Appendix

In this appendix, we report proofs of the results presented in the paper and also additional remarks.
We start giving some auxiliary results in App. A and the proofs of the statements made in Sec. 2 and
Sec. 3 in App. B. In App. C we present the convergence rate of SGD for a general vector-valued
LS problem (also known as Least Mean Squares (LMS) algorithm). This rate is then specialized in
App. D to our Alg. 1 minimizing the LS function &,.. App. E contains the proof of the main result in
the paper (Prop. 3) and, finally, in App. F, we describe how to tune the hyper-parameters in the LTL
setting described in the paper by a cross-validation procedure. In the sequel we will use the notation
already introduced in the paper.

A Auxiliary Results
In this section, we give some technical tools that will be used in the sequel of this appendix. We

denote by S%, S? | and S? the sets of the real d x d symmetric, symmetric positive definite and
symmetric positive semidefinite matrices, respectively. We refer to the book [5] for more details.

Lemmad. LetU € Si and let V € R¥>*™ then VUV € St

Proof. For any a € R™, defining b = Va € R? and using the assumption U € S¢, we have that
a"VTUVa=0"Ub > 0. This proves the desired statement. [ |

A direct consequence of the above remark is the following fact.
Corollary 5. Let W € S, then W2 < |W || W.

Proof. The statement directly follows from applying Lemma 4 with V = W'/2 and U = ||W||oo] —
W and using the fact W < ||W||oo 1. Specifically, W2 = WY 2WW/2 < ||W || W. ]

Lemma6. Let A € Si+ and B € S‘i such that AB = BA, then AB € Si.

Proof. We first note that AB is symmetric. Indeed, we have that (AB)T = BTA™ = BA = AB.
Now, we observe that AB is similar to A'/2BA'/2, specifically, we have

AB = A1/2A71/2ABA1/2A71/2 ~ A71/2A3A1/2 — Al/QBAl/Q.

Consequently, the eigenvalues of AB are the same of A'/2BA!/2 and the statement follows from
Lemma 4, according to which AY/2BA/2 € 1. [

Lemma 7. The function Amin : S* — R is matrix-concave.
Proof. We recall that for any A € S?, we can write

.
inf 2 Av = inf f,(4),
veRd\{0} vV veR\ {0}

)\min (A) ==

where, for any v € ]Rd\{O}, we have introduced the linear functions f,, : S — R, A € S —
o . . . . .
“vév € R. Hence, the concavity of Ay, () derives from the fact that the infimum of linear functions

is a concave function. [ |

Lemma 8. Let A € S‘_iH_ and B € Sff_. Then, ABA € Si and the following lower bound on the
smallest eigenvalue of ABA holds

)\min (ABA) 2 )\min (B))\min (A)2 .
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Proof. We start observing that ABA € S? | thanks to Lemma 4. Moreover, as already observed in
the above lemma, we have that

v ABAv . vTABAv vT A%v
mn _ = inf -
veRA\{0} VTV veRd\{o} vTAZv vTw
v ABAv . wT A%2w
in _ inf
veR\{o} vTA%0  werd\{o} wTw
. u' Bu . wT A%w
= inf in
uw€RI\{0} uTU weRd\{0} wTw
= /\min(B)/\min(AQ)7

where the second and the third equality hold thanks to the fact that A € Si + hence A2 € S‘i 4
and consequently, for any v € R\ {0}, Av # 0. The inequality above holds since, for any two
non-negative functions ¢ and f, we have that inf,, g(v) f(v) > inf, g(v) inf,, f(w); in our case, the
two functions are non-negative since A? € Si . and, as already observed, ABA ¢ Si. The statement
directly follows observing that Ayin(A4%) = Apin(4)2. ]

Amin(ABA) =

Y]

The following result is an extension of the Neumann series to matrices.
Lemma 9 (Exercise 1.2.6 in [5]). Let A € S% such that 0 < A < I, then
oo

S -A) =414

k=1

We conclude this section with a technical lemma which will be used in the following.

Lemma 10. For the indexes t,j € {imin,---,imax} consider the sequence of numbers (as ;)¢ ;,
where, for any t, j € {imin, - -, imax }» at; € Rand a; j = a;i. Then, we can write

tmax  Pmax Tmax imax—1 “max

)OI SRTFED SENRE S

t=tmin J=%min t=imin t=imin j=t+1

Proof. We can interpret each element a; ; in the sequence as the entry A; ; of a symmetric matrix A
with rows and columns indexes in the set {imin, - - - , imax - The statement follows by first summing
the elements in the diagonal and then the elements of the upper and lower triangular parts, observing
that, thanks to the symmetry of the matrix, these two last parts bring exactly the same contribution in
the sum. Specifically, we have that

fmax  %max imax Imax
Dood = Y et DD a,
t=imin J=%min t=imin t=imin j#t

where, thanks to the symmetry,

imax imax—1 %max
DD ws=2 3 > ay
t=tmin jF#t t=imin j=t+1

B Proofs of Results in Sec. 2 and Sec. 3

In order to prove both Prop. 1 and Prop. 2, we will need the following result, which will be used also

in the proof of Prop. 3 in App. E.

Lemma 11 (A Lower Bound on A, (ir) and an Upper Bound on Hir ||oo). Let X C By and let,

forany r € {0} U [n], &, be defined as in Prop. I and Prop. 2. Then, for any r € {0} U [n], the

following inequalities hold.
)\2E;L~p/\min (E/L) = =
o S i (B) <3| S B[ -

(r/n+X)
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Proof. We recall by definition that, for any r € [n],
£ = NE[Criz.Crh]-
We start from proving the lower bound on )\min(ir). As already observed in Lemma 7, the function
Amin : S? — R is matrix-concave, hence, by Jensen’s inequality, for any M & S%, we have that
Amin (E[M]) > E[Amin(M)].
Consequently, using the facts ||XTH2O < HXTH2 < r (since X C By) and A\yin (C;i) = ||C’,\,T||;o1

(Since C S S ) and applylng Lemma 8 to the matrices A == C S S and B - E c S , We
\,r 4+ AT ++ In +
Obtain that

Amin (E [C;;EMC;i}) > E[Amm (C;iEHC;i)} > E{)\min(Eu))\mm(C;},)z}

= Epuin () (103 .0) | = E[bwsn (2 (I +2) ]
> Eji~pAmin (Eu)
(r/n+ )\)2 .

Multiplying by A2, the result follows. As regards the upper bound on ||i)r ||OO, we proceed as follows.
Exploiting the fact ||C/\_i HOO < 1/, we can write

18], < ME[6518,05 L) < PE{IC L2l 105 | < Bupl Bl (15)

We observe that the previous steps hold also for the extreme case r = 0, where Cy ¢ = Al and Yo =
E,.~,X .. However, in such a case, we can also directly get the statement in the proposition by simply

applying Jensen’s inequality, getting both Ay, (IEHN;)EH) > EpnpAmin (EH) and ||Eu~pEuHoo <
ENA .

