A Proof Sketch

Before providing complete proofs of our main results we provide a brief proof sketch to motivate the
approach.

A.1 Stochastic Setting with Exact Subsolver

Recall that at iteration ¢ of Algorithm 1, a stochastic cubic submodel m; is constructed around the

current iterate x; with the form given in the following Equation, m;(x) = f(x;) + (x — x;) "g¢ +

F(x—x¢) "By(x —x¢) + £|x — x¢||%, where g, and B, are the averaged stochastic gradients and

Hessians.

In this setting, g, and B, are the averaged gradient and Hessian with sample sizes n; and no,
respectively. To ensure the stochastic cubic submodel approximates the exact cubic submodel well,
we need large enough sample sizes so that both g; and B; are close to the exact gradient and Hessian
at x; up to some tolerance:

Lemma 2. For any fixed small constants c1, co, we can pick gradient and Hessian mini-batch sizes

n =0 (max (%, :—E)) andny = O (max ( Mo a—g)) so that with probability 1 — ¢/,

Vpe’ pe
llge — V(x| <ere ®)
v, [[(By = V2 f(xe))v| < 2 - /pé||v]. ©)

We need to ensure that the random vectors/matrices concentrate along an arbitrary direction (depend-
ing on g; and By). In order to guarantee the uniform concentration in Lemma 2, we can directly
apply results from matrix concentration to obtain the desired result [Tropp et al., 2015].

Let A} = argmin m(x: + A), i.e. x; + A} is a global minimizer of the cubic submodel m;. If
we use an exact oracle solver, we have x;11 = x; + A}. In order to show Claim 1 and Claim 2, one
important quantity to study is the decrease in the cubic submodel m;:

Lemma 3. Let m; and A} be defined as above. Then for all t,
1
me(xe + A7) = my(x¢) < —EP||A?||3-

Lemma 3 implies that in order to prove submodel m; has sufficient function value decrease, we only
need to lower bound the norm of optimal solution, i.e. || A%]|.

Proof sketch for claim 1: Our strategy is to lower bound the norm of A} when x; 1 = x; + A7 is
not an e-second-order stationary point. In the non-stochastic setting, Nesterov and Polyak [2006]
prove

1 1 1
|AF] = QmaX{ pVf(xt+1)||vp)‘min(vzf(XHl))}»

which gives the desired result. In the stochastic setting, a similar statement holds up to some tolerance:

Lemma 4. Under the setting of Lemma 2 with sufficiently small constants c1, ca,

A > ;m{\/; (195054 A1 = £).5 (w7270 + A1) = V) }

That is, when X, is not an e-second-order stationary point, we have [[A}|| = Q(, /). In other

words, we have sufficient movement. It follows by Lemma 3 that we have sufficient cubic submodel
descent.

Proof sketch for claim 2: In the non-stochastic case, m;(x) is by construction an upper bound on
f(x). Together with the fact f(x;) = m(x¢), we have:

J(Xeq1) = f(xe) <mg(xeq1) — ma(xe),
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showing Claim 2 is always true. For the stochastic case, this inequality may no longer be true. Instead,
under the setting of Lemma 2, via Lemma 3, we can upper bound the function decrease with an
additional error term:

f(xep1)—f(xe) < %[mt(xt+1) —my(xy)] + ¢ 6;,

for some sufficiently small constant c. Then when my(x¢y1) — me(x:) < —4cy/€3/p, we have
F(xeq1) — f(x¢) < 2me(xe41) — me(x4)] < —cy/€3/p, which proves Claim 2.

Finally, for an approximate cubic subsolver, the story becomes more elaborate. Claim 1 is only
“approximately” true, while Claim 2 still holds but for more complicated reasons.

B Proof of Main Results

In this section, we give formal proofs of Theorems 1 and Corollary 1. We start by providing proofs of
several useful auxiliary lemmas.

2 . . . . .
Remark 2. It suffices to assume that ¢ < % for the following analysis, since otherwise every point

x satisfies the second-order condition Ay, (V2 f(x)) > —./pe trivially by the Lipschitz-gradient
assumption.

B.1 Set-Up and Notation

Here we remind the reader of the relevant notation and provide further background from Nesterov
and Polyak [2006] on the cubic-regularized Newton method. We denote the stochastic gradient as

1
8t = m Z Vf(xe, &)
! ISAS

and the stochastic Hessian as

1

B, = m Z V2 f (x4, &),

2 £ €S2
both for iteration ¢. We draw a sufficient number of samples |.S; | and | S| so that the concentration
conditions

gt = VI(xe) <1
W, By — V2f(x0))VI| < ez - y/7Elvl

are satisfied for sufficiently small c;, co (see Lemma 2 for more details). The cubic-regularized
Newton subproblem is to minimize

1
miy) = fx) + (v = x) g+ 50 —x) Buly —x) + Ely =xl’. (10)
We denote the global optimizer of m.(-) as x; + A}, thatis A} = argmin, my(z + x).

