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The following results are proved in Appendix A in Kumar| [2017].
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since R%, < ;\Tz* for large sampling rate, the second term in the above equation is negligible. It is
shown(in Appendix A in|Kumar|[2017]]) that
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The term “22:3) _ ¢ in the above equation can be simplified as, W —5= W —s< L
Therefore,
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The first term in the Right hand side (RHS) of ({7) is
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where [(m, s) = [(m — 1)s] + 1.

Substituting for b,,, from equation (2) we get,
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The above equation can be simplified by substituting for a,,, defined as
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Since E[§|M = m] = L from (I) and E[62] < 2,
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Substituting the above upper bound in (TT)) we get
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By replacing (m — 1) by m and rearranging the terms in above equation we can write,
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The third term in the RHS of equation (7)) can be simplified as
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Therefore, putting together equations (7) and (I6)), (I9) we can write,
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where C is a constant.
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The Firt Symmetrization Lemma(Pollard [2012]] states that: Let Z(¢) : t € T and Z'(t) : t € T
be independent stochastic processes sharing an index set 7. Suppose there exist constants 5 > 0 and
~ > 0 such that P{|Z’(t)| <~} > B forevery ¢t € T, then

P{sup|Z(t)| 2 ¢} < %P{sgp 1Z(t) - Z'(0)] > £ — 7} 24)

Let us define Z(s) = Syar,s) — 5. Let Z'(s) be independent of Z(s) sharing the same index set

s € [0, 1], generated by a different set of sampling locations for the same number of total samples i.e
Z'(s) = S, — 5

Using the upper bound in (20) in Appendix [A]
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£ goes to 1 as n — oo.

Using the first symmetrization lemma we can write,
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Taking v = 5 in the above equation we get,
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Using the second symmetrization lemma[Pollard! [2012]]],
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where 01, 09, 03, ... are i.i.d Rademacher random variables that are also independent of 6;, 0 and
P{o; = +1} =P{o; = -1} = 3.
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From Figure [I| we can see that, |> i(:l *) 5,0;| reaches it maximum value when s becomes 7

Therefore supremum over s can be written as maximum over ﬁ i.e.
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Figure 1: )~ L(M Ds]+1 0:0; plotted against s.We can see that depending on the sign of o;, 0; either
gets added or subtracted from Zifl o0k
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Using Chebyshev’s inequality we get,
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Figure 2: plot of exp(z) and (e — 1)z + 1 for = between 0 and 1

From Jensen’s inequality,
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The maximum path length is one therefore, ’ZZ 1 0ib;
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This implies that,

ZkH Z;Hll 0;0;0;0; where ¢ # j is less than 1. From figure [2| we can see that for 0 <
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z < 1, exp(z) < (e — 1)z + 1. So, by replacing exp( Zkﬂ dois 1Ji0i0j9j) with



(e—1)s Z’Hl Zkﬂl 0i0;0;0; + 1 we get
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As 6 and o are independent of each other and E[o] = 0, E[0;0;0,6,|M = m] = 0 therefore,
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Taking natural log on both sides of above equation gives,
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Substituting the above bound in[27] we get,
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