ =S55"
o O'=5*S.
o SCY'S* =LL ' =1-\Ly%
o O 'S =5*Ly".
o ||C;1/25*|| = HS*L;\l/QH < 1forany A >0

The proof of the result above are well known and we refer to Appendix B in [8] for a proof with same
notation as the one adopted in this paper. Below we show two further results that we will need

Lemma 7. with the notation introduced above we have

B = S"G. (25

Proof. By applying the definition of the two operators S and G we have that for any i € H,

9Gh=5%< x» 6)

=S"((g"(-), h)y) 27

/km “(2,p), by dr(pla)dpx (@) (28)

~ [ (e " 0. p) dn(ple)dps (o) = B 9)

Hence B = S*@ as required. O

C Derivation of the algorithm

In this section we show how the algorithm naturally derives from the definition of the problem
and in particular we prove Lemma 2. Our analysis starts from the observation that when the loss
function is SELF the solution of the learning problem in (5) is completely characterized in terms of
the conditional expectation of ¢(y,) given x, denoted by g* : X x P — H, with

g (x,p) = /w(n)du(nla Yy, p)dp(ylz). (30)

Note that since ¢(-) is bounded and continuous, we have that g* € L?(X, wpx,H). Below we prove
Lemma 2

Lemma 2. Let A be SELF and Z compact. Then, the minimizer of (5) is px-a.e. characterized by

f(x) = argmin Y w(ple) (W(zp, 2p,0) 9 (2,0)) 5 9*(x7p)=/y99(yp)dp(ylﬂc)~ (13)

z€2 peEP

Proof. By Berge maximum theorem[2] (see also [8]), since Z is compact, we have that the solution
of the learning problem in (5) is characterized by

ﬁ@»:mgmg/A@wmwmmm.

z€Z
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The result is obtained by expanding the definition of A\ with respect to SELF (Def. 2) and the linearity
of the inner product and the integral

/ Az yle)dp(ylz) = / Uzl p)du(nly, 2, p)dr(ple)dp(yle) 31)
- / (W22, p), 0(1) 3, dis(nly, 2, ) (pl)dp(ylz) 32)
-/ <w<z,x,p>7 / w(n)du(nly,x,p)dp(yx)> dr(ple)  (33)
H
- / (W(z2,p), 6" (@, D)) 5, d(pl), (34)

as desired. O

Since g* depends on the unknown distribution p, we substitute it in (13) with an approximation g.
In particular, since g* is the conditional expectation induced by p(y|x), a viable choice for g is the
empirical risk minimizer of the squared loss, which is a well known estimator for the conditional
expectation [7], namely

m

g = argmin — Y _[[v:(n;) — 905, )3 + Allgllg, (35)
geg mj:l

where G is a normed space of functions from X x P to . In this work we will consider G = H ® F
where F is the space of functions associated to a kernel £ on X x P. In this case g can be obtained
in closed form in terms of the auxiliary dataset and, when plugged in (13), the resulting estimator
corresponds exactly to the one in (7), as shown in next Lemma.

Lemma 8. Let A be SELF, Z a compact set and k be a positive definite kernel on X x P and f
defined as in (7) with weights as in (10) computed using kernel k. Then f is characterized by

flz) = argmmz (pl) (¢ (2> D), G(@, D))y (36)
with g the solution of (35) computed using kernel k.
Proof. We recall (see [7]) that the least-squares solution of (35) can be obtained in close form solution

as
p) = Z a; (2, )¢ (Yp,;)

for any z € X and p € P, where the weights « are defined as in (10). By linearity of the inner
product we have

> 7 pla) (W (2p, p,0), G, D)5 = D Y (D)0 (@, ) (Y(2p, Tpy D), 0(Up,) )y BT
peEP j=1peP

= Z m(plx)ay(x, p)Lp(2p, yp|Tp) (38)
j=1pepP

where the last step follows from the assumption that the loss is SELF. O

An interesting consequence of the lemma above is that ¢, ¢, g, g*, H are only needed for theoretical
purposes — i.e. to establish the connection between the estimator f and the ideal solution f* — and
are not needed for the evaluation of f which is done in terms of known objects, via (7).
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D Comparison Inequality

In this we derive a result, Thm. 9, that is crucial to prove the statistical properties of the proposed
algorithm. Note that it is analogous to the Comparison Inequality of [8] and of independent interest
for the proposed framework. First we define the following estimator, that is a more general version of
the one presented in the paper

f(z) = argmin /P (2,2, 9), 3@, p))y 7 (p]2)- (39)

z2€EZ

Note that the estimator presented in the main paper which is characterized by (36), Lemma 8 can be
written like (39), applying Remark 4 in Appendix A.1.

Theorem 9. When Z is a compact set and /\ satisfies Def. 2, for any measurable g : X x P — H
and f : X — Z defined in terms of g as in (39). Then

E(F) — (") < calld = 9 llz2(xx Pmpx ) (40)
and cp is a constant depending only on /\ and defined at the end of the proof.

Proof. Forany z € X and z € Z, let
Azlz) = /P (W2 2,0), 9" (2,0)) 5, dr(pl), 1)
A(zlr) = /P (6(2,2,p), §(@,p))», dr(pe). “2)

By the SELF assumption £(z, w|z,p) = (¢ (2, z,p), ¢(w)),, and the definition of g* as in (13) we
have the following alternative characterization for A(z|z) as shown in Lemma 2

A(zla) = / 0z, wlz, ) du(wly, 5, p)dp(yl2)dn(plz). @)
[Y]xY xP
Then, £(f) = [ A(f(x)|x) dpx (x) for any f : X — Z and we have the following decomposition
of the excess risk
Ef)—-e) = ; A(f(@)|z) = A(f*(2)|2) dpx (x) (44)
= | A(f(@)|e) = A(f(@)|z) + A(f(@)|z) = A(f" (@)|z) (45)
X <0
+ ; A(f*(@)|2) — A(f* (@) ]2) dpx (x) (46)
< 2/ sup |A(z|z) — A(z|2)| dpx (2) 47)
X z€Z

where we have used the fact that A(f(z)|z) — A(f*(z)|z) < 0 since, by definition, f(x) is the
minimizer of A(- |x) (see Eq. (39)).

Now, note that by the linearity of the inner product we have

Asle) = Aka)| = | | 000 3(0.0) = 6" (@0 dr(ola) @8)
< [ 10l 9" @0) = ) d(plo) (49)
;
¢ / iz 2, )2, dr(ple) \/ / lo* (2. p) — 3. )2, dn(plz)  (50)
o(z, ) \/ / lo* (2, p) — 3(a, D)%, dn(plz) (51)
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where we applied Cauchy-Schwartz for each of the two inequalities, with ¢(z,z) =
VLo (2. D)3, dr(pla).

Denote with || - || ,2(x x Pxpy,7) the norm such that
191 pnpmr = [ N0} drpla)dox (o) (52
XxP
forany g : X x P — H. Then, plugging the inequality above in (47), we obtain
2/ sup | A(z|z) — A(z|x)‘ dpx () (53)
X z€Z
< 2/ sup [q(x,Z) \// lg*(z.p) — g(=,p)|I3, dr(p|z) ] dpx () (54)
X 262 P
= 2/ sup |q(z,2) \// lg*(z,p) — gz, p)II3, dr(plz) dpx (x) (55)
X z€Z
¢ J (su ates ) dpx (z \/ [ lg*p) = 3Gl drola)dpx () (56)
z2€Z XxP
=callg — 9" L2 (x x Prpx 1) (57)

where the last inequality follows from Cauchy-Schwartz and

2
caA =2 \// supq T,z ) dpx () (58)
z2€Z

_2\//;( rer / [z Pl d7r<p|z>] dpx () (59)
O

Remark 5 (Remove the dependency of ca from px). Note that it is always possible to remove the
dependency of ca from px by bounding it with

zeZ
reX

1/2
cn <2 (W / Iz o p>||Hd7r<p|x>> (60)

E Analytical Decomposition

According to the comparison inequality (40) it is sufficient to bound the quantity |[g —

9*||L2(x x P,xpx ) in order to control the excess risk of the estimator f. Equipped with the no-
tation introduced above, we can now focus on studying this quantity. In particular in Thm. 11 we
provide an analytical decomposition of ||g — g*||L2(x x ,xp ) in terms of basic quantities that can
be controlled in expectation (or probability, for the universal consistency).