We now are ready to prove Prop. 1.

Proposition 1 (LS Problem Around a Common Mean for &£,). For any A > 0 and h € RY, the
transfer risk £, in Eq. (1) of the learning algorithm wy, in Egs. (3)-(4), can be rewritten as

1 _ 2
En(h) = QEin,yn [((In: h) = n) } (%)
where the meta-data are given by

Tp = )\C):}LJ:, and Gy, =y — <i‘n,

X, ¥n >
n /[

Moreover, under Asm. 1, the meta-covariance matrix 3,, = Ez,z,| = AE [C;;Z#C;H is invert-
ible and b, = S E[y,2,,] is the unique minimizer of the LS function in Eq. (5). In such a case,

. _ _ _ - _ X e,
letting v = w — h%, we have that i, = (Tpn, hl) + €,, with €, = ¢+ <me - K7:>

Proof. The rewriting of the transfer risk in Eq. (5) is a direct consequence of the closed form of
the algorithm in Eq. (4). The invertibility of the meta-covariance matrix is a direct consequence of
Lemma 11 for 7 = n and the requirement E, ., Amin (E #) > 0in Asm. 1. This implies that the LS
function is strictly convex and, consequently, it admits a unique minimizer . The closed form of
this minimizer directly follows from the optimality conditions (normal equations) of the problem.
Now, thanks to Asm. 1, using the linear model equations

Yy= <$7w> +e Yo =Xpw+ €,
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and letting w = A + v, for some v € R, we can rewrite

_ _ X, Yn 1 X, Yn
Yn =Y — <xm " > =Y - <£B,C>\7n n >
X, (an + en) >

n

= (z,w) +€— <x,C’):7ll

(et (onn - - 512

" (16)
-1 X, €
— <x, )\C)\mw> +€— <a:,C/\7" ;. >
_ o Xoen
- ) e, 252)
X, €
- _nah* <_na - L 7’1>
(Zn, by + €+ (T, v v
We conclude that the noise on the meta-labels is heteroscedastic, since it is given by
X, €
€n = Yn — 7n7hf* = <7'n7 - L n>
€n =Tn — (Tn, hy) =€+ (Zp,v o
|

We now proceed with the proof of Ex. 1 and the remarks associated to it. Before doing this, we point
out the following aspect which will be used throughout the appendix.

Remark 8. According to the data-generation procedure described in Asm. 1, the samplings of
the quantities x,w, € are independent one each other, conditioning with respect to the marginal
distribution p.

Example 1. Let X C By and let the environment p satisfy Asm. 1. Furthermore, assume for
almost every p that: i) n | p has variance bounded by o2, for o. > 0, ii) E[w|p] = w, and iii)
E[(w — w)(w— )7 |p] = 021, for 6 > 0. Then, for any X > 0 and h € R%, h?, = @ and, letting
A, = C;i:r:xTC;}L, we have

En(h) < 1”23/2 (h—a)|” + %tr(in) + U;(l +tr(E[X;i(7;An])). (6)

Proof. In the following, because of readability, we condense all the expectations (the one according
the sampling of the task © = (w, p,n) ~ p, the one referring to the sampling of the training dataset
Z, ~ p™ and the one related to the sampling of the test point z ~ 1) in only one symbol. In this way,
the transfer risk &, of the algorithm wy, on any environment satisfying Asm. 1 can be rewritten as

En(h) = %E[«%wh(zn)) - y)Z]

= SB[t wn(Z0)) ~ (@w) ~ o]

E [62]
5

= 2E[(wn(Z,) — w) ax (wi(Z,) — w)] +

where in the second equality we have used the linear model equation y = (x, w) + € and in the third
equality we have exploited the fact that the noise is zero-mean, more precisely, thanks to Rem. §,

E[e(r, wn(Z4) — w)| = E[E[ele, wn(Z,) - w)lp) | = E[E[lp]E[(@, wn(Z,) - wilp] | =0.

Using the closed form of the algorithm in Eq. (4) and the equation y,, = X, w + €, deriving from
Asm. 1, a direct computation gives that

_ 1 X, €
wp(Zy) —w = /\CMlm(h —w) +C} 1

s
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Consequently, we can write
(wi(Z,) — w) xx" (w,(Z,) — w) = N2 (h — w)TC;;xxTCii(h —w)

T T
€, X 1 X, €n

+ "n o C;}lszC’;’n m (17)
+2A(h - w)T CyLaaT L Xnn
Hence, recalling the definition of the matrix A,, = C;;xxTC’;’}L, we have that
(wn(Z) — )" a2 (n(Z2) — w) = X2(h — w) Ag(h — w) 4 DXL Kn
e oah -y Anien “8)

Consequently, taking the expectation of Eq. (18) with respect to the sampling of the task p =
(w, p,m) ~ p and with respect to the sampling of the data Z,, ~ u" and z ~ pu, we obtain that

2
e,IXnAnX;en} E[e ]
+ ;
2
where we have exploited again the fact that the noise distribution has zero-mean, more precisely,
using Rem. 8, we have that

E[(%@T@] - E[E[(hfw) p” - E[E[(hfw)

Hence, letting w = w + v, with v € R<, we can rewrite

En(h) = SE[N(h— w) Au(h—w) + (19)

n2

L AuX] e, CAXT ‘p
n

n

}E[e,ApH =0.

En(h)

_ 1 €;X7LA7LXTI€”} +E[e2]
- 2 n2 2 .
We now observe that, thanks to condition i7), E [v\ p] = 0 and, consequently, by Rem. 8, we have that
E[(h — )" Apv] = (h — ©)"E[E[Anv|p]] = (h — @) "E[E[A,|p|E[v|p]] = 0.

Hence, observing that

E [Az(h — @) Ap(h—@) — 202 (h— @) Apv+ A 20" Ao+

NoT Apv = tr(vT A A,0) = tr(ov A% A4,)
€n XnAnX, €0 o (e e XnAnX;) (20)
n2 nén 5 J

and exploiting the relation s, =E [)\214”] , we can conclude that

_ 1 )T §° - 1 T2 1 TX'VLATLXJ E[Eﬂ
_§(h—w) En(h—w)+§tr(E[vv A An])+§tr<E[enen 2 D + 5

From this last equation, taking the derivative with respect to h and exploiting the fact that the
covariance matrix X, is invertible (see Prop. 1), we conclude that the unique minimizer of &, (h)
coincides with k%, = w. The upper bound on &, (h) given in the last statement of the example directly
follows from the following steps. We start observing that, by Rem. 8, we can rewrite

E[ov"A?4,] = E[E[vv" A A,|p]] = E[E[vo” |p]E[N\*A,|p]]

En(h)

and, consequently,

tr(IE [UUT)\2An] ) =E [tr (IE [UUT |p] E [)\2An |p] )]
1)

=FE [tr(E [/\2An|p} 1/2E[U’UT p]E [/\QAn Ip] 1/2)] .
Now, thanks to assumption iii), we have that E[vv " [p] < 021, hence, applying twice Lemma 4 with

_ E[UUWP] . 2 1/2
U‘{agl—}E[wT\p] V=B Aalp]
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we have that
0 < E[A24,[p] *E[voT |p] E[A24,[p] % < 02 E[\24,|p].

