A Convexity of divergence

Theorem 7 For any A, V such that ATV1 = 0, letting Dey,, the Bregman divergence with generator
©*(z) = exp z and KL the generator for KL divergence,
Dexp(VTaillex (i) = qi Dxu(mil| exp(VTa;)) + 7 - Dg(zil| exp(VTa;)), Vi = 1,2, ..., @0)

with q; = 1/g(x;) and r; = q; - Zj exp (a]v;), satisfying r; > dg;.

(Proof in SM, Section B)

‘We can remark that
1

g(x;)

. Z exp (aiij) = Z exp (aiij — xij) i‘ij. (21)
J -

J

To generalize the notion of geometric average, consider any strictly convex function ¢ : R — R at
least three times differentiable and with invertible derivative. Define the p-mean of x as

po(@) = ¢ (B (xi)). (22)
We now state a Lemma which will be essentially used for a particular case of ¢ but may be of

independent interest for more general cases, as explained in the following examples.

Lemma 8 Let ¢ convex and at least three times differentiable. Let

L " (z)
AN ) 9

Then the ¢'-mean (i, is convex (resp. concave) iff

Oup(@) > (resp. <) m-mind(r;) Ve . 24)

(Proof in SM, Section C)

Example 1 Tuke for example F'(x) = Inx (geometric average). In this case, $(x) = +1 and ineq.
(24) brings 1 < m for the concavity of the mean and shows that g is concave.

Example 2 Consider F'(x) = —1/x (harmonic average, over R ). In this case, ¢(x) = +x, so to
prove the concavity of the mean, we need to show pp(x) < mmin; x;, which is equivalent to show
1 1
>~ > max—, (25)
— I v Xy

3

and shows the concavity of the mean.

Example 3 Consider F' = exp (normalized softmax). In this case, ¢(x) = — exp(—x), which
shows that the mean cannot be concave. To show its convexity, we need to show equivalently
1
< _ , 26
S epn S exp( max x;) (26)

which is equivalent to ", exp(z; — max; x;) > 1, and because of the non-negativity of the exponen-
tial, shows the convexity of the mean.

B Proof of Theorem 7

First, letting y; = exp(VTa;) for any i = 1,2, ...,m, and v; the j-th row of V (as a column vector),
we get

P (Vo)) = 3 exp(log (exp (alv;)) = > exp (alvy). e
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We recall g(z) = ([, 7x)'/<, the geometric mean. So,

glexp(VTa;)) = exp éZaiij = exp((ATV1);) = exp(0) =1, (28)
J

because of the constraint ATV1 = 0,,. Hence, letting y; = exp(VTa;) for short, we obtain g; = y;.
Also, the dual symmetry of Bregman divergences [8] yields:

Dexp(VTaifew(xi)) = Di(&i] exp(VTa;)) . (29)
We now use Theorem 2. It comes (letting again y; = exp(VTa;) for short) that forany i = 1,2, ..., m,

9(x:) - Dexp(VTas||ce ()
= g(x;) - Dxo(&i exp(VTa;))
= Dy (; || exp(VTa:)) + " (Vo (9:)) Dy (il y:)

= Dy (w; H exp(VTa;)) + Zexp (a]v;) | - Dg(z;i| exp(VTa;)) , (30)
J

which brings the statement of the Theorem. The fact that r; > dg; follows from the convexity of exp.

C Proof of Lemma 8

Let pg(z) = @'~ 1((1/m) - 3, ¢'(x;)) the ¢’-mean of the coordinates of z. Then

9 _ 1 ()
&Uiﬂw(ﬂf) - m ! (P” Mw(w)) ) (31)
> 1 < " (pyp () )
[E— x - - . 61 " T; __r NTeNT L x; //x- (32)
axiaxjuso( ) m‘p”(/j'tp(w)) J 90 ( ) m(‘p/l(,ugo(m)))2 90 ( )90 ( J)
@ being fixed, let g the vector defined by §; = y; - ©” (x;) and let
] w///(x)
) = — 2% (33)
= Ty
Let @ the diagonal matrix with ®;; = ¢(x;). The Hessian H,, () satisfies
1 Ppp(®) 1o o
T — i CaTe — T
Y@ g g (@) ( TR
1 e [Pl (x)) .
= — .47 TANTPNTI 01
ey TP (T 1= 0003 oY

We see that when ¢ is not zero everywhere, § spans the same set as y, so if ¢ is convex, y,, is
convex iff (¢(py,(x))/m) - 1 — ¢(x) > 0, that is