As shown in Nesterov and Polyak [2006] a global optimum of Equation (10) satisfies:

g +BA] + LAfA; 0. (11)

B, + LlAf|1 = 0. (12)

Equation (11) is the first-order stationary condition, while Equation (12) follows from a duality
argument. In practice, we will not be able to directly compute A} so will instead use a Cubic-
Subsolver routine which must satisfy:

Condition 1. For any fixed, small constant c3, ¢4, Cubic-Subsolver(g, B[], €) terminates within
T (€) gradient iterations (which may depend on c3, ¢4), and returns a A satisfying at least one of the
following:

1. max{m(A), f(x¢ + A) — f(x)} < —Q(/€3/p). (Case 1)
2. Al < lAax] + 64\/% and, if [ A*]| > v/¢/p, then in(A) < m(A*) + 5 - pl|A*|.
(Case 2)
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B.2 Auxiliary Lemmas
We begin by providing the proof of several useful auxiliary lemmas. First we provide the proof of
Lemma 2 which characterize the concentration conditions.

Lemma 2. For any ﬁxed small constants c1, co, we can pick gradient and Hessian mini-batch sizes
~ ~ p 2
n =0 (max (Ml 3 )) andng = O (max ( Mo 2)) so that with probability 1 — &/,

Vpe’ pe
lg: — V(x| < e ®)
Y, [[(B: = V2 f(x))v < e V/pe|lv]. 9)

Proof. We can use the matrix Bernstein inequality from Tropp et al. [2015] to control both the
fluctuations in the stochastic gradients and stochastic Hessians under Assumption 2.

Recall that the spectral norm of a vector is equivalent to its vector norm. So the matrix variance of

the centered gradients g = 771 St (@f( 57)> =i LS (V(x&) — VF(x))is

ny 5 N 2
vlg) = nﬂmax{ E E ZVf(x,&:)TVf(x,&)] H} < %
1

i=1
using the triangle inequality and Jensen’s inequality. A direct application of the matrix Bernstein
inequality gives:

3 V&)V (x &)

i=1

Plllg— VGl 21 < adexp(—v[g]jf/(w) <o~ min{ 10 ;}) _

M 8 2d
llg — Vf(x)|| <t with probability 1 — §’ for n; > max ( tl orl> g1 5

Taking t = cqe€ gives the result.

The matrix variance of the centered Hessians B = n% 2?221 (@2 fx, &)) =
e iy (VP f(x,&) — V2 f(x)), which are symmetric, is:

- ZlE (r0c0)

once again using the triangle inequality and Jensen’s inequality. Another application of the matrix
Bernstein inequality gives that:

Q

UP)

2
<22 (13)

2
BB - V2/()] > 1] < 2dexp<— min{ - §}> —
2
||B — V2f( H < t with probability 1 — §’ for ny > max( ]\;[2, ;2 )8 lo f;i

Taking t = c4,/pe ensures that the stochastic Hessian-vector products are controlled uniformly over
v:

[(B = V2f(x))v|| < ez /pe|vl|

using ny samples with probability 1 — ¢§'.
O

Next we show Lemma 3 which will relate the change in the cubic function value to the norm || A%]|.
Lemma 3. Let m; and A} be defined as above. Then for all t,

1
me(xe + AF) — my(x4) < _EPHA:H?)-
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Proof. Using the global optimality conditions for Equation (10) from Nesterov and Polyak [2006],
we have the global optimum x; + A7, satisfies:

g +Bi(A]) + ZlAL(A]) =0
B, + 5|l = 0.
Together these conditions also imply that:
(A g+ (A)TBUA)) + Z]AY° =0
(ADTBUAY) + LAY > 0.

Now immediately from the definition of stochastic cubic submodel model and the aforementioned
conditions we have that:

* * 1 * * *
f(xe) = my(xe + A}) = —(A]) g — i(At)TBt(At> - glle, + A7)

]' * * 1 *
S (AD)By(A) + 3olA: I°

1 3
> —p||ATF
=z 129” £l

An identical statement appears as Lemma 10 in Nesterov and Polyak [2006], so this is merely restated
here for completeness. O

Thus to guarantee sufficient descent it suffices to lower bound the || A}||. We now prove Lemma 4,
which guarantees the sufficient “movement" for the exact update: ||A}||. In particular this will allow

us to show that when x, + A} is not an e-second-order stationary point then || A} > 1 rt

Lemma 4. Under the setting of Lemma 2 with sufficiently small constants c1, ca,

|AF] > ;max{\/; (va(xt + A - f)% (/\min(vzf(xt +AY) - %F) }

4

Proof. As a consequence of the global optimality condition, given in Equation (11), we have that:
lee +Bu(AD = AL (14)
Moreover, from the Hessian-Lipschitz condition it follows that:
V£ + A7) = Vi (x) = V2F () (A < SlA1°. (15)
Combining the concentration assumptions with Equation (14) and Inequality (15), we obtain:
IV fxe + AN = ||V f(xe + AF) = V(%) = V2 F(x0) (AD)|| + [[Vf(x0) + V2 f(x0) (A7) ]
<|IVf(xe+ AY) = VF(xe) — V() (A7) ]| + |l + Bu(A})]
+llge = V()| + [[(Be = V2 f (x0) Af |
< Pl AT + ere+ co/pel| AT (16)
An application of the Fenchel-Young inequality to the final term in Equation (16) then yields:

c c
IVFGee+ ADI < p(L+ DAL + (o2 + 5 )e =
1 e )
P EETTEN AX)| — < *
p(1+2) (va(xt + A = (ex + 5 )e) < IAI7,

which lower bounds || A} || with respect to the gradient at x;. For the corresponding Hessian lower
bound we first utilize the Hessian Lipschitz condition:

V2f(xi + AF) = V2f(x;) — p||AF||T
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= B, — cay/pel — pl| AT
3
= —ea/pel — Spl AT,

followed by the concentration condition and the optimality condition (12). This immediately implies

2
laill = -3 (V2f(x¢ + A) + cav/pel) =

2 2
Amin(V2f(x¢ + A)) — =2

Al > - -
3p 3/p

Combining we obtain that:

+92) 3vp

We consider the case of large gradient and large Hessian in turn (one of which must hold since
x: + A7 is not an e-second-order stationary point). There exist ¢y, co in the following so that we can
obtain:

1 ) )
1Az} = max {\/p(l (IV£6xe+ AN = (e + D)e), g (VS A) Qﬁ} .

o If |V f(x; + A})|| > ¢, then we have that

) > \/p(li) (IV£6xe+ ADI = (e + D)e) = \/1 e N

a7

o If =\, (V2f(x; + A})) > /pé, then we have that || A} > g\/%_ %\/; = 2(1-
ey /5> 5\/5

We can similarly check the lower bounds directly stated are true. Choosing ¢; = ﬁ and c; = 200
will verify these inequalities for example. O

B.3 Proof of Claim 1

Here we provide a proof of statement equivalent to Claim 1 in the full, non-stochastic setting with
approximate model minimization. We focus on the case when the Cubic-Subsolver routine executes
Case 2, since the result is vacuously true when the routine executes Case 1. Our first lemma will
both help show sufficient descent and provide a stopping condition for Algorithm 1. For context,

recall that when x; + A7 is not an e-second-order stationary point then ||A}| > %\/% by Lemma 4.
Lemma 5. [f the routine Cubic-Subsolver uses Case 2, and if | A}|| > %\/% then it will return a

point A satisfying my(x: + Ay) < my(xe) — 1I2°'3p||Aj§||3 < 1553 A /%.

Proof. In the case when || A}|| > %\/% , by the definition of the routine Cubic-Subsolver we can

ensure that m; (x; + A¢) < my(x + Af) + & pl|Az||? for arbitarily small c5 using 7 (€) iterations.
We can now combine the aforementioned display with Lemma 3 (recalling that m;(x;) = f(x¢)) to
conclude that:

c
me(xe + Ay) < my(xe + AY) + ip||A*||3

my(xe + A7) < my(xe) — *HA*H (18)
1—c: 1—c: €3
me(Xe + Ar) < me(xe) — (5 )l AT < mi(xe) — ( 9% 3) o (19)
for suitable choice of c3 which can be made arbitarily small. O
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Claim 1. Assume we are in the setting of Lemma 2 with sufficiently small constants c1, co. If A is the
output of the routine Cubic-Subsolver when executing Case 2 and if x; + AY is not an e-second-order

stationary point of f, then my(x: + Ay) — my(x¢) < — 15603 \ /%.

Proof. This is an immediate consequence of Lemmas 4 and 5. O

If we do not observe sufficient descent in the cubic submodel (which is not possible in Case 1 by
definition) then as a consequence of Claim 1 and Lemma 5 we can conclude that | A}[| < 1 < and

that x; + A} is an e-second-order stationary point. However, we cannot compute A} directly. So
instead we use a final gradient descent loop in Algorithm 3, to ensure the final point returned in this
scenario will be an e-second-order stationary point up to a rescaling.

Lemma 6. Assume we are in the setting of Lemma 2 with sufficiently small constants ci,co. If
Xt + A} is an e-second-order stationary point of f, and | AT < %\/% then Algorithm 3 will output

a point A such that X1 = Xy + A is a 4e-second-order stationary point of f.

Proof. Since x; + Aj is an e-second order stationary point of f, by gradient smoothness and the
concentration conditions we have that ||g:|| < [|[Vf(x: + AY)|| + 2| AF| + g — V(x| <

(I+cr)e+ %\/gf <(E+1+ cl)é < 1—2% for sufficiently small ¢;. Then we can verify the

step-size choice n = %K and initialization at A = 0 (in the centered coordinates) for the routine

Cubic-FinalSubsolver verifies Assumptions A and B* in Carmon and Duchi [2016]. So, by Corollary
2.5 in Carmon and Duchi [2016]—which states the norms of the gradient descent iterates, ||A||, are

non-decreasing and satisfy ||A|| < ||Af||—we have that ||A — A¥|| < 2]|A7| < \/%
We first show that —A\pin (V2 f(x441)) < \/pe. Since f is p-Hessian-Lipschitz we have that:
V2 f(xe1) = V2 f(xe + AF) = p2|| AT = —2/pel.

We now show that ||V f(x:4+1)|| < € and thus also small. Once again using that f is p-Hessian-
Lipschitz (Lemma 1 in Nesterov and Polyak [2006]) we have that:

[V £(xei1) = V(i) = V2 Fe) Al < DA < Flag) < o

Now, by the termination condition in Algorithm 3 we have that

lg+BA+2|A|A| < 5. So,

€, P 2
ls+BAJ <5+ SIA <

0| Ut
o

Using gradient/Hessian concentration with the previous displays we also obtain that:
IV f(xer)ll = llg = VI (xe)ll = [[(B = V2f(xe))A[| = llg + BA|| < [[Vf(xer1) = VF(xe) = V2 (x0) Al

5 1
— IVl < (er+ 2454 ) ese

for sufficiently small ¢; and c,.

