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1 Basics of the von Mises Distribution

1.1 The von Mises distribution
The von Mises probability density function for a circular variable x is defined as

Mz = p, k) ﬁ exp [rs cos(z — 1)) (S1)
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where 1 is the mean of , and the concentration parameter x measures the dispersion of z around its
mean value. Ip(k) is the modified Bessel function of the first kind and zero order, which is given by

1
T or

Note that M [z — p + , k] equals to M[u, —k]. To avoid the indeterminancy of the parameter &, it
is usual to take x > 0.

2m
Iy(k) / exp (kcosx) dx. (52)
0

Apart from using x to measure the concentration, we usually use the mean resultant length p to
measure the dispersion of a circular variable, because it can be more easily estimated from sampled
data. The mean resultant length is defined as

p = Elcos(z — p)]. (S3)

Note that 0 < p < 1. p = 1 means that the distribution is fully concentrated at the point x, while
p = 0 means that the distribution is so scattered that there is no concentration around any particular
point.

For a von Mises distribution with ;2 = 0, its mean resultant length is calculated to be
p = Ak),
1

2
= I()(/‘C)/o cos(z)e dx. (S4)

1.2 Relationship to other distributions

Relationship to the normal distribution
When & is large, we let £ = k'/?(x — ), and the von Mises distribution is approximated to be

M(, k) x exp (—n[l - cos(/@_l/2§)]) . (S5)
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Further approximating 1 — cos(k~1/2¢) = k7162 + O(k~2) for small &, we have
M(€, k) o exp (—€2/2) oc N0, 1]. (S6)
Thus, the von Mises distribution can be approximated to be a normal distribution for large x and
small |z — pl, i.e,
M(x — p, k) = N(x — p, 57 0). (S7)

Relationship to the wrapped normal distribution

In general, a von Mises distribution can be approximated by a wrapped normal distribution with
the same mean p and the same mean resultant length A(x). The wrapped normal distribution
WN (z — u, p) is obtained by wrapping a normal distribution on a circle. For a random variable z,
the corresponding random variable x,, of the wrapped distribution is obtained by

Xy = z(mod 27), (S8)
and the wrapped distribution satisfies
ful@)= Y fla+ 2kn), (S9)
k=—o00

where f(z) is the probability density function of .
Hence the probability density function of the wrapped normal distribution is defined as

1 = — p + 2k7)?
WN (2= pop) = = 37 exp [—W , (S10)
k=—o0

where p = exp(—0?/2) is mean resultant length of the wrapped normal distribution.

By matching the mean and the mean resultant length of a von Mises distribution and a wrapped
normal distribution, we have following approximation,

M@z —p, k) ~ WN (z—pARK)+0(k?), k- occ. (S11)
It has been shown that this approximation works very well, even in the worst case when x ~ 1.4 (ch.
3 in [1I).

1.3 Product of two von Mises distributions

The Bayesian integration of two cues is expressed as (see Eq. d]in the main text which uses the fact
that marginal prior is flat)

p(s|z1, x2) o p(s|z1)p(s|z2). (S12)
Since p(s|zy,) = M[s — &y, £m], for m = 1,2, we need to calculate the product of two von Mises
distributions, which is given by

1
= — — . S13
plolen)p(sles) = Gz exp i cos(s — )+ macos(s )] (19
We have
K1cos(s — x1) + Ko cos(s — x3)
= Kk1(cosx1 cos s + sinxy sin s) + Kka(cosxz cos s + sin xg sin s),
= (K1 €08x1 + Ko COSTa) cos s + (K1 sinzy + Ko sinzy) sin s,
= kg cos(s — x3), (S14)
where
Ky = [(Hl cos 1 + Ky cos o) + (k1 sinx; + kg sin 1‘2)2] 1/2 ,
[n% + K2 + 2K Ky cos(z — xg)} 1/2 ; (S15)
x3 = atan2(kysinz; + Ko sinxe, K1 COSx1 + K2 COS T3), (S16)
arctan(y/x) x>0
arctan(y/z) +m x <Oandy >0
_ arctan(y/z) —m z <Oandy <0
atan2(y,z) = /2 2=0y>0 . (S17)
—m/2 =0,y <0
undefined r=0,y=0



After normalization, we get

1
p(s|lzr, 22) = 37To(na) exp [k3 cos(s — x3)]. (S13)
In the complex plane, Egs. (S15]and [ST6) can be expressed as
K3el ™3 = K1eI® 4 koel®2, (S19)

where ke’ denotes a vector in polar coordinates, with x and z representing the length and angle of
the vector, respectively.

