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1 Stochastic Combinatorial Bandits: Regret Lower Bounds

1.1 Proof of Theorem 1

To derive regret lower bounds, we apply the techniques used by Graves and Lai [1] to investigate
efficient adaptive decision rules in controlled Markov chains. First we give an overview of their
general framework.

Consider a controlled Markov chain (X,,),,>o on a finite state space S with a control set U. The
transition probabilities given control u € U are parameterized by # taking values in a compact
metric space ©: the probability to move from state «x to state y given the control » and the parameter
0 is p(z,y; u,0). The parameter 6 is not known. The decision maker is provided with a finite set
of stationary control laws G = {g1, ..., gx }, where each control law g, is a mapping from S to
U: when control law g; is applied in state x, the applied control is u = g; (). It is assumed that if
the decision maker always selects the same control law g, the Markov chain is then irreducible with
stationary distribution 7j. Now the reward obtained when applying control v in state x is denoted by
7(x,u), so that the expected reward achieved under control law g is: pg(g) = >, r(z, g(z))7j (x).
There is an optimal control law given 6§ whose expected reward is denoted by p = maxgeq to(g).
Now the objective of the decision maker is to sequentially select control laws so as to maximize
the expected reward up to a given time horizon 7. As for MAB problems, the performance of a
decision scheme can be quantified through the notion of regret which compares the expected reward
to that obtained by always applying the optimal control law.

Proof. The parameter 6 takes values in [0, 1]¢. The Markov chain has values in S = {0, 1}%. The set
of controls corresponds to the set of feasible actions M, and the set of control laws is also M. These
laws are constant, in the sense that the control applied by control law M € M does not depend on
the state of the Markov chain, and corresponds to selecting action M. The transition probabilities
are given as follows: forall z,y € S,

i€[d]
where for all i € [d], if M; = 0, p;(0; M,0) = 1, and if M; = 1, p;(y;; M,0) = 6" (1 — 6;)*~¥:.
Finally, the reward r(y, M) is defined by r(y, M) = M "y. Note that the state space of the Markov

chain is here finite, and so, we do not need to impose any cost associated with switching control
laws (see the discussion on page 718 in [1]]).

We can now apply Theorem 1 in [1]. Note that the KL. number under action M is

KIM(0,0) = > MkI(0;, \).
1€[d]



From [1} Theorem 1], we conclude that for any uniformly good rule T,

. R(T)
-~ 7 >
laﬂm inf og(T) = c(0),

where ¢(0) is the optimal value of the following optimization problem:

. Y > war(pt — pu(0)), (1)
M#M*

s.t. Aeuéf(e) > wgkl®(0,)) > 1. )
Q#AM*

The result is obtained by observing that B(0) = U,,5- B (6), where
By (0) ={N€ 0O : M*(0)(0; —\;) =0,Yi, u*(0) < upr(N)}-

1.2 Proof of Theorem 2

The proof proceeds in three steps. In the subsequent analysis, given the optimization problem P, we
use val(P) to denote its optimal value.

Step 1. In this step, first we introduce an equivalent formulation for problem () above by simpli-
fying its constraints. We show that constraint (2) is equivalent to:

inf > K0, M) Y Qizg =1, VM # M.

AEBM ()
() i€EM\M* QeM

Observe that:
ST a0, = > wg Y QKB N) =D K0, N) Y Qize.
Q#M™ QAM*  ic[d] i€ld) Q#M*

Fix M # M*. In view of the definition of By (), we can find A € Bj/(6) such that \; = 0;,Vi €
([d] \ M) U M*. Thus, for the r.h.s. of the M-th constraint in ), we get:

inf > 2okl?(0,\) = inf Zkl 0i,0) Y Qizg

eBu (9) \ 0, AEBM(0) Py
- Aegg(t‘)) J;M* KA ;Qix@,
and therefore problem (T)) can be equivalently written as:
)= ziofljaeM M;W e (p” = par(9)), 3)
s.t. AEBM(O) A;M* K1(0;, \i Z Qiro > 1, VM # M*. (4)

Next, we formulate an LP whose value gives a lower bound for ¢(6). Define A(M) = (A\;(M),i €

[d]) with
X(M): { WlM*‘ZjGM*\JWQj ifie M\ M*,

0; otherwise.

Clearly A\(M) € By(0), and therefore:

LD DR Y ZszQ< D KO, (M ZWQ,

ieM\M* i€ M\ M+



Then, we can write:

>1nf Ay
b S e
M#M*

st Y K6, (M ZszQ >1, VM # M*.

i€ M\M*

For any M # M* introduce: gps = max;e s ar+ k1(0;, Ai(M)). Now we form P1 as follows:

inf E AMZ'I\/[
x>0
- M#M~*

sty ZQZQ>—, VM # M*.

iEM\M* Q

Observe that ¢(f) > val(P1) since the feasible set of problem () is contained in that of P1.

(&)

(6)

)

®)

Step 2. In this step, we formulate an LP to give a lower bound for val(P1). To this end, for any
suboptimal basic action i € [d], we define z; = ), M;x ;. Further, we let z = [2;,i € [d]]. Next,

we represent the objective of P1 in terms of z, and give a lower bound for it as follows:

Z Apzy = Z TM Z |MA\AX4*|

M#M* M#£M* iEM\M*

Ay
:ZxM Z \M* M;

M#M* i€ d]\M*

. Ay /
> —_— . ’
- nglélj\%* |M\M*| Z Z MixM

i€[d]\M* M'#M*
. Ay
= MM M\ MY >, &
i€[d]\M*
=B0O) D
i€[d]\M*
Then, defining
P2: inf 5(0) >z
- i€[d]\M*

1
st Yz > —, VM # M,

ie MM gm
yields: val(P1) > val(P2).
Step 3. Introduce set H satisfying property P(6) as stated in Section 4. Now define
