Supplementary Materials for
“A KL-LUCB Bandit Algorithm for
Large-Scale Crowdsourcing''

Proofs for Section

Lemma 1. Let T be the first time index such that (1) has a solution. Since z; = 1 — p by definition
fort < T, clearly tz; is increasing for t € [T — 1].

Now consider the case t > T' — 1. Using the convexity of D(u + x, ) (in x) and the definition of the
sequence z;, we have

D (p+ iy sfin) < oD (n+ ¥z m)
t log(k(IV)logy(2t)/0)

St t
< log (k(N) log, (2(t + 1)) /9)
- t+1

=D (,U/—‘r NL_HZIH-I?M) 9

where the last equality holds, since t > T — 1. Comparing the two ends of this chain of inequalities
implies that —=z; < z;,1 since the function D(u + x, 1) is increasing in .

t+1
Theorem 1. Consider the setting of Theorem[2]and let
N+1
Ny=———— .
c(N) N —log(N +1)

Define z; as the solution of
() log (k(IN) logy (2t) /6)
t )

D(p+ 2z, 1) =

if a solution exists, and z; = 1 — p otherwise. Then
(Z)]P)(ﬂtEN ﬂt—,u>zt)§(5,
()  P(HeN: Ly —p<—z)<9J.

The correctness of the confidence intervals L' (¢, §) and U’ (t, 6) follow from Theorem|I]in the same
way as that of L(t, §) and U (t, §) follow from Theorem 2] shown in Section[3]

Proof of Theorem([l] 1t is clear by consulting the proof of Theorem 2] that if we had
D(p+x, 1) < ¢(N)D (u+ N%l:v,u) Vo € (0,1 - p, Yp € (0,1),

then using it at step (7)) would yield the desired result.
Let o € (0,1) and use the notation D(u + x, 1) = f(x). We wish to show that

9u(@) := fu(x) = cfulow) <0 Vo €[0,1—p), Vu e (0,1).
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o 1
with ¢ = S er—ay-

We first examine g,, () as a function of . Recall that the first and second derivatives of f,(x) (in z)

are
fu(z) =log ”” — log 1Iﬁ;‘” , and f)(z) = m .

Hence
gu(w) = f/(x) — ca’ f (o) .
As for the sign of the second derivative, we have

fil(@) = ca® f]/(azx) S O
)
fil(@) S co® f (ax)
0
(1 +az)(1—p—oaz) S ca®(p+a)(l - p—a)
0

(c—1Da2z? + a1l —2u)(1 — ca)z + p(l — p)(1 —ca?) 0.

Denote the left side by h(z). The roots of h(z) are

—a(l = 2u)(1 — ca) £ /a2(1 = 2u)2(1 — ca)? — da(1l — 2u) (1 — ca)u(l — p)(1 — ca?)

12 = 2a(1 — 2p)(1 — ca)
(1201 - ca) = /T 20)P(1—ca)’ —4(c— Du(l — @)1 — ca?)
2(c— 1 '
Note that
1 1

1 1
at+(1-—a)log(l—a) ~ a—(1—-a)a 2z a”

since log(1 + x) < x. This implies that the expression under the root is positive, and that
V(1 =20)2(1 = ca)? —4(c = Dp(1 = p)(1 — ca?) > |(1 = 2u)(1 = ca)| ,
which in turn implies that at least one of the roots of h(z) is negative. Let y = max{z1,z2}.

By the previous observation, the function g, (x) is concave on the interval [0, y] and convex on the
interval [y, 1 — y] (with the convention that [a, b] = ) if a > b). Noting that g,,(0) = 0 and g,(0) = 0
we have g,,(z) < 0on [0, y]. On the other hand, g,,(1 — pt) < 0= g,(z) < O0forx € [y,1 — pl, by
the convexity of g, (z) on this interval and that g, (y) < 0.

Hence, all that remains to show is g, (1 — p) < 0 for all i € (0,1). This yields the inequality
1 pta(l—p) 1—p—a(l—p)
0> Tog £ — (s +a(l = ) log “22C=1) - (1= = a(1 — ) log 17201 )

:logi—c(((l—a);H—a)log( + Ton )+log(1—a)) =1(p) .

Note that the right side is equal to zero at 4 = 1. To conclude the inequality above, we show that the
right side is increasing in p. We have

3aul( ):—;—c<(1—a)log(1+(1aa)u) —z>

1
:;(ca—l)—c(l—a)log(l—i—ﬁ) .

