A Main lower bound lemma

This analysis closely follows that of previous work, specifically the proof of Theorem 1 in [27] and
the proof of Lemma 4 in [8]. There are slight differences in the problem setup between this work and
that of previous papers, thus we include the following analysis for completeness and to ensure that all
of our results can be verified. We do not claim any significant technical novelty within this section.

Let V = {v1,...,vx} be a uniformly random orthonormal set of vectors in R™. All of the
probabilities referred to in Appendix A will be over the randomness in the selection of V. Let
X ={x1,x2,...,2N} be aset of vectors in R™ where ||z;|| < 1forall i < N. Let these vectors be

organized into disjoint subsets X; U X9 U - - - U X}, = X. Furthermore, suppose that for each ¢ < £,
the set X is a deterministic function X; = X;(X 4, V), so it can also be expressed as X; = X¢(V).

Let S; = X<;UV<y, let P; be the projection operator onto the span of S; and let P;- be the projection
onto the orthogonal complement of the span of S;. As in [8, 27], define

Ptz
< [P’ Uj>
Finally, suppose that for each ¢, X, is of the form:
Xi (V) = X¢ (Varla,, +Vioa.,) (24)

i.e. conditioned on the event G+, it is a deterministic function of V_; only (and not vy, ..., v;). We
say that P[G<1] = 1, so X is always independent of V.

Gy ZGt(V) = ﬂV$€XtVJ >t

< ozﬂ (23)

First, we connect the events G4 to a more immediately useful condition
Lemma 1. [¢f. Lemma 9 [8], Lemma 1 [27]] For any ¢, k, N, V, and {Xk}le, let o =

min{&v, 2(1+f/27\7)} then for eacht < k

Gy = Gy = HV’I“ <t VexeX,Vji>t |z v) < g]]

The proof of Lemma 1 involves straightforward linear algebra, and we defer it to Appendix A.1. By
Lemma 1, G, C G'_,, therefore the property (24) is implied by

X, (V) = X, (V<t1@/<t n VLG,Q) (25)

Now, we state the main result which allows us to prove our lower bounds:
Lemma 2. [cf Lemma 4 [8], Lemma 4 [27]] Forany k > 1, N > 1, ¢ € (0,1), and dimension
8(1+ V2N)?
2

m > k—|—N—|—maX{32N2, c}log (QkQN)

if the sets X1, ..., Xy, satisfy the property (25) then

1
P[ngv:cextht (z, v;)| gg} =
The proof of Lemma 2 relies upon the following, whose proof we defer to Appendix A.1.

Lemma 3. [cf Lemma 11 [8], Lemma 3 [27]] Let R be any rotation operator, R' R = I, that
preserves S;_1, that is Rw = RTw = w for any w € Span (S;_1). Then the following conditional
densities are equal

P(Vor | G, Vr) = 0 (RVsy | Gy, Viy)

Proof of Lemma 2. This closely follows the proof of Lemma 4 [8] and Lemma 4 [27], with small
modifications to account for the different setting.

Set @ = min {4%\;, 2(1+f/27\/)} Then by Lemma 1, since X7, ..., X} satisfy the property (25)

P [\ﬁ <kVze X, ¥j>t |(z,v)] < g > P[Gey] = [[PIC: | Gl (26)
t<k
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Focus on a single term in this product,
PG [ Ga] =By, [P[Ge | Gt Vr]] 2 I PGy | G, V] @7
<t

For any particular V.,

L
P[Gt | G<t7V<t] =P [VJJ € Xt V] >t <|| i liH j> <a G<t7V<t (28)
1
>1-— Z ZP < J_ j> > o G<t,V<t (29)
z€X(Vey) J=t ||P H
J_ PJ_ Vs
>1- P t—1% t—“>>aG V. (30)
Le);(v«)azt <|PtL1xH (r=ren o

Conditioned on G; and V¢, the set X; = X;(V;) is fixed, as is the set S;_; and therefore P;- |,
so the first term in the inner product is a fixed unit vector. By Lemma 3, the conditional density
of vJ | G <4, V< is spherically symmetric within the span onto which P;-; projects. Therefore,

|| % o is distributed uniformly on the unit sphere in Span (St_l)l, which has dimension at least
m' = m — t—1) =SV X >m—k+1-N.

The probability of a fixed vector and a uniform random vector on the unit sphere in R™ having inner
product more than « is proportional to the surface area of the “end caps" of the sphere lying above
and below circles of radius /1 — a2, which is strictly smaller than the surface area of a full sphere of
radius /1 — a2. Therefore, for a given x, vj

1 1
Pi-qx Pi-qv; >

<||P#—1$H’ 1= sl

SurfaceArea,, (v1 — a?)