Proposition 10. Let g, g* be defined as in (35) and (30), then the following holds
15— 9" lz2(x x Prpx 70y = IISC B = Gllusae,2(x x Porpx ) (61)

Proof. First of all we recall that the space L?(X x P,mpx, H) is isometric to H ® L?(X x P, mpx)
which is isometric to the space of linear Hilbert-Schmidt operators from H — L?(X x P, mpx),
denoted by HS(H, L?(X x P,mpx)). Now note that G is the operator in HS(H, L2(X x P,7px)),
that is isometric to g* € L*(X x P,mpx,H), indeed Gv = (g*(-, ), v),, for any v € H.

Now note that is the solution of the problem in (35). Indeed, first note that the functional R A(W),
defining the problem in (35), is smooth and strongly convex (W € ‘H ® F, A > 0). Then we find the
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solution by equating the derivative of R (W) to 0. First note that for any W € H ® F, the functional
R (W), is equivalent to

1 m

= — > l6(w)) = Whia, ) [l3e + AW [l (62)
1 m

= Te[W — 3 ey @Ry ) + AL | W (63)
j=1

1 m 1 m

2 =Yk = : , 4

- g oy ) @ D) | W+ — ;cb(w;) @o(w)] (64

_ Tr[W (é + M) W* — 2BW + — Z d(w;) ® ¢(wj)} , (65)

_]:1

where for the last step we applied the defintion of C and B. By takmg the derivative of R A(W)in W
and equating it to O the following minimizer is obtained W=58 *C N

Moreover note that, S C’; B is the operator in HS(#, L2(X x P,mpx)), that is isometric to § €
L*(X x P,mpx,H), indeed by definition of S

S@;lgv = <k(_’_)7ﬁ/\*v>F = </V[7k;(_’_),v>ﬂ =(9(-,),v)y, YveH.

O
Theorem 11. Let A\ > 0. With the definitions in Appendix B, we have
1B
”g - g*||L2(X><P,7rpx,'}-L) < ﬁ + T <B1A1/2()\) + ﬁz) + >\A1(>\). (66)
where 31 = = ||B — Bllus and A,(\) = ||Ly"G||us forr > 0.
Proof. By Prop. 10 and by adding and subtracting S@;lB and SC/\_lB we have
19— 9" lL2(x x Prpx 1) = HS@A_lé — Gllas@,re) < AL+ Ay + A (67)
with
Ay = |SC B — SCTBllus.12) (68)
Ap = ||SCA',\AB — SC3 ' Bllus,12) (69)
A3 = [ISCY'B — Gllus(x,12)- (70)
Bounding A;. Now, by dividing and multiplying by Cl/ % we have
= [SCLM(B - B)lluse,r2) < ISC5 B = Bllus o, 7) (71)

Bounding A;. By using the identity R~! — T—! = R=}(T — R)T~! holding for any invertible
operators R, T : F — F, we have

Ay = [IS(C5! = O Bllusou.e) (72)
= [|SCH(Cx — 6)\)0;13||HS(H,L2) (73)

= [ISC;H(C — C)C5 ' Bllusae.2) (74)

< ISCTHIIC = CllICA™ Bllus . 7) - (75)
(76)
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We further apply Lemma 6 to have ||C’;1/25*|| = ||S*L;1/2|| <land C;'S = S*Ly'. Then,

ICY Bllusa,7) = 1Cx ' S*Gllus e, 7) = 15" Ly " Gllus e, 7) (77)
< NIS* Ly P INLY 2 Cllusrey < 1Ly G lluse.)- (78)

Bounding A3. From Lemma 6 we have B = S*G and SC/\_lS* = LL;1 =1 - /\L;1. Then,
A3 = ||SC{TS*G = Gllusa, 2y = |(I = ALYHG — Gllus,r2) = ALY 'Gllusae,r2)- (79)

To conclude, we control the term ||S@;1 || by

ISP = G el < ICTHC = O+ 165 OO (80)
o S 1
<ICPIe = Cll+ 5 (81)
1 ~ 1
< FHC_CH X (82)
Therefore
. c-0 1 _ 1 lc —C]|
ey le_a, o L viem o 83
Combining the bounds for A;, A and A3 we obtain the desired result. O

F Learning Rates

Building on the analytic decomposition of Thm. 11 we observe that the key quantities to study in
this setting are the E||C — C||? and E||B — B||% as discussed below. In particular the following

theorem further decomposes the quantities from Thm. 11, and E[|C — C||? and IE||§ — B}, are
bounded in Appendices F.1 and F.2. Finally Thm. 20 is given in Appendix F.3.

Theorem 12. Let \ > 0. With the definitions in Appendix B and Thm. 11, we have

1/2 9 22 1/2
JW) (W+E5§> +AA(N). (84)

Ellg = 9" le2(x x Pirpx 1) < 2 <1 + 3 )\ 3

Proof. Leta = -, b= 1 c¢=|L;"*G|us and d = A|| L} *G|/us. Then,

L.
El[§ — " | c2(xx pmpx ) < Bla+0B1%)(cBr + B2) +d (85)

< \/IE(a + 0B AR (cBy + B2)2 + d (86)

< \J4(a? + PPES) (PES? + EA3) + d @87)

< 2\/ (a2 + 02\ [E2) (PES7 + EB3) + d, (88)

as desired. O

The rest of this section will be devoted to characterizing the behavior of EA7 and EA2 in order to
obtain a more interpretable learning rates for the estimator proposed in this work.

F.1 Bounding EfS?

Denote Ca, .p; = Ku;, p; @ ke, p; — C. First, we show that B¢, = 0.
Lemma 13. With the definition above, when x1, . . ., x,, are identically distributed, we have
]E <I1J sPj = 0
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Proof. Since 1, ..., x, are identically distributed, for any 5 = 1, ..., m, we have

1 n
E kxij p; ® kwij = Zl/PXX k‘% p; ® k:uj p; dm(pjlzs; )dpx (xi,) (89)
ij=
= kep ® ks p dr(ple)dpx (x) (90)
PxX
=C, 1)
as desired O

Lemma 14. With the definitions of Section B let Q1 = E||(, p||}g and

¢ = / CopCap dr(pla)dm(p'|z)dpx () (92)
PxX
~ m—1) Tr(¢
EJC - Cllt = 2 4 { ) M© (93)
m m n
Proof. From the definition of c , we have
N ) 1 m ) 1 m
EHC - C”HS = EHE Z Cwij ,Pj HHS = ﬁ Z E Tr ( Cosij 7ij$ih7Ph) %94)
j=1 jh=1
We consider separately the elements in the sum that correspond to the case j = h and j # h.
Case j = h. We have
ETr (Cacz, Dj C:cih J)h) = EHC%] \Dj ”%—IS =@ 95)
2. Case j # h. We have E Tr (inj s Crih,ph) =1 Zz,ih,:l Rg;}fih where
Rl = [ TGy o) sl )dn(onle,)dpx (an) - dpx (). 96)
PxX
We consider separately the case i; = 7j, and 7; # iy,.
Case j # h and i; = 45. We have that
R‘Z”fz .= Tr (gw, Dj Cas . ,Ph) dﬂ-(pj |xij )dW(thj )de (xlﬂ) 7
VRAN PxX J J
— [ T (Gaen) dn(ploin(pa)dpx () = TH(E) ©8)
PxX
2.2 Case j # h and i; # i),. We have that
Ry = [ 10 (oo ) sl monles, dpx (o px (i) 99)
— [0 (Cer) dntrla)anf|')dpx (2)dps (o) (100)
10 ([ Gop dnlplaldpx (o) [ G dntflaps () ) (1on
= |E G pllfis =0 (102)

where the last equality follows from the fact that the ¢, , have zero mean according to Lemma 13.
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Combining the above cases. Note that in (94), Case 1 occurs m times and Case 2 occurs the
remaining m(m — 1) times. Therefore, we have

~ Q1 m-11 <& ih
ij,ip=1

Now, for the second term on the right hand side, Case 2.1 occurs n times while Case 2.2 occurs the
remaining n(n — 1) times, leading to the desired result. O

Lemma 15. With the notation of Lemma 14 and the definition of q in (167), we have

Tr(€) =¢; — 2 =q, (104)

where
€ = /k;((x,p), (Jc,p’))2 dr(p|z)dn(p'|z)dpx () (105)
Co = /k‘((aj,p), (x',p'))2 dr(plz)dn(p' |2 )dpx (x)dpx (x). (106)

Proof. Note that by definition of ¢ and the reproducing property of the kernel k, for any z, 2’ € X
and p,p’ € P the following holds

Tr(CopCor ) = k(2 p), (&', ') — Tr (C (kx,p ® km,,)) (107)
=T (€ (barr @ aryr ) ) + TH(C?). (108)

Then, by definition of C' = E &, , ® k; 5, we have

TH(O) = [ T6(Coer) drlplo)dn(y'|o)dp(z) (109)
— —Tr(C’z) + /k((x,p), (x,p’))2 dr(p|z)dn(p'|x)dpx (x) (110)
= =To(C)+ [ k(@) 09))° drple)dn(so)dpx (o) (1)
=¢; — Tr(C?). (112)

To conclude,

Tr(C?) = Tr <( / kyp @ ks p dw(px)dpx(x)) ( / kyr pr @ ks d7r(p’|x’)dpx(x/)>)

(113)

= [ (@00, )? drlle)dnf o dpx (a)dpx o (114)

— . (115)

The last step consists in noting that ¢; — ¢4 is exactly the definition of q in (167). O

F.2 Bounding Ef?

