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We present a complete presentation of the theoretical results presented in the main text.
We provide detailed analysis of the DSTUMP algorithm in the context of a general additive
regression model with uncorrelated design. We derive the results for the linear case as special
case of the general theory. Our analysis is high-dimensional and non-asymptotic, and to our
knowledge the first such analysis of feature selection properties of decision trees. We show
that even in the high-dimensional setting where the number of features p is much larger that
the sample size n, feature importance scores based on impurity reduction contain enough
information for consistent model selection. Additionally, we provide simulation experiments to
supplement the results in the main text.

1 Setup

Consider an additive regression model y; = >%_; fj(2ij) +w; with random design X = (z;5) €
R™ P, Here each column of X represents a covariate or feature. Let us denote generic covariates
as Zi,...,Zp and assume them to be i.i.d. uniformly distributed on [0, 1]. Each row of X is
taken to be an independent draw from (Z1,...,Z,). We assume (fj) to be s-sparse, namely,
fi #0for j € S={1,...,s} and zero otherwise. Let w = (w1, ...,w,) and assume the entries
to be IID draws from a sub-Gaussian distribution with variance var(w;) = v2, and sub-Gaussian
norm ||wj |y, < o2, for all i € [n]. Recall that the sub-Gaussian norm is defined as (see [Ver12]):

il g, = sup k™2 (B |*) /",
k>1
Fix some § € (0,1), let U ~ unif(0,1) and assume the following about the underlying
functions (fx):
F1 ||f;€(ozU)||12b2 < 0]2%, Yo € [0,1].
F2 var[fi(aU)] < var[fi((1 = 6)U)], Vaa <1 —6.
Let us define v?k := var[f(U)] and
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Note that we take UJQ% = vi , =0 for k ¢ .S. We also define the following key gap quantities,

95#(0) = var[fi(U))] — var[f((1 = 6)U)]. (2)

Section 3 explores the class of functions satisfying (F1) and (F2) and have positive gap:
gf,k((S) > 0.

Throughout, C,C1,...,¢c,c1,... are absolute positive constants which can be different in

each occurrence.

Facts about sub-Gaussian vectors [Ver12]. Recall that if {X;} are independent zero-
mean sub-Gaussian variables then so is ), X; and we have

SG-1 |3, Xill}, < C 32 I1Xl13,-

Centering inflates the sub-Gaussian norm by at most a factor of 2, i.e.,

SG-2 HX - EX||¢2 < 2HX||¢2'

Examples of sub-Gaussian random variables included bounded and Gaussian variables:
SG-3 If | X| < K a.s., then X is sub-Gaussian with norm || X, < K.

SG-4 X ~ N(0,0?) is sub-Gaussian with ||X;||,, < Co for absolute constant C'.

Notation. In order describe DSTUMP more precisely, let us introduce some notation. We
write [p] := {1,...,p}. For an ordered index set Z = (i1, 49, ...,1), we set Yz = (Yi,, Yiy - - -, Yi,.)-
The order of elements of y7 matter in this case. For an unordered index set S = {i1,2,...,,},
we first turn .S into an ordered set, with elements in increasing order, and then form yg. We
write x; = (215, T25, ..., Tnj) € R for the vector collecting values of the jth feature, i.e., the jth
column of X. Let Z(xz;) := (i1,42...,%,) be an ordering of [n] such that x;,; < z4,; < -+ < @y,
and let sor(y,z;) := yz(z;) € R"; this is an operator that sorts y relative to z;.

DSTUMP proceeds as follows: Evaluate

y* := sor(y, x) = sor (Z fi(z) +w, zy) (3)
JjeS
for k =1,...,p. Let m := n/2. For each k, consider the midpoint split of y* into yffn} and

yfjl 1\[m] and evaluate the impurity of the left-half, using empirical variance as impurity:

imp(yfinp::(ml) > Sl (4)

2/) 1<i<j<m

Let imp(yf‘;n}) be the score of feature k, and output the s features with the least scores
(corresponding to maximal reduction in impurity). The choice of the midpoint is justified by
our assumption of the uniform distribution for the features (Z;). The choice of the left-half is
for convenience; a similar analysis applies if we take the impurity to be that of the sum of both
halves (or their maximum).



2  Analysis of DStump

The problem boils down to understanding the behavior of y*. Let §* be obtained from y*
by random reshuffling of its left half yfjn P i.e., rearranging the entries according to a random

permutation. This reshuffling has no effect on the impurity, that is, imp(ﬂﬁn }) = imp(yfjn }) and

is done so that ﬂ[’jn ] has an exchangeable distribution (cf. Lemma 1). Throughout, we assume
m > 2.