Consequently, taking the trace of the above inequality, we can continue Eq. (21) as follows
tr(]E [UUT)\2A”]) < Jg,E [tr(]E [)\QAn\p] )] = cri}tr(in).

In a similar way, exploiting again Rem. 8, we observe that

2o 2] —afefe AN —plofe el 24}
and, consequently,
ol S el )

-elo(e[ ] el 23] )

Now, thanks to assumption ¢) and the independence of the points in the datasets, we have that
E[en€,,|p] = 021, hence, applying twice Lemma 4 with

i|1/2

_ E[ene;\p] B [XnAnX; ]1/2
U= {U?I — E|ene, |p] V=E nz Pl >
we get
X ApXT | 11/2 XpA X1 | 11/2 XA X
R S B T R U

Consequently, taking the trace of the above inequality, we can continue Eq. (22) as follows
X, A X XnAn X, X, Xn Ay
tr(IE [enEZ MD < oK [tr(]E [M pD} — Ugtr(E[ning.
n

n? n2
Finally, we observe that, thanks to assumption i), we have E [¢?| = E[E[e?|p]| < o2. The statement
derives from combining the upper bounds on all the terms. |

Remark 9 (Connection to the Mean Estimation Problem). In Ex. I, the minimizer of the transfer
risk coincides with the mean w of the regression vectors. Hence, our problem appears similar to a
mean estimation problem (see e.g.[]1]). However, in our setting, we do not receive the regression
vectors, but we have indirect observations of them by the corresponding datasets. Moreover, in our
case, we aim at minimizing the (excess) transfer risk (and not at estimating its minimizer) and, as
already observed in Prop. 1, this quantity does not coincide with the quantity V;? = SE[||h — w|?].

Specifically, also V2 is minimized at h = @, and, for any h € RY, in the setting of Ex. 1, we have
Amnin (Z0) Vi2 < En(h) — En(hn) = En(h) — En(w) = Hzl/? h—o)||* < [Sall V2.

Remark 3 (Advantage of Learning Around the Best Mean over ITL in Ex. 1). Consider the setting
of Ex. 1. If the noise satisfies o2 < (n7'A7% +1) - Hiﬁ/szZ and the regression vectors are such
that 02, < tr(5,) | S8 20|, then £,(0) — &, () > &, ().

Proof. As already observed in the paper, thanks to Prop. 1, the difference between the transfer
risk of the algorithm with A = 0 (ITL) and the best algorithm in our class, can be rewritten as
£n(0) — &y (w) = @7 T, w. Now, in the setting of Ex. 1, we have that

1 - oltr(S,) o2 XX, A a?
W) < S(h—0) Sa(h— @) + = T (B[220 ) 1 % 23
Eu(h) < 5(h— @) Su(h—w) + Ty T (m[Tnlafe]) L % o
Then, the improvement over ITL is significant if &,,(0) — &, () is much greater than the RHS term
in Eq. (23) evaluated in b = w, i.e. if
- - X, X, A,
W' E,w > U?Utr(En) + thr(IE["iz'D + 02, (24)
n
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Now, we observe that, thanks to the assumption X C By, we have that ||z2" ||oc < 1 and
tr(X; Xn) = ||X,]|> < n. Hence, exploiting the definition of the matrix A, the fact that
ICx. !l < 1/X and applying Holder’s inequality, we get

tr(X;X"A") _ tr(X;XnC;;xxTc;;) _ tr(X,) X,

x Jjostasest, <nta2

n? n?

Consequently, instead of analysing Eq. (24), we can simply require that the following inequality
WD, > Jitr(in) + Uf (nfl)fQ + 1)
holds. In turn, this corresponds to requiring that 02 < tr(in)_lu"ﬁinu') < ||@|? and 02 <«

(n™IA=2 + 1)716)T2nu’} < (I 4 1)71 ||w||2, where in the last inequality we have applied
Lemma 11 and exploited the fact that, for any p ~ p, thanks to the assumption X' C By, |2, ]|cc <
1. |

As described in the following, the proof of Ex. 2 follows the same lines of the proof of Ex. 1.

Example 2. Ler X C B; and consider the environment p formed by K € N\{0} clusters of tasks
parametrized by the triplet (w,p,n) as in Asm. 1. Assume that each cluster k € [K] is associated to a
marginal distribution py, that is sampled with probability P(p = py) = v, > 0. For any k € |K] and
A >0, let wy, = E[w|p = pi), En,k = (n\)2E[A,|p = pi] with A,, = ;imeC;}L and assume

that i) 1 | p = py, has variance bounded by ozkﬂ)r Oer >0, i) E[(w — wy) (w — w;;)T\p =pi] X
vakafor Owi > 0. Then, for any A > 0 and b € RY, b = (Zszl Uk g) "t Zszl Vi S kW,
and E,(h) = 25:1 vpEn i (h), where

1. _ - o2 _ o? XX, A,
Enn() < SIS (A =) |+ 252t (Sun) + 52 (1+ e (B[ 2255 p = ] ) )-

Proof. We start observing that, since the sampling of the marginal distribution p is drawn from
a discrete meta-distribution, exploiting the law of total expectation and using the same notation
introduced in the proof of Ex. 1, we can rewrite the transfer risk &, of the algorithm wy, on any
environment satisfying Asm. 1 as follows

1 ) 1 K 5 K
Enlh) = SE[ (. wn(Z0) = 9)°] = 5 D wB[ (@ wn(Z) = 9)°|p = pi] = 3 iaunh),
k=1 k=1

where in the last step we have introduced the quantity

Enlh) = SB[ (@ wn(Z) —9)’[p = ).
The proof of the closed form of the function &, j(h) follows along the same lines of Ex. 1, taking
into account the conditioning with respect to p = pj. Since the steps are exactly the same described
in the proof Ex. 1, we skip the derivation and we report only the sketch of the reasoning. Specifically,
exploiting again the linear model equation y = (x,w) + ¢, Rem. 8 and the fact that the noise
7 | p = py is zero-mean, we can rewrite

£ () = SE[(wn(Z0) ) a0 un(Z0) o = ] + L=

Repeating the same steps in Egs. (17)-(18)-(19) in the proof of Ex. 1 and denoting by A, =
C;Jllx.rTC):;, we get

1

T XA X €,
gn’k(h) - 2E[)‘2(h - w)TAn(h — ’UJ) —+ u

E[€2|p = Pk]
n? ’

5 (25)

‘p = pk} +
Now, letting w = wy, + v, with vi, € R4, we can rewrite
1
Enan(h) = SE {v(h — )" An(h — wy,) — 232 (h — w3) " Apve + \20] Ayug

E[e?|p =
_ ]+ Bl =n]

€, XnApn X, €,
+ ‘p 2

n2
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‘We now observe that, thanks to the definition of w;,, E [vk ’p = pk} = 0, hence, by Rem. 8§, we have
E[(h —wk)" Anvr|p = pr] = (h — wk) "E[Anvr|p = pi]
= (h — wy) "E[An|p = pr] E[ve|p = pi] = 0.