P
SurfaceArea,,, (1)

>a|Gey, Vay

€2y

'—1

- (\/1 - a2)m 32)

I 1 2
< exp ((mQ)a) (33)
where we used that 1 — = < exp(—x). Finally, this holds for each ¢, x € X}, and j > ¢, so
P[G<i] > H inf PGy | Gy, Vi (34)
<k V<
—k—N)a2\\"
> (1 — kN exp <—(m2)a>> (35)
2 2
9 «@ 5 8(1++V2N) 1
Z 1—-k Nexp <2 max {32N , 672 log %TN (36)
1
_ = 37
3 (37)
Where we used that m > k + N + max {32N2 S(HF) } log (2k2N) for (36). For (37), recall
. , 8(1+v2N)2\ _
thatwechosea—mm{ﬁ, M}somax{%N?, (T}_% O

A.1 Proof of Lemmas 1 and 3
Lemma 1. [¢f Lemma 9 [8], Lemma 1 [27]] For any ¢, k, N, V, and {Xk.}le, let =

min {4}\[, 2(1+i/27\’)} then for each t < k

Gy = G = [[Vr <t VexeX,Vji>t |z v) < g]]
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Proof. This closely follows the proof of Lemma 9 [8], with slight modification to account for the
different problem setup.

For t < k assume G'<;. Forany z € X; and j > ¢

@, 03)] < ol <” P wj>\+|x|| < L Pﬂvj>‘ (38)
Ptz

< || Pe—1vj + Tl v; (39)

< ||Prorv; Py 40

—|| tfleHJ'_ HPJ_ z y Uj ( )

< [Peavj] + @ @D

First, we decomposed v; into its S;_; and S;- | components and applied the triangle inequality. Next

we used that ||z|| < 1 and that the orthogonal projection operator P;* | is self-adjoint. Finally, we
used that the projection operator is non-expansive and the definition of G¢.

Next, we prove by induction on ¢ that for all ¢ < k and j > ¢, the event G<, implies that || P,_v; ||2 <
202 Zf;ll | X, |. As a base case (t = 1), observe that, trivially, | P,_1v; I? = [|0v; I? = O/ For the in-
ductive step, fix any ¢ < k and j > ¢ and suppose that G<y = HPt’ 1) H < 202 Zi;ll | X | for
allt' < tand j’ > t'. Let P, project onto Span (S; U X;1) (this includes Xy in contrast with P;)
and let P;- project onto the orthogonal subspace. Since Span (X; U Xy U---U X; 1 U Vi) =

St*ls

PTL—lx If’ﬁ_lv,«

o i rst—-lLzeX, pUqr—r<t—1 (42)
[Py Pt v,

T

is a (potentially over-complete) basis for S;_;. Using the triangle inequality and G;, we can
therefore expand

1P, _1v;] Z > < \Pil i > +Z< 1 Ur vj>2 (43)

r=1zeX, PT 1Ur

2
TE— < TL 10r, vj> 44)

<aQZ|X |+Z

,11}7"

We must now bound the second term of (44). Focusing on the inner product in the numerator for one
particular r < ¢:

(B yor, v3)| = |r, v3) = (Prvo, ;)| (45)
- ‘<15»,-,1’U7‘, vj>‘ (46)
Pt .z Pt .z
§|<PT* ’UT,’U'H-’F <M7vr> <M7v'>‘ (47)
e el 2 I\ TRl ) \TEE
< ||Pro1vre || |1 Proavs]| + |1 X5 | 0 (48)
r—1
<202 Z | X;| + | X, o? (49)
i=1
< % (50)

First, we used that P,.l_ =1 - P7 1, then that v, L v;. Next, we applied the definition of P 1 and
the triangle inequality. To get (48) we use the Cauchy-Schwarz inequality on the first term, and the
definition of G, for the second. Finally, we use the inductive hypothesis and that o < ﬁ
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We have now upper bounded the inner products in the second term of (44), and it remains to lower
bound the norm in the denominator. We can rewrite

~ 2 ~
Pl = <PTJ‘_111T, vr> (51)
= <U’l‘7 UT) - <pr—1vr7 Ur> (52)
2
Pl T
>1- <Pr—1vr7 vr> - < 1 > (53)
2 A\l
>1—||Poyo® - Xy 0? (54)
r—1
>1-20"> X - |X,]o” (55)
=1
1
> = 56
25 (56)

Here we again used pl 1 =1- P,._ followed by an (over)expansion of P,_;. The remaining steps

follow from the inductive hypothesis and fact that o < ;5. Combining (56) with (50) and returning
to (44), we have that

~ 2
| P <a22|x |+Z 5 (P 1o, vy) (57)
Pr 1 Uy
t—1 t—1
<o’ X[+ ) o’ (58)
r=1 r=1
t—
<2a) |X| (59)

Therefore, for each t < k and j > t an upper bound ||Pt,111j||2 < 2a? Zf;ll | X |- Returning now
to (41), we have that for any t < k, x € X, and j > t the event G <, implies

[z, v;)| < [[P—1vj] + (60)

t—1
Sall+,2) X (61)

r=1

c

<- 62
<3 (62)
where we used that o < O

= 2(1+F)

Lemma 3. [c¢f. Lemma 11 [8], Lemma 3 [27]] Let R be any rotation operator, RTR = I, that
preserves S;_1, that is Rw = RTw = w for any w € Span (S;_1). Then the following conditional
densities are equal

p (V> | G<t,Vat) = p(RV>¢ | G<t,Vat)