Let us now bound the iteration complexity of this step. From our previous argument we have
that ||g:|] < (14 ¢1)e + #ﬁ Similarly, the concentration conditions imply |B:A}|| < (¢ +

c21/pe)||A7||. Thus we have that my(x;) — my(x; + AF) = ((1 4 c1)e + %\/E)HA;H + 10+
02\/,&)||At*\|2 + gHA;H‘3 < %6 + (entde 4 L) % <0(1)- % since c¢1, ¢ are numerical
constants that can be made arbitrarily small.

So by the standard analysis of gradient descent for smooth functions, see Nesterov [2013] for example,
we have that Algorithm 3 will terminate in at most < [2tC)—mibGatBi)1 < (1) . (ﬁ—i) iterations.

n(e/2)?
This will take at most @(max(y—pie, U—E) . ﬁ—i) Hessian-vector products and @(max(%, ':—;)) gradient
evaluations which will be subleading in the overall complexity. O

3See Appendix Section C.2 for more details.
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B.4 Proof of Claim 2

We now prove our main descent lemma equivalent to Claim 2—this will show that if the cubic
submodel has a large decrease, then the underlying true function must also have large decrease. As
before we focus on the case when the Cubic-Subsolver routine executes Case 2 since the result is
vacuously true in Case 1.

Claim 2. Assume we are in the setting of Lemma 2 with sufficiently small constants c1,ca. If

the Cubic-Subsolver routine uses Case 2, and if my(x; + A¢) — my(xy) < —(1582),/ %, then

fxe+ Ay — flx) < — () %

Proof. Using that f is p-Hessian Lipschitz (and hence admits a cubic majorizer by Lemma 1 in
Nesterov and Polyak [2006] for example) as well as the concentration conditions we have that:

fxe+Ay) < f(xe) + Vo) AL+ %A:VQf(Xt)At + g”AtHg ==
Foe+ Ay) = fxe) S ma(xe 4+ Ay) —my(xe) + (V(xe) —ge) T A+ %A:(Bt — V2 f(xe) Ay

C
<y A) = ma(x) + ere Al + 5 /Pl A

Smt(XtJrAt)_W<Xt)+cle(||A*||+C4\/;>+ W(AIIHM\/DQ

cac? cocC €3
S+ 80 =) + (e ese)el Al + GEVRIATI + a1+ e [, 00

since by the definition the Cubic-Subsolver routine, when we use Case 2 we have that ||A;| <
[AF]l + cay/5- We now consider two different situations — when [|Af]| = %\/% and when

1
lail < 3y/5

First, if || A > %\/% then by Lemma 5 we may assume the stronger guarantee that m; (x; + Ay) —

my(xe) < —(1
that:

)Pl AF |>. So by considering the above display in Equation (20) we can conclude

C: C
Flxe+ Ay) = f(xe) < my(xe + A¢) — my(x¢) + (1 + coca)el| AT + 2

1—c3—48 —12¢9¢3 3
B 3 (c1 + cacy) cocy PN (01 N 0204) e ] €
12 2 P)

1 — c3 — 48¢; — 48¢acq — 96¢1c4 — 60c2c] €3
96 p

since the numerical constants cj, 2, c3 can be made arbitrarily small.

IA

)

Now, if || AF]| < %\/%, we directly use the assumption that my (x; + A;) —my(x;) < —(15£2) %.

Combining with the display in in Equation (20) we can conclude that:

6264

x4 D) = flx) < malxe + Ar) = ma(xe) + (1 + caca)el| A + =2/ AT + (ex

1—c3 |€ 1 [e  coc? le CoCa €3
_< T 1/p>+<(01+6204)6 5 p+ > pe-4p+(01—|— 5 )eq 5

1 — c3 — 48¢; — 48¢acq — 96¢1c4 — 60c2c3 €3
96 p

)
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since the numerical constants ¢, ca, c3 can be made arbitrarily small. Indeed, recall that c; is the
gradient concentration constant, c; is the Hessian-vector product concentration constant, and cg is the
tolerance of the Cubic-Subsolver routine when using Case 2. Thus, in both situations, we have that:

_ _ 3
Flxi+ Ay) — f(xg) < 1;3665\/3 1)

denoting c5 = 48c1 — 48cacy — 96¢1c4 — 60(:202 for notational convenience (which can also be made
arbitrarily small for sufficiently small ¢y, ¢3). O

B.5 Proof of Theorem 1
We now prove the correctness of Algorithm 1. We assume, as usual, the underlying function f(z)
possesses a lower bound f*.

Theorem 1. There exists an absolute constant ¢ such that if f(x) satisfies Assumptions 1, 2,
2
CubicSubsolver satisfies Condition 1 with ¢, n; > max(M Al )log(@), and ny >

ce ’ c2e? el-56c

max( UL, nge)log<d6\{lz?cf), then for all § > 0 and Ay > f(xo) — f*, Algorithm 1 will out-

put an e-second-order stationary point of f with probability at least 1 — § within

- A M, o? M, o3
O(C.5f <max <61,€21> + max <\/p36’p§> ’T(e)>) 5)

total stochastic gradient and Hessian-vector product evaluations.