2.0.1 Understanding the distribution of y*

If & ¢ S, the ordering according to which we sort y is independent of y (since xy, is independent
of y), hence the sorted version, before and after reshuffling has the same distribution as y. Thus,
each entry of g* is an IID draw from the same distribution as the pre-sort version:

~L iid .
yk ~ Wo—ng D+w, i=1,...,n. (5)
JES
On the other hand, if £k € S, then fori =1,...,n
iid
ub = felegw) +rf, P R Wei= ) fi(Z) +w (6)
jes\{k}

Here z(;); is the ith order statistic of xy, that is, () < T < -+ < x(,),. Note that the
residual terms are still IID since they gather the covariates (and the noise) that are independent
of the kth one and hence its ordering. Note also that rf’ is independent of the first term fy.(z;))-

Using the convention fi =0 for k ¢ S, we can combine (5) and (6) into a single equation
that works for all k € [p], (and i € [m]),

iid
= fulwaw) +rF,  rF N W= £i(Z)) + (7)
Jj#k
for all k € [p]. Note that Wy, = Wy =35 f;(Z;) for all k ¢ S.

Recall that we split at the midpoint and focus on the left split, i.e., we look at yf‘;l s =
(y’f, y§ e Yy /2) and its reshuffled version y[n o) = (yl , yQ, . ,ﬂﬁ /2). Intuitively, we would like
to claim that the signal part of ¥; y[n /2] has entries that are approximately IID draws from fk(%U )
where U ~ unif(0,1). Unfortunately this is not true, in the sense that the distribution cannot
be accurately approximated by Unif(0,1 — ¢) for any § (Lemma 1). However, we show that

the distribution can be approximated by an infinite mixture of IID uniforms of reduced range
(Lemma 2). Proofs of Lemma 1 and 2 appear in Appendix 5.

2.0.2 Truncating the range

Let Uy < Uy < -+ < Ugy) be the order statistics obtained by ordering an IID sample
U; ~ unif(0,1),7 = 1,...,n. Recall that m := n/2 and let U= ((71, Us..., ﬁm) be obtained
from (U, ..., Ugyy) by random permutation. Then, U has an exchangeable distribution.
Using (7), we can write for k € [p],

= i@ +7F, @ ~0, FE W, i=1.m (8)



where the m-vectors u* = (u¥,i € [m]) and 7% = (7F,i € [m]) are also independent. We have
the following result regarding the distribution of U:

Lemma 1. The density ofﬁ (w.r.t Lebesgue measure on R™) is given by

2m

m

(ur, ...\ Um) — ( > (1 — max{ug, ..., um})™ 9)

over [0,1]™. Furthermore the distribution of U is a mizture of IID unif(0,~) m-vectors with
mizing variable v ~ Beta(m, m + 1).

Note that Beta(m,m + 1) has mean = m/(2m + 1) = (1 4 o(1)) as m — oo, and variance
= O(m™1). Thus, Lemma 1 makes our intuition precise in the sense that the distribution of U
is a “range mixture” of IID uniform distributions, with the range concentrating around 1/2.
We now provide a reduced range, finite sample approximation in terms of the total variation
distance dTV(U U ) between the distributions of random vectors U and U.

Lemma 2. Let U be distributed according to a mizture of IID Unif(0,7) m-vectors with
distributed as a Beta(m,m + 1) truncated to (0,1 —0) for 6 =e~*/8 and a > 0. With U as in
Lemma 1, we have d7y(U,U) < 2exp(—am).

For k € [p], let @*F = (@, i € [m]) be drawn from the distribution of U described in Lemma 2,
independently of anything else in the model, and let 4% be its corresponding mixing variable,
which has a Beta distribution truncated to (0,1 — J). Let us define

= [u(@) + 77, i € [m] (10)

where 7™ = (?f) is as before. This construction provides a simple coupling between ﬂ[’jn ] and

’y\f“m] giving the same bound on the their total variation distance as in Lemma 2. Hence, we
can safely work with @f“m] instead of ﬂ[km P and pay a price of at most 2 exp(—am) in probability
bounds.

2.0.3 Concentration of the empirical impurity

We will focus on y [ | due the discussion above. We would like to control 1mp(y[ ]) the empirical
variance impurity of 7/ y[m] which is defined as in (4) with y[m} replaced with ¢! y[m]. The idea is
to analyze E[imp(ﬂ[km ]) |, or proper bounds on it, and then show that imp(@fjn }) concentrates
around its mean. Let us consider the concentration first. (4) is a U-statistic of order 2 with
kernel h(u,v) = &(u —v)%. The classical Hoeffding inequality guarantees concentration if
h is uniformly bounded and the underlying variables are IID. Instead, we use a version of
Hanson—Wright concentration inequality derived in [RV13]:

Theorem 1 (Hanson—Wright, Rudelson—Vershynin). Let v = (v1,...,v,) € R™ be a random
vector with independent components w;, each of which satisfies Ev; = 0 and ||v;||y, < K. Let A
be an m x m matriz. Then, for any t > 0,