Consequently, exploiting again the relations in Eq. (20) and the definition En, k= IE[AQAn | p= pk],
we can conclude that

1 S 1
Enp(h) = 5(h = @x) " T (b — Bx) + Str(E [k A An|p = pe])
Ele2|p =
+ ltr(E[enenM p= pk}) + M

2 n?2 2
From this last equation, taking the derivative with respect to h, we get the closed form of the minimizer

hy given in the text. Again, the invertibility of the meta-covariance matrix Z 1 VEk En & is provided
by Prop. 1. The upper bound on &, x(h) given in the last statement of the example follows by
repeating the same steps in the proof of Ex. 1 taking into account the conditioning with respect to
p = py, and exploiting assumptions 7)-i7). [ ]

We conclude this section with the proof of Prop. 2

Proposition 2 (LS Problem Around a Common Mean for &,.). Forany A > 0, h € R*andr € [n—1],
the transfer risk &, in Eq. (7) of the learning algorithm wy, in Egs. (8)-(9), can be rewritten as

1 S 2
E(h) = 5Ex, 5, || %h = .|| (10)
where the meta-data are given by
_ A 1 vn—r - X'y,
X, = 7Xn—TC)T17 Yr = (yn—r - n TXT rY ) (1D
vn—r " vn—r n
Moreover, under Asm. 1, the meta-covariance matrix ¥, IEX X )\QE[C; iE,LC; ﬂ is

invertible and h} = S E[X ] §,] is the unique minimizer of the LSfunctton in Eq. (10). In such a
case, letting v = w — h, we have that y, = X, h} + €,, with
1 - X,/ e
€ = —F——€p_r X'r ( - = ) . 12
€ — re + v n (12)

Proof. The rewriting of the transfer risk in Eq. (10) is a direct consequence of the closed form of
the algorithm in Eq.(9). The invertibility of the meta-covariance matrix is a direct consequence of
Lemma 11 for 7 € {0} U [n — 1] and the requirement E,,pAmin (X,,) > 0in Asm. 1. This implies
that the LS function is strictly convex and, consequently, it admits a unique minimizer h). The closed
form of this minimizer directly follows from the optimality conditions (normal equations) of the
problem. Now, thanks to Asm. 1, using the linear model equations

Yn-r = Xpn_pW+ €y yr =Xw + €,
and letting w = h* + v, for some v € R, the following relations hold

\/nfr > XTyT)
Yn—r
n

= e
V%@n e
\/177*( vt e — X, cyr A R ey
! — (X — X O 1 X Xy “w+ W%(en R ey 1X;67")

1 vn—r o X/le,
(en_T A Xr n )

_ _ 1 V=T o XTe,
= X,h* 4+ Xu+ (en_T—ng Te)

vyn—r A
- 1 - X'e

- th/* n—r Xr( - S T)v
Y ™)
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where in the fifth equality we have used the fact that

1 L XTX, 1 ~ XX,
1

= —— X, ,C M =X,.
vn—r Ar
We conclude that the noise on the meta-labels is heteroscedastic, since it is given by
_ 1 - X, e
_7>:7 —X>h*:777 Xr( _ T 7‘>'
=Y T At = e AT Ty

C Least Mean Squares (LMS) Algorithm

In this section, we extend the convergence rate given in [13] for the Least Mean Squares (LMS)
algorithm, i.e. SGD applied to a Least Squares problem, when at each iteration we sample a matrix
X (instead of a single vector as in the standard case) and a vector ¥ (instead of a scalar as in the
standard case). The material of this section is essentially based on [13].

C.1 The problem, the algorithm and the convergence rate

Let m be a positive integer, let X € R™*?, § € R™, and let D be a distribution for the pair (X, ¥).
We wish to solve the problem

1o 2
inBz_(x gy |5 | Xh = ¥[°] = min f(h). 26
minEz_xg)op |5 Xh =[] = min f(2) (26)
f(h)
To this end, we assume of having a stream of data Z(1), Z(?) . i.i.d sampled from D and we apply

Alg. 2. In the sequel we will omit the subscript 7.5 in all the expectations. We now introduce some
further notation.

1. The exact covariance matrix (which in the following will be assumed to be invertible):

S=E[X® X®] e R 7)
2. The closed form of the minimizer of the optimization problem in Eq. (26):
h* = argmin f(h) = i_lE[X(”Ty(t)]. (28)
heRrd

3. The residual associated to the seen dataset Z®):
eV =3 _ XOp* e R™, (29)

It follows that -
E[X® e®] =o0. (30)

Indeed, exploiting the optimality conditions for h*, i.e. $h* = E[X (t)Ty(t)], we have
]E[X“Wg(t)] - E[X(t)T (y — XOp*)] = E[X@)T}—,(t)} _ E[X(t)TX(t)]h* —0.
In the sequel we will make the following assumptions.

Assumption 2 (Bounded Inputs). There exists R > 0 such that | XV|| < Ra.s.
Asm. 2 implies the following points.
1. Applying Cor. 5 to the matrix W = X" X® we get

]E[X@WX@)(X@WX@))*} <]E[||X’“)TX*<“}| XWX@} < RS, (3
=< . <
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Algorithm 2 SGD (LMS) applied to the function f in Eq. (26)

Input v > 0 (step size)
Initialization 1(*) € R?
Fort=1toT _ ~
Receive Z(®) = (X(t),y(t))
Update (") = p(t=1) — 4 X7 (X(Opt=1) _ 5(0)
Return hp = 71 PRI

2. Thanks to the definition of ¥, we have that
1], <E[X©7 X0 ] < B2 (32
Assumption 3 (Noise on the y). There exists o > 0 such that
]E[Xwg(t) (X’(t)Tg(t))T} — E[y(tfé(wg(tfx(t)] < 025,

Assumption 4 (Step size ). The step size 7y is taken such that v < 1/(2R?), where R? is the
constant in Asm. 2.

Remark 10. Eq. (32) implies that v%. < 7||%||ecI =< YR2I. Hence, under Asm. 4, we have that
V8 < (1/2)1 < 1.
The following result essentially coincides with a simplified version of Thm. 2 in [13].

Theorem 12. Under Asm. 2, Asm. 3 and Asm. 4, let hy be the output of Alg. 2 applied to solve the
stochastic LS problem in Eq. (26). Then, hr satisfies the following convergence rate

. v 2@ —nr|* 2de?
B[f(hr) = f(h)] < (T +1) T+1

where the expectation is over the data ZW, ..., Z(1).

