A Preliminary

In this section, we present several important theorems and lemmas in our analysis.

The following concentration inequalities are well known.

Lemma 16. Let ; be zero-mean sub-Gaussian distribution with variance proxy 0. Denote Sy, = > aim
for a fixed sequence {a;}. Then
2
(1501 > 1) < 26xp(~ 5 s r—oy)

That is, with a probability at least 1 — 7,

|Sn| <o

> a2/2log(2/n) -
i=1
Corollary 17. Let z; ~ N(0, 1) be a standard Gaussian distribution. Then with a probability at least 1 — n,

> ai(af —1) <2, > a2y/2log(2/n) .
=1 =1

For random matrix, we have matrix concentration inequalities [Troppl [2015].

Theorem 18 (Matrix Bernstein’s Inequality [Tropp, 2015])). Suppose {S:}i—1 are set of independent random
matrices of dimension di X da,
I|S: — ES;|| < L.

Define
Z=3 8,0 = 1 max(E|(Z — EZ)(Z — EZ)" |2, E|(Z — EZ) " (Z — EZ)]|2) .
n
=1

The with a probability at least 1 — 6, for any 0 < € < 1,
1
E”Z — EZ||2 < 9¢ey/log((d1 + d2)/90)

provided
n > max(o”, L)/€ .

And for any n,

1 4L o2
E”Z — EZ|2 Sgg log((d1 +d2)/8) +3 2; log((d1 + d2)/9) .

Using matrix Bernstein’s inequality, we can bound the covariance estimator.

Corollary 19 (Matrix Bernstein’s Inequality for Covariance Estimator [Tropp, 2015]). Suppose x; € R%,i =
1,2, .-, n are independent random variables with zero mean.

Then with a probability at least 1 — 6,

1 — -
— i, — Al < log(2d/6
I~ ;w x ll2 < 9ev/log(2d/6) /n

provided
n > max(B|| A, B)/e* .

B Proof of Lemmas

B.1 Proof of Lemmal3

Proof. Denote the eigenvalue decomposition of M as

M =UAU" = Udiag(A1, A2, -, \)U '
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Since Gaussian distribution is rotation invariant, &; = U ' @; also follows standard Gaussian distribution.
k
J:Z‘TMILU; IwiTUAUT:Ei = |£ﬁlTAéz| = Z)\ji?,j .
j=1

It is easy to see that E(x; | Mx;) = >-; Aj = tr(M). Define

d

a; £x; " Ma; — (M) =Y (&7, — 1)
j=1

According to Corollary[T7] for a fixed ¢, with a probability at least 1 — 7,

lai| < 2||M||r+/21og(2/n) -

Then for any ¢, with a probability at least 1 — 7,

|ai| <2||M|[ry/21og(2n/n) .

Apply Corollary [T7]again, with a probability at least 1 — 2,

153" s = tr(M)| <2 M || v/2Tog(2n/n) v Zlog(2/n)/n

<2VE|| M ||21/21og(2n/n)/210g(2/n) /n .

Denote § = 2v/'k+/2log(2n/n)+/21log(2/n)/n. Then when n > Ck/48?,

1 n
I~ Zlai — tr(M)[ < [|M]]26 .
=

B.2 Proof of Lemmal6l

Proof. Define random variable
a; :miTw, Fa; =0
2 2
Eai <|lw|l2

Then according to Lemma[T6] with a probability at least 1 — 1,

2> ail < wllav/2Tog(@/m) /.

B.3 Proof of Lemma|§|

Proof. Define random vector
a; = wiwiTM:ci, Eai =0.
With a probability at least (1 — 71)(1 — n2),

l@ill2 =|lzie: " M|z < [la: " Mai||2|j@:]|2
<(Jte(M)] + 2| M || r/21log(2n/m)) v/2d og(2n/n2)
£e1v/2dlog(2n/112) -
lEa;" a2 =||x: " Mzix: " zix: " M|
<(a:i" Mz:)? |23
<2cidlog(2n/n2) .