P(‘UTA’U - EUTAU’ > t) < 2exp [—c min <K4|i4||2 , K2||i4’|op>i|. (11)



As a consequence we can get a concentration bound for the empirical variance, for general
sub-Gaussian vectors, avoiding the boundedness assumption:

Corollary 1. Let v = (v1,...,0m) € R™ be a random vector with independent components v;
which satisfy Ev; = p and ||v; — pf|y, < K. Let imp(v) := (T;)fl Di<icj<m (Vi — v;)? be the
empirical variance of v. Then, for u > 0,

IP’(‘ imp(v) — Eimp(v)| > K2u> < 2exp {—c(m — 1) min(u,u?)}. (12)

Proof. Since empirical variance is invariant to a constant shift, without loss of generality we can
consider only the case ;1 = 0. We have imp(v) = (Tg)_l [3(m—1)>,v7 — dici vivj} = vl Av,
where A = (Z‘)_l(% I—3117). Letting A= 2(M)A=1- —11T, we note that A has one
eigenvalue equal 0, and m — 1 eigenvalues equal 1. It is posmve semidefinite matrix with same
singular values. Hence, HA”OP =1 and ||A||p = v/m — 1. Applying Theorem 1 to A and setting

t = (m — 1)K?u gives the result after some algebra O

We can immediately apply this result when k& ¢ S. However, for k € S, a more careful
application is needed since we can only guarantee an exchangeable distribution for Qf“m} in this
case. The following lemma summarizes the conclusions:

Let I, k= 1mp(y[ ]) and recall that § was introduced in the definition of ¥ in (10). We
also recall the definitions of variances and sub-Gaussian norms from (1), and the gaps g7 x(9)
from (2).

Lemma 3. There exist absolute constants Ci,Ca,c such that if logp/m < Ci, then with
probability at least 1 — p~¢

Ik € (ID — em, I} + &), Yk € [p] (13)

where

I = —gs1(0) + Ui* +02, I = —vik + vi* + 02, e = 02(0']%7* +02)y/logp/m. (14)

Note that we can replace p with p := p — s in the bounds at the expense of constants since
p < p < 2p assuming s < p/2.

Proof of Lemma 5. Fix k € [p], and recall (10) and the underlying mixing variable 7. Then,
conditioned on A%, ¥ i € [m] is an IID sequence by the definition:

yZ ]Ak id (V)+ Wy, i=1,....m

where V' ~ Unif(0,7%), independent of W}, = > ik Fi(Z ) + wy. We also write V = U for

U ~ unif(0,1). Note that V is defined conditionally on ¥, and whenever we are working with

V and quantities involving it, we have the implicit conditioning on % (without writing it down).
To simplify notation, let Ry := fx(V) + W. Using (SG-1), we have

IRuIZ, = 16 (V) + WRllZ, < ClIROIZ, + D IG(Z0I3, + w3,
J#k

(15)
C[ZUJ%J + aﬂ = C’(J%* +02)
J



In the second inequality, we have used Assumption (F1) to write ||fk(V)HfZ)2 = ||f;.c(ﬁkU)||i2 <
aj%’k, since 3% < 1 —§ < 1 by definition (and we are working conditioned on 7*, making it
a constant.) In addition, leﬂfm < 02 and by Assumption (F1), ||£;(Z;)|ly, < U]%J, which
combined gives (15) (recalling that 0]%7 ey 0% i)

Note that conditioned on A%, fmk is of the form imp(w) for w; iriSle,i =1,...,m, and we
have || Ry, — IEIR;CH%}2 < 40(0%* +2) by (15) and (SG-2). Hence, the conditions of Corollary 1
are met and we obtain, for k € [p],

P(‘fmk - ]E[fmkﬁk]’ > 40(0’]23* +02)u ‘ ﬁk) < 2exp [—c(m —1) min{u,ug}].
Moreover, we can bound the expectation as follows:

E[fmkﬁk] = var(fr (V) + W) = var(fr(V)) + var(Wy)
= var(fp(V)) + 32 var[f;(Z;)] + vg,
<var[fy (1= 0)U)] + 32 4, v7 ; +vi
= —grk(0) + Zj U]%,j + v,

where the inequality follows since var(fx(V)) = var[fx(F*U)] < var[fx((1—-0)U)], using 7% < 1-4§
and Assumption (F2). The last equality follows by adding and subtracting var[f(U)] and using
the definition of gy ;(6) := var[fy(U)] — var[fx((1 — §)U)]. Thus, recalling the definition of v,
from (1),

E[Tn

) < —gra(0) 07 4R = 1.