The analysis for ESZ is analogous to that of E3Z. For completeness we report it below. Denote
Na,pyw; = Koy, p, ® (w;) — B. We show that E 1z, p, w, = 0.

Lemma 16. With the definition above, when x1, . . ., x, are identically distributed, we have

E Nas; oy w; = 0
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Proof. Since 1, ..., x, are identically distributed, for any 5 = 1, ..., m, we have

E kT7J p; ® o(w;)

ij=1
— [ b ® () disly ) (o1,
= ‘B7

as desired.

Lemma 17. Let Q2 = E||ny . ||5g and

B = /ni,p,wnz,p/,w/ dp(wly, z, p)du(w'ly, z,p")dr (ple)dr (p'|x)dp(y, x)

Q2  (m—1)Tr(B) .

E|B — B|}s = 2
1B - Bligs = =2 + 2=
Proof. From the definition of B , we have
E[B — BHHS = E”E an"]’ P W ”HS = m2 Z E Tr ( nx,:]. ,pj,"l[}jnxih7ph1wh>
j=1 j,h=1

We consider separately the elements in the sum that correspond to the case j = h and j # h.

1. Case j = h. We have

ETr (n;ij ,pj,wjnwihmmwh) = EHnIij P ,W; ||%{S = QQ'

2. Case j # h. We have E Tr (77;7;1. oy ow; Ny, ,ph,wh) =L ZZ,@'Fl ZI" \where

ij5%h

Zﬂ’,g = /Tr(n;u,pj,wj 777«'1;7phawh) d/’é(w] |yij ) xijvpj)d/l(wh‘yiha 'rih;ph) X
x dr(pj|zw)dm(phlzy)dp(ys, ©1) - - - dp(Yn, Tn)-

We consider separately the case i; = i), and 7; # i,.

2.1 Case j # h and i; = i),. We have that

j,h *
Zijj,z'j :/Tl‘ (nxij,pj,wjnajij:ph’wh) du(wjlyij>xij7pj)d:u(wh‘yijﬂxiwph)x

x dm(psl@; )dm(pnl@i; )dp(yi;, vi;)

= /Tr (1 pwTepr ) dp(wly, z,p)dp(w'|y, z, p")dn (p|x)dr (p'|x)dp(y, x)

= Tr(*B).

23

1 n
- Z/kvrp, ® @(w;) dp(w;lyi;, xi;, py)dm(pslai, )dp(yi,, zi;) (116)

(117)
(118)

O

(119)

(120)

(121)

(122)

(123)
(124)

(125)
(126)
(127)
(128)



2.2 Case j # h and i; # ;. We have that

szjhzh = /Tr (7792] 7Pjawjnwi;L7P}L7w}L) dp(w;lyi;, i, pj)dp(wn |y, , i, , Pr) ¥ (129)
x dn(pjlzi;)dm(pnl2i, )dp(yi;, xi; )dp(Yiy, xi,)  (130)

= /Tf (1wl ) dp(wly, @, p)dp(w'ly’, 2, p') (131)

x dr(plz)dn (p'z")dp(y, z)dp(y’, =") (132)

=Tr (/ N pw W]y, 2, p)dm(pla)dp(y, x) x (133)
N ) (134

= |E 1 p,wllfis =0, (135)

where the last equality follows from the fact that the ), ;, ., have zero mean according to Lemma 16.

Combining the above cases. Note that in (121), Case 1 occurs m times and Case 2 occurs the
remaining m(m — 1) times. Therefore, we have

n

-~ QQ m—11 ih
E||B — B|j3g = —+—— >z, (136)
ij,in=1

Now, for the second term on the right hand side, Case 2.1 occurs n times while Case 2.2 occurs the
remaining n(n — 1) times, leading to the desired result. O

Lemma 18. With the notation of Lemma 17, we have
TI‘(%) = bl — [32 (137)

where

b = / (0 @.0), 6" @0y k((p), (.8)) dr(ple)dn(p|2)dpx () (138)

bz=/<9*($,p),g*(ﬂs’,p’)>y k((z,p), (',p")) dr(plz)dr(p'|a")dpx (x)dpx (x").  (139)

Proof. Note that by definition of 7 and the reproducing property of the kernel k, for any z, 2z’ € X,
p,p’ € Pand w,w’ € [Y] the following holds

TH07% o) = (9(0), 90 R((@,9), (2, 0) = T (B* (i @ (w)))  (140)
Ty (B* (kxp ® (p(u}'))) + Te(B*B). (141)

Then, by definition of B = E k,, , ® p(w), we have
Tr(B) = /Tr (72 pwo et ) dpa(wly, @, p)dp(w'ly, @, p’)dr (pla)dr (p'|x)dp(y, =) (142)

= —Tr(B"B) +/<90(W)a30(u/)>y k((x,p), («',p") du(wly, z, p)du(w'ly, z,p')
(143)
x dm(plx)dr(p'|z)dp(y, x) (144)

= ~Tr(B*B) +/<g*(ﬂc,p)7g*(x,p’)>y k((z,p), (x,p")) dr(pla)dr(p'|z)dpx (x)
(145)
= b, — Tr(B*B), (146)

where in the third equality we used the definition of g*(z,p) = [ ¢(w) du(wl|y, z,p)dp(y|x).
Moreover, since B can be written in terms of g* as

B= /km, ® g*(x,p) dr(p|z)dpx (x) (147)
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we have

Tr(B*B) :/<g*(x7p),g*(x’7p’)>ﬂ k((2,p), (2',p")) dr(ple)dr(p'|2")dpx (v)dpx (z")
(148)
= by, (149)
as desired. [

F.3 Learning bound in expectation

We introduce here the assumption that the target function g* of the learning problem belongs to the
RKHS where we are performing the optimization.

Assumption 3. There exists a G € H ® F, such that almost everywhere on X x P,
Gkyp = 9" (2, p).

The following results will leverage the assumption above.
Lemma 19. Under Assumption 3,

Te(B) < [G]*Tr(), (150)
Proof. We begin first observing that € is positive semidefinite since
€= [ Conerr dn(plo)in(vz)dpx (o) = E GoC, (s

is the expectation of the random variable (,(,, where ¢, = [ (, , dm(p|z) is positive semidefinite.
Moreover, by the definition of € in terms of ;. ,, = k., ® k; , — C, we have

€= [ (kap ko) ((@20) 08) = (b © o) C dnlplo)r( s (@) 152)
+ /02 - c(kz,,,/ ® kw/) dr(p|z)m(p'|2) px () (153)

=-C? + / (k‘m,p ® km,p/> ((z,p), (z,p")) dr(plz)m(p'|z)px (2) (154)
where we have used the definition of C' = E k; , ® kz p.