Proof. This closely follows the proof of Lemma 11 [8].
First, we apply Bayes’ rule to each density and use the fact that RV, = V;:

PG | V] p(V)

Voi | Gep, Viy) = o

p(Vor | Gty Ver) PGy | Var] p(Vy) (63)
P 1%

p(RV> | Gy, Vey) = [G<t | RV] p(RV) )

PGt | Vet p(Vr)

Since V has a spherically symmetric marginal distribution, p(V') = p(RV’). Therefore, it only
remains to show that P [G, | V] = P[G<, | RV]. The event G, is determined by V or by RV, thus
both probabilities are either 0 or 1, so it suffices to show P [G; | V] =1 < P[G | RV] =1
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Assume first P[G<; | V] = 1. Then foreachr < ¢, € X,,and j > r

Pf | T
<P . H >‘ < o, and

each set X, is a deterministic function of V... Also, observe that for any x € X,. and j > r,

< Pz > <RTPl > < Pz >
Ru; Vs
[Py’ [t [Py

where we used that P:- ;> € Span(S,.) C Span(S;_1) so R" P+ ;z = Pt | z. Therefore, it suffices
to show that the sequence X1 (RV), ..., X;(RV) = X1(V), ..., X4 (V) when P [G¢ | V] = 1. We
prove this by induction.

< (65)

For the base case, by definition X; (RV) = X; = X; (V). For the inductive step, suppose now that
X, (RV) = X,(V) foreach ' < r. This, plus the fact that P [G; | V] =1 = P[G., | V] =1
together imply that P [G.,. | RV] = 1. Thus, X,.(RV) = X,.(RV<,) = X, (V<,). Therefore, we
conclude that P [G.; | V] =1 = P[G. | RV] = 1, the reverse implication can be proven with
a similar argument. O

B Proof of Theorem 1

Theorem 1. Let L, B € (0,00), H € [0,00], N > D > 1, let G be any oracle graph of depth D and
size N and consider the optimization problem (G, Ograq, F1.1,8). For any randomized algorithm

A = (Ry,...,Rn, X ), there exists a distribution P and a convex, L-Lipschitz, and H-smooth
function f on a B-bounded domain in R™ for m = O (max {NQ, D3N} log (DN)) such that
LB HB? } LB )

N

Proof. Assume for now that B = 1, the lower bound can be established for other values of B by
scaling inputs to our construction. Let

B [£(4:9)] - minEuep :2)] 2 @ (i {

X~A

H
{=min{ [, ———— =10(D + 1)5¢ 66
mm{ 1O(D+1)1-5} n=10(D+1) (66)
and consider the following ¢-Lipschitz function:
5 502(r —1
f(x)= max v z— S(r—1) (67)
1<r<D+1 7
where the vectors vy, ..., vpy are an orthonormal set drawn uniformly at random from the unit
sphere in R™”. We use the n-Moreau envelope [5] of this function in order to prove our lower bound:
. 1 n 2
f@) =it {fy) + 3 lly =} (68)

The random draw of V' defines a distribution over functions f. We will lower bound the expected
suboptimality of any deterministic optimization algorithm’s output and apply Yao’s minimax principle
at the end of the proof.

This function has the following properties:
Lemma 4. The function f is convex, {-Lipschitz, and n-smooth, with £ < L andn < H.
Furthermore, optimizing f is equivalent to “finding” the vectors vy, ..., vpy1. In particular, until a

point that has a substantial inner product with all of vy, ..., vp4; is found, the algorithm will remain
far from the minimum:

Lemma 5. Forany H,L > 0, D > 1, and orthonormal vy, ..., vpy1, for any x with ’vg_HI} <

J@) = i, /(@) 2 min { 2vVD+1" 20(D +1)? }

The function also has the property that if  has a small inner product with vy, ..., vpy1, then the
gradient oracle will reveal little information about f when queried at x:

£
n
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Lemma 6. For any x with |(z, v,.)| < %for all v > t, both the function value f(x) and gradient

V f(x) can be calculated from vy, . .., v, only.
In Appendix A, we studied the situation where orthonormal vy, ..., vpy; are chosen uniformly at
random and a sequence of sets of vectors X1, ..., Xp are generated as
X; (V) = X (Verlar, + Vg, ) (69)
where .
G, = [[Vr <t Vee X, Vj>r [(z,v)] < 5]] (70)

Take ¢ = 274 and consider the dependency graph. Let X; be the set of queries made in vertices at
depth 1 in the graph (i.e. they have no parents). Let X5 be the set of queries made in vertices at depth
2 in the graph (i.e. their parents correspond to the queries in X;). Continue in this way for each
t < D, and let Xp11 = {&} correpond to the algorithm’s output, which is allowed to depend on all
queries and oracle responses in the graph, and thus has depth D + 1.