Similarly E[fmkﬁk] > D itk v?j + 02 = —v?k + v?* +v2 = I}). It follows that

{(Tnp & (10— t, 1t + 1)} € {Tup ¢ (BlLnx[3%] — t, E[Ln k7% + 1)}
for any t. Letting e, (u) := 40(0]20 . +02)u, we obtain
P(Tok ¢ (1 = em(w), I} + em(@)| 3) < P(|Tp ~ B3] > emlw)] 7°)
< 2exp [—c(m — 1) min{u,u*}].

Notably, I,g, I,%, C, O'J% v 02 u, and m are all constant w.r.t. to 7%, so taking the expectation of
the left and right terms, we get the same bound unconditionally. Applying the union bound,

IP’(EIk: € [pl, fmk ¢ (I} — em(u), I + Em(u))) < pexp [—¢(m — 1) min{u, u*}]. (16)

It follows that fm,k € (I} — em(u), I} + em(u)) for all k € [p], with probability at least
1 — 2pexp[—scmmin{u, u?}], where we have used $m < m — 1 for m > 2. Take u =
V2(c1 +1)logp/(cm) and assume that u < 1, so that u? is dominant in the bound. The
proof is complete. O

Combined with Lemma 2, we can transfer the results to Tm,k = imp@f‘;n }).



Corollary 2. The conclusion of Lemma 3 holds for fmk in place of fmk, with probability at
least 1 — p~¢ — 2= for a = log 8—15.

Note that for § < 1/8, the bound holds with high probability. Consider the hard sparsity
case, where O'J% p =0 for k ¢ S, hence according to Corollary 2, I, j, > I° — ¢, for k ¢ S, where

10 .= v?* + 012”. On the other hand fmk < I,i + &, for k € S. Thus, as long as I — I,i > 2em,
the selection algorithm correctly favors the kth feature in S, over the inactive ones (recall that
lower impurity is better). We have our main result after substituting n/2 for m:

Theorem 2. Assume an additive model with (F1)~(F2). Let a =log &5 for § € (0,1/8). The
DSTuMP algorithm, which selects the “s” least impure features at the root, succeeds in model
selection, with probability at least 1 — p—¢ — 2e~"/2 if logp/n < C1 and

log p
> 2 2
it g k(0) = Clof, +o )/ == (17)

Note that v? does not directly appear in the result, only af Let us state the consequence
of Theorem 2 for the special case of linear models namely the case where fi(x) = Srx for
some coefficient vector 8 = (Bk, k € [p]). Let x} := 75 be the variance of U ~ unif(0,1) and
k3= ||U ||i (another universal constant) Then (F1) holds with U}%’k = k352 Note also that
v?k = k?B%. Thus, in this case af = v = || 813

Assumption (F2) holds trivially for any 3 since it states a?k187 < (1 — 0)%k337 for all
a <1—4. The gap in (2) reduces to gfx(d) = k3[1 — (1 — §)?]. Thus, we obtain the following

corollary of Theorem 2.

Corollary 3. Assume a linear (additive) model with fi(z) = Byz. Let a = loggs and
£=1—(1-26)? for § € (0,1/8). The DSTUMP algorithm, which selects the “s” least impure
features at the root, succeeds in model selection, with probability at least 1 — p—¢ — 2e~"/2 if

logp/n < C1 and
. C log p
2 o U 2 2y [10gp
min 5 > g(II/J’HQJFU)\/ - (18)

The quantity ]ﬂs\mm ‘= mingc g B,% appearing in Corollary 3 is a well-known parameter
controlling hardness of subset recovery. Although Corollary 3 applies to a general 3, it
is worthwhile to see its consequence in a special regime of interest where |63]mm = 1/s,
corresponding to ||]l2 < 1. We get the following immediate corollary:

Corollary 4. Assume |Bs|?;, < 1/s, 02 <1 and logp/n = O(1). Then DSTUMP succeeds with

high probability if n > 52 log p.

The minimax optimal threshold for support recovery in the regime of Corollary 4 is known
to be n < slogp [Wai09b], and achieved by LASSO [Wai09a]. Although this result is obtained
for Gaussian design, the same argument goes through for our uniform ensemble. Compared
to the optimal threshold, using DSTUMP we pay a small factor of s in the sample complexity.
However, DSTUMP is not tied to the linear model and we expect that a similar performance
can be extended to much more general nonlinear settings. In other words, we expect to pay a
price due to flexibility of DSTUMP, and not being tailored to the linear setting.



3 Class of valid f

Let us consider the class of functions f : [0,1] — R that satisfy conditions (F1)—(F2). Since
variance impurity is invariant to a shift, without loss of generality, we will assume f(0) = 0,
and consider the class:

F={f:00,1] =R: f(0)=0, E[f(U))? < oc}. (19)

Note that E[f(U)])? = aE[f(aU))?+ (1 —a)E[f(1 —aU))? for all a € [0,1]. Then, for any f € F,
we have E[f(aU)]? < oo for all a € [0,1] (the case a = 0 is trivial).
Condition (F1) is relatively mild and is satisfied by a large class of functions:

Lemma 4. Let f € F. Then (F1) is satisfied if f is Lipschitz or bounded.