Proof. For notational convenience let Case 1 of the routine Cubic Subsolver satisfy:

max{f(x: + A¢) — f(xe),me(xe + Ay) —my(xe)} < =K, \/f

and use Ko = 1§6°’3 to denote the descent constant of the cubic submodel in the assumption of Claim

2. Further, let Koy = min{l’cg%%7 K} which we will use as the progress constant corresponding
to descent in the underlying function f. Without loss of generality, we assume that —K; < — K, for
convenience in the proof. If —K; > — K5, we can simply rescale the descent constant corresponding

to Case 2 for the cubic submodel, 1;—653, to be equal to — K, which will require shrinking ¢y, co

proportionally to ensure that the rescaled version of the function descent constant, 1_“;76_05
positive.

, 1S

Now, we choose ¢y, ¢z, 3 so that K2 > 0, Kpog > 0, and Lemma 4 holds in the aforementioned
form. For the correctness of Algorithm 1 we choose the numerical constant in Line 7 as Ko — so

the “if statement” checks the condition Am = my(x¢y1) — me(Xt) > —Kay/ ?. Here we use a

rescaled ¢ = ie for the duration of the proof.

At each iteration the event that the setting of Lemma 2 hold has probability greater then 1 — 2¢.
Conditioned on this event let the routine Cubic-Subsolver have a further probability of at most ¢’ of
failure. We now proceed with our analysis deterministically conditioned on the event F — that at each
iteration the concentration conditions hold and the routine Cubic-Subsolver succeeds — which has

probability greater then 1 — 38’ Tyyer > 1 — § by a union bound for §' = T

Let us now bound the iteration complexity of Algorithm 1 as 7gye. We cannot have the “if statement”
in Line 7 fail indefinitely. At a given iteration, if the routine Cubic-Subsolver outputs a point A that
satisfies

€3

my(xe + Ay) —my(xe) < —Ko ?
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then by Claim 2 and the definition of Case 1 of the Cubic-Subsolver we also have that:

/3
Fxe + Ay) = f(x) < Kprog\/j

Note if the Cubic-Subsolver uses Case 1 in this iteration then we will vacuously achieve descent
in both the underlying function f, and descent in the cubic submodel greater — K7,/ %. Since

—K; % < Ko,/ % by assumption, the algorithm will not terminate early at this iteration. Since
the function f is bounded below by f*, the event my (x: + A¢) —my(x:) < —Koy/ % which implies
F(xig1) — f(x¢) < —Kprogy/ % can happen at most Ty = f%] times.

Thus in the Ty iterations of Algorithm 1 it must be the case that there is at least one iteration 7', for
which

€3

? .
By the definition of the Cubic-Subsolver procedure and assumption that —K; < — K, it must be
the case at iteration 7" the routine Cubic-Subsolver used Case 2. Now by appealing to Claim 1 and

mrp(xr + Ar) —mp(xr) > —Ks

Lemma 5 we must have that | A%|| < 5 \/% and that xp + A% is an ¢’-second-order stationary point

of f. As we can see in Line 7 of Algorithm 1, at iteration 7" the “if statement” will be true. Hence
Algorithm 1 will run the final gradient descent loop (Algorithm 3) at iteration 7', return the final
point and proceed to exit via the break statement. Since the hypotheses of Lemma 6 are satisfied*
at iteration 7', Algorithm 3 will return a final point that is an e-second-order stationary point of f
as desired. We can verify the global constant ¢ = min{ Kg‘“g , €1, co } satisfies the conditions of the
theorem.

Remark 3. We can also now do a careful count of the complexity of Algorithm 1. First, note at each

2
outer iteration of Algorithm 1 we require n; > max (f{i, c?é ) § log samples to approximate
2
the gradient and and no > max( - ﬁ’ c";é) 8 log to approx1mate the Hessian. The union bound

stipulates we should take ¢'(e) =
as we can see in the Proof of Theorem 1, Algorithm 1 will terminate in at most

SK rog - fr
Touter - ’V P é\/ﬁe(g/(zx()) f )—I (22)

iterations. The inner iteration complexity of the Cubic-Subsolver routine is 7 (¢). The routine
only requires computing the gradient vector once, but recomputes Hessian-vector products at each
iteration.

So the gradient complexity becomes

Ts S T(e) x VP (o) = 7) X max (Ml U%> glo 2d

€ld cre’ 32 &
o * 2
VPoi(flwo) = )N (. < o
63 5 C1 M1
Note that O hides logarithmic factors since &' (¢) = ﬁ.

The total complexity of Hessian-vector product evaluations is:

fy < Koo PU o) =) My of 8

~ el car/pE c3pe’ 3 &5

~ 0_2 f *f* 04
~O <T(e)2((\j,%)€3)> fore < .

*We can also see with this rescaled ¢’ the step-size requirement in Lemma 6 will be satisfied.
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Finally, recall the proof of Lemma 6 which shows total complexity of the final gradient descent
loop, in Algorithm 3, will be subleading in overall gradient and Hessian-vector product complexity.
As before, we can verify the global constant ¢ = min{ Kg“‘g ,C1, Co } satisfies the conditions of the

Theorem 1.