Now note that under Assumption 3, for any z, 2’ € X and p,p’ € P

(" (2.0): 9" (20 = (Gl s Ghiarr gy = Tr (GG (o @ hryr) ). (159)

Therefore, substituting the above equation in b; and b, defined in Lemma 18, we have
Tr(B) = by — b (156)
- (G*G { [ (ke e ) (@00, .8 dmlolo)e(s ) (o) - c]) (157)
=Tr(G*G ©) (158)
< [IGI*Tr(€) (159)

where the last inequality follows from the fact that both G*G and € are positive semidefinite. O

Theorem 20.
2 q 1/2\ 1/2 2 q 1/2
EE(f)—E(f*) < 2 M2 o2 (14 [ + — =
(f)—€&() g +2V2 1+ 55—+ 1o =t
Inparticularwhen)\zq/%—i—%, then
. r2 q 1/2
EE& —&(f") < 12 — 4+ — 4+ A .
(f)=€(") cAg (Am+m+ )
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Proof. By the comparison inequality in Thm. 9, we have that

EE(f)—E(f*) < 2ca Bl — ¢* [ 12 (x xPrpx 70)-

To bound E[|g — g*[| 22(x x P,xpx ,#) We need to control some auxiliary quantities. With the notation
of Thm. 11 and Lemmas 14, 17 and 19, we have

ER <@ T _ v ge g
m n
In particular note that Tr(¢) = g, by Lemma 15 and that by definition of @1, r and C we have
Q1 :=Ek, ), @ kyp — Cig (160)
=Tr (E (2, p), (2, p)) (kup @ kup) — 2C (kg p @ ky ) + C2) (161)
=Tr (E ((z,p), (2,p)) (ko p @ kap) — C%) < ITr(E (kyp @ kyp)) < 12 (162)

Moreover, by Assumption 3 we have that G = SG and so
Arja(N) = 125 *Cllusouc) = 113 S Glnsuss) < 1Ly SN Gllnser) < lIGllnscre.)
Analogously

ALV = | L5 Clluseerzy < 10X PN 2 Cllus e 2y = A2 A1 72(0) < A™Y2|Gllus e, 7)-

By plugging the bounds above in the result of Thm. 12, we have

~ « V1/2 \%
E|G— 9"l n2(xxPrpx 1) < 2V2||Glus . 7) 1+ TV + HG||HS(H,.7~'))‘1/2~

By selecting A > V1/2 we have

N " 1%
Ellg = 9"l L2(xxPrpx 1) < 4Gllus e, 7)1/ Tt (|G lus a7 A (163)
< 4)|G LN 164
< 4|Gllus (. 7) h + (164)
v 1/2
< 4v2||Gllus e, 7) (/\ + )\) ; (165)
since a'/2 + b'/2 < /2(a + b) for any a,b > 0. O

We conclude with a corollary of Thm. 20 that frames the result within the notation and setting of the
main paper and which will be useful to prove Thm. 4.

In particular, in the following we will consider the standard assumption in the context of non-
parametric estimation [7] that g* € G = H ® JF, where F is the reproducing kernel Hilbert space [3]

associated to the kernel in (10). The learning rates of fwill depend on the following four constants
g,r,ca,q, where

g=lg'lg, r= suwp k((x,p),(z.p), cai= suwp Eyllu(zzp)lli (166
zeX,peP zeZxeX

Note that the quantities above are rather natural: r is an upper bound on the kernel k&, c o measures
the “complexity” of the loss A and g quantifies the regularity of p in terms of the hypothesis space F
associated to k. We will see in Lemma 3 that the latter is related to between-locality. Finally,

q= Eww’]Ep,qlwﬁlw’ vafl(x7x/) va(I(‘Ta 'T/) = [k((l‘,p), ($7q))2 - k(($7p), (I/ar))Z] (167)

where E,, |[-] is a shorthand for 3 » 7(p|x)7(g|z)[] (analogously for E,|,). This quantity will
be key to capture and leverage the within-locality assumption. In particular, it will allow us to quantify
explicitly the advantages of using our locality-aware estimator.
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Theorem 5. Let J?as in (7) with i.i.d. training set and auxiliary dataset sampled according to Alg. 1.
Let I\ be SELF, Z compact, g* € G and X\ > (r*/m 4 q/n)'/2. Then

N r2 q 1/2
E[e(f)-e()] <12 ) 20
()-£0n)] < 12cag (1 + L +2) 20)
Proof. The desired result corresponds to the second statement of Theorem 20. O

Thm. 5 characterizes the learning rates of funder standard regularity assumption on the problem
without relying on locality assumptions. In particular, we note that when m oc 7 and A oc n~1/2, the
bound recovers the excess risk bounds of structure prediction without parts [8, 9] of order O(n=1/%).

G Learning Rates with the effect of parts

In this section we prove Thm. 4, studying the effect of between-locality and within-locality on the
learning problem. In particular, we consider here the natural generalization of between-locality
Assumption 1 to the case where the parts of y are sampled non-deterministically from .

Assumption 4. There exist two spaces [ X] and [Y] of parts on X and'Y respectively and a condi-
tional probability distribution i on [Y] with respect to [ X|, such that

Awley) = / w(wly, z, p)dp(ylz) (168)

Clearly, Assumption 4 formalizes the concept of between-locality and recovers it when p corresponds
to

w(-ly, z,p) = 0y, (-) (169)

where § denotes the Dirac’s delta on the point y,, € [Y]. Indeed, in this case we are requiring w = y,
to depend exclusively on z,, for any p € P, hence to be conditionally independent with respect to
x. Moreover, we are requiring such distribution f to be the same for any p € P, hence recovering
Assumption 1. The following result is therefore a generalization of Lemma 3, which is recovered as a
corollary.

Lemma 21. Under Assumption 4, g* is such that g*(x,p) = §*(x,) forany x € X and p € P,
where g* : [X| — H is such that

7 (6) = / o (w) d(wlé) (170)

almost surely on [X].

Proof. The result follows directly from Assumption 4 and the definition of g*

g (ep) = / o(w) du(wly, z, p)dp(yle) = / ow) di(ulzy) = 7*(5,),  (71)
as desired. O

Assumption 5. Denote by k: [X] x [X] — R the reproducing kernel on [X] with associated rkhs
denoted by G, defined as for all x,2' € X and p,p’ € P

((z,p), (2", p") = k(zp, z3) (172)
Assumption 6. There exists Ag € H ® G such that the function g* : [X] — H can be written as
g*(n) = Aok,.

Lemma 22. Under Assumption 5, we have that F = {goix | g € G}, with inner prod-
uct (goix,g' oix)r = (9,9')g is a reproducing kernel Hilbert space on X x P, with kernel
k((x,p), (2',p")) = k(zp,2},). Moreover there exists a linear unitary operator U : G — F such
thatUg = goix € F forany g € G.

In particular under Assumptions 4 to 6, we have that Assumption 3 is satisfied for G = AgU*, and

9" lner == IIG]|

usFx) = [ Aollus@g) = 19" lueg-
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Proof. By definition G is the RKHS associated to the kernel & on [X], where the scalar product
(,+)g is defined such that (kn, Eg>§ = k(n, (), for any 1, ¢ € [X] and G is the closure of Gy =
span{k(n,-) | n € [X]} w.rt. (-, -)g- Similarly F is the RKHS associated to the kernel k such that the
scalar product (-, -) - is defined as (ks p, k2 ) » = k(ix (2,p),ix (2, p')), for all (z,p), (2',p") €
X x P. Note that by definition of F, we have that F is the closure of 7y w.r.t. (-, ) z, with

Fo = span{k((z,p), (,-)) | (z,p) € X x P} (173)
= span{k(ix(z,p),ix(-) | (z,p) € X x P} (174)
= span{k(1,ix(-,-)) | n € [X]} (175)
=Gpoix. (176)

Now, since for any 7, ¢ € [X] there exist (z, p), (z',p’) € [X] such thatn = ix(x,p),( = ix(a',p),
we have that,

<E(n71X(a)) (C;lX > <];3 1X x p ( ')),E(ix(.’lﬁl,p/),ix(-7'))>]__ a77)

= k(ix(z,p), ix(@",0") = k(n,Q) = (ky, k)5 - (178)

So, let f, f' € Fo, by definition we have f = goix and f' = ¢’oiy with g, ¢’ € Go. Moreover by def-
inition of g, ¢’ there exist n,m € Nand 1, ..., 7, C1,...,Cm € [X]and o, ..., @, 15 -+, B €

R such that g(-) = Y7, a;k(1;, -) and analogously ¢'(-) = Y7 | B;k(¢j, ,-)-

Now we show that (g oix, g’ oix)r = (9,9')g forg,g' € Go and then we extend it to G. First we
recall that the composition on the right is linear, indeed

(af +Bg)oh =a(foh)+p(goh),
for any «, 5 € R, any function f,g: A — Rand h: B — A, and A, B two sets. Then we have

<f’f>f<9°‘X’9°‘Xf<<Z% %')O% > Bk ) oix> (179)
j=1
<Za’f’7wlx Zﬂa (Goix (- )> (180)

Z/BJ n1>1X( ))7E(Cj’iX('>')>>]: (181)

NER M:
‘Ms HMS

Il
-

@i (knis ke, )g = <Z azkm,Zﬁjk@> (182)

1y

9.9

~ =

(183)

Ql

By noting that

19n 0ix — gm o ix[lx = [[(9n — gm) 0 ix |7 = llgn — mllg
for any Cauchy sequence (g, )nen in Go, and the fact that 7o = G o iy and that (goix,go ix)r =
(9,9")g, for g,g" € Go, then we have that 7 = G o iy, and that (goix,goix)r = (g,9')g, for
9,9 €G.
Now denote by U : G — F the operator such that Ug = g o ix. First note that U is linear, indeed

Ulag + ph) = (ag + fh) oix = a(goix) + f(hoix) = aUg + U,

for any g, h € G and o, 3 € R. Moreover we show that U is a partial isometry, indeed

1Ugl% = llgoix|E = (goix,goix)r = (9,9)g = llgl3-

Finally by applying the result above to g* and g*, under Assumptions 4 to 6, we have that G = A U*
and so, by using the isomorphism between H ® F and HS(F, H), we have

9" lner = [IGllusFn) = [Aollus@.n) = 19" neg:
as desired. O
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Assumption 7. The distribution 7 (-|x) = 7 (-|a’) for any x,x’ € X. For the sake of simplicity we
will denote it by 7 ().