For a Lipschitz function, we have |f(z) — f(y)| < Lglx — y| for all 2,y € [0,1]. Then,
[f (@) = 1f(x) = f(0)] < Lylz|, hence

If (@)}, < ?LH|UIG, < LU, Yo €0,1]

giving the desired uniform bound on the sub-Gaussian norm. For a bounded function |f(z)| <
B, Vz € [0,1]. Then Hf(OzU)Hi2 < B2 for all a € [0,1] by (SG-3).

Condition (F2) is more stringent. A slightly stronger condition is that a — var[f(aU)] is
nondecreasing on [0, 1]. For example, we have:

Lemma 5. Assume that f can be extended to a continuously differentiable function on an open
interval I O [0,1], i.e., f = F|jg1 where F': I — R is continuously differentiable. Then (F2)
holds if both x — xf'(x) and f are monotone of the same kind.

Proof. Let us justify validity of interchanging differentiation (w.r.t. «) and expectation, for
example, for ¥(a) := [f(alU)]? where v'(a) = 2U f'(aU) f(aU). Then, 9(«) is integrable for
all @ € [0,1] (see the comment following definition of F) and so is sup,cp 1] [¢'(@)| (since
x +— |f'(x)f(z)| is continuous hence bounded on [0,1]). It follows that o — E[f(al)]? is
continuously differentiable with derivative Et¢)'(«). A similar argument works for justifying
differentiating Ef(aU) under expectation.

Letting v(a) := var[f(aU)] = E[f(aU)]? — [Ef(alU)]?, it follows that
V'(a) =2cov (Uf'(U), f(aU)), «a€(0,1).

Since the functions z f'(x) and f(z) are both monotone of the same kind, aU f'(aU) and f(aU)
are positively correlated according to Lemma 7, i.e. v' > 0 over (0, 1), hence v is nondecreasing,
implying (F2). O

The conditions of Lemma 5 are satisfied for example for C! conver nondecreasing functions.
To see this note that both f and f’ are nondecreasing for such functions. Since f(0) = 0, we
have f > 0, from which it follows that f/(0) > 0, hence f’ > 0. Then, if z; < x9, both in [0, 1],
we have 1 f'(x1) < z1f'(x2) < zaf'(x2), where the second inequality uses f > 0. Hence x f/(x)
is also nondecreasing, as desired. By noting that the variances of f and — f are equal, the same
holds for C' concave nonincreasing functions.
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Figure 1: Plot of the function in Lemma 6 (left) and the corresponding a — var[f(aU)] (right), for a = ¢ = 10.
Note that the function violates (F2) over, say, [0.2,1].

However, conditions of the Lemma 5 could also hold for functions beyond those two categories.
For example, consider f(x) = (z +¢)" for r € (0,1) and € € (0,1). The function is concave and
increasing on [0, 1], however zf'(z) = rz(z + &)"~! is also increasing, hence satisfies (F2) by
Lemma 5.

On the other hand, it is not hard to construct functions that violate (F2). For example,
consider the wedge f(z) = 3 — |z — 3| and let v(a) := var[f(aU)]. Then, vp(3) = 1/48 >
11/576 = vg(3), so (F2) is violated for § = 1/4. It is also possible to construct a monotone
function that violates (F2). For example, the following concave increasing function violates (F2)
over any desired sub-interval (v, 1), for v > 0, by taking a and ¢ large enough (cf. Figure 1):

Lemma 6. Let f(z) = min{az, 1(z +¢)} for a,e >0, and assume ¢ == ¢/(a* — 1) € (0, 1).
Then, with p := xo/a, we have
G311 o -2 -2 3 1 2¢ . —1
Uﬂa%:WHUmUﬂ=I§Pp+a P =p)"| + alpe +20)°(p7 — 1), for p<1,
and = %p‘2 for p>1.

Proof. Let z¢ := ¢/(a? — 1), the point where the two branches of f switch. Assume a > zy.
Take U; and Us to have uniform distributions on (0, z¢/«) and (z¢/c, 1). A mixture of these
two distributions with weights xo/a and (1 — zg/«) is the unif(0,1). Thus, letting U =
ZUi+ (1= Z)U, where Z ~ Ber(zy/«) independent of U; and Us, we have U ~ unif(0, 1). Note
that given Z = 1, aU = alU; ~ unif(0, x9). We have var[f(alU)|Z = 1] = var[a(alU;)] = k2ax3.
Similarly, var[f(aU)|Z = 0] = var[(alUs + )] = k% (a — 20)?/a?, hence with p := z¢/c,

Evar[f(aU) | Z] = k222 [a2p +a~2p2(1 - p)].