O

C Gradient Descent as a Cubic Subsolver

Here we provide the proofs of Lemma 1 and Corollary 1. In particular, we show Algorithm 2 is
a Cubic-Subsolver routine satisfying Condition 1. We break the analysis into two cases showing

2 . . . .
that whenever ||g|| > % taking a Cauchy step satisfies the conditions of a Case 1 procedure, and

when ||g]|| < %, running gradient descent on the cubic submodel satisfies the conditions of a Case 2
procedure. Showing the latter relies on Theorem 3.2 from Carmon and Duchi [2016].

C.1 Cauchy Step in Algorithm 2

First, we argue that when the stochastic gradients are large — ||g:|| > % — the Cauchy step achieves
sufficient descent in both f and m. Thus the Cauchy step will satisfy Equation 1 of Condition 1, so it
satisfies the conditions of a Case 1 procedure. As before, (A) = ATg + LATB[A] + 2||A |,
refers to stochastic cubic submodel in centered coordinates.

First, recall several useful results: the Cauchy radius is the magnitude of the global minimizer
in the subspace spanned by g (which is analytically tractable for this cubic submodel). Namely

R. = argmin, cga m (—77“%”) and a short computation shows that

T T 2
_ _g'Bg (g Bg) . 2l
c 2 2

rlgl olgl P

and that

- g 1 P 53
m(-Re-& ) = —>|g|R. — 2R?.
( ||g||) g ll8lfe = 35

Lemma 7. Assume we are in the setting of Lemma 2 with sufficiently small constants ci,co. If
gl > %, the Cauchy step defined by taking A = —Rcﬁ will satisfy m (A) < —K14/ % and

fxe+A) — f(x) < =K/ %for K, = 72—70. Thus, if Algorithm 2 takes a Cauchy step (when

2
lgll > % ) it will satisfy the conditions of an Case 1 procedure.

Proof. We first lower bound the Cauchy radius

2 2

B B 2 1 B B

__8Bg (g §> L2el 1 e e, [(8188) o
rllgll rllgll I Igll

P P lg

Note the function —z + /&2 + 2 is decreasing over its support. Additionally, IVQ f(0) H < ¢ and
|(B = V2£(0)g| < co/péllgll < c2f||g]| imply that gHTg‘HBQg < (1 + ¢2)¢. So, combining with the
previous display we obtain:

~

74
2
R, > ( (1+c)+ V(1 +c2) +2)>10p, (23)

)

for sufficiently small c5. So,

. g 1 P 3 70 7 |ed
_Rci = -3 Rc_*RCS_iig_i >
m( ||g> p gl = 5 2002 = 20\
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for sufficiently small cs.

Now, at iteration ¢, using the p-Hessian Lipschitz condition and concentration conditions we obtain:

f(xt‘Rﬂgn)‘f(Xt)(( Ta) ke gRteaiE

< —f|| |R. — R3+C1R €+ R 2eor/pe
53 P L opoo C2.pP
< ——lgl|lRe — = - =Re | =(5R. - —=(=R
< gl 5 BR (G5 (GR - e - 2GR0
For sufficiently small c;, 02 the quadratic 123:2 c1 — G is minimized at x* 0 when restricted

toxr > 7 . Since 2 R 2 =+ for sufficiently small ¢y, ¢5 as in Equation (23), we can also conclude

that
g 70 7 €3
X;— Reo )| — f(x4) € ——=— < ——4 [ —. (24)
f<t gll) T < =552 = "3\ 5

This establishes sufficient decrease with respect to the true function f. We can verify choosing
1 = c¢o = 1/200 satisfies all the inequalities in this section. Lastly, note the complexity of
computing the Cauchy step is in fact O(1).

C.2 Gradient Descent Loop in Algorithm 2

We now establish complexity of sufficient descent when we are using the gradient descent subsolver
from Carmon and Duchi [2016] to minimize the stochastic cubic submodel in Algorithm 2 in the

regime ||g|| < %. Carmon and Duchi [2016] consider the gradient descent scheme’:
A=Ay — ﬂvm(At) (25)

for m(A) = gT A + JATBA + £||A3||. Here we let the index ¢ range over the iterates of the

gradient descent loop for a fixed cubic submodel. Defining 8 = ||B|| and R = % + (%)2 + %

they make the following assumptions to show convergence:

e Assumption A: The step size for the gradient descent scheme satisfies

1
0<n< ——. 26
e Assumption B: The initialization for the gradient descent scheme A, satisfies A = —r@,

with0 <r < R..

Then, Theorem 3.2 in Carmon and Duchi [2016] (restated here for convenience) gives that:

Theorem 2 (Carmon and Duchi [2016]). Let q be uniformly distributed on the the unit sphere in
R®. Then, the iterates A, generated by the gradient descent scheme in Equation (25) satisfying

Assumptions A and B obtained by replacing g — g + oq for o = WEIA*H . % with ¢ < 1, satisfy
m(A:) < m(A*) + (1 + 7)€ forall:

w12
t>T() = 1—i_amin{ ! 1047 }x

1 slax—~" ¢

* * 2
[610g <1+H{7>0}?;-\6/’8> +1410g ((ﬁ‘f’PHA/)'A || >‘| ’ (27)

€

with probability 1 — §'.

5Note there is also a factor of 2 difference used in the Hessian-Lipschitz constant in Carmon and Duchi
[2016]. Namely the 2p" = p for every p’ that appears in Carmon and Duchi [2016].
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Note that the iterates A, are iterates generated from the solving the perturbed cubic subproblem with
g — g + og—mnot from solving the original cubic subproblem. This step is necessary to avoid the
“hard case" of the non-convex quadratic problems. See Carmon and Duchi [2016] for more details.