1.4 Integral of the product of two von Mises distributions

We present how the posterior p(sy|x2) is calculated.

27
plazlss) = [ ploalsa)p(salsi)dsa
0
1

(27T)210(I€1

Similar to Eqgs. (ST4{ST6), we get
Iy ([K% + K2 + 2koks cos(s] — xg)} 1/2)

271']0(/12)[0(/13)

The above equation is not a von Mises distribution, but it can be approximated as one. The two von
Mises distributions in Eq. (S20) can be approximated by wrapped normal distributions, respectively
(see Eq.[S7), which are

p(w2]s2) = M(wo — 89, k2) =~ WN(s2 — x2, A(k2)), (S22)
p(sals1) = M(sa —s1,ks) = WN(s2 — s1, A(ks))- (S23)
With these approximations, Eq. (S20) becomes

27
Vo () / exp [ka cos(s2 — 2) + ks cos(s2 — $1)] dsa. (S20)
s) Jo

p(x2ls1) = (S21)

2w

p(ralsy) =~ WN (29 — 2, A(k2))WN (s2 — 51, A(ks))ds2,
0
= WN(SQ —.Z'Q,A(/{g))*WN(82+81,A(I€S)>‘S2 =0
== WN(IQ — 81, A(HQ)A(HQ)). (824)

where * denotes the convolution.
Using the approximation of Eq. (SII)), we finally get

p(xasy) =~ M (.232 - sl,A_l{A(mg)A(ns)}) . (S25)
Using Bayes’ theorem and the fact that p(s;) is flat, we obtain Eq. (5)) in the main text.

2 Multisensory integration with Gaussian distribution

In the main text, we present probabilistic multisensory integration with the von Mises distribution. To
see its difference with that using Gaussian distribution, we present the result for Gaussian distribution
below. In the Gaussian case, the likelihood function is given by

1 (T — sm)T
= exp |————— |, S26
oo p { 202 (526)
where the inverse of the variance of Gaussian distribution is related to the concentration of von Mises
distribution (Eq. , and 0;12 R Kk, for large k., (Eq. .

The stimulus prior in Gaussian distribution is written as (compared to Eq. [3),

(51— 82)2} 7

p(l'7n|sm) - N[l'rn — Sm, O—gn}

p(81782) = \/ﬂ(]‘ I exp |:_ 202 (827)



where Ly = 2 for heading direction.
Substituting Egs. (S26/and [S27) into Eq. (), the posterior p(s1|z1, 22) is calculated to be

psilar, v2) = Nsy — 81,61, (S28)

where the mean and variance of the posterior are
617 = o+ (03 +od) 7, ($29)
$1= 6f[oy a1+ (03 +07) M), (S30)

Note that the reliability of cue integration using von Mises distribution decreases with the cue disparity
(x1 — xz2) (see Eq. , but in the Gaussian case, the reliability of cue integration 6 2 is independent
of the cue disparity.

3 Theoretical analysis of the model performance

Limited by space, we only present the results of the model performance in the main text. Here, we
present more detailed analysis of the model behaviors.

3.1 The intrinsic dynamics of a single module

We first look at the intrinsic dynamics of a single module without receiving feedforward inputs
(In,n(8,t) = 0) and reciprocal inputs from the other module (J. = J, = 0). Under this condition,
the dynamics of a single module is written as,

0
T@Um,n(a, t)

_unz,n(07t)+ Z Wr(aael)r7rz,n(0/at)7 (S31)

0 =—m

[tm,n (0, t)]i

Ttw Y > [ (001

n’'=c,00'=—

T (0,1) (S32)

Because the recurrent connections W,.(6,6") are of the Gaussian form, it can be checked that
the population activities of the congruent and opposite neuronal networks in equilibrium can be
approximated by the following Gaussian ansatz [2]],

. 2
Umn = Upmonexp _w , (S33)
’ ’ 4a2
. 2
Tom =  Rpnexp {—W] , (m=1,2n=c¢, o). (S34)

They are localized in space, called bumps, with Z,, ,, (¢) being the bump position and Uy, ,,, Ry, the
bump heights. Without receiving reciprocal inputs from another module, the activities of congruent
and opposite neurons in the same module are completely symmetric. Thus welet U, . = Uy, o = Uy,
and R, . = Ry, = R, in analyzing the intrinsic dynamics of a single module.