On the other hand E[f(aU)|Z = 1] = Ela(alUy)] = axg/2 =: A and E[f(aU)|Z = 0] =
E[l(aU; +¢)] = a7 (e + (z0 + a)/2) =t B. Then,

varE[f(al) | Z] = var[(A — B)Z] %@2[@%0 (26 + 70+ )%p(1 — p)

1

= 1z(E T )1 = p).

The desired result follows from law of total variance. O



Finally, let us comment on the gap condition. Using the notation vg(«) := var[f(aU)],
we have g¢(6) = vg(1) —vs(1 —6). Thus, a sufficient condition for a positive gap is that vy
be (strictly) increasing, which for example follows from Lemma 5 if the functions there are
strictly monotone. Strict monotonicity of vy is however is a lot stronger than what we need.
One just needs a positive gap at some point 1 — ¢ € (7/8,1) for Theorem 2 to imply a sample
complexity bound for recovery. The gap condition is in general weaker that (F2). In fact, for
any sufficiently regular function f, first-order linear approximation of f near x = 1 gives a
positive gap as long as the slope of the line is nonzero. The larger the slope is (in absolute
value), the larger the gap is and hence the easier it is to detect that f.

3.1 Technical lemmas

Lemma 7. Let f(-) and g(-) be nondecreasing real-valued functions on X, and for a random
element X € X, let us write f = f(X) and g = g(X). Assume that f, g and fg are integrable.
Then, cov(f,g) > 0.

Proof. Let X' be an independent copy of X. Then, [f(X) — f(X")][g(X) — g(X")] > 0. Taking
expectations gives the result. O

4 Details of correlated linear setting

We take the following approach to generalize our result to the correlated case: (1) We show a
version of Theorem 1, which holds for an “approximately sparse” parameter 5 with uncorrelated
design. (2) We derive conditions on M such that the correlated case can be turned into the
uncorrelated case with approximate sparsity. The following theorem details Step 1:

Theorem 3. Assume Model 1(i)-(ii) with M = I, but instead of (iii) let 8 = B, a general
vector in RP. Let S be any subset of [p] of cardinality s. The DSTUMP algorithm, which selects
the “s” least impure features at the root, recovers S, with probability at least 1 — p—¢ — 2e—0n/2

if logp/n < C1 and €|Bs |2 — 1Bsc )% > C(I1B]13 + 02)y/(log ) /n.

The theorem holds for any 5 and S, but the gap condition required is likely to be violated
unless (8 is approximately sparse w.r.t. S. Going back to Model 1, we see that setting
B = M transforms the model with correlated design X, and exact sparsity on /3, to the model
with uncorrelated design X , and approximate sparsity on E The following corollary gives
sufficient conditions on M, so that Theorem 3 is applicable. Recall the usual (vector) £, norm,
[2]loc = max; |z;|, the matrix foc — loo operator norm [[Aflec = max; ; [A;;] , and the o — £o
operator norm || A|z2.

Corollary 5. Consider a general ICA-type Model 1 with § and M satisfying

1—p p
1Bslloc < V[Bslmin, NMss —Ifloc < — [ Mseslloo < 5 £(1 - k) (20)

for some p,k € (0,1] and v > 1. Then, the conclusion of Theorem 3 holds, under the gap
condition for the uncorrelated setting with C /€ replaced with C||Mgs||3/ (k& p?).

C||Mss|3/(k € p?) plays the role of a new constant. There is a hard bound on how big ¢ can
be, which via (20) controls how much correlation between off-support and on-support features
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are tolerated. For example, taking § = 1/9, we have oo = log(9/8) ~ 0.1, £ = 17/81 ~ 0.2 and
V€ ~ 0.45 and this is about as big as it can get (the maximum we can allow is &~ 0.48). k can
be arbitrarily close to 0, relaxing the assumption (20), at the expense of increasing the constant
in the threshold. v controls deviation of |8}, j € S from uniform: in case of equal weights on
the support, i.e., |5;| = 1/4/s for j € S, we have v = 1. Theorem 1 for the uncorrelated design
is recovered, by taking p =k = 1.

Proof of Theorem 3. All the analysis of the linear case goes through with a general E and a
general candidate support set S, providing concentration of the impurities around their mean.
What will be different is the mean impurity values. Recall that fm & is the impurity reduction
of variable k, expected to be low on the Candldate support S and high off the support. We have
support recovery if maxgecg Im e < Milggg Im k- Using Lemma 3, it is enough to have

max I} +&, < minl?—¢ 21
peg Rk TEm S Gk T em (21)

which in turn is equivalent to
2¢,, < min I? — max It = x°[ min —32) — max(—£52
™ kgs B kes K il kgéS( B) kes( §5¢) |
) ~ =
=K — max + £ min
il kgsﬂk gkesﬁk]