To apply this bound we will never have access to || A*|| apriori. However, in the present we need
only to use this lemma to conclude sufficient descent when A* is not an e-second-order stationary

point and hence when [|A[* > 1 <.

Lemma 8. Assume we are in the setting of Lemma 2 with sufficiently small constants ¢y, ca. Further,

2
assume that ||g| < %, and that we choose n = O(%) in the gradient descent iterate scheme in

Equation (25) with perturbed gradient § = g + oq for o = (9(@), and q ~ Unif(S4=1). If

[|A*] > %\/%, then the gradient descent iterate A (. for T (€) = @(\/%) will satisfy m(A) <

m(A*) + %HA*H?’. Further, the iterate Aoy will always satisfy | Az < |A*] + 04\/%.

Proof. To show the first statement we simply invoke Theorem 3.2 of Carmon and Duchi [2016]

. . . 2 .
and check that its assumptions are satisfied. We assume that ||A*|| > %\/% = < = inthe

present situation. We now set ¢’ = c3 || A* ||* where we assume that c5 and will be small. Then we
take:

p2L3 pL3¢ pe 1L g+pllar] L3
. _ _ L
2412020+ pL) 12| A P20+ pL)  B+plAf] 12 20+pL AP

o

g =

By concentration we have that (1 — ¢5)¢ < 8 < (1 + c2)¢. So we can easily check that 1
& < 1 for sufficiently small co. We can further show that:
2L3 2L3 2L3 L2
c5—t eyl <o <l <o
24 - 12(2¢ + pL) 24 - 12pL 24 -12pL 288 2304

3 HA*H3 -

(28)

Thus R= ﬁ + (§)2 + M < 2£ for sufficiently small c1, co, and c4. Accordingly, ﬁ >

20 507+ We can 51m11arly check thls step size choice suffices for Lemma 6. Let us then choose n = 23) 7
to satisfy Assumption A and » = 0 in accordance with Assumption B from Carmon and Duchi
[2016].

Thus Theorem 3.2 from Carmon and Duchi [2016] shows that with probability at least 1 — ¢’ the
iterates M (Ay) < m(A*) + (1 4+ 7)€’ < m(A*) +2¢' = m(A*) + Cg,%HA;‘H‘3 fort > T (e). We
can now upper bound 7 (¢). Recall we set L = %\/% for clarity.

145 1 10[|A*|?
T(e) = ite min - , Ul - I X
n pllA*]| —~ €

3vd A* A* 2
[ﬁlog <1+H{7>0};5[> + 14log <(5+P| 6/II)II I )

[ d AP
g(’)(l)-Lx 61og<1+f>+6log<9” H

24 4
+ 14log (ﬁ + j)]
4

pll A o’ L3 capl| A*||
¢ | Vd |A*) ( 3 )
<O(1) - x [O1)-log |14+ — log +1)]+0(1
O g O ( 5’) () log { Jra M

pllAx| pL

¢ IIA*II

6 +0(1)

<0(Q1)- ! X _(9(1)~10g (1—!—\/&) ) - log (6 |A*||) +0(1)
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s
N[
©|m



T Vd
<O() 44— x [|OQ1) -log <1 + > +0(1) -log +0(1)
pe &’ P / /

<0(1) -E\/Z x |O(1) - log (1 + ??) +0(1) - log (A/Z) +0(1)
<0(1) ~€\/Z x |log (6\/pT (1 + ?)) +0(1)

where we have used the bound ||A*|| < O(1) - %. We can see that ||A*|| < O(1) - % by appealing
< £ and |[BA*|| < (1 + eo)¢]| A%

Combining these facts® we have:

g—i—BA*—i—gHA*HA*:O =
p *[12 * 62 * 2 62 P *12
SIATI < gl + BA*] < ;+(1+62)€||A <@+ 1+c) );Jr 2147
l
A <3-,
P

for sufficiently small cs. This completes the proof of the first statement of the Lemma.

Note that we will eventually choose §’ ~ (9(6%5) for our final guarantee. However, this will only
contribute logarithmic dependence in € to our upper bound.

We now show that the iterate | A7) || < [|A*||+cq \/% . For notational convenience let us use HA*

to denote the norm of the global minima of the perturbed subproblem. Since our step size choice and
initialization satisfy Assumptions A and B then we can also apply Corollary 2.5 from Carmon and

Duchi [2016]. Corollary 2.5 states the norms || A;|| are non-decreasing and satisfy || A, || < HA* .

. We can then use Lemma 4.6 from Carmon and Duchi

So we immediately obtain HAT(E) H < HA*

[2016] which relates the norm of the global minima of the perturbed subproblem, HA* ’, to the norm

of the global minima of the original problem, | A*||. Lemma 4.6 from Carmon and Duchi [2016]

~ 2
states that under the gradient perturbation g§ = g + o we have that HA* —lar?| < 47”. So
using the upper bound on o from Equation (27) we obtain that:
C3 6
Ar. <HA* < ||laF 7< A
Az N N
c3

Arol < ||A* A" -,

[Arol 1A+ /52 /5 = 187 +exy 2
where we define ¢y = /3 s O]

C.3 Proofs of Lemma 1 and Corollary 1

Here we conclude by showing the correctness of Algorithm 2 which follows easily using our previous
results.