Substituting the Gaussian ansatz into the network dynamics (Eq.[S31]and[S32)), we obtain,

pr
NG (835)
U2
R, = dC , S36
1+ 2v27wpal?2, (536)

where p = N /2 is the neuronal density with N the number of congruent or opposite neurons.
Combining Eqgs. (S35]and[S36), it gives to
dmpwal? — pJUp + V2 = 0. (S37)



The solution of the above equation is written as,

pdy £ \/(er)Q — 16v/27mpwa
Un = .
’ 8y/mpwa
Thus, U, has real solutions when .J,, > J = 4(27)"/*(wa/p)'/2. J is the minimal strength for the

network to hold an active state in the absence of external input. Since no persistent activity is reliably
observed in multisensory brain areas, we choose .J,. to be smaller than .J in our model.

(S38)

3.2 The dynamics of reciprocally connected modules

We then analyze the dynamics of reciprocally connected modules. In response to noisy feedforward
and reciprocal inputs, the bump positions of congruent and opposite neurons, 2, ,, fluctuate over
time, and their means and variances can be analyzed theoretically. As an example, we consider the
bump positions of congruent neurons in both modules (21 . and 23 ). The dynamics of opposite
neurons can be similarly analyzed.

The bump activity of congruent neurons in module 1, u; ., is influenced by the activities of another
two groups of neurons: the activity of opposite neurons in the same module, u1 ,, and the activity of
congruent neurons in the other module, u2 .. From Eq. @, we see that uq , only influence the
height, rather than the position, of u; . via divisive normalization. On the other hand, the reciprocal
inputs from uy . will affect the bump position of u; .. Therefore, in computing 2; ., we only need
to consider the influence from 2, ., and the effect of u; , is included in the bump height of U .
implicitly.

We can project the high-dimensional network dynamics onto its dominating modes to simplify
the network dynamics significantly. For the network with translation-invariant connections, its
dominating dynamical mode is the displacement mode [2]], which, in our case, is written as

_ 2 _ 3 2
$1(0]2m,c) = (9;'”) exp {—W] , (S39)

4a?
where Z,,, . denotes the bump position of congruent neurons in module m, and a the bump width.

When two cues are close enough (|z1 — 22| < a), we substitute the above Gaussian ansatz
into the network dynamics (Egs. [16), and then project them onto the displacement mode
(Eq. [S39). Projecting a function f(#) onto a motion mode ¢;(6|2) is to compute the quantity
Ir (0’;&1(0|é)d9 / [ ¢1(0]2)?db. After projection, we obtain the dynamics of the bump positions of
congruent neurons in two modules, which are

dél,c

7l g12(22,c — Z1,¢) + ha(z1 — Z1,c) + Bim (B), (540)
déQ,c 2 s P
7 921(21,c — Z2,¢) + ha(za — Z2,c) + Bana(t), (S41)

where (0 (£)Nms (t)) = Smmd(t — t'). And the effective reciprocal connection strengths g,,;, the
effective feedforward input strengths h,,,, and the effective noise strengths f3,,, are given by

chRLC am 4:aF

il = —=————, hm = LB = 1(2/3)3 %, + 1| . S42
Jmi \/iTUmp TUm,C Bm m(TUm,c)2 (/ ) bi| ( )

The parameters U,, . and R,, . are the means of the bump heights of uy, . and 7, . in equilibrium.

The mean and variance of Z,, . in equilibrium can be analytically solved as,

N (g21 + ho)hiz1 + gr2hazo
2. = , (S43)
(re) g12ha + gorhi + hiho
[(g21 4 ho)tr(M) + g12921]57 — 97255

o 2tr(M)(g12h2 + g21h1 + hihe)
where tr(M) = —(g12 + go1 + h1 + h2).

(S44)



3.3 The cue integration performance of the model

For the convenience of analysis, we consider that all parameters of two congruent neuron networks
are symmetric and set g10 = g21 = ¢, h1 = ho = h, f1 = P2 = [ in Egs. (S43|and [S44). Under this
simplification, the mean and variance of the bump position of congruent neurons in module 1 are
written as

(g7 +h Yoy +h ey

(10) = T : (S45)

X - 2 _ 1y
V(1) b = 7 [h+ (g7 +h 7. (S46)
Comparing the above results with the Bayesian predictions (Egs. [S294S30), and considering o1 =
09 = o, we get the below relationship,

h x o2 (S47)
g o« 0.2 (S48)

which states that the cue reliability o2 is encoded in the effective feedforward input strength A to a
module, and that the variance of prior o; 2 is encoded in the effective reciprocal connection strength
g between modules.