That is, we have support recovery w.h.p. if 2/@1 Em <] Bg| — | ESCHgo as desired. O

min

Proof of Corollary 5. Under assumption (20),

1Bs = Bsllse < IMss — IlloolIBslloe < (1 = p)|Bs|min-
Since |3j| > 851 — 1B — 851 = 18] — 1Bs — Bslloe for all j € S, we have

Bslmin = |Bslmin — 185 = Bslloo = plBsmin

On the other hand ||[3Sc||oo < [MseslloollBslloo < py/E(1 — K) |Bs|min- It follows that £|ﬁs|mm
HBS‘HQ 2p2£H|BS‘m1n ]
5 Proof of Lemma 1 and 2
Calculating the density. Recall that the density of (U, ..., U,)) is constant and equal to n!
over {(ug,...,up): 0<up <wug < -+ < uUp_1 < up < 1}. Letting ug := 0, we can write the
density as f(u) := n! [ 1{ui—1 < w;}, over [0,1]". Here, 1{-} is the indicator of a set. To

simplify notation let us write gy j(u) := [T/_, 1{u;—1 < w;}. First, let us find the density of
(Uys - +>Ugmy), where m = n/2, by induction. We would like to compute

/ F(w) dumyr - . duy, = n! gy m(u)I(u) (22)
[0,1]

11



where I(u) := f[o 1 Imt1.n (W) A1 . . . du,. We have

1
I(u) = / It (W) [ / Wan_1 <t }dup | dume1 ... dug_1 (23)

[0,1]m—1 0
= / gm+1’n,1(u) [1 — Unfl] dum+1 e dunfl. (24)

[071]77171
Proceeding by induction, assume that we have shown
1 .
I(u) = / Imatn—j (W) = (1 = un—j)? diimr - .. dun—j. (25)
[0,1]m—d J-

Then, we have

1 1 :
I(u) = / gm+1,n_j_1(u) [/ 1{un_j_1 < un_j}f'(l — un_j)]dun_j] dum+1 R dun_j_l.
[0,1]m—3-1 0 J:

(26)

The integral inside brackets is fuln,j,l %(1 —w)ldw = ﬁ(l — Up—j—1)7 L. Tt follows from
the induction that I(u) = (1 — u,,)™. In other words, recalling n = 2m, we have shown that

the density of (U, ..., Upyy) is

(2m)!
m!

(1 — )™ Hug <ug < -+ < up} (27)

over [0,1]™. To obtain the density of U, we have to average the above over all possible m!

permutations, giving Ei:fn): (1 —max{uy,...,un})™ over [0, 1]™.
Obtaining the infinite mixture. Hereafter, let u = (u1,...,uy,). We also refer to a distribu-

tion and its density (w.r.t. Lebesgue measure) interchangeably. Ideally, we would like to approx-
imate the distribution derived above, whose density we denote by f(u) := (27":)(1 — [|ullso)™,
with the distribution of an IID sequence of Unif(0, 1 — §) of length m. Unfortunately, this is not
possible with vanishing error as m — co. Instead, we take a clue from di Finetti theorem. Since
f is an exchangeable distribution, it can be written as a mixture of IID ones. Let us assume that
we can approximate f with a mixture of IID unif(0, ), where r varies according to some density
F'. A bit more precisely, noting that the density of an m-vector with IID Unif(0,r) entries can
be written as u — 77" 1{||u||sc < 7}, we approximate f(u) with the following mixture density

1
h(u) = /0 Hllwlloo <7} gy g (28)

Tm

Let us compute the total variation distance between distributions corresponding to f and
h. Equivalently, we look at the L; norm of f — h. Since f — h is only a function of ||/,
we can integrate by looking at shells of the /, ball of radius ¢ restricted to the nonnegative
orthant. Note that vol(tBZX N R’") = ¢, hence the volume of the corresponding shell is
dvol(tB NRT) = mt™~1dt. It follows that

1 ~ ~
drv(f,h) = /[0 o 0) = ) = /O () = B()lmem e (20)
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where

~ m ~ 1 r
f(t):<2 )(1-t>m, and ht) = [ M= prar (30)

m

Note that we can make the total variation vanish if we can choose F' so that f = h. Differentiating
this identity, notating that h(t) = ftl r~"F(r)dr, and using fundamental theorem of calculus,
we get,

2m
m

—m <2m> (L= )™ = ¢ MP(t) — F(t) = m(

m m—1

m >t (1—1) (31)
We note that m(i;") =1/B(m,m+ 1) =1/B(m+ 1,m). The above F' is in fact the density of
the Beta distribution with parameters m and m + 1. Thus, we have shown that f is a mixture
of IID unif(0, ) m-vectors with mixing variable v ~ Beta(m,m + 1), completing the proof of
Lemma 1.