By matrix Bernstein’s inequality, the concentration holds when

1
n 26—2 max{ci+/2dlog(2n/n2), 2¢; dlog(2n/12)}

1
= 00| MI3)
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Therefore, after taking the union bound, there exists some constant Co = O(log(2n/n)),

1 n
I 2 adde <
=

n > Cok’d||M||3log(2(d + 1)/n)/€> .
Denote § = || M||2/c. Then when n > Ck?d/6,

1 n
1> adlle < [|M]5
1=1

H v V(‘( lL)HQ || §n Tiki WL H2
n n i—1 s ¢ ’

E{mimiTwmiT} =0

T T T 2
lziz: wz; ' [l2 <[z w||2]|2:|2
<2[|wl[2+/21og(2/n)(d + 21/2d1og(2n /7))
<4|lwll2v/21og(2/n)d

provided d > 8log(2n/n). Now considering

{EmimiTwmiTmina}imiT}pq :E{(Z xp;cqwﬂxilwigxigx?g,)}
When p # q,
E{(Z xpxqwilxilwﬂxi?x?a*)} = E{(2 prmqua:pwqxqm?g)}
i3
= BE{(2)_ wparqwywyis)}
i3
= ZwaqE{(Z zﬁwgw?s)}
i3
= 2wpwqd
When p = ¢,

E{(Z xpxqwilxilwizxi2x§3)} :E{(Z xiwﬂxﬂwizxizx?s)}
:E{(Z ToWpTpWpTpTeg + Z Tiw;x wia T + Z ToWi3Ti3Wi3Ti3T53) }

z : 4. 2 2 2 : 2.2 2 2 z : 2.2 4
:E{( l'pwpng + fp’u)j "L'jfl}'ig + mpu)i3l'i3)}
i3#£p J#13#p i3#£p

=wp(d—1)+> wid—1)+ Y wi

J#p i3#p

d
=wi(d—1) + Zw?d =wi(d—1)+ Zw?d — wid
J#p Jj=1

d
= Z wfd - wi
j=1
Therefore,
Exix;, we;, zaw' zx; =ddiag{||w||3} — diag{w o w} 4+ 2dww

HEmimiTwmiTminmimiTHg < 4d||w\|§
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Using matrix Bernstein’s inequality,

H*Zwm W 44”“’“ 21og 2/m)d |

og(2d/n)

2
+ 3\/2% log(2d/n)

d
<Cllwll24/ =
n

Denote § = C'\/d/n, when n > Cd/§?, d > 8log(2n/n),

1 n
1o > wia wa Tz < flw]eb

B.5 Proof of Lemmal9l

According to Corollary when d > 8log(2n/n),
3] |* < 2d
Therefore, with a probability at least 1 — 7,

17— 2 XX | <9ev/log(2d/m) /n
for n > 2d/e*. Denote 6 = 9¢+/log(2d/n)/n, then when n > Cd /&2,

1
- =XXT|2<6.
n

B.6 Proof of Lemma[11]

To derive a41 ,

IULT M + O@e)|U |2 <|ULT MUY |2 + 26e,
§25€t

o {U T [M* + 0(28e)JUD} >U* T M U® — 25¢,
>ono{U UMY — 266,

=07, cos 0y — 20¢;

UL T [M* + O(26e)] U™ |2
=t 7] =
Qi1 an @41 o (U T [V + O(26e)JU0
25675
~ o} cosbty — 20e,

According to the assumption, cos 6¢ > %7 20e; < therefore

= Q\fo'ky
Q41 SQ\/gﬁt/O'k = 4\/55([% + 'Yt)/UZ .

To derive y¢y1,
Yerr =[M* = MUV,
=|[M* — (DT — D(ha) + M) )|
=|[M* — U HDUHDT(M + 025y + B:)) 2
= = UM+ U T 02800+ 8))
<[ = TP M + O(26(ve + Br))
<tanOps1 [|M" |2 + 20(ve + Br)
=ap41||[M7 (|2 +26(ve + Br) -

The recursive inequality of 53, is trivial.
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C Proof of Theoremd

Proof. Denote o1 = || M||2. Define random matrix

B; :miwiTMmimiT .
It is easy to check that

EB; =2M + tr(M)I .

|B: — EBi|l2 =||@iw: " Maix; " —2M — tr(M)I|2
iz Maix: " ||2 + ||2M — tr(M)I ||
<[ @iz " Maia; " ||2 + 2[|M||2 + [tr(M)] .
According to Lemma with a probability at least 1 — 1, forany i € {1,--- ,n},
|@; " Mai| <|tr(M)| + 2| M| r+/21og(2n/n2) £ c1 .
Therefore we have, with a probability at least (1 — 71)(1 — 12),
|Bi = EBill2 <||ail|3 |@: " M| + 2(|M ||z + [tx(M)|
<2dlog(2n/m)[tr(M)| + 2||M || r+/21og(2n/n2) + 2||M |2 + |tr(M)|
SCdk}U’l .