Supposing G”_, for all queries x € X;U---UX;_; and forall 7 > ¢ —1 we have [(z, v,)| < § = %
Therefore, by Lemma 6 all of the function evaluations and gradients returned by the stochastic
gradient oracle are calculable from vy,...,v;—1 only. Therefore, all of the queries in X; are a
deterministic function of V., (since we are currently considering only deterministic optimization
algorithms), so X satisfies the required decomposition property (69). Finally, the queries are required

to be in the domain of f, thus they will have norm bounded by 1.

Therefore, by Lemma 2, when the dimension
m > D+1+ N + max {32]\[27 200 (D + 1)° (1 + \/2N)2} log (2(D+1)2N) (71

with probability 1/2, all z € X;U- - -UX;41 including the algorithm’s output & satsify |(z, vpy1)| <

%sobyLemmaS
L H
N . > i 7
f(&) I:Iﬁlllilf(x)_mm{Q DEak 20(D+1)2} (72)

Therefore, by Yao’s minimax principle for any randomized algorithm .4

mpxB [F00] = min @) 2 min By (f@) - min (o)
L H
> min ; 73
B {4\/D—|—1 4O(D+1)2} (73)
The statistical term ﬁ follows from Lemma 10. O

B.1 Deferred proofs

Lemma 4. The function [ is convex, {-Lipschitz, and n-smooth, with £ < L andn < H.

Proof. Since f is the maximum of (-Lipschitz affine functions, it is convex and ¢-Lipschitz. Further-
more, by Proposition 12.29 [5], f, the n-Moreau Envelope of f is n-smooth and

V1) = (=~ angmin ) + 2y oI 74)
Yy

The minimizing y satisfies that n(z — y) € 0f(y) (where Of (y) denotes the set of subgradients of f
at y), and since f is {-Lipschitz this implies that ||V f(z)|| < £. O

Lemma S. Forany H,L > 0, D > 1, and orthonormal vy, ..., vp41, for any x with ’v,—g“x‘ < %

f(z) = min f(z) >

. L H
EES! = mm{2\/D+1’ 20(D + 1)2}
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Proof. First

. D+1 " ~ D+1 " /
i f(z) < f ( Z m) = ( ; m) <~z P

Now, for an arbitrary point  such that |v1—; +1x| < % = W, consider
502(r — 1) n
* B _ : T, otrr—1) M2
y" = proxg(z,n) arg min {1<rrn<ag+1 (ﬁvr y ; + 5 lly ] (76)
Since y* is the minimizer, n(z — y*) € df(y*) and since f is {-Lipschitz, ||z — y*|| < % Thus
vhy* >~ and
f@) = Fly) + 5 Iy —all W)
502(r — 1) n
_ T,x 2 \" — ) i x 2
= (a7 - 2 Ty 78)
502D
> lvpiy’ — (79)
202 2D
> 20 (80)
n n
2(D+1
> 5D +1) 1)
n
Combining (75) and (81), for any x such that ’vgﬂx‘ < %
l 502(D + 1) { L H }
r) — min ) > — = min , 82
f@) xrl\wl\slf( )z vD+1 Ui 2v/D+ 1" 20(D + 1)2 (82)
O

Lemma 6. For any x with |{x, v,)| < %for all r > t, both the function value f(x) and gradient
V f(x) can be calculated from vy, . . ., v only.

Proof. Let x be a point such that |v: a:| < % for all > ¢. By Proposition 12.29 [5]
Vi(x)=n (fc — prox j(z, 77)) (83)

Since f is /-Lipschitz (Lemma 4),

z — prox s (z, n)H < %. Consequently, for y* = prox j(z,7) we

have |vrT Y| < %‘} for all > ¢. Furthermore,

2(p _
Vf(z)=n(x —y*) € conv {Evr . 7 € argmax (ﬁv:y* - 5£(:71)>} (84)

1<r<D+1
Forany r >t
C(r—1) 202 503(r—1 502 (r— 1
Ev:y* o ) (T ) <= _ 5 (T ) — _ (Ir 5) (85)
n n n n
Whereas ) , ) ) 5
50(t — 1 2/ 50<(t —1 20° (t — 2

n n n n
For any r > t (85) is less than (86), thus no r > t can be in the arg max in (84). Therefore, using
only vy, ..., v; we can calculate

—i T, =D\ _ n, o

flz) = 1ry1f {1SITI1S8L]:>)<_Irl (KU,, Yy ; + 5 lly — z|| (87)
—i T, B =D\ _ n, o
= 12f {fgf}%it (Ev'r Y 7 + B |y — || (88)

(89)
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and

5152(7;7— 1)) L

prox j(z,7n) = argmin{ max (ﬁv:y — 3 ly — a?||2} (90)

Y 1<r<D+1
502(r — 1
:argmin{max <£v y—(r)) +n||y—$6||2} (2]
y 1< n 2
from which we get Vf(z) = n(z — proxf(m, n)). 0

C Proof of Theorem 2

Theorem 2. Let L, B € (0,00), H € [0,00], N > D > 1, let G be any oracle graph of depth D and
size N and consider the optimization problem (G, Oprox, F1, . 1,B)- For any randomized algorithm
A = (Ry,...,Ry,X), there exists a distribution P and a convex, L-Lipschitz, and H-smooth
Sfunction f on a B-bounded domain in R™ for m = O (max {NQ, D3N} log (DN)) such that