Approximation by truncating range. The last step is to show that we can replace the exact
distribution f with one that has strictly smaller range. Consider a mixture of the form

~ 1 Ul o rl - ~
B () ::/0 Wﬁg(@dr, Fs(r) = .;(15) Fir)1{r <1-6) (32)

where F'is as in (31) and § > 0. Here, ¢(6) = 01_5 F(r)dr is the normalizing constant. Let us
also define the unnormalized version hgs(u) := ¢(9) /};5(’&). The total variation distance of hsg
with f is

1 1 r 1-6 r
I = sl = [ | [ o rwar - [ A E e me-a

/rm
1{t
// WY oy dr et
-5 ™

:/1_5[/ H{t <r}mt™ ldt} ()dr,

by Fubini theorem. The inner integral is [; mt™ 'dt = ™. It follows that || f — hs|| LI(Rm) =
S5 F(r)dr =1 — ¢(6). On the other hand, |[hs — hsl| 1 @m) = (1 — ¢(8))[|hs| g1 @my = 1 — c(6),
since h(; is a normalized density. Hence, ||f — hs]| piemy < 2[1 —¢(d)]. It remains to bound

1 —¢(6). We have
|~ o8) = /1 ; F(r)dr m<27:‘> /1 ;rma _pym-t (33)

Using r™(1 — 7)™~ < 6™~ over (1 —4,1), and (}) < (en/k)*, we have

1= c(d) < m<2m> 5 < m (7Y "5 = m(2es)™ < (85)™ (34)

m m

(We can replace 8 with 2e/¢*t! ~ 7.86.) Taking § = e~®/8 for a > 0, we have 1 — ¢(§) <
exp(—am). The proof is complete.
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Figure 2: Support recovery performance in a linear regression model augmented with possible nonlinearities
for n = 128. (a) Linear case with uncorrelated design. (b) Linear case with correlated design. (c) Nonlinear
additive model with exponentials of covariates and uncorrelated design. (d) Nonlinear model with interaction
terms and uncorrelated design. (e) Nonlinear additive model with exponentials of covariates, interaction terms,
and uncorrelated design. (f) Nonlinear additive model with exponentials of covariates, interaction terms, and
correlated design.

6 Additional Simulation Results

In this section we present simulation results to supplement the results from the main text. First,
we replicated the simulations for different sample sizes, i.e. n = 128 and n = 10,000. The
results are presented in Figure 2 and Figure 3. We observe that all methods are sensitive to
small sample sizes, with more complex algorithms like SPAM more prone to failure. In the
presence of sufficiently large sample sizes, we can observe the asymptotic efficiency of different
methods. Under a correlated design, DSTUMP and SIS close the gap with Lasso and SPAM,
while TREEWEIGHT shows inferior performance. In contrast, TREEWEIGHT widens its margin
over other methods in settings with interaction terms.

The results presented thus far evaluate various methods based on the fraction of support
recovered. We next report results under the same modeling settings, but using a different
evaluation metric. Specifically, we report the probability of exact support recovery. As illustrated
in Figure 4, this metric shows qualitatively similar behavior as our previous experimental results,
though the performance of each method degrades much more drastically, as this metric is more
stringent than our initial evaluation metric.

Finally, recall that our reported results are averages over 100 replicates. Here we present the
results from Figure 1 in the main text with 95% confidence intervals in order to demonstrate
the statistical significance of these results. The results are shown in Figure 5, where dashed
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Figure 3: Support recovery performance in a linear regression model augmented with possible nonlinearities
for n = 10000. (a) Linear case with uncorrelated design. (b) Linear case with correlated design. (c¢) Nonlinear
additive model with exponentials of covariates and uncorrelated design. (d) Nonlinear model with interaction
terms and uncorrelated design. (e) Nonlinear additive model with exponentials of covariates, interaction terms,
and uncorrelated design. (f) Nonlinear additive model with exponentials of covariates, interaction terms, and

correlated design.

lines represent the confidence end points.
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Figure 4: The probability of full support Support recovery in a linear regression model augmented with possible
nonlinearities for n = 1024. (a) Linear case with uncorrelated design. (b) Linear case with correlated design.
(c) Nonlinear additive model with exponentials of covariates and uncorrelated design. (d) Nonlinear model
with interaction terms and uncorrelated design. (e) Nonlinear additive model with exponentials of covariates,

interaction terms, and uncorrelated design.
interaction terms, and correlated design.
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Figure 5: Support recovery performance in a linear regression model augmented with possible nonlinearities for
n = 1024. Dashed lines represent the 95% confidence intervals. (a) Linear case with uncorrelated design. (b)
Linear case with correlated design. (c) Nonlinear additive model with exponentials of covariates and uncorrelated
design. (d) Nonlinear model with interaction terms and uncorrelated design. (e) Nonlinear additive model
with exponentials of covariates, interaction terms, and uncorrelated design. (f) Nonlinear additive model with
exponentials of covariates, interaction terms, and correlated design.
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