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1 Proofs

Proof 1 (of Theorem 1) Since R and R’ differs only in two features in one rule, and has the same
size of the rules, so we only need to compare the probability of feature selection for the rule. Let
Ujys U, Tepresent the number of items taking feature ji and jo in the m-th rule in R'. I, . =
gy + Ll;an = lmj, — 1

p(rm|Lmv 0) F(lmj1 + gjl) F(lmjé + 0j2)

p(r1/71|Lm’ 9) F(l;njl + 647‘1) F(l;njg + 9.72)
_ lm]é + ojz —1
Imj, + le
< 1.

Proof 2 (of Lemma 1) Given a MRS model R, let TP, FP, TN and FN be the number of true positives,
false positives, true negatives and false negatives in S classified by R. The conditional likelihood is

B(TP+ a4, FP+ ;) BTN+ a_,FN+ _)
B(ay, By) B(a—,B8-) .

We then compute the likelihood for model R\ .. The most extreme case is when rule z is an 100%
accurate rule that applies only to real positive data points and those data points satisfy only z.
Therefore once removing it, the number of true positives decreases by supp(z) and the number of
false negatives increases by supp(z). That is,

p(ylx, R =

B(TP — supp(z) + oy, FP + 1) B(TN + a—, FN + supp(z) + ()

pbe i) = B(ay, B+) B(a_,B-)
=p(y|x, A) - g(supp(z)), 0
where
(supp(z)) =LEE+ Qx —supp()) TP+ FP 4y + )

(TP + o) (TP + FP + oy + 4+ — supp(2))
I'(FN + _ + supp(z)) I'(TN+FN+a_ +3-)
T(FN+6-)  D(IN+FN+a_ + 6 +supp(2))’
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Now we break down g(supp(z)) to find a lower bound for it. The first two terms in (B) become

(TP + oy — supp(z)) (TP + FP+ a4 + B4)

(TP + o) I'(TP + FP + a + B4 — supp(z))
(TP+FP+ay + By —supp(2))...(TP+FP+ oy + 4 — 1)
(TP + oy — supp(2))... (TP + oy — 1)

N (TP+FP+04+ + 8 — 1)“”””“’

TP+ o, — 1
a0\ supp(z)
> N+ + a4 + ﬂ+ 1 . (3)
- N+ =+ Oé+ — 1

Equality holds in (B) when TP = N, FP = 0. Similarly, the last two terms in (B) become
I'(FN + 3 + supp(z)) I(TIN+FN+a_ +[3-)
I'(FN+3-) (TN + FN + a_ + B_ + supp(z))
(FN+p-)...(FN+ B_ +supp(z) — 1)
(TN+FN+a_+p_)...(TN+ FN+ a_ + - + supp(z) — 1)

supp(z)
N FN+ f_
“\FN¥TNta_+4_

8 supp(z)
><N_—|—a_+ﬁ_> ' @

Equality in (8) holds when TN = N_, FN = 0. Combining (1), (Q), (B) and (B), we obtain

Ni+os+Bs—1 B wrp ()
> .
pylx, Ryz) 2 ( Ny +tay—1 N_+a_+p8- Plyfx, )
= T”‘pp(z)p(y|x, R). 5)

Proof 3 (of Theorem 2)

Step 1 We first prove the upper bound on M*. Since R* € arg maxg p(R|S), p(R*|S) > vlY, i.e,
log p(S|R*) + log p(R*) > vl'l. (6)

Since p(S|R*) < L*, we only need to upper bound p(R*).

The prior probability of R* depends on the number of rules M*, the number of items in each rule,
which we denote as L,,,m € {1, ..., M*}, and the number of items containing each feature, denoted
as {lyn;};, so the prior probability for R* is

M
p(R) o< p(M*|ans, Bar) ] p(Lmlar, BL)p(rm| L. 0) (7

m=1
where
. B F(M*+CVM> 1 M 5M o
p(M |aM,5M)—F(M*+1)F(aM) (5M+1> (BMJrl)

<aM(aM+1)"'(aA1+M*—1)< 1 )M< Bar )aM
B 1-2..- M+ By +1 By +1

( s >M*( Bar >“M -
- \Bu+1 Bm +1

Similarly, for each m € {1,..., M},

L «
ar " B ‘
p(Lonlacr, Br) < (BLH) (&H)