¢(Mw(w)) > m¢(xl) >Vi ’ (35)

which is equivalent to the Lemma’s statement.
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D Proof of Lemma 4

We have
. 1
KL(z) = <XZ: z;logx; — :17,) vl ;xl logz; , (36)
0 . 1 1
oz, KL(x) = loga; — 7 zj:log xj— o ;xj 37)
1 T T
- __. 2 4 g 2L 38
y ;m+%% : (38)
0? 1 /1 1
——KL = — | —4+—).,Vj#1 39
85878.’,8] ((L’) d (IZ + $j> 'V 7& B ( )
H? 1 1 1 x;
——=KL = —-|1—-=4+-="- =2 40
Ox? () T d + d ; x; (40)
We then check that
Z; 1 Zi.’tj Zj Zj
7 = — _ s — — — — 41
(1) n "d ;(333 zj xz) @
and finally
22 1 2205 2z 2z
T _ Zig 2 itjo_ FE_EE
i ; xT; + d ” < ’Ig Z; ZT; )
1 zfxl n zij 2iZj  2iZj
- d r z? x? x; T;
_ EZ Ziwixl + 277} — zizjain; — zizgwias
d - xfm?

x222

20002 1 52,3 1 52,20 4 2.3 9 220 9 o 2
B iz ZiTix; + 27 a0 + 20 x + 207 — 22,205 % ) — 22,2,
2d T P

2.2
T;xy

1 Z zias (i + xj) + 2503 (v + x5) — 2ziziwin (v 4 x5)
2d -

- 1 Z; Zj 2
= M%;w+%%<%$), (42)

as claimed. This also shows the convexity of KL(x).

We now show that KL o exp is 1-homogeneous on the subspace span({1})+, which means, by Euler’s
Theorem,

KL(exp(z)) = exp(x)TVKL(exp(x)), Ve € span({1})*. (43)
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To see this, we write
KL(exp(z)) — exp(x)TVKL(exp(x))
= Y wjexp(x;) — exp(;)

J

d Z (exp xj) Z (exp(zy — x;) + (Tg — :c]))>
= Zajjexp x] Zexp T —|—Zexp xk.

=0
+% . Zexp(xj) Zwk — Zexp(xj)xj
J \,_/
= Zajjexp xj) Zexp xj)z

= 0, (44)

where we have used the fact that 17Tz = 0.

E Derivations of the unconstrained optimization in (18) and (19)

Consider that X is constant, therefore
ECODA-PCA (X7 A7 V) = Dexp (VTA || CKL<X))

— 17| exp(VTA) — exple (X)) — (VTA = e (X)) 0 explex (X)) |1

=1T7| exp(VTA) —VTAo© exp(cKL(X))} 1 + constant

=1T|exp(VTA) —VTAo X] 1 + constant.

Let Y = VTA, and we get (18).
By (38), if y; is centered and y] 1 = 0, we have

) 1
VKL(exp(yi)) = - lexp(ly] — 1) +1y] —y,17]1
1
=77 exp(ly] —y,17)1 + y;.

Therefore

ls_copa-pca(X; A, V) = Z {@T xp(ly] —y;17)1 — &] yz:|

=> af [exp(—yi) exp(yl)% - yi] ;

%

which, in matrix form, is (19).

F More Experimental Results

We include another baseline CoDA-PCA* that is the non-parametric version of CoDA-PCA optimized
by L-BFGS. Note that CoDA-PCA* does not learn an encoding map and therefore cannot provide an
out-of-sample extension.
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The baselines are further assessed based on (symmetric perspective KL divergence; SPKL)
normalizing the geometric average of the input data p and the PCA reconstruction ¢ and get

respectively two positive measures p and ¢, then computing the symmetric KL divergence
D (pi log % + ¢; log %); (L?) L?-distance of p and § after the normalizing p and ¢ into the

probability simplex. (Riemannian) the Riemannian distance between the two probabilities p and ¢
defined by the Fisher information metric, given by 2 arccos (\/p?T \/ﬁ)

Fig. 3 shows the training and testing errors. A key observation is that CoDA-PCA* is slightly better
than CoDA-PCA because the embedding points are free parameters and are not constrained by a neural
network. We also see that c1r-AE shows small training errors but does not generalize as well as
CoDA-AE on the testing set.
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Figure 3: Training and testing errors measured by different distances against the number of principal
components. The columns, from left to right, show training errors (Atlas), corresponding testing
errors, training errors (diet swap) and corresponding test errors.
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