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1 Proof of Proposition 1
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Setting the partial derivatives to zero yields
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proving the proposition.

2 Proof of Lemma 1

Following [1, p. 14] we have

U(i+j) − U(i−j) ∼ Beta(2j, n+ 1− 2j).
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It immediately follows that
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Similarly, according to the property of uniform order statistics we have

U(i+j) − U(i) ∼ Beta(j, n+ 1− j)
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The proof of the third part of the lemma is analogous to the proof above and is therefore omitted.

3 Proof of Theorem 1

Since r(·) is twice continuously differentiable on [0, 1], the following Taylor expansions are valid for
r(U(i+j)) and r(U(i−j)) in a neighborhood of U(i):
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where ζi,i+j ∈]U(i), U(i+j)[ and ζi−j,i ∈]U(i−j), U(i)[. Using Lemma 1 and Proposition 1, the
absolute conditional bias is bounded above by∣∣∣bias
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Using Proposition 1, the conditional variance yields
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provided that k →∞ as n→∞. Both results hold uniformly for k + 1 ≤ i ≤ n− k.

4 Proof of Corollary 1

Under the conditions k →∞ as n→∞ such that n−1k → 0 and n2k−3 → 0, Theorem 1 states that
the upperbound of conditional bias and conditional variance go to zero. Consequently, we have that
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According to Chebyshev’s inequality the proof is complete.

5 Proof of Corollary 2

From the bias-variance decomposition of the mean squared error (MSE), it follows that
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with B = supu∈[0,1] |r(2)(u)|. Since U ∼ U(0, 1), the mean integrated squared error (MISE) which
measures the average global error is
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Ŷ (1)|U

]
≤ B2 9k2(k + 1)2

16(n+ 1)2(2k + 1)2
+

3σ2
e(n+ 1)2

k(k + 1)(2k + 1)
.

3



6 Asymptotic order of the bias and continuous differentiability of r

Assume the q + 1 derivatives of r(·) exist on [0, 1], the following Taylor expansions are valid for
r(U(i+j)) and r(U(i−j)) in a neighborhood of U(i)
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The bias can be split into two terms, biaseven = Op(k
1/2/n) and biasodd = Op(k

2/n2). biaseven
indicates the bias contribution from the even order term in the Taylor expansion of r(U(i±j)) and
biasodd for the odd order term. An analogous result can be obtained for q > 2.
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7 Bias and Variance at the Left Boundary

Assume that r(·) is three times continuously differentiable on [0, 1]. At the left boundary i < k + 1,
we have
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