Appendix

Proof of Theorem 1

We define the regret when the algorithm selects the th item for user j

Tij = SUgA(xlsifl,j’%‘) — A(w;,4]Si-1,5, b5)-
TE

At this time, the accumulated regret for user j by the end of the ith selection is
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R;; = Zﬁ,j
=1
and the algorithm has selected
Sij={x1j,22j,...,%i;}
for user j.

In light of the monotonicity of fy, we have

f6,(85) < fo; (S5 USi5)
< fo, (Sig) + Y Av]Sij )

vESY
EAS

= fo; (Sig) + Tj(riv1,j + A(@it1,518i5, 05)) 3)
= fo,(Sij) + Tj(Riy1j — Rij+ fo;(Siv1,5) — fo;(Sij)),

where Eq. (3), we use the definition of ;41 ;, i.e.,
Titl,j = sugA(x|SZ-,j, #5) — A(xigy1,4]55, 5),
re
which yields
Tiv1,j + A(Tiy1,5]55, ¢5) = sup A(x[Si 5, d5)-
e
Therefore, we have
fo;(S7) = £6,(Si5) < Tj(Riv1,j — Rijj + fo; (Siv1,5) — fo;(Si5))-
Let 0; ; = f¢j(SJ’f) — fs,(Si,j). Then we have
0ij = Oir1,5 = (fo; (S7) — fo,(Si3)) — (f6,(S7) = f4,(Siv1,5)) = fo; (Sit1,5) — fo; (Sij).
Therefore, we obtain that
6ij S Tj(Ritr,j — Rijj + fo,;(Sit1,5) — f5,(8i5)) < Tj(Riv1,j — Rijj + 05 — Gis1,5)
which entails
bit15 < Rigry — Rij + (1 —1/T)di ;.
Hence for all 7, we have
51'73' < Ri,j — Ri—l,j + (1 — 1/Tj)5i_1,j.

Note that fy, is normalized. Therefore,

50,j = f;bj (Sj*) - f¢j (So,j) = f¢j (Sg*) - f¢j (g) = f¢j(5’;)~
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We recursively solve it with respect to J; ; and obtain

: 1, 1,
G <> (1— fj)l HRizis1g — Rig) + (1 - f-) %0,
=1 : :

: Lo 1 i *
< Z(l - Tj)l "Ri—ip1,j — Riciy) + (1 - fj) fe;(S5)
=1

i—1

1 i—l— 1 i *
=Y T By~ Rig) + (1 ) oy (5))
1=0 J J
= SO R — Y (= ) T R (1= ) (S5)
ST 7 , T; N T
1<I<i 0<i<i—1
_R 1 1 i—lR 1 1 i—1 1 1 i—l—1 R 1 1 7 S*
=Ri;—( —fj) 04 T Z ( —fj) —( —fj) i+ ( _?j)f%‘(j)
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1 i1 1 "
=Rij— 7 Z (1-1/Ty) Ryj+(1- f) fo,(S7)
I 1<i<i—1 J
L i _ i i—1—1 ) —i/Tj *
<R, > ) Ryj+e Tif, (S7).
Ty s T;

Using 6; ; = fy;(S}) — fe,(Si,;), we obtain the following equation after some simple algebra

. 1 ,
(1— e "T3) 4 (S3) < f4,(Sij) + Rij — T > (A= 1/T)) T Ry < f,(Sig) + Ry

J1<i<io1
Let ¢ = T} in the above equation and we immediately have
(1- 1/€)f¢j (Sj*) < f¢j (STjJ) + R, 5,
which entails
(1= 1/e)f5;(57) = fo,(515,5) < Ry 5
Summing the above inequality over j yields

Rr=(1-1/e)Y  fs,(5;) - Zfasj(STj,j)

j=1
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As shown above, we bound the regret R by E;"Zl ZZT:H r;,5. If we define the regret of each iteration
(say, the ¢th iteration) as

r; = sugA(x|Soi_17ui,¢ui) — A(Zo; us [Soi—1,uss Pus)»
fAS
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we have

Zri = (SupA(‘T‘Sol‘*l,uia(bui) - A(moi,ui Soifl,ui7¢ui))

Therefore, Rt is bounded by R, where Ry is defined as ZZT: 1T

We can model the problem that we consider in this paper as a contextual bandit problem, where
(So;-1,u;5 Pu;) is the context at the ith iteration and the element to be selected is the action. By
Theorem 1 in [31] (specifically, the third assumption in the theorem statement applies here), we have

Pr {RT < \/O1TBryr + 2,V > 1} >1-4.

Hence, we conclude that

Pr{RT < /O TBryr + 2,¥T > 1} >1-4

since Rt < R forall T > 1.
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