4 Simulation of the model performance

Here, we introduce the detail about simulation experiments we carried out to get the performance of
the model.

4.1 Model parameters

In the simulation, each type of network (congruent or opposite) in a module consisted of 180 neurons,
which were uniformly distributed in the range of (—180°, 180°]. The two modulesp were symmetric,
i.e., all of the structural parameters were the same, except that they received different cues and
independent noises. The synaptic time constant 7 was rescaled to 1 as a dimensionless number, and
the time step size was 0.017. All connections had the same width, i.e., a = 40°.

We list the typical values for adjustable parameters used in simulation if not mentioned otherwise.
The recurrent connection strength .J, = 0.4.J, where J = 4(21)'/*(wa/p)*/? = 1.26 is the minimal
strength for holding persistent activity without feedforward inputs. Thus, no persistent activity
occurred in each network after withdrawing the feedforward inputs. The strength of the reciprocal
connections .J,. = J, are in the range of [0.2,0.6].J, and are always smaller than the recurrent
connections. The input strength oy = an was scaled relative to U, = J./8aw\/m = 8.93 and
distributed in the region of [0.7,1.5]U2, where U2, is the synaptic bump height that a network
can hold without feedforward input when J,, = J. The interval of the input strength was in the
sub-additive region of neural response curve, because sub-additive response was widely observed
in experiments [3]]. The strength of the background input was I, = 1, and all Fano factors F' of the
cues and background inputs were set to 0.5. This resulted in a Fano factor of single neuron responses
in the order of 1. In the simulation, the activity bump position was estimated by using a population
vector (see below). Specific parameter settings are mentioned in the figure captions.

4.2 Model performances

For n-type neurons in module m, we used population vector to read out its estimate z,, , of the
stimulus value from the population activity 7., », that is,

Zm.n = Angle (Z Tm.n (9)€j9> , (S49)

0
where j is the imaginary unit, the operation Angle(-) outputs the angle (in radian) of a vector.

We measured the model performances under three cuing conditions: only cue 1, only cue 2, and both
of them. In each cuing condition, the corresponding feedforward input was applied, and we read out



the estimates of the congruent and opposite neuronal networks by population vector. This process
was repeated for many trials, and we fit the distribution of estimates by the von Mises distribution.
Denote 2, (i|z;) as the bump position in i-th trial when only cue x; (I = 1, 2) was presented. The
mean and concentration of z,, ., (i|x;) averaged over trials are calculated to be,

1 . )
(Zmnle) = Angle (NZW”“*"“'””)) (S50)

Al{ %Zeﬂ.zmw(ilx” }, (SSI)

where IV is number of trials, and A~!(-) is the inverse of the function A(-) given in Eq. (S4). The
results for combined cues, (2, |71, x2) and K(zm, |21, £2), can be similarly calculated.

“(Zm,n|xl)

4.3 Theoretical predictions
For congruent neurons

The theoretical prediction for optimal multisensory integration is given by Eqgs. (7}f8) in the main
text. From the relations between Egs. (ST3}S16) and Eq. (ST9), the posterior of the stimulus s; given
combined cues can be expressed in a more concise form as

R1e?%1 = g1e?™' + Kipel "2, (S52)

We measured the performances of congruent neurons given single cues, and calculated the theoretical
prediction based on the above equation, which gives

2
Fom,c€7me =Y~ k(2 ol )e? Frmoelon), (S53)
=1

where z,, . and k,, . denote, respectively, the predicted mean and concentration of the posterior of
Sm in multisensory integration.

For opposite neurons

The optimal multisensory segregation for stimulus s; (Eqs.[I2{I3) can be also written in a concise
form, which is,

Ak1e72%0 = g1eI® — g0l 2,
= K€" gpped (72T (S54)

In network implementation, the position of cue 2 (indirect cue) encoded by opposite neurons in
module 1 has been rotated by 7 due to the opposite reciprocal connections between opposite neurons
in two modules. As a result, the Bayesian predictions for the mean and concentration of opposite
neurons’ estimates under combined cue conditions are

2

Rm)oejim,o — Z H(zm7o|xl)ej<2m'°|“>. (S55)
=1

where Z,, , and R, , denote, respectively, the predicted mean and concentration of the disparity
information of s,,, in multisensory segregation.
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