Lemma 23. Under Assumption 7, the following hold
q = Euq cpg, (184)
where, for p,q € P

tpg = Ega [k((‘%p), (x7q))2 - k((z,p), (x/v Q))2]' (185)

Proof. First note that with the definitions of Lemma 15, we have
q=2¢ —C2

by Lemma 15 . Under Assumption 7 we can denote 7(-|2) = () without ambiguity. Then with the
notation of Lemma 15, we have

o1 = [ K{(@.p).(0.0))" dnlpin(a)dox (o) (186)
=E,q / k((z,p), (2,9))" dpx (z) (187)
=, Eok((2,p), (2,9))° (188)
Analogously for ¢y
= /kz((gc,p)7 (ac'7q))2 dn(p)dn(q) dpx (x)px (z') (189)
=Epq /k((x,p), (z,9))° dpx (x)px (z') (190)
= Ep,qELw/k;((x,p), (z, q))2 (191)
O

As an immediate corollary in the case where P has finite cardinality, we have

Corollary 24. Under the same assumptions of Thm. 5, let k denote the restriction kernel defined in
(15) in terms of k : [X] x [X] — R. Let w(p|x) = ﬁfor any x € X and p € P. Then, the constant

q in (167) can be factorized as

1
q= W Z Coav
p,qE€P (192)

Cpg =Egz o [ k(zp,24)% — E(xp,x;)2 ] )

G.1 Proof of Theorem 4

Proof. This proof consists in applying Theorem 5 with A = /r?/m + q/n, and taking into account
between-locality and within-locality.

First, under the between-locality condition formalized in our measure theoretic setting as Assump-
tion 4, there exists a g* : [X] — H such that g*(x, p) = §*(x,) forany € X and p € P as proven
by Lemma 21. So the restriction kernel can learn g* if it is rich enough, that is g* € H ® F (here
formalized as Assumption 6, with F denoted by G). Then we can apply Lemma 22, that guarantees
the applicability of Theorem 5.

Second, by the assumption on the fact that w(p|z) = 1/|P|, we can apply Cor. 24 and then the
within-locality condition of Assumption 2, obtaining the desired result. O
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H Universal Consistency

A natural question is how to design a structured prediction estimator that is both able to leverage the
locality assumptions, when they hold, and be universally consistent even when there is no locality.
The following remark addresses this questions and concludes our theoretical analysis.

Theorem 25 (Universal Consistency). Let A\ be SELF and Z a compact set. Let k be a bounded

continuous universal kernel on X x P. Let f, as in (7) with i.i.d. training set and auxiliary dataset
sampled according to Sec. 4, with m x n. Then

nh—>Holo E(fn) = f:glizg(f) with probability 1. (193)
Proof. Appendix H.1 is devoted to the proof. O

The requirement of universality for the kernel is a standard assumption (see [38]). An example of
continuous universal kernel on X x P is k((x, p), (2’,p")) = ko(x, ') §,,,» where kg is any unversal
kernel on X, e.g. the Gaussian ko (z,2') = exp(—||z — 2’||?).

While the proposed estimator is consistent with the kernel described above, it is not able to benefit
from the effect of locality. In the following we comment on how to obtain a kernel that guarantees
both universal consistency while leveraging locality at the same time.

Remark 6 (Universal and Local Kernels). By construction, the restriction kernel allows to learn
only functions g* : X x P — H such that g*(z,p) = §*(z,). Consequently, the corresponding
structured prediction estimator is not universal. However, in Thm. 4 we have observed that under the
locality assumptions, the restriction kernel achieves significantly faster rates with respect to universal
kernels that are not tailored to account for the part structure on the input.

Interestingly, it is possible to design a kernel able to take the best of both worlds, leading to an
estimator that is universal but also able to leverage the parts-based structure of a learning problem
when possible. We obtain this kernel as the sum kg = ky + ki of a universal kernel ki on X x P
and a restriction (or “local”) kernel kr,. Indeed, as sho/v\vn in Appendix 1.4, the kernel kp is universal,
hence Thm. 25 applies to the corresponding estimator f. Moreover, under the locality assumptions, a
result identical to Thm. 4 holds for the estimator trained with kp.

H.1 Proof of Thm. 25

The proof is exactly the same as in Theorem 4 Section B.3 of the supplementary materials of [8],
where instead of using their comparison inequality (their Thm. 2) we use our Thm. 9 and instead
using their Lemma 18 we use our Theorem 29 that is proven at the end of this section. First we
introduce some concentration inequalities for separable Hilbert spaces.

Proposition 26. Let 6 € (0,1] and m € N. Let H be a separable Hilbert space. Let (1, . .., (y, be
independently distributed H-valued random variables. Let R > 0 be such that ess sup ||(j]|lx < R
forevery j =1,...,m. Then,

1 & 4Rlog 3
I [ -EG]lh < =72t (194)

j=1
with probability at least 1 — 0.

Proof. By applying Lemma 2 of [35] with constants M = R and ¢ = sup; E[|(]|* < R?, we

obtain
1 2Rlog 2 2R2log 2
Hg; [ =BG lgs < ——2+ \/7 (195)

with probability at least 1 — 6. Now, log 2 < log 2 and log 3§ > 1 for any 6 € (0, 1]. Then, we can
bound the above inequality by

2Rlog 2 N 2R?log 2 o 4Rlog 2

- m S T m (196)
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as desired. O

Remark 7 (Pinelis Inequality for Hilbert-Schmidt Operators). We recall that the space of Hilbert-
Schmidt operators between two separable Hilbert spaces is itself a separable Hilbert space with the
Hilbert-Schmidt norm. Therefore, Pinelis inequality in Prop. 26 is directly applicable.

Lemma 27. Let C and C and r = sup, ,, |k, || 7 defined as Appendix B. Let § € (0,1]. Then

~ 1 6
_ <A — 1 e
IIC —C| <4k < — + \/>> log 5 (197)

with probability at least 1 — 0.

Proof. Given a dataset (z;)}_,, we introduce the operator C : F — F defined as

~ 1<&
gZ/ boop ® b, p dr(pls). (198)

and consider the following decomposition
IC-cl<IC-Cl+IC-Cl. (199)

Let 7 = §/2, in the following we separately bound the terms above in probability and then take the
intersection bound.

Bounding ||C' — C||. Forany j = 1,...,m let G = ka,,.p; ® ko, p, withi; and p; independently

sampled respectively from: the uniform distribution on {1, ..., n} and the conditional probability
7(-|2;,). Therefore, forany j = 1,...,m
C 1ig C=E¢ 1i/k @ ka, p» dm(p|z;) (200)
= j = j = — T, T, TP\ T4
m & VR J n < Jp P i»p AP
and

esssup [[Gllus < sup (koo kop)r < sup ko3 < K7
zeX,pe zeX,pe

We apply Pinelis inequality (see Remark 7), leading to
42 log %

NG (201)

55 ~ 5 1
IC=ClI < IC = Clins = | — D" [6 — EG][ls <
j=1
with probability at least 1 — 7.
Bounding ||C — C|. Fori =1,...,nletn; = Ip kzip ® ko, p dr(pla;) with 2; independently
sampled from px. Therefore, for every i =1,...,n,

- 1
C==->n, C=En= / kap © kyp dr(pla)dpx () (202)
n< XxP

and

esssup [[miflus < sup |[lko % < 2
zeX,peP

We apply again Pinelis inequality, obtaining

= ~ 1 & 4x%log 2
c-C|<||c-C =|- i — En; < ———- 203
16 = CI <16 = Cllus =17 3 T~ Bl s <« — 2 (203)
with probability at least 1 — 7.
By taking the intersection bound of the two events above, we obtain
~ 4k%log 2 4k%log 2
C—Cllus < T z 204
| s N (204)
with probability at least 1 — 27. By recalling 7 = g we obtain the desired result. O
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Lemma 28. Let B, B, x = sup, , |kz pll 7 and q = sup,, ||o(w)||3 defined as Appendix B. Let
d € (0,1]. Then

HB Bllus < 4/{(](\/» \/>> log(S (205)

with probability at least 1 — 0.