Next we need to bound
|E(Bi — EB:)(Bi — EBy) " ||z = | E(BY) — (EBi)*|l2 < [|E(B})|l2 + | EBi)3
< BBz + 2lte(M)|* + 2| M|13
To bound || E(B?)||2, denote the eigenvalue decomposition of M as
M =UAU" = Udiag(A1, A2, -, \e)U '

Let U, be the complementary basis matrix of U. Define random variables u; 22U Tmi, v, 2U J_T:EZ‘. Since
x; are standard random Gaussian, v and v should also be jointly random Gaussian thus independent.

|E(B})|2 =||E(zix: Maix; @iz Maiz; )2

| |l Al oA | 2] Tl

<[ B(uiu] Awi(||wi]l3 + [lvsl|3)ws " Augu; 2
+ 2] Buwiuy Aui(l|wil3 + [[oil3)w " Augw; |2
+ 1B (viw] Awi([lwsl|3 + [lvs]|2)w: " Awivi ||

< E(wiw) Awi|lus]| 3w Awiws " )l|2 + [|B(win Awl|vs]|3u; " A 7)]l2
+ 2| Busuwy Auwgl|wi|3u: " Awivi D)l + 2] E(wiu] Aw|lvs]|3us " Awiv; D)2
+ | B A flwl3us " Awiv: D)2 + | E(vin] Awsl|vs|3u; " Ausw; 7)o -

Let us bound the above 6 terms respectively. Recall that with a probability at least 1 — 72,

lu] Awi| =|z; " Mz < c; .

With a probability at least 1 — 73, for any ¢ € {1,---,n}, |usllz2 < 2+v/klog(dn/n3),||lvill2 <

24/dlog(4n/ns). Then:

HE(ululTAquuz||§uZTAuzu1T)H2
=14 (o] M) il 13) i
() Awi)? [l |2

<32¢7k% log®(2n/n3) .
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| E(win] Awgllvil3u; " A )|
= E(|lvi3) B(uiu] Awiw; " Awiu; )|
§4dlog(4n/n3)HE(uiuiTAuiuiTAuiuiT)Hg
<4dlog(4n/ns)|lwi|3(u Au,)?
<4dlog(4n/n3)ci (4klog(4n/n3)) .

2| B(wiw Awil|ws]5u: " Auivi )|

:2||E(uiu;»rA'u,iHunguiTAui)E(viT)Hz =0

2| E(uwiu; Awil|vi|3u; " Augvi )2
=2[| B(wi(u;i Aus)?)E(|Jvil5v: )]l
=2|| B(wi(u; Auw)?)E(v; "viv; )||]2 =0

1B (viw] Awifluil3u; " Auiv; D)2
=[ B(u Awl|wi|3u; " Aus) E(viv; )2
=[] M| [Fus " Aus)|2
<(wi Aw)? (|3

<4ciklog(4n/ns) .

IE(vin] Awillvi]3u: " Auivi "2
=1 E{(u{ Aui)*}E(willvi|30i 7)]2
=1 E{(w) Aui)*}(d +2)1]|2
<(d+2)(u] Au,)?
< (d+2)
Add all above together, we have
| B(B?)ll2 <3263K* log?(2n /ns) + Ad log (4n /ns)3 (4k log (4n/13))
+4ciklog(4n/ns) + ci(d + 2)
<Ck’do .

Apply matrix Bernsterin’s inequality, the proof is completed. O

D Proof of Lemma 13

We assume that n > Ck3d/5° .
To prove Eq. ()

1 / * 1 * *
||%.A.A(M —M)—Qtr(Mk—M)I—(Mk—M)Hg
1 ’ * 1 * * 1 / *
<l AVAME = M) = S6(M = M)T = (M;: = M)|2 + || 5 - A"AM)|2

<5 A AT 2 + 81 — Ml
The last inequality is because of Theorem[d] To bound the first term in the last inequality, define random matrix
B; = zix; M zix;
As proved in TheoremEL EB; =2M7 + tr(M7)I.
I(Bs — EB:)l|z =llas M, — 2M1 + tr(M1)1]|2
wsw; " Miziws " |2 + 2| M2 + [[er(MI)I]2