Eppwﬂdyﬂy&wﬁﬁﬂzﬂem{

LB HBQ} LB)
X~A

DD TN

Proof. Without loss of generality, assume B = 1, the lower bound can be proven for other values of
B by scaling inputs to our construction by 1/B. Let

4L 1
=min{H, 2LD = a=2c= 92)
7 { } V= /ab D
Define the following scalar function
0 |z] < e

2(|z] — ¢)? c< |zl <2
c = P 3
9e(2) 22 —2¢2 2e < |z| <~ ©3)

2ylz] =y =2 |z >y

It is straightforward to confirm that ¢, is convex, 2y-Lipschitz continuous, and 4-smooth. Let P
be the uniform distribution over {1,2}. Let vq, va, ..., v2p be a set of orthonormal vectors drawn
uniformly at random and define

2D—-1
f(x;l)—g< 2av) z + ¢ (vop) Z (;SC vz — v, x)) (94)
r=3,5,7,.
£z g( Z e (v,_17 — v, (E)> 95)
r=2,4,6,.
H@zEwﬂﬂam=%U@m+fm%) %6)
2D
16( 2CLU1$+¢C (U2Dx +;¢C r— 1$—UTJZ')> (97)

The random choice of V' determines a distribution over functions f(-;1) and f(-;2). We will lower
bound the expectation (over V') of the suboptimality of any deterministic algorithm’s output, and then
apply Yao’s minimax principle.

First, we show that the functions f(-;1) and := f(+; 2) are convex, L-Lipschitz, and H-smooth:

Lemma 7. Forany H,L > 0, D > 1, and orthonormal vy, ..., vap, and with n, v, a, and c chosen
as in (92), f(-;1) and f(-;2) are convex, L-Lipschitz, and H-smooth.

Next, we show that optimizing F' is equivalent to “finding” a large number of the vectors vy, ..., vap:
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Lemma 8. Forany H,L > 0, D > 1, and orthonormal vy, ..., vap, and with n, v, a, and c chosen
as in (92), for any x such that |U7T.Z‘| < sforallr>D

L H
F(z)— min F(z)>mind ——, —
(@) - i (I)—mln{32D’ 64D2}

Next, we show that at any point x such that |v;r x‘ < g for all » > t, the function value, gradient, and
prox of f(-;1) and f(+;2) at x are calculable using vy, . .., v; only:

Lemma 9. For any x such that |vrT m| < g forallr > t, and any B > O the function values, gradients,
and proxs f(x;1), f(x;2), Vf(x;1), Vf(x;2), prox; 1y (z, B), and prox ;. 5\ (z, B) are calculable
using B,x, vy, ..., v only.

In Appendix A, we studied the situation where orthonormal vy, ..., vsp are chosen uniformly at
random and a sequence of sets of vectors X1, ..., Xop are generated as
X, (V) = X, (V<t1G,< L+ Vg, ) (98)
where
G, = [[w <t Voe X, Vj>r |(zv)| < g]] (99)

Consider the dependency graph, and let X; be the set of queries made in vertices at depth 1 in the
graph (i.e. they have no parents). Let X5 be the set of queries made in vertices at depth 2 in the graph
(i.e. their parents correspond to the queries in X). Continue in this way for each ¢ < D, and then let
Xp+1 = {&} correpond to the output of the optimization algorithm, which for now is deterministic.

Suppose G’,. Then for all of the queries z € X7 U---U X;_; and for all > ¢ — 1 we have
|(x, vr)| < §. Therefore, by Lemma 9 the function values, gradients, and proxs of f(-;1) and f(+;2)
are calculable based only on the query points and vy, ..., v;—1. Therefore, all of the queries in X,
are a deterministic function of V; only so X; satisfies the required decomposition property (98).
Finally, the queries are required to be in the domain of f, thus they will have norm bounded by B.

Therefore, by Lemma 2 for
m > 2D + N + max {32N2, 128B2D%(1 + \/QN)Q} log (8D2N) (100)

with probability 1/2 for every x € X; U--- U Xp41 which includes Z, [(z, v,)| < § forr > D, so
by Lemma 8

L H
#) — mi >mind —, 101
7&) = in, ) > min{ 5o, oot | (101)
Therefore,
min By |f(Z)— min f(z)| > min L _H (102)
deterministic A © sllzli<1 = 64D’ 128D2

so by Yao’s minimax principle, for any randomized algorithm .4

. L H
Es X) — i >mind ——, ——— 1
XA [f (X) = poin f (x)} = { 64D’ 128D2 } (103)
- LB
The statistical term SN follows from Lemma 10. O

C.1 Deferred proof

Lemma 7. Forany H,L > 0, D > 1, and orthonormal vy, ..., vap, and with n, v, a, and c chosen
as in (92), f(-;1) and f(-;2) are convex, L-Lipschitz, and H-smooth.
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Proof. The functions f(-;1) and f(-;2) are a sum of linear functions and ¢., which is convex;
therefore both are convex. Also, the scalar function ¢, is 2y-Lipschitz, so