Proof. Given (z;,y;)"_, a dataset, we introduce the operator B :H — F defined as

- 1<
B= ~ Z /P ky, p @ p(w) du(w|y;, z;, p)dm(pla;). (206)
i=1

and consider the following decomposition

|B = Bllus < |IB = Bllus + |5 = Bllus. (207)
Let 7 = §/2, in the following we separately bound the terms above in probability and then take the
intersection bound.
Bounding |B — B|us. Forany j = 1,...,m let & = ka,, p; ® p(w;) with ij,p; and w;
independently sampled respectively from: the uniform distribution on {1, ..., n}, the conditional
probability 7(-|;; ) and the conditional probability si(-|y;;, =, p;). Therefore, forany j = 1,...,m

=N 1 m _ 1 n
mgj gniZY]XP » ® () du(wlzi, yi, p)dm (plz:)

moreover

ess sup [[§;[us < sup [|kzp @ p(w)llas = sup [[kapll7lo(w)]x < rg. (209)
z,p,w ,p,w

We apply Pinelis inequality (see Remark 7), leading to

m

= 1 4kqlog 2
1B Bllus = | - (6 - Béalllus <~ (210)

Jj=1
with probability at least 1 — 7.

Bounding || B — B||gs. Foranyi = 1,...,n, lety; = f[Y]XP kg, p @@(w) dp(w|y;, z;, p)dr(p|z;)
with (z;, y;) independently sampled from p. Then, forany i =1,...,n

Ev, = / kyp @ p(w) du(w|y, z;, p)dn (p|x;)dp(y, ) (211)
[Y]XYxXxP
= [ koo [ o) dutula s piantl] driplegdpx(@) @12
XXP [Y]xY
= kop @ " (@, p) dr(plzi)dpx (x) (213)
XxP
B (214)
and B = % >, v;. Moreover,
ess sup [vilas < sup [ sy plw) s du(uly. . p)d(plo) @15)
z,Yy J[Y]xP
= SHP/ kapll 7 llo(w)l3 dp(wly, z, p)dr(p|x) (216)
z,y J[Y]xP
< kg sup/ du(wly, z, p)dr(p|z) (217)
z,y J[Y]xP
= Kq (218)
219)
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Therefore, applying again Pinelis inequality,

n

- 1 4kqlog %
1B — Bllns = ”5; i = Blllys < — 75+ (220)
with probability at least 1 — 7.

By taking the intersection bound of the two events above, we obtain

4kq log% n 4kqlog %
vm Vn

with probability at least 1 — 27 as desired. O

|B — Bllus < (221)

Theorem 29. Let 6 € (0,1]. Let Q >0, n € N, cg = 1+ 1//Q and m = Qn. Then

U 4&20Q(||L;1/2G||Hs + 1) log 12 cglog 12 B
lg—g HLz(XxP,npx,H) < D o 1142« /\7\/%5 +)‘||L)\1GHHS
(222)

with probability at least 1 — 0.

Proof. In Thm. 11 we have bounded ||g — ¢*||L2(x x P,xp,#) in terms of an analytic expression of

|C — C|| and ||B — B|lus. We bound these two terms with probability 1 — 7 with 7 = §/2 via
Lemma 27 and Lemma 28. We further take the intersection bound to obtain the desired result. [

I Equivalence between SELF and SELF by Parts without assumptions

I.1 SELF without Parts
We begin by briefly recalling the SELF framework in [8]. We will see that this is a special case of the
setting proposed in this work for a special choice of the kernel on X x P.

‘We recall the definition of SELF introduced in [8] and consider the formulation in [9].
Definition 3. A function A : Z x' Y — R is a Structure Encoding Loss Function (SELF) if there
exist a Hilbert space H and two maps 1) - Z — H and @ : Y — H such that

Az,y) = ($(2), (1)) 5 (223)
forallz e Z,yeY.
Below we show that the definition of SELF by parts introduced in this work is a refinement of the
original one. Since the original definition of SELF did not account for the possibility of A do depend

also on the input, below we consider only the case A(z,y|z) = A(z,y). In particular we will assume
in Def. 1 that w(p|z) = 7(p|z’) for any x,2’ € X, p € P and denote it m(p).

Lemma 30. Let A : Z X Y — R satisfy Def. 1 with

Az y) =D Uz ylp)mp) =Y ((2p), 2(Up))y (224)

peEP peEP

Then A\ satisfies the original SELF definition Def. 3, with H = H @ R and maps 1 : Z — H and
@ Y — H such that

z) = (V7(P)V(2,p))pep  and  (\/7(P)@(yp))pep (225)

In particular, we have that the constant ca is

peP

ca= \/supz )z p) [, = sup [ (2) 5 (226)
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Proof. Recall that by construction H = H ® R = @pe p H. Therefore, any vector 7 € H is the

collection (1) pep With 1, ..., np € H and the corresponding inner product with a ¢ = ({;)pep €
H is
(0, Q=D (o Goly - (227)
peEP

Plugging the definition of ¢) and @ in the definition of SELF by parts, we have

Alzy) =Y 7(D) (p(2,0), Y (Up))s (228)
pEP
—Z<v p)¢(z: D), Fwyp> (229)
peEP
= (¥(2), 8(1)) (230)
as required. O

1.2 SELF Solution

Given a loss A that is a SELF by parts, we have already observed that the solution f* : X — Z of
the structured prediction problem in (5), can be characterized in terms of a function g* : X x P — H
introduced in (13). Based on the relation highlighted by Lemma 30, we have the following equivalent
characterization
fr(x) = argrrzlin (P(2),h*(x)) 5 (231)
ze
where now h* : X — H is conditional mean embedding of ¢(y) in H with respect to the conditional

distribution p(y|z). In particular, let e, € R” denote the p-th element of the canonical basis in R
Then, forany n € H, z € X and p € P, we have

(B (2),1 © ep) g = < [ o) dptyla)ne > 232)
=/7(p) </<p(yp) dp(ylx),n> (233)
H
=/7(p) (9" (x,p), M) » (234)
and in particular,
= (V7(p)g* (x,p))pep- (235)
We conclude that
0y = [ (07 @), (@) dpx(o) (236)
/Z\/ p)g* (z,0), /7 (p)g"( :cp> dpx () (237)
peP
/ >y p),9"(z,p))y dpx(x) (238)
peP
= 19" 172 x mp - (239)

L3 If g* is “simple” (e.g. Assumption 1 holds)

Let k be a kernel on X with RKHS F. Let k be akernel on X x P defined as k(( , D), (a:’ ’))
k(x,z)8p . for z,2’ € X, p,p’ € P. Note that the RKHS associated to k is F @ R” with
kyp = kz ® e, and e, € RY the p-th element of the canonical basis of R”.

Lemma 31. Let G € H ® F @ RP be such that g*(x,p) = Gkyp forany x € X and p € P. Let
Gh,...,Gp € H ® F the operator such that G,n = G(n Q e,) forany p € P andn € F. Then,
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e G= ZpePG;D X ep.
e Foranyz € X, h*(x) = Hk, withH = > pep € @ \/T(P)Gy € RP@H® F.
In particular

I1GlIs (Ferr #) = Z 1Gpllfsray  and  [|Hs(r orr) = Z T(P)|Gp s (7 2 -
peP peP

(240)

Lemma 32. Let G € H ® (F ® RP) be such that g*(x,p) = Gkyp for any v € X andp € P. Let
Gh,...,Gp € H ® F the operator such that Gpn = G(n ® ep) foranyp € P andn € F. Then,
there exists an operator H € (H ® RY) ® F, such that

e Hk, = h*(z) forall x € X.
° ||G||%_IS(]:®]RP7’H) = Zpep HGPH%IS(}',H)'
° ||HH§IS(;,H®RP) =D ep W(p)HGp”%{S(ﬁH)'

Proof. Note that since e, form a basis of RY, we can write G = ) G, ® e, and therefore

pEP

”GH%IS(]-'(@]RP,H) = Z ”GPH%-IS(}',?-L) (241)
pEP

as required.