The bound in the above theorem is the sum of two terms: the first one containing the distance between
the initial point and the optimal point is the so-called bias term, the second term is the so-called
variance term and it represents the variance on the stochastic gradient at the optimal point. We remark
also that it is possible to give a faster convergence rate for the bias term, as described in Thm. 2 in
[13], however, in order to keep the presentation simple, we avoid this technical step, which is beyond
the scope of this work. The following sub-section is devoted to the proof of Thm. 12.

C.2 Proof of the Convergence Rate
The material of this sub-section is based on App. B in [13]. The starting point for the proof of
Thm. 12 is the rewriting of the update rule in Alg. 2 in closed form.

Lemma 13 (Recursive formula of the update in Alg. 2). In the setting of Thm. 12, for any positive
integers i, k such that k < i + 1, introduce the operators

CNXOTXOY . (A XBTXEY >
M) = § =X XY (L= XEEXE) ifi 2 k (33)
I ifk=1+1.
Then, for any positive integers i,t such that i < t, we can rewrite
t
WO = = M(ti+ DD 1) +4 Y M(tk+1)X® e®), (34)
k=i+1
In particular, for i = 0, we get
¢
RO —h* = M, 1) (O —h*) + 7Y Mtk + 1) XE e®), (35)
k=1
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Proof. Looking at the update step in Alg. 2, using the fact () = é® + X®r* we can rewrite

RO — = (I =4 XO XO)(RED — p*) 44X O &), (36)

Iterating Eq. (36) over ¢ and using the definition in Eq. (33), we get the statement. |

lgemark 1}. We observe that the operator M (i, k) defined in Eq. (33) depends only on
X&) . X9 moreover, since the points are i.i.d., we have that
. ayi—k+1

E[M(i, k)] = (I — %) ) (37

The proof of the convergence rate in Thm. 12 relies on the bias-variance decomposition described in
the following proposition.

Proposition 14 (Bias-Variance Decomposition). Under the assumptions of Thm. 12, we have that
E[f(hr) — f(h)] <V +B,

where the expectation is over the data ZV ..., ZT) and we have introduced the bias and the
variance terms, respectively given by

2 = 0 _ p9y|?
B= e LBV e =]

2y H t *<k>7—<k)H2
v SNE[|S M@k 1)X .
(T+1)2; [ ; (1 + DX O]

Proof. As well known in Least Squares theory, the starting point of the proof is to exploit the equality

2

f(hr) = F(h*) = HE”2 - )"
‘We now observe that

(T +1)%||=Y2(hy — B )H (

N

+1)? <hT B S (e — h*)>

T T
:ZZ< PO — B, S0P~ )
t=0 j=0
T J T—1 T
=D (nO w200 —h) 423 30 (A0 —h S )
=0 t=0 j=t+1
T T-1 T
= D[ AO w2 3 (0O - b B0 ),
=0 t=0 j=t+1

where in the third equality we have applied Lemma 10 t0 imin = 0, imax = T and a; ; = <h<t) -
h*, £(h) — h*)). Hence, taking the expectation over the data Z(), ..., Z(T), we get

T

t=0

T—1 T
23 % ]E<h(t) — BB — h*)>.

t=0 j=t+1

(T +1)%E|[|S2(hr - h)

C

Using the recursive formula in Eq. (34), more precisely

J
RO — b= M(Gt+ 1Y b7+ Y MGk +1DX® e®),
k=t+1
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we can write the term C as follows.

T—1 T
c=% 3 E<h(t) — RS —h*)>
t=0 j=t+1
T-1 T J
-y ¥ ]E<h(t) _ h*,i(M(j,t +D)(AD —h) 4y Y Mk + 1)X(k)Té(k))>
t=0 j=t+1 k=t+1
T-1

I
=

E<h<t> — b SM (Gt + 1) (RO — h*)>
1

o+
Il
<)

+

Jj=t

T—-1 T

Y Z E(A®) — b*, SM(j b +1) X0 ),

t=0 j=t+1 k=t+1

We now observe that, thanks to the constraints we have on the indexes t, j, k and thanks to the
independence of the sampled points, the variables 2(*), M (4, k + 1) and X (k)" gk are independent.
Consequently, since E[X UC)TE“”] = 0, the second term vanishes. Hence, exploiting again the
independence of h(*) and M (j, ¢ + 1), we have that

T—-1 T
c=Y 3 IE<h(t) — B EM(G,t+ 1) (h® —h*)>
t=0 j=t+1
T—-1 T
-y % ﬂ«:<h<t) — h*, SE[M(j,t +1)] (B — h*)>
t=0 j=t+1
T-1 T _
= E<h(t) — 1 ST =A5) T - h*)>
e , 69
= S E(RO —ht 2 Y (=48 T (0 — 1)
t=0 j=t+1
T-1 T—t
-3 E<h(t) — S5 (1- D) (0 - h*)>
t=0 k=1
T-1 oo
< E<h(‘) ) ST NUREY )
k=1

t

where in the third equality we have used Eq. (37), in the last equality we have made the change of
indexes k = j — t and in the last inequality, we have exploited the fact that we are adding positive

quantities. As a matter of fact, for any k, the matrices i(] — ’yi)k € S‘i (we apply Lemma 6 to
A=% e8], and B=1—-7% € S, thanks to Rem. 10). Now, thanks to Rem. 10 and the
invertibility of X, we we can apply Lemma 9 to the matrix A = vX, hence, we can write

S (I -8) =715 (1 - 95).
k=1
Consequently, multiplying by ¥, we obtain
i —
=SS (1-49) =471 - R).
k=1
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Coming back to Eq. (39), since, as already observed, I — % > 0, we get

T-1
C <y S E(RO < b (1= 9%) (A0 — 1))

t=0

,_Y—l

M=

IN

E(h® — 1", (I = 7) (b = n*) )

~

=0

— o SR -] - S -

=0 t=0

S

i

~+

Continuing with Eq. (38), we get

(T -+ 1)2E[[|Z2(hr — 1*)|*]

T T-1 T
=S E[[S200 — )] 230 3 B — Sy - 1))
t=0 t=0 j=t+1
T T ¢
< B[SO )] 4297 YO [a —p ]
t=0 =0
T
—2 ZEUIi”Q(h“) — ) 2]
t=0
T
=27 SB[ -] - B[ i) ]
t;O t=0
<2y B[ ],
t=0
To sum up we have obtained that
1 2 1 d 2
- S1/2¢73  px - (t) _ p*
SE[ISV2 (G — ) ]SW(THF;E[WL P (40)

Now, thanks to Eq. (35), we have that

t
RO —h* = M) (O —h*) +4 > Mtk +1) X0 e®),
A, k=1

By

hence, using Minkowski’s inequality, namely for any two random vectors vy, va:

Efllr +0ol”] < (VEQwr 2] + /E[0al])” < 2Bt ”] + E[lsl]),

we get

B[In® - |] = 5[4 + 5] < 2(E[4]7] + E[I2]7]).
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Returning to Eq. (40), we get