=||lwiz; " M zix; |2 + 20041 + [tr(M?1)]
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While
sz " M@ (|2 <|| M7 ||2]|2i 2
<ojs1(d+ 2+/2dlog(2n/n))?
<Cd’oj

Applying matrix Bernstein’s inequality, with a probability at least 1 — 7, we have

n

1 *
|- S (Bi = EBy)ll2 <Coiad?/ V.

i=1

Therefore

1 * 1 * * * *
||%A/A(M - M) - §t1“(Mk — M)I — (M — M)||2 <8| M — M||2 + Coiad' /v/n .

The other inequalities can be similarly proved.

E Proof of Lemma 14

First we bound as+1. According to assumption, when
oy — o%, N
2(0e +1) < ki*kﬂak/\/g
20}

we have

Opp15in6; + 2(des + 1)
41 S—
ojcosby — 2(det + 1)
207 Opy18in8; + 2(der + 1)
T Ot Ok o7}, cos 0y
< 20511 2 2(dey + 1)

<— — tanf; + — " ]
Ok + 0k O +0kyy cOsSOy

207 45
<75l tang, + %(5@ +7)
O+ 04t Oyt 0%t

4 4
<pou+ 5 g 4 A5
p * * * *
Ot 0k Ot 0kt

To bound fBt41. Clearly i1 < der + 7.
To bound ;4 1, following the noise-free case,
Yer1 <auy1||MT||2 + 28e + 2r .

F Proof of Lemma

Abbreviate
e W5
O+ 0k
Then
aty1 <pai + cder + cr .
According to Lemma|[T4]

Bet1 + yit1 <er + 7 + a1 || M2 + 28e + 27
=07 at1 + 30€s + 3r
<oi(pas + cdes + cr) + 3de; + 3r
=poiai + (o1c+ 3)der + (o7c+ 3)r
Therefore, abbreviate b £ (o5c + 3),

ag+1 < pag + e +cr
€1 < poias + bder + br
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define
ft = + 265€t

ft41 =at+1 + 2¢deryq
<pay + cder + cr + 2¢6(potar + bder + br)
=pay + cber + cr + 2¢dpoi o + 2c6bder + 2¢5br
=(p + 2cdpoi)ar + (c + 2c6b)der + (1 + 28b)er

When
<l=r
~ 4poic
" 1
=p+ 2cépo; < 1tp
And when
p
< =
TOS9
=26b<p
=2c6b < pc
=c+2cdb < (14 p)c
=c+ 2c6b < #20
Then abbreviate R £ (c + 2¢5b)de; 4 (1 + 26b)cr we have
1 1
fir1 < ;rpft+(1+25b)cr < ;pftJr(ler)cr
Abbreviate ¢ = (1 + p)/2,
1+ p)er 1+ p)er
fi 3(17’” +q'(fo — 2T
—q 1-g¢
To ensure a; 11 < 2, we require
fo<2
<~ + 2cdeg < 2
According to Lemmal[T2]
2 4
(671 SﬁQ(éEO + T’) = ﬁ((SGO =+ ’f‘)
Ok~ Okt1 Ok — Tk+1
ag + 26560 S 2
4
————(deo + 1) + 2cdep < 2
Ok =~ Oky1
<=(4+2c(of — 0ry1))deo +4r < 2(0k — Oks1)
=2+ c(ok — 0ht1))d€0 + 7 < (0% — Tjoy1)
In summary,
14+ p)er 1+ p)er
ar+%&t§JUb—( p) )+( p)
I-q 1-¢q
provided
.y l=p p
0 <
< min{ dpoic’ 2b}
and

(24 c(og —opy1))de0 +7 < (0F — Opi1)

4/5(8 max €; + r) < op — Okg1
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To ensure the last inequality,

5m§1x e <fo < o+ 2chep < — (deo + 1) + 2¢deo

*

Op = Okt
4 4
=(———F— +20)0e0 + ———
O =~ Ok41 O =~ Okt

Therefore we need the condition

4 4 * *
4\/5<ﬁ+2c) 660+4\/5(ﬁ+1)r§0—k70k+1

9% = Okt1 9% = Tk41
<45 (4 + 2¢(of; — 0741)) 0o + 4VE (4 + (0% — ohy1)) 7 < (01 — 07pn)?
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