Now, by definition of A* and the relation with g*, we have that

= (V(p) 9" (x,p))per (242)
= (\/7(p) Gkap)pep (243)

= (V7(p) G(kz ® ¢, ) er (244)
= (Va(P)Gpks) e p (245)
= Hk,, (246)

where we have denoted with H € (H ® RF) ® F, the operator from F to H ® R”, such that for any
n € F wehave H = (\/ w(p)Gpn)p ¢ p- The required results follow directly from the construction of
both G and H in terms of the G, for p € P. O

We can therefore conclude the equivalence between the original SELF estimator with kernel k& and
the SELF estimator by parts considered in this work, with kernel &, under the assumption that g*
(and equivalently ~2*) belong to the corresponding RKHS.

Theorem 33. The SELF estimator with kernel k has same rates as the SELF by parts with kernel k

For simplicity, assume 7 (p|z) = ﬁ forevery z € X andp € P. From (6) and the SELF assumption,
we have

Alzylz) = D (@2, py D), 0(Up)) 3 (247)
IPlpep

Denote ¢ : Z x X - H®RF and ¢ : Y — H ® R the maps such that
b(z2) = ((zp20,p) o) = (o)) _, (248)

which can be interpreted as the concatenation of the different ¢ and ¢ for p € P. Then we can
rewrite A in terms of the canonical inner product of H®RP,

peP

Az, ylx) = P <w Z,x) )>H®1R<P' (249)
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We can now apply the approach proposed in this work to the case of a problem with one single
part (or equivalently apply the SELF approach in [8]). The target function of this problem is
h*: X —H ® R” defined as

1
h dplyle)) = (g (e, eHOR"
@) = 17 [ e dotole) = ([ ol dotui) | = (o @ p)er
(250)
and is the concatenation of all functions g*(-, p) forp € P.

Now, let us consider a rkhs F of functions h : X — R with associated kernel & : X x X — R.
Assume that h* belongs to the space of vector valued functions F @ (H ® RF). In other words,
there exists an Hilbert-Schmidt operator H : F — H ® R such that Hk, = h*(z) for any p € P.
Note that this is equivalent to require that the function g* belongs to the space (F ® R”) @ H,
namely that there exists an Hilbert-Schmidt operator, such that G : F ® RP — H, such that,
G(ky ® ) = g*(z,p) forany x € X and p € P, with ¢, € RY denoting the p-th element of the
canonical basis of R”. In particular, note that, for any n € H, p € P and € X, we have

* * * 1
(Hkz,n @ ep)yy = (W (), @ ep) = (7 (2)p, Mgy = (97 (2,0), Mgy = Pl (G(ka @ €p),m) -
(251)
We conclude that H = 5 G and ||H|lgs = ﬁHGHHS. In particular, note that since G €

(FRRP)®H, we have that for any p € P, the function g(-,p) : X — Hissuchthatg(-,p) € FQH.
Therefore we have

IGlus = > g () Zan- (252)

peEP

Interestingly, if all the functions g* (-, ) have same norm g = ||¢* (-, p)|| rex in F ® H, we have

1
Hugs = Gllas = g’=g (253)
| H| |P| Gl 75 >

peEP

1.4 The best of both worlds

Here we formalize the comment in Remark 6, where we introduced the kernel kg = ki + kp, that is
sum of a bounded universal continuous kernel &y over X x P and a bounded restriction (or “local”)
kernel kp,, satisfying (15). In particular we show that kg is universal but at the same time allows to

train a structured prediction estimator fthat is able to leverage the locality of the learning problem,
when available. For simplicity, we assume the input space X to be compact and the set of parts
indices P to be finite.

Let 5, Fy and F, denote the RKHSs of respectively kg, ky and k. According to [3], we know
that Fp DO Fy U Fr, and moreover that for any h € Fp, the norm is such that

2 : 2 2

with hy € Fy, hp € Fr. We immediately see that kg is universal. Indeed, since kg is universal,
Fu is dense in the space of continuous functions on X and consequently also Fp 2O Fy is.

The following result is analogous to Cor. 24 and shows that the kernel kp is not only universal but
also equivalent to £y, in capturing the locality of the learning problem.

Lemma 34. Denote by k = kg = ky + ki, the sum kernel, where kyr and ky, are the universal and
restriction kernels on X x P, with kg, as in (15) in terms of respectively k : [X] x [X] — R and
ko: X x X — R. Let ¥ = sup, ¢[x] k(x,x) and ro = sup,¢ x ko(x, ).

Let w(plz) = ﬁfor any xz € X and p € P. Denote with C,, the constant defined in (16) associated
to the restriction kernel ky,.. Then, the constant q in (167) associated to kg can be factorized as

1= 15 |2 > Cpgr with Cpg < Chg + (4F+10)r0 Gpg- (255)
p,qeP
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Proof. The proof of the result above follows by noting that, since 7 is uniform, by Lemma 23, for
any p,q € P, C, , is characterized by

Coq=Epu [(I%(xp,xq) + ko(z,2)0p.4)% — (k(xp, CE;) + ko(xm’)ép’q)g] (256)
=Cpq+Ep o [ko(z,2)* — ko(z,2")? ] 8p gt (257)
— 2B o [K(2p, mg)ko(x, ) — k(2p, ) ko(2,2") | 6pq (258)
< Cpy+ 0,4 sup ko(x, )% +45,, | sup k(x,x) sup ko(z,z) (259)
zeX X€E[X] zeX
< Cpg+ (47 +10) 10 0p g (260)
as desired. Note that the first inequality follows from the fact that k and ko are positive definite
symmetric kernels. O

Interestingly, Lemma 34 shows that the proposed sum kernel inherits the ability of the restriction
kernel to capture the within- and between-locality of the learning problem. Combining this with the
learning rates of Thm. 5, we obtain a result analogous to that of Thm. 4.

Theorem 35 (Learning Rates & Locality). With the same notation of Lemma 34 let ki; be a bounded
continouous universal kernel on X, kr, be the restriction kernel based on the reproducing kernel k

on [X] and let F be the RKHS associated to k. Let fbe the structured prediction estimator of (7)
learned with kernel k = kg = ky + kr. Then

e f is universally consistent,

e Under Assumptions 1 and 2 and w(plz) = ﬁ forx € X p € P, let g* be defined

as in Lemma 3 and §* € H @ F. Denote by g the norm g = |§*|yer. When A =
(r?/m + q/n)'/?, then

|Pln |P[*n

where r = rq + ¥, with r, ¥ defined as in Lemma 34 and c; = 1 + (4F + rg) ro/r?

_ 1/4
—~ 1 e—d(p,)
E 5(f)—6(f*)} < 12cp grt/? <m+ a +Zp¢q . (261)

Proof. Let Fp, Fy and Fy, denote the RKHSs of respectively kg, ki and k..

First, as discussed at the beginning of this section, the kernel k = kp := ky + ki, is universal, since
Fu C Fp (see [3]) and Fy is dense in the continuous functions on X x P. Then we can directly

apply Thm. 25 obtaining the unversal consistency for f

Second, under Assumption 1, by Lemma 3, we have that there exists g* : [X] — H such that g*,
defined as in (13), is characterized by ¢*(z, p) = §*(zp). S ince we assume that §* € H ® F and
we are using a restriction kernel under between-locality, we can apply Lemma 22 (where we used G
to denote F and F to denote F, and g* € H ® F is expressed more formally by Assumption 6),
then g* € H ® Fr, and ||9*||ner, = 7% 1e7. Now, according to (254) (see [3]), for any function
h € Fr, we have

1Pl 7y == min{|[hu |z, + [|hellz, | h=ho + e, ho € Fo,h € Fo} <[l F,,
since h can be always decomposed as h = hy, + hy with hy, = hand hy = 0, then ||¢* [ yer, <

lglluer, - So X B
l9" lnors <" lner-

Now we are ready to apply Thm. 5, with A = /r2/m + q/n obtaining

R g 1/4
E[e(f)-€(M)] < 12¢n8 (+) . (262)
m n
Finally note that since 7(p|z) = ﬁ for p € P,x € X,we can apply Lemma 34
q r2¢, r2 Zp;éq e—Yd(p,)
n |Pln |P|2n ’
obtaining the desired result. O
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Algorithm 2 — LEARN f

Input: training set (x;, y;)_,, distributions 7 (-|z) and pu(-|y, =, p), reproducing kernel k on X x P,
hyperparameter A > 0, auxiliary dataset size m € N.