Lemma 1. There exists an absolute constant ¢/, such that under the same assumptions on f(x)
and the same choice of parameters n1,n2 as in Theorem 1, Algorithm 2 satisfies Condition 1 with
probability at least 1 — §' with T (e) < O( \/%)

Proof. This result follows immediately from Lemmas 7 and 8. In particular, Lemma 7 shows the
Cauchy step, which is only used when ||g|| > %, satisfies the conditions of an Case 1 procedure.

8The Fenchel-Young inequality ab < a? + % is also used in the second line of this display.
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Lemma 8 shows solving the cubic submodel via gradient descent, which is only used when ||g|| < %,

satisfies the conditions of a Case 2 procedure. Lemma 7 shows the Cauchy step has gradient com-
plexity O(1). Lemma 8 shows the gradient complexity of the gradient descent loop is upper bounded

by (’N)(\/%) but has a failure probability 1 — §’ over the randomness in the gradient perturbation. [

Finally, assembling all of our results we can conclude that: Using Lemma 1 and Theorem 1 we can
immediately see that:

Corollary 1. Under the same settings as Theorem 1, if e < min { } and if we instantiate

[ed a.
c1 1\1/11 ’ c%]\;gp
the Cubic-Subsolver subroutine with Algorithm 2, then with probability greater than 1 — 6, Algorithm
1 will output an e-second-order stationary point of f(x) within

5 (VPR (of o5 L
oL (35 7 @

total stochastic gradient and Hessian-vector product evaluations.

Proof. We can check the descent constants (with respect to the cubic submodel) referenced in the
proof of Theorem 1 for the Case 1 and Case 2 procedures of Algorithm 2, K; = 2—70 and and Ky < %
respectively, satisfy —K; < —K5. The conclusion then follows immediately from Theorem 1, since
Lemma 1 shows that Algorithm 2 is a Cubic-Subsolver routine, as defined in Condition 1, with

iteration complexity 7 (¢) < O( \/%). O

D Experimental Details

D.1 Synthetic Nonconvex Problem

The W-shaped function used in our synthetic experiment is a piecewise cubic function defined in
terms of a slope parameter € and a length parameter L:

1 1 ,
ﬁ(z+(L+1)\@)Qf§(z+(L+1)ﬁ)375(3L+1)e3/2, x < —Le
3/2
€x + I —LVe<xz < —Ve
3
T s eseso
wlr) =
3
—Ver + =, 0<z<ve
(3/2
1 5 1
ﬁ(x—(L+1)ﬁ)2+§(x—(L+1)\£)3—§(3L+1)63/2, LVe<a.

We set e = 0.01 and L = 5 in our experiment.

For stochastic cubic regularization, we fix p = 1 at the analytic Hessian Lipschitz constant for this
problem, and we use 10 inner iterations for each invocation of the cubic subsolver, finding that this
yields a good trade-off between progress and accuracy. Then for each method, we perform a grid
search over the following hyperparameters:

e Batch size: {10, 30, 100,300}
e Stepsize: {c¢- 107" :c € {1,3},i € {1,2,3,4,5}}
Gradient and Hessian batch sizes are tuned separately for our method. We select the configuration for

each method that converges to a global optimum the fastest, provided the objective value stays within
5% of the optimal value after convergence. Since the global optima are located at (j:%, 0) and each

has objective value —3%, this is equivalent to an absolute tolerance of ?150 = 0.0002666 - - - .
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D.2 Deep Autoencoder

Since the standard MNIST split does not include a validation set, we separate the original training
set into 55,000 training images and 5,000 validation images, plotting training error on the former
and using the latter to select hyperparameters for each method. We choose the configuration of each
method that minimizes validation loss after a fixed budget of 2,000,000 oracle calls.

In addition to carrying out experiments using our method, SGD, and AdaGrad, we also test a hybrid
variance reduction and second-order method using the framework of Reddi et al. [2017]. As proposed
in their work, we use SVRG [Johnson and Zhang, 2013] for the GRADIENT-FOCUSED-OPTIMIZER.
For the HESSIAN-FOCUSED-OPTIMIZER, we use Oja’s method [Jain et al., 2016] applied to I —nV2 f
to compute an approximate minimum Hessian eigenvalue, then take a step in that direction.

Due to computational constraints, we were unable to perform a full grid search over all hyper-
parameters for every method. As a compromise, we fix all batch sizes and tune the remaining
hyperparameters. In particular, we fix the gradient batch size for all methods at 100, a typical value
in deep learning applications, and use a Hessian batch size of 10 for stochastic cubic regularization
and the hybrid method as motivated by the theoretical scaling. Then we perform a grid search over
step sizes for each method using the same set of values from the synthetic experiment. For stochastic
cubic regularization, we also select p from {0.01,0.1, 1} but find that the choice of this value had
little effect on final performance. As in the synthetic experiments, we carry out 10 inner iterations
per invocation of the cubic subsolver. For the hybrid method, we separately tune the step sizes of
the SVRG phase and the Oja phase. We additionally select the number of iterations for SVRG from
{100, 300, 1000, 3000} and the number of iterations for Oja’s method from {30, 100, 300, 1000}.
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