Using the inequality log(1 4+ z) < £=2 +log(1 + ) (that is the line tangential to log(1 + z) at any

a+1
point ¢ > —1 upper bounds log(1 + x)) with a = , We can continue as
0 1
3;Ll( ) > . —(ca—1)—¢(l —a)log (a (% - 1) —log(1 — a))

:%(ca—l—ca(l—a))—c(l—a)(a—log(l—a)).



Finally, noting that cae — 1 — ca(1 — «) is positive (since ¢ > 1/a?) we can further decrease the right
hand side by using 1/4 > 1, which yields

9
o

The right side is non-negative, whenever ¢ > 1/(a — (1 — «) log(1 — «)), concluding the proof. [

() = cla—(1-a)log(l —a)) —1.

Proofs for Section 4

Proposition 1. The lil-KLUCB algorithm is 25-PAC.

Proof. Suppose that when the algorithm stops, TOP(¢) # 1. This implies that there exists ¢ € N and

3 > 2 for which
Li(fr,)(0/(n = 1)) > Ur(f1,1)(9)) -
Consider the events §21(d) and ©;(d/(n — 1)) for ¢ > 2, and let their intersection be
Q=2(5) N (Ni>29:(8/(n - 1))) -
Note that o B .
P(Q)=1-P(Q) >1—P(Q:(6) U (Ui»2:(6/(n —1))) > 1—25

by Theorem (where  is the complementary event of 2). However, on the event  the algorithm
cannot fail, as on this event L;(fr,)(0/(n —1))) < p; and Uy (fr, +)(6)) > pa which (together
with the first display) would imply p1 < p;, a contradiction. O

The backbone to proving Theorem |1]is the following lemma. Recall that for p, @ € [0, 1], the
Chernoff information D* (i, i) between two Bernoulli random variables with parameters £ and
can be written as

D*(u,r) = inf max{D(x,pu), D(x, 1)} .
z€(0,1)
Lemma 2. Let Y7, Y5, ... be independent samples from a distribution P, and consider a sequence of

confidence bounds for the mean | of the form

U(f(9)) = sup{m > fiy : D(jig,m) < fi ()} ,

where [i, is the empirical mean based on {Y;}jc, 0 € (0,1) and fi(x) is decreasing in x. Consider
a realization of the sequence {[i; }1en, and suppose that € € (0, 1) is such that

D(fig, ) < fr(e) VEEN.
Then for any fixed [t € (u, 1) we have
fe(6-€) <D*(p,p) = U(fi(d)) <pi.

Proof. 'We first note that f;(d - €) > min{f:(0), f:(¢)} since §,e < 1 and f(-) is decreasing.

The claim then follows by the definitions of D*(u, 1), U(d) and €. In particular, on one hand
D(jit, 1) < f(d - €) forevery t € N. On the other hand,

F<U0) <= D) < f,(6) = D, i) < fi(5- ).
This would imply that for fi; we both have both D(fiz, 1) < fi(d - €) and D(jig, 1) < f:(0 - €).
However, this is impossible, by the definition of D* (i, 11). O

With this lemma, we are ready to prove Theorem T}

Proof of Theorem|I] Observe that at each time step two things can happen in the algorithm (apart
from stopping): (/) Arm 1 is not pulled (two sub-optimal arms are pulled); (2) Arm 1 is pulled
together with some other (suboptimal) arm.



Our aim is to upper bound the number of times any given arm is be played for either of the reasons
above. We do so on an event of the form

o= %6,
1€[n]

as a function of the quantities {d; };¢[n], invoking Lemma |2} We set §; = ¢ and choose {d; };>2 such
that they take the largest possible values, i.e. ; = sup{e € (0,1) : Q;(e) holds}. Finally, we control
the contribution of these random ¢; to the sample complexity bound obtained in the previous step.

Note that we know from Theorem that P(Q,(6)) < 6.

A sample complexity bound under Q’: If Arm 1 is not pulled at time ¢, there has to exist another
Arm i such that fi; ; > i1 ;. Under the event 2, (0) this can no longer happen once U;(fr,(+)(d)) <
1. By Lemma[2] the latter is guaranteed when

fr,6)(0 - 8:) < D* (gt 1) -
Using the notation
Ti((s . (SZ) = min {t eN: ft(6 . (51) < D*(,ui,,ul)} s

we know that any suboptimal Arm ¢ can only be pulled at most 7;(¢ - 6;) times in a way that it is not
pulled together with Arm 1. Hence, Arm 1 will be played eventually.