GENERATE the auxiliary dataset (w;, z;;,p;)7.;:
Sample 7, uniformly from {1,...,n}
Sample p; ~ 7(-|x;;)
Sample w; ~ p(-|yi;, Ti;,p5)

LEARN the coefficients for the score function «:
K € R™*™ with entries K;;; = k((xi].,pj), (a:z-j”pj/))
A=K+ m)\I)_1

Return: o : X x P — R™ such that a(x, p) = A v(z,p) with v(x, p) € R™ is the vector with
entries U(xap)j = k((xlj 7pj)7 (xap))

Algorithm 3 — EVALUATING f

Input: input z € X, distribution 7(-|z), auxiliary dataset (wj,x;;,p;)7.,, score functions
a: X x P — R, number of iterations 7', step sizes { }+en-

INITIALIZE: zp = 0

Fort=1toT
Sample p ~ 7(-|x)
Alz,p) = 7, o (2. p)]
Sample j from {1,...,m} with P(j = k) = |ag(z, p)|/A(z, p)
h’j,P = Slgn(O@(Z’,p)) A(Z‘,p) f(z,wﬂx,p)
Choose u € Oh;,(-|z)(zt—1)
2z = Pproj z(ze—1 — yu)

Return: zp

The discussion above implies that under the locality assumptions, the rates in Thm. 35 are essentially
equivalent to the ones of the estimator trained with only the restriction kernel in Thm. 4.

J Additional details on evaluating f

According to (7), evaluating f on a test point x € X consists in solving an optimization problem
over the output space Z. This is a standard procedure in structured prediction settings [29], where a
corresponding optimization method is derived on a case-by-case basis depending on tEe loss and the
space Z ([29]). However, the specific form of the objective functional characterizing f in our setting
allows to devise a general stochastic meta-algorithm to solve such problem. We observe that (7) can
be rewritten as

-~

flx) = argHZlin Ep) hjp(z]z) (263)
ze
where forany p € P and j € {1,...,m} we have introduced the functions 4; , : Z — R, such that
hip(le) = (sign( (@, p) ) Alz,p)) €0, wjle, p) (264)
with A(z,p) = -7, |a;(z,p)|. In the expectation above, the variable p is sampled according

to m(-|x) and j is sampled from the set {1,...,m} with probability %. When the h; ), are

(sub)differentiable, problems of the form of (11) can be addressed by stochastic gradient methods
(SGM). In Alg. 3 in the supplementary material we provide an example of such strategy.
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K Additional examples of Loss Functions by Parts

Several structured prediction settings are recovered within the setting considered in this work and
the associated loss functions have the form of (6). Below recall some of the most relevant examples
where the locality assumptions can be reasonaly expected to hold.

Hamming. A standard loss function used in structured prediction is the Hamming loss [10, 42, 11],
which for any factorization by parts can be written as in (6) with L, (2, yp|zp) = 6(2p # yp), the
function equal to 0 if 2, = y,, and 1 otherwise.

e Computer Vision. The Hamming loss is often used in computer vision [29, 45]. For
instance, in image segmentation [41] the goal is to label each pixel p of an input image =,
as background (y, = 0) or foreground (y, = 1). Errors are measured as total number of
mistakes z, # y, over the total number of pixels.

e Hierarchical Classification. In classification settings with a hierarchy [44], errors are
weighted according to the semantic distance between two classes (e.g. classifying the image
of a “dog” as a “bus” is worse than classifying it as a “cat”). Assuming the hierarchy between
classes to be represented as a tree, these loss functions can be written as the Hamming loss
between the parts of a class ¥ = (Yroot, - - - » Ylear) seens as the collection of all the nodes in
its hierarchy (e.g. “cat”, “feline”, “mammal”, “animate object”, “‘entity”).

LLIT3

e Planning. In learning-to-plan applications [31], the goal is to predict a trajectory z closest
to a ground truth trajectory (typically provided by an expert). A trajectory is represented as
a sequence of contiguous states ¥ = (Ystart, - - - , Yend ) and errors with respect to a predicted
trajectory z are measured in terms of the number of states that do not coincide, namely the
hamming loss between the two sequences.

This loss has been extensively used in computer vision for applications such as pixel-wise classifica-
tion [41] or image segmentation [1].

Precision/Recall, F1 Score.. The precision/recall and F1 score are loss functions often adopted in nat-
ural language processing [43]. They are used to measure the similarity between two binary sequences.
Given two binary sequences z,y € {0,1}* of length k, we have A(z,y) = Az Ty, ||12]%, |v]?)-
In particular, the precision correponds to A(z,y) = z"y/||z||?, the recall to A(z,y) = z " y/||yl|?
and the F1 score to A(z,y) = 2 y/(||z]|> + ||ly/|?). These functions are in the form of (6) if taking
|P| = kand iy (y,p) = (yp, |Yl])s iy (z,0) = (2, ||2]|). Note that the number of elements in y and =
can vary depending on the cardinality |z| of each input x, (see e.g. [43]). In this sense the A(z, y|z)
is necessarily parametrized by « and in particular the set P is a set P(z) = {1,...,|z|}.

Multitask Learning. Multitask learning settings have a natural decomposition into parts: the output
and label spaces Z and Y are subset of R”, and A(z,y) = + Zthl L(z¢,y:), with L any loss
function commonly used in standard supervised learning problems (e.g. least-squares for regression,
hinge or logistic for classification). In settings where Z is not a linear space but a constraint set, our
model recovers the non-linear multitask learning framework considered in [9].

Learning sequences.. Let X = A*, Y = Z = B* for two sets A, B and k € N a fixed length.
We consider a set of structures P C N? such that any pair p = (s,1) € P indicates the starting
element and the length of a subsequence. In particular, we choose the set of parts X = UF_, A* and
Y =Z=Uf_ B! with

z, = (... 2Ty e x VreX, V(sl)eP (265)

where we have denoted (%) the s-th entry of the sequence € X. Analogously Yp =

(y*),...,ysH=1D) for y € Y. Finally, we choose the loss L to be the (normalized) edit dis-
tance between two strings of same length

Lo(z,y;

N\p—\

l
Z () 2 400 (266)

where 1(2(9) # 4()) = 0if 2(Y) = y(®) and 1 otherwise (clearly a generic loss function h(z(") # y(?))
and weight w; can be used instead of 1 and 1/1). Finally, we can choose the uniform distribution
m(plx) = 1/|P| (but clearly also less symmetric weighting strategy can be adopted).
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Pixelwise classification on images. Consider the problem of assigning each pixel of an image to one
of T separate classes. In this setting X = R?%*? is the set of images (with fixed width and height
equaltod € N)and Y = Z = RT*xd is the set of all possible ways to label an image. We choose
the set of parts X = Uw ne1R“*" to be the set of all possible patches of d x d image and the set
of structures to be a P C N* such that for any image € X and p = (u,[,w, h) € P the selectors
z, € R¥*" and y,, 2, € RT*%*h correspond to the patch of the image z or the labeling y and 2
with width w, height h and upper-left corner at the pixel (u, ).

We choose the loss Ly to be a function comparing the class “statistics” in a given patch: e.g.

Zwmlth(c) Zhelght Ci j
, B i
= ol = = idn (O height(0)

LO(Zpa Yp; zpvp) = HU(ZP) - U(yp) (267)
Since it is more likely to have larger values for L at higher scales (the object patch overlaps other
classes), we choose a weighting 7(p|z) that is decreasing with respect to the size of the patch

p = (u,l,w, h). For instance we can choose 7(p|z) = S eXp(_)ﬂwa})(p(_w,h,), for v > 0.
/=(u’ I, w! ,h)EP

K.1 Example: Locality on sequences

We comment here on the example in Example 1 proving the inequality (4). We assume Assumption 2
to hold for P = {1,...,|P|} with d(p,q) = |p — ¢| and v > 0. We have

2 |P|
g — |P| Z e~ YIp—al (268)
p,q=1
/2 |P| /2 |P|-1 |P|
Z e~ Ip—d| _~_27 Z Z e~ VIp—al (269)
p q=1 p=1 gq>p

Now, we introduce the change of variable ¢ = ¢ — p to obtain

e |P|—1 |P|—p . |P|—1|P|—p t
r+2ﬁz Ze’””q':r—l—2ﬁ2267 (270)
p=1 t=1 p=1 t=1
q=p+t
5 |P|-1|P|
< r2+2m DN e 71)
p=1 t=1
|P|
<oy e (272)
t=1
|P|
< 2r2(z e ). (273)

We can upper bound ZLZ‘I e M = ZLZ‘I (e=7)* with the geometric series >, e~7*. Since
v > 0 we conclude that such series is upper bounded by (1 — e~7)~!, concluding

s < 2rf(1—e )7, (274)

as desired.
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