We also upper bound p(1y,| Ly, 0):

(X0 . mJ+9
Plam| L) =g +Z] 0 E
<r(zj L0)T (L, + max(6))

(L + 325 605)T (max(9))
max(0)(max(0) + 1) -- - (max(d) + L,,, — 1)

(00 0+ 1) (), 0+ Ly — 1)

L
max(0) + L, — 1
S|\ 7
Zj:l 0;+ Ly —1

< max(0) ©)
Zj:l 0;
Ly,
(8) is because <W) decreases monotonically with L,,. Therefore
j=1Y%iTLm
= (525) () I (G) e (52)”
J
B +1 B +1 Br+1 S0 \Pr+1
_ ( ay )I\/[* ( ﬂM >ocM ﬁ max 0) < ﬁL )OéL (10)
T \Bu+1 B +1 5L+1Z_1 Br+1
. @M 1 1Lty g
(D) follows because of, < Br. Since p() = (Bﬁj\il) 0= (BMJra?;i}%JLra)L max(%)Jfl and

Q > 1, we have

*

B*) —p(0 anfBrt o max(6) >
P =it )<(5M+1)(5L+1)(“+123 195

1 a0
=p(0) ()" (1n)
Now we apply (8) combining with (IL1), we get

logE*—f—logp(@)—i—M*logﬁ > ol (12)
Then solving for M* yields:
* — Mt
log 2

where we use M!!) to denote the upper bound derived at time t.

Step 2: Now we prove the lower bound on the support. We would like to prove that a MAP model
does not contain rules of support less than a threshold. To show this, we prove that if any rule z has
support smaller than some constant, then removing it yields a better objective, i.e.,

p(R*|S) < p(R,19). (14)
Our goal is to find the constant such that this inequality holds. We relate P(R\.) with P(R). We
multiply P(R\ .;0) with 1 in disguise to relate it to P(R):
M~
p(RY.) =p(M* = L;anr, Bur) [ [ p(Lm; oz, BL)D(rm|Lim, 0)
m#£z
_ p(M* — 1 an, Bur) p(A)
p(M*; anr, Bar)p(Lzs e, BL)p(rim|Lins o)

M*Bu+1) (Bo+1\" (Bo+1\* [ T]_10
_(M*—i-on—1)< Br > ( or, ) (max(@))p(R)




M (B + )8+ D 6)
—  (M*+ ooy —1)B7"ar max(6)
- M*OéM
_M* + apn — 1

p(A)

Op(R).
From Theorem 1 we also have

p(ylx, R\.) = T p(y|x, R).
Then combining (I3) with (L), the joint probability of S and R, . is lower bounded by

M*a Su, z
p(R\:) = W]\]j—l QY P)p(R|S).

In order to get p(R\.|S) > p(R|S), we need

_ Mon vz >1,
M*+ap —1
Le.,
* t
TSHPP(Z)>M +04A4—1>M[]+QM_1
- M*ap ) - Moy, Q
We have Y < 1, thus
ap Q
log MtiM
supp(z) < 2 MWt —1 J+1aM71 )
log +

Therefore, for any rule z in a MAP model R*,

M[t]OL[\/[Q
log M[t]+aMfl

supp(z) > o 1
Og T

2 Inference Algorithm

Below we present the full inference algorithm

5)

(16)

a7)

(18)

Algorithm 1 Inference algorithm.

procedure SIMULATED ANNEALING(Nje,)
R« arandomly generated rule set
for t = 0 — Ny, do
(Xk,yx) + arandom example drawn from data points misclassified by RW
if yr = 1 then
AddValue(R™"), with probability
Rl { RemoveCondition(RM), with probability 3
AddRule(R["), with probability % (using Theorem 2)
else
Rt AddCondition(R!*), with probability
RemoveRule(R[!), with probability
Rinax + arg max(p(Rmax|S), p(RIFH1|S)) (Check for improved optimal solution)
— m p(RIY]5)—p(RIY|S) T ;
a =min 1 1, exp CaD) (Probability of an annealing move)

R« RIHU | with probability o
end for
return Apax
end procedure
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