2

2D—-1
va(%l)”Z = Hg ( 2av1 + ¢y, (szx) v2p + Z ¢ Up— 1x_”Tx) (vr—1 —Ur)>
r=3,5,7,.
(104)
2 (.2 . 2 2.2
7 (a® + (2D — 1)?) 12 (105)
16 16

1 4L o
where we used that a = DT <= VaD" Similarly,

IV f(z;2)]

2.2
( Z qb vz —v, x)(vrl—vT>H 2Di76’y =L* (106)

r=2,4,6,.
Therefore, f(-;1) and f(-;2) are L-Lipschitz. Furthermore, since ¢.. is 4-smooth,

3 li—igl<1

T2 | < T2
;1 < d ; 12| < 107
’v Ve f(x; )v3| {0 =g >1 an ‘vZVf(ac, )v]’_{o =gl >1 (107)
therefore, the maximum eigenvalue of V2 f(+; 1) and V2 f(+;2) is at most n < H. O

Lemma 8. Forany H,L > 0, D > 1, and orthonormal v1, ..., vap, and with 0, 7, a, and ¢ chosen
as in (92), for any x such that ’v:m| < gforallr > D

L H
F(z) - F o
(@) = juin Flz) 2 mm{gw’ 64D2}

Proof. First, we upper bound ming, |, <1 F(z). Recalling that a = ﬁ, define

2D
¥ = aZ(QD +1—7)o, (108)
r=1
. 1 (/2D(2D +1)(4D +1)
|l=*||* = YIE ( ( 6)( ) <1 (109)

For this 2*, v,_;7* — v, 2* = vJ,#* = a and with our choice of parameters (92), 2c = a < 7, S0

that ¢/.(a) = 2a, thus

2D
VF(:L'*) 1776 ( 20,’[)1 + (i) (U2DCU )UQD + Z¢ Vp_ 1£C — fUT[,E ) (’07071 — UT)) (110)
r=2
thus,
VF(z*) v, = —2a + ¢, (a) =0 (111)
VF(z*) v, = —¢.. (a) + ¢. (a) = 2<r<2D-1 (112)
VF(z*) vap = —¢), (a) + ¢, (a) = (113)
Since ||z*|] < 1 and VF(z*) = 0, we conclude
. * n 2 2 nDa? n
F(zx)=F = — (—2Da” — 4D =— =- 114
min Fx) = F(a") = 76 (-2Da <)) 4 3202 (114
Let Xp = {z: ||lz]| <1, |v) 2| < § Vr > D}. We will now lower bound
. . T C
Jnin F(z) = xﬂrﬂ\ngl F(z) st |vlz| < 3 Vr > D (115)
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Introducing dual variables Apy1, ..., Aap > 0, solving (115) amounts to finding an x € X p and a set
of non-negative \s such that VF(z) = — S22 A, sign (v ) v, and such that X, (v, z — §) =
0 for each r. Let

D41
Tp = Z (Q(DJrl*T)Jrg)Um Apy1=2a, Apjz=--=X=0 (116)
r=1

Sincea (D +1—7r)+§ <a(2D+1—7r)forr <D+ 1and ||z*| < 1it follows that ||[zp|| < 1.
Furthermore, since v,| ;xp — v, 2p = afor2 <r < D+ 1and 2¢c = a < 1, the gradient

VF(zp)Tv; = —2a+ ¢ (a) =0 (117)
VF(zp) v, = ¢, (a) + ¢.(a) =0 2<r<D (118)
&
VF(xp)TUD+1 = —¢IC (a) + (ﬁ:} (5) = —2a = _)\D-i-l (1 19)
VF(zp) v, =0= -\, D+2<r<2D (120)
Therefore,
D +1)a? D+1
min F(z) = F(ep) = 116 (=Da? — ac — 2Dc?) = _nBD+la”  nBDEY gy,

32 256 D3
Combining (114) and (121) we have that
min F(xz) — min F(z) = F(zp) — F(z¥)

z€Xp z:||z]| <1
n n(3D +1) n n . L H
- _ > _ - = 2 U g»
2D°  256D° =307 6ip? - M\ 32p gapz [ (1P

O

Lemma9. For any x such that ’v,T J;| < 5 forallr > t, and any 3 > 0 the function values, gradients,
and proxs f(x;1), f(z;2), Vf(z;1), Vf(2:2), proxy(. 1y(x, B), and prox;(. 5y (z, B) are calculable
using B,x,v1,...,v; only.