T
s1/27_ pa|12] < 2 2 2
B[22/ = 1)) < Sy 2 (B[] + 210
9 T
_ 0 _
= Ty 5 B[ 1)@ — )]
t=0 41)
B
2y T t N N
v E[H Mt k+1)X® -WH } .
+(T+1)2Z > Mtk + DX e
t=0 k=1
v
|
In the sequel we give a bound on the separate terms B and V. We start now from the term B.
Lemma 15 (Bound on the Bias Term B). Under the assumptions of Thm. 12, we have that
T 2
: 1 2 -]
B—— E[HM £, 1)(h©® — p* } LA R 42)
~(T +1)2 t; (1) ) YT +1)
Proof. We start observing that, given A, B matrices and v, w vectors, we have that
(Av, Bw) = tr((Av)" Bw) = tr(vT AT Bw) = tr(AT Bwv™). 43)
Hence, introducing the notation E(®) = (h(®) — p*)(h(®) — A*)T, we can rewrite
ZE[HMf 1)(h© — ] ZIE< ) (h© — h*), M(t,1) (B© —h*)>
H_/ HB,_/h/_/
T
- E[Ztr(M(t, )T M(, 1)E(°)>}
=0 (44)
T
_ tr(z E [M(t, 1) M, 1)} E<0>)
t=0
T
—tr(E EO? > E[M( )M )] E<°>1/2).
=0
Now we observe that
]E[M(t, 1) M, 1)] <1, (45)

as a matter of fact, exploiting again the independence of the points, according to the definition in Eq.
(33), we have that

]E[M(t, 1) M, 1)] - E[M(t _1, 1)T]E[(I XWX (1 - WX(”TX(”)}M(t _1, 1)]
and, using Eq. (31) and Asm. 4, according to which 2 — yR? > 3/2 > 0, we get
E[(;, ,y)-(w;((t)y(], 7)—(@)5—(@)} - [1 I XOTXO L A2XOT X0 %® X(t)}
<1 —29%44°R*S
=I-~v(2-vR*)= < 1.
Iterating the previous observation and exploiting Lemma 4 with
U=1- E[([ —AXOTXO) (1A x®T X >)]
V=M@t-11),
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we get Eq. (45). Hence, coming back to Eq. (44), applying Lemma 4 with

U=1- E[M(t, )T M(, 1)}

v =50

we get

2} < (T + 1) (EQ) = (T +1)||n® — p7|*.

iE[HM(t, 1)(h© — p*)
t=0

Therefore, for the term B, we get the following upper bound:

2[|n© — p*||?
<

} - T+

b= S e o o

In order to give a bound on the variance term V, we will exploit the following lemma.
Lemma 16 (Recursive formula for M (¢, k + 1)). Under the assumptions of Thm. 12, we have that

B[M(t,k+ )Mtk +1)7] <

m (B[M(t -+ )Mt K+ 1)T] = E[M(t, )M (ER)T]).

Proof. Exploiting the independence of the points, we have that:
E[M(t, k)M (t, k)T]
- ]E[M(t, K+ 1)1&:[(1 x0T g0 (1 - ’YX(k)TX(H)T}M(t, bt 1)7}
—E [M(t, k+1) (1 9+ WQIE[X(’“)TX(’“)X(’C)TXW})M(t, k+ 1)T} (46)
—E [M(t, k+ 1)M(tk + 1)T}
+9E [M(t, k+1) (—22 +9E [XW)TX(MX(’“)TX(’“)])M(t, k+ 1)7] .
But, since, because of Eq. (31), we have that
~98 4 AE[XPT B XEOT W] < (vR? — 2)8 = (2 - RS,
then, substituting in Eq. (46) and exploiting Lemma 4 with
U=-(2-7R%)S - (-28 +E[X® X W x0T x®)])
V=Mtkrk+1)T,

we get
E[M(z; k)M (t, k)T} < E[M(t, k+1)M(t k+ 1)T}
—(2- yRQ)}E[M(t, k+ 1)SM(t k + 1)7} .
Consequently, since, as already observed, thanks to Asm. 4, we have that 2 —yR? > 3/2 > 0, we get
E{M(a k+1)SM(tk + 1)7} ~

m (B[M(k+ )M E+1)T] —E[M(E )M ER)T]).
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We now are ready to give a bound on the term V.
Lemma 17 (Bound on the Variance Term V). Under the assumptions of Thn. 12, we have that

= (THZZEH\ZMMW ][] < 2 @)

Proof. We start observing that applying Lemma 10 t0 4yyin = 1, max = ¢ and
ar; = (XD D) M@t j+1)" Mtk +1)X® &),

We can rewrite

t t
E[HZM(t,k:—F1)X(k)T€(k)H2} { S(X0) &) M(t,j—s—l)TM(t,k—&—1)X(k)T€(k)]
k=1

Jj=1

Mﬂ

ES
=
—_

= E{ (}Z’(/lc)Tg(k))TM.(i57 b+ 1) Mtk + 1)X(k)Té(k)i|
k=

—_

+2E[Z Z X0 ey M(t,j+1)TM(t,k+1)X<k>Te<k>]
k=1j=k+1
But, thanks to the independence of the points and the constraints on the indexes, since
(X" €0 M(t,j + 1)T M(t, k + 1) does not depend on X ¥) and since E[X*)"e®)] = o,
we have that

—1 ¢
JE[Z 3 (XD Mt + 1) Mtk + 1)X<k>Te<k>} ~0
k=1 j=k+1
Consequently, we can write the following steps.

t t
E[H ST Mtk +1)X® ™ Hz] = E{Z(X(R)Té(k))TM(t, k+1)T Mtk + 1))’((’“”@(’“)}
k=1 k=1

{Ztr( X0 RN Mtk + 1) Mtk + 1)XE )]
- E{Ztr(X(k)TE(k) (XWT &N TM(t &+ 1) T Mt + 1))}

k=1

- tr(i E [X“We(“ (X<’€>Te<’€>)T}E [M(t, k+1)7 Mtk + 1)])

o2tr

IA

E}E[M(thrl tk+1]
k=1

M-I~ "

( )
:a%r( E[EM(t k+1)7M(tk+1 ])
(iﬂ*}[ Mtk + D)EM(t k + 1) ])

(43)

where, in the second equality we have used Eq. (43) and in the fourth equality we have exploited the
independence of the points and the definition in Eq. (33). Finally, in the above inequality we have
applied Asm. 3 and Lemma 4 with

U=02%— E[)‘(UN@(M (;zw)}(k)ﬂ

1/2
V=E[M(tk+ 1) MtE+ 1] "
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Now we observe that, exploiting the recursive formula in Lemma 16 and the fact that we obtain a
telescopic sum, we have that

ZE[ (tk+ DEM(t k+1)" }

= Mi(lﬁj{ (t, k+1)M(t, k—|—1)T} _IE|:]\/I(t7k)M(t’k)Tj|)

k=1
= m(ﬁ[ﬂ/f (tt+1)M(t,t+1)7 } —JE[M(t,l)M(t, 1)TD

1
D
~(2-R?)

where in the last step we have used the definition M (¢,¢+1) = I and the fact E []W(t, 1)M(t, I)T] =
0. Hence, coming back to Eq. (48), we get

E[HEM(@k-Fl e, H ] 2tr([) _ do?