Suppose that at time ¢ a suboptimal Arm ¢ (¢ > 2) is pulled together with Arm 1. This can only
happen if the confidence regions of the means of the two arms overlap at time ¢, i.e. L1 (fr, +)(d)) <
Ui(fr,1)(6)). However, this is impossible once there exists a value ji; € (i, i11) that separates the
two confidence bounds, i.e U; (fr,(+)(9)) < s < Li(fr, 1) (6))-

According to Lemma this happens once T;(t) is such that
Ty (0 - 05) < D* (i, i)
and 77 (t) is such that
fro)(6) < D*(pa, i) -
Note that in the second inequality, the quantity on the left hand side can indeed be chosen as fr, (+)(6)
instead of fr, +)(8 2)), which can be easily seen by consulting the proof of Lemma

For i > 2 let
61(5 . (51) = min {t eN: ft(é . (Sl) < D*(Nhﬁi)} s
and

64(0) =min {¢ € N+ fi(0/(n 1)) < min D" ) |
By monotonicity of the Chernoff-information &; (6 - 6;) > 7;(d - d;) for every ¢ > 2. Thus, Arm ¢ can
not be pulled more than &;(0 - 4;) times.
Hence the sample complexity on the event 2 is upper bounded by

&1(d) + Zfi((s “6i) -

i>2

Controlling the contribution of the §,: It is easy to check that there exists a universal constant K

such that ) )
Kl 6-0;) tlog D* iy )~
5.5y < og (( )* og D (i, i) ") -
D (:u'ihui)
and ) )
Kl — 1)6*log D* )~
e1(5) < Kalos ((n )* 0g D* (. ) )
D (Mh“)

Now let 6; = sup{e > 0 : U;(fi(€)) > u; Vt € N}. We have
P(0; <) =Pt € N: Us(file)) = i) < v



according to Theorem|[I] Hence, substituting v = exp(—D*(u;, f1;)z) we get
log6: ! ) -
P <1~ >z ) < exp(=D*(ps, fii)z) -
D (,ui7 .ui)
Hence D*(pi, f1;) "' log &; ! are independent sub-exponential random variables. Using standard
techniques for bounding sums of sub-exponential random variables, we have

log 6% log 61!
=D (143 12) =D (143, 1)
with some constant K.
Combining this inequality with those for &;(-) concludes the proof. O

The sub-Gaussian tail-bounds for the numerical comparisons of Section

We can get a sub-Gaussian tail bound as well with the method of Theorem [2] as follows. We start by
the same union-bound
Upper bounding the terms in the second sum go analogously up to the display[6] At that point, we
can use Pinsker’s inequality stating that 2(x — y)? < D(x,y) (see [l]ﬂ This yields
N2

P(3te (28 2F 1) — > ) < exp (—Qtj (N;,r_j‘_f) zfj1> .

Recall that t; = (1 + £ )2 and define
1 /N +1\7log (k(N)log,(2t)/5)
2t = Al =
V2N t ’

where () is the same constant as in the statement of Theorem Note that the sequence tz; is
increasing, which was required for the computations leading to|[6]

Plugging in these values, we get
P (3t e 28,2500 iy — > 2)
< exp (f N;{if (%)2 log (H(N) log, (2]”1%) /5))
< 6¥/€(N)_N+1 N+1

~ (k + 1)_ N,
where the last line follows by j > 1.

As for the first term in 4] we can also use Pinsker’s inequality to get

P(3t € [N]: fig — i > 2) < exp (f (241)? Jog (k(IV) logy (21) /5))

N+1 N+1

<FFRIN) TS logy(2)
te[N]

The proof concludes the same way as that of Theorem 2] so that with the definition of z; above we
have that

The New Yorker Cartoon Caption Contest

Each week a cartoon in need of a caption appears in The New Yorker magazine. The readers are
invited to submit their ideas for funny captions to go with that cartoon. The New Yorker selects
three finalists from the submissions, after which the readers select their favorite by voting online at
http://contest.newyorker.com/CaptionContest.aspx?tab=votel

"Note that another approach would be to use Hoeffding’s bound for the moment generating function
E (e’\(Y1 _“)) at At the end, this would result in the same result as using Pinsker’s inequality.


http://contest.newyorker.com/CaptionContest.aspx?tab=vote

THE NEW YORKER

Please rank the entries for this Cartoon Caption Contest image. then click the “Done” button. You can rank as
many or as few captions as you like. but five is too few and five thousand is way too many.

“T asked Ted to drop in on this meeting.”

SOMEWHAT
UNFUNNY FUNNY FUNNY

DONE
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