Proof. Suppose that x is a point such that |vf,T :c| < g forall r > ¢, and B > 0. Therefore,
O (vrT_lm - vT,Tx) =0forr >tso

2D—1
flz;1) = g (—Zavirx + ¢ (vipz) + Z e (v_12 — va)) (123)
r=3,5,7,...
t
=1 (—2av1Tx + Z ®e (v;r_la: — va)) (124)
8 r=3,5,7,...
2D
fla2)="1 ( e (v 12— vIz)) (125)
8 r=2,4,6,...
t
= g ( > de(vliz- vf:v)) (126)
r=2,4,6,...
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Thus both f(z;1) and f(x;2) can be calculated from z,vy,...,v; only.  Similarly,
oL (v_yz — v x) =0forr > tso

2D—1
Vf(xz;1) = g < 2avy + ¢, (UQDJJ) vap + Z (Z) v _x— vTa:) (vp_1 — vr)> (127)
r=3,5,7,.
_ " < 2av; + Z oL (v — o) @) (1 — m) (128)
8 r=3,5,7,.
2D
Vi(@;2) =1 sbf: vz — v ) (vr—1 —vp) (129)
8 r=2,4,6,..
t
< > ¢2 o x =l w) (v —w)) (130)
r=2,4,6,.

Thus V f(z;1) and V f (x; 2) can also be calculated from z, vy, . .., v; only.

Now, we consider the proxs at such a point z. Let ¢ = ¢ if t is odd, and ' = ¢ — 1 if ¢ is even.
Let P be the projection operator onto S = Span (v1, . .., vy ) and let P+ be the projection onto the
orthogonal subspace, S*. Then, since f(z;1) = f(Pz;1) + f(Ptz;1), we can decompose the
prox:

ProX ) (@, )

. B
= argmin f(y; 1) + 5 [ly — =/ (131)
Yy
. B 2
= argmin ;1) + f(y1) + 5 (I — Pol + [lye — Pal”) (132)
y1€S,y2€5+
n : B
= argmlng —2avy Y1 + Z ¢c vy —vlyn) |+ 3 lyr — Pz|? (133)
n€es r=35,7,.
n 2D—-1 6 5
+argmin g | de (vipte) + D de (viage = vl ye) | + 5 [l = Pral|” (34
Y265+ =t/ 42,44, ...

t/
: B
= Ptz +arg mlng —2av; y1 + Z G (v:,1y1 - U:y1) + 3 lyr — Pz|*  (135)

y1€5 r=35,7,...
Where we used that |v:Pixf = ’vTTa:| < £ forall 7 > ¢/, so setting y, = P achieves the
minimum since every term in the expression is zero and function is non-negative. The vector
Pz is calculable from z, vy, ..., vy C &,v1,...,v;, and similarly the second term is a minimiza-
tion depends only on 3, x,vy,...,vy C B,x,v1,...,v:. A nearly identical argument shows that
ProX ;(.o)(, B) has the same property. O

D Statistical term

Lemma 10. For any L, B > 0, there exists a distribution P, and an L-Lipschitz, 0-smooth function
f defined on [— B, B] such that the output I of any potentially randomized optimization algorithm
which accesses a stochastic gradient or prox oracle at most N times satisfies

E..p [f(X,Z)] — min E,p [f(a:, Z)] 2

E >
|lz|<B ~ 8N

X~A

Proof. Let e > 0 and p ~ Uniform {py, p_1} where p; = < andp_; =
Pp [Z=1=1-Pp, [Z=—1]=p (136)
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Then, let f(x;2) = zLx, so E.op, [f(x;2)] = (2p — 1)La. When p = p1, (2p — 1) > 0 so the
minimizer is x = — B with value —LB(2p — 1) = —LBe, and when p = p_1, (2p — 1) < 0 so the
minimizer is x = B, also with value — L Be. Furthermore, if p = p; and = > 0 then it is at least
L Be-suboptimal, and if p = ps and x < 0 then it is also at least L Be-suboptimal.

Now consider any deterministic optimization algorithm which accesses the gradient or prox oracle
N times. Each gradient or prox oracle response can be simulated using a single z ~ P, so the
algorithm’s output is & = &(z1,...,2n) € [—B, B]. Consider
EpNUniform{pl,p_l},zw’Pp [(2]) — 1)L@(Zl, ey ZN) | Zlyeeny ZN]
> LBEPpNUniform{pl,p,l},ZNPp [Sign(i'(zlv (RS ZN)) 7£ Slgl’l(2p - 1) ‘ Rlyees ZN] (137)
Furthermore, the Bayes optimal estimate 2 of sign(2p — 1) is

1 N
{1 N Zz:l Zi Z 0 (138)

Z(z1,...,2N) = 1 LZN <0
N 2ui=1%i

SO

P, Uniform{p1,p_1},2~P, [sign(f((zl, ..., 2N)) # sign(2p — 1) ‘ 21y ey ZN:|

N
1

> ]PpNUl’lifOrm{pl,p_l},ZNPp [ N lez - (2}7 - 1) > 6‘| (139)

L
=P.p, . [N;zi —€ > e] (140)
This simply requires lower bounding the tail of the Binomial (N, 15<) distribution. Using Theorem

2.11in [24],
N -
1 eN eV N

P,. — zi—€>e|l>1—-0 =1-¢ — 141
[NZ _ ( N<1+e><1—e>> (ﬂ—@) e

where @ is the distribution function of the standard normal. Let € = ﬁ, then —YI¥ < % and

1—e2
ze]zl—é( )2

R LBe LB
EpUniform{py.,p_1},2~P, [(2P — V) L&(21,. .., 2n) | 21, -, 2N] = 1= SN (143)

1 N
I

(142)

[SIRN)
| =

P.~p,

Therefore, we conclude that

Therefore, by Yao’s minimax principle, for any randomized algorithm A
LB

max Eg [EZNP,, [f(f(,z)] — mminEszp [f(z,z)}] > m

pe{p1,p-1}

(144)

E Supplement to Section 4

E.1 Smoothed accelerated mini-batch SGD

Smoothed accelerated mini-batch SGD is the composition of two ingredients. First, we approximate
the non-smooth f with a smooth surrogate, and then perform accelerated mini-batch SGD on the
surrogate [9, 15]. In particular, we use the 5-Moreau envelope f(#) of f:
PO (ws2) = inf f(y; 2) + § ly = all” (145)
Y

Since f is L-Lipschitz, f(*) has the following properties (Proposition 12.29 [5]):
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1. £ is B-smooth
3. fB(z;2) < flas2) < fB)(z;2) + é—; for all ©

We use the prox oracle to execute A-MB-SGD on the L-Lipschitz and S-smooth f(%), with updates

wy = ayy + (1 — a)xt (146)
Y41 = W — ~— Zﬁ (wt prox; (.., )(wuﬁ)) (147)
It+1 = Oéyt+1 =+ (1 — oz)xt (148)

The A-MB-SGD algorithm will converge on f(#) at a rate (see [9, 15])

E[f(zr;2)] — mzinIE[f(x;z)} =0 <min{fT, ji} + \/Jfﬁ> (149)
Choosing f = min { LT, H} the conclude
E[f(xr;2)] — IanE[f(m,z)} <E [f(ﬁ)(xT;z)} + % - H}LIDE [f(ﬁ)(x;z)} (150)
_ min L min {LT,H}} L L)
_o< {ﬁ = AT (151)
L H L

which matches the lower bound in Theorem 2.

E.2 Wait-and-collect accelerated mini-batch SGD

Algorithm 2 "Wait-and-collect" accelerated minibatch SGD

Initialize £ = Z = x¢ = 0,, parameter «.
fort=1,2,...,Tdo
if mod (t,27 + 1) < 7 then
Query stochastic gradient at .
Update z; < x4-1,9 = 0.
elseif mod (¢,27 4+ 1) > 7and mod (¢,27 + 1) < 27 then
Update z; < x;_1.
Receive noisy gradient g;_1_,, update g < g+ (1/7) * gt—1—~
elseif mod (t,27 4+ 1) = 0 then
Update z; < = — ng.
Update & « aZ + (1 — o)z, &  ai + (1 — a)x.
end if
end for

E.3 Analysis of technical results in Section 4.4

Applying SVRG under intermittent synchronization graph To apply SVRG method to solve
stochastic convex optimization problems under intermittent synchronization graph. We adopt the
approach by [16, 26], first we sample n instances {z1, ..., 2, } and solve a regularized empirical risk
minimization problem based on {z1, ..., 2, }:

3\H

mln F)\

Z (w52) + = Hx|| (153)

where A is the regularization parameter will specified later. We will apply SVRG algorithm on the
intermittent synchronization graph to solve above empirical objective (153) to certain sub-optimality.
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The SVRG method works in stages, at each stage, we first use n/ KM communication rounds to
calculate the full gradient of (153) at a reference point Z, and then using a single chain to perform

stochastic gradient updates, equipped with VF () to reduce the variance. We choose A < L/(y/nB),
which will makes the objective (153) to be at least L/(y/nB)-strongly convex, thus the condition
number of (153) will be bounded by O(H/(L/(v/nB))) = O(H+/nB/L). The SVRG analysis [14]
requires the number of stochastic gradient updates to be scales as the condition number, so here we
will use O(H+/nB/(LK)) communication rounds to perform the stochastic updates, since one chain

within each communication round has length K. Let #* = arg min, F)(z), and let Z, to be the
iterate after running the SVRG algorithm for s-stages. By the standard results of SVRG (Theorem 1
in [14]), we have

. - 1\°
E [FA(:CS)} ~ R < (2> .
By standard estimation-optimization error decomposition (e.g. Section 4 in [23]), we have
2 n
1\? LB LB
<[ = Ol—=)=0|— 154
<(3) vo() =0 (7) aso

given s < log(n/(LB)). Thus to implement SVRG successfully, we need to choose n such that the
following two conditions are satisfied:

E[F(3.)] - F(a") <2E [Fy(22) ~ BA(@)] + 22 +0 (L)

n H.\/nB
KM LK
Thus we know by choosing n below will satisfy above condition:
< mi { K?T?1? MKT }
B H2B?log?(MKT/L) log(MKT/L) |’

substitute the scale of n to (154) we get

E[F(d,)] - F(2*) <O (Ig log (Mf T) " z\Lﬁ@ <l°g (MfT»/)

<0 HB2+ LB 1 MKT
S KT VKT 0g I )

and we obtain the desired result.

x5 <T, and

x5 <T.
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