7(2-9R?)  ~(2-~R?)’
Substituting in the definition of V, we get the following upper bound.

2do?
< -\
T (2R} (T+1)
Since 1/(2 — yR?) < 1 (as already observed, thanks to Asm. 4, 2 — yR? > 3/2 > 0), we finally
obtain that

2do?

V< .
—T+1

Finally, we have all the ingredients necessary to prove Thm. 12.

Proof of Thm. 12. The statement of the theorem directly follows from combining Prop. 14 with
Lemma 15 and Lemma 17. ]

D Adaptation of LMS to the Problem of Minimizing &£,

In this section we adapt the theory described in the previous section to the stochastic problem of
minimizing the transfer risk &, (r € {0} U [n — 1]) described in the paper. More precisely, when
the environment satisfies the assumptions described in Ex. 1, we are able to explicitly estimate the
constant ¢ introduced in Asm. 3 and to derive a consequent version of the rate in Thm. 12 for Alg. 1,
coinciding with SGD applied to &,. Such convergence rate will be used in the next App. E, to prove
the statement in Prop. 3. Starting from now, we use again the notation introduced in the paper.

For any € {0} U [n — 1], the problem of minimizing the function &, introduced in Prop. 2 in the
paper can be written as in Eq. (26) making the following identifications:

m—=n-—r
XX, = \/n/\fX" (O L e Rimnxd

y=yr= \/%(yn—r - @XTX%W) eER™" (49)
e (oK) e
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where we recall that v = w — h} and the remaining quantities are introduced in Prop. 2. Moreover,
the sampling of the points from the distribution D coincides, in our case, with the sampling of the
meta-datasets (X,.,y,) from the distribution induced by the independent sampling of the original
datasets (X,,,y,) from the environment. Hence, in our setting, the meta-points are independently
sampled from this induced distribution. In order to give a convergence rate for Alg. 1, we now
specialize all the assumptions introduced in App. C to the setting described in the paper. We start
from Asm. 2.

Lemma 18 (Asm. 2 for £,.). Consider the setting described in the paper and outlined in Eq. (49)
and assume X C By. Then, for any r € {0} U [n — 1], Asm. 2 is satisfied with R = 1.

Proof. Using the facts HCT_){HOO <1/ X n—rlloo < | Xn—r|] < v/ — 1 (since we are assuming
X C B;) and the definition of X, we have that

1Xelloe = XonrC ol arlloo 1K=+l o < 1.

A A
——| = =—|c¢
vn—r vn—r
We remark that the above steps hold also for the extreme case = 0, according to the associated
definitions in that case. ]

In the case of Ex. 1, we manage to get an estimate of the constant ¢ introduced in Asm. 3. This is
reported in the following lemma.

Lemma 19 (Asm. 3 for &, and Ex. 1). Consider the setting described in the paper and outlined
in Eq. (49). Let X C By and let the environment satisfy the assumptions in Ex. 1. Then, for any
r € {0} U [n — 1] and for any X > 0, Asm. 3 is satisfied with

1 r
2 _ 2 2
o =0wt (n T (n)\)Q)UE'
Proof. We wish to estimate o, such that
E [X; ag;x} < o’E [X:XT] .

Since in the setting of Ex. 1 h} = w for any r € {0} U [n — 1], the residuals are given by

_ _ 1 vn—r - XTe,
€& =Yr - X,w = X,v+ 7(67177’ - uXT r€ )7
vn—r A n
with v = w — w. Hence, we have that
_ _ _ o 1 _ 1 - L
X &e X =X Koo X[ X+ —— X en ey, Ko + 0 /\)QX,T X, X, e, X, X, X,

o 1 - — —
+ — 7ﬂX,TX,nvegﬂ,X?ﬂ - HX:XT'UEIXTX:XT
1 2
1 v T TYvTVY 1 v T T vT Vv
+ o TXT €y U XT X’,« - WXT €n—r€, XTXT X’,«
3 4
| S 1 I .
— aX:XngﬁrUTX;Xr — WXTTXTXfTeTe;*TXT'
5 6

Now, we focus on the expectation of the term 1 and we observe that, exploiting the closed form of
X, and the fact that 7 | p has zero-mean, we can write

E[X: ere;,,j(r} :E[IE [X,T X,vel X,

o x|

pow, Xa] X, |

T

S X B €y

—E[X; X,0E[en[p] X,] =0,



where in the third equality we have exploited the independence of €,,_, with respect to w, X,
conditioned with respect to p (see Rem. 8). Applying a similar reasoning, it is easy to show that also
the terms 2 — 6 have zero-mean. Consequently, we have that

IE[XJETEIXT} :]E[X:XTUUTX:XT] + uz[x €nrel_ T)‘(]
n-—r

(50)

1 YT Y T T VTV
oY [XT X, X e el X, X] Xr} .
We now treat the three terms in a separate way. As regards the first term in Eq. (50), using assumption
i41) in Ex. 1 and the independence of w and X, conditioned with respect to p (see Rem. 8), we have
that

E[X] X007 X] X, ] = E[E[X] X,00 p. ||
—E[X] XE]| X,] X7 %]
—E[X] X,E[v07[p] X, X, ]

where, in the first inequality we have applied Lemma 4 with

U=o,1—E[vo|p] V=X"X,,
and in the second inequality we have applied Cor. 5 with W = X TX and Lemma 18, according
to which || X" X, |lcc = || X,||2, < 1. As regards the second term in Eq. (50), using assumption 7)
in Ex. 1 and the independence of the points in the datasets, we have that E[e,,_.€]_.|p| < 21,

consequently, exploiting the independence of €,,_, and X, conditioned with respect to p (see Rem. 8),
we can write

nir]E[X €n_r€)_ TXT} = E[}E (X7 enrel Xryp,XnH

ﬁ

=— E[ en_rel_r‘p, Xn])_(r}
1

<

X Ele,_ €] _ T‘p]X}

—E
R

IA
&=

where in the last step we have applied Lemma 4 with
U=02—-Ele,—r€,_,|p] V=X,
As regards the third term in Eq. (50), we start observing that, using again assumption ) in Ex. 1 and

the independence of the points in the datasets, we have that [e,,e; | p} = ¢21. Hence, exploiting the
independence of €, and X, conditioned with respect to p (see Rem. 8), we can write

1 reno o ] ok i
W]E [X;XrX»,TEre;‘rXTX:XT} - W]E |:]E [X;XrX,,TErE;‘rX,,«X:XT,!p’ XTL]}
1 )% v — —
— (’I’L)\)Q]E[ ;XrX;E[GTG;‘r |p7 X"] XT :XT}
- (ni\)QE[ X, X, X Ee,e o] X, X X, |
= G E X7 XXX, X X
ar o oo
= (nA)2E|: r T TXTi|
ot oo



where, in the first inequality we have applied Lemma 4 with
U=0]—-Ele€lp] V=XX X,
and in the second inequality we have applied Lemma 4 with
U=|X]X.|| I-X/X, V=X'X,
and the fact that || X" X, | < || X, X,|| < r (since we are assuming X C ;). Finally, in the

third inequality, we have applied Cor. 5 with W = XX, and Lemma 18, according to which
| X7 X |loo = | X,]|> < 1. Putting all together, we conclude that

E[xae %] < (24 (1 + ) o E[X X

We conclude observing that the above steps hold also for the extreme case = 0, according to the
associated definitions in that case. |

We observe that the upper bound given in Lemma 19 is decreasing in r. This confirms in some way
what we have already observed in Rem. 5 in the paper: in the specific setting of Ex. 1, using more
than one test point in the definition of the function &, has the same effect of traditional mini-batches,
i.e. it reduces the variance on the unbiased estimates of the true gradient computed at the true solution.
We now are ready to state the adaptation of Thm. 12 for the output of Alg. 1 introduced in the paper,
in the setting of Ex. 1.

Theorem 20 (Convergence rate of SGD to &, for Ex. 1). Assume X C B and let ht .\ be the
output of Alg. 1, for any r € {0} U [n — 1] and X > 0. Then, the expected excess transfer risk of the

algorithm in Egs. (8)-(9) with parameter hr .. x trained with r points over the environment in Ex. 1 is
bounded by

- oo 2O —wt 1 ro\ 5y 2d
BlE ) = &) < T+ (4 (5 + ) of) 7 p

where the expectation is over the datasets Z) | ... Z(T),

Proof. The statement immediately follows from applying Thm. 12 to the context outlined in Eq.
(49) in the setting of Ex. 1. We choose the upper bound on the step size v in Asm. 2 according to
Lemma 18 and we use the estimate for o2 in Asm. 3 obtained in Lemma 19. Finally, for Ex. 1, we
know that, for any r € {0} U [n — 1], h} coincides with the mean w of the environment. |

E Proof of Prop. 3

In this section we give the proof of Prop. 3.

Proposition 3. Assume X C By and, for anyr € {0} U [n — 1] and X > 0, let hr .\ be the output
of Alg. 1. Then, the expected excess transfer risk of the algorithm in Eqs. (8)-(9) with parameter
hr.r trained with n points over the environment in Ex. 1 is bounded by

- (r/n+XN? 4K, (1 © _.2 1 r
-] < 5 Ao (2 (1)),
[8(T,~,>\) g(n)]— 22 T+1 ’Y” w” + 0w+ n7r+(n/\)2 O¢
where the expectation is over the datasets Z,(LI), ey Z}LT) and K , is condition number of the environ-
ment defined as
_ BBl

= . (13)
. EHNP)‘miU (E#)

Proof. As described in the proof sketch in Sec. 4, in order to prove the statement, we start from the
decomposition
i

E[En(hrra) = Eahy)] < B[SV (e — 1)

*] +E[ 52 (b - bi)

A B
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The proof of the proposition proceeds by bounding the two separate terms A and B. Thanks to the
structure of the environment under consideration, we have that b = w for any r (see Ex. 1), so, the
term B vanishes. To bound the term A we observe that

A =B[22 (irss ~ )] < 15l B s —

‘] 51)

and

Auwin (S ) E || — ”]- (52)

Consequently, since the matrix ¥, is invertible (see Prop. 2), combining Eq. (51) with Eq. (52) and
exploiting the LS structure of the function &, (see Prop. 2), we can write

] < B[22 (e~ 17)

208l 111012/ az] _ 2l : .
A< ng[HEr (e = 1)|*] = Ao (B Bl ) = £ 53
Now, introducing the condition number of the environment
_ BBl
’ EMNP)‘miH(ZM)
and exploiting Lemma 11, we can write
Hi"“oo < Ky(r/n+X)?
Amin(ir) - A2 .

Consequently, coming back to Eq. (53), we have
< 2K,(r/n+ )2
ST 2

Using the bound given in Thm. 20 for the term E [ET(BT,T_, A) — Er(h;ﬁ)] , we get the final statement of
the proposition. |

A E[E(hrrp) — Er(RY)].

F How to tune the hyper-parameters in our LTL setting

Denote by BTm » the output of Alg. 1 computed with 7T iterations (hence 7T tasks) with values r and
A. In all experiments, we obtain this estimator ET”,T’ A by learning it on a dataset Z, of T}, training
tasks, each comprising a dataset Z,, of n input-output pairs (z,y) € X x ). During the training
phase, each of these datasets is splitted into two parts Z,, = (Z;., Z,,—,) and we apply the procedure
described in the paper in Alg. 1 in order to compute the estimator. We perform this meta-training for
different values of A € {A1,...,A,} andr € {0} U [n — 1] and we select the best estimator based on
the prediction error measured on a separate set Zy, of T\, validation tasks. Once such optimal A and
r values have been selected, we report the generalization performance of the corresponding estimator
on a set Z, of Tt test tasks. The tasks in the test and validation sets Z;. and Z, are all provided
with both a training and test dataset both sampled from the same distribution. Note that, since we are
interested in measuring the performance of the algorithm trained with n points (as already stressed
in the paper we aim at minimizing &,, and not &,.), the training datasets have all the same sample
size n as those in the meta-training datasets in Zi,, while the test datasets contain n’ points each,
for some positive integer n’. Indeed, in order to evaluate the performance of a bias h, we need to
first train the corresponding algorithm wy, on the training dataset Z,,, and then test its performance
on the test set Z/,, by computing the empirical risk 2}1, X wn(Zy) =yl ® For instance, for the
synthetic experiments reported in the paper, we chose n = 20 and n’ = 100. Finally, since we are
considering the online setting, the training datasets arrive one at the time, therefore model selection
is performed online: the system keeps track of all candidate values hr,, x,, 7 € {0} U [n — 1],
j € [p], and, whenever a new training task is presented, these vectors are all updated by incorporating
the corresponding new observations. The best bias £ is then returned at each iteration, based on its
performance on the validation set Z,. The previous procedure describes how to tune simultaneously
both A and r. In some experiments reported in the paper, we just tuned one of them; in such a case
the procedure is analogous to that described above.
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Note on Real Data. In real settings, the assumptions of having the same number n of training points
available for each task ¢ is often restrictive. Indeed, on the School dataset considered in this work,
datasets can have a very different number n; of training points. Hence, in order to validate the
theoretical analysis reported in this paper, in our experiments we down-sampled the datasets with
more training examples in order to maintain the same n across all the tasks. However, it is natural
to expect that leveraging more training points when available should be more favorable in terms of
overall performance. This is a key question that introduces complications to our analysis and that we
plan to investigate in the future. We refer to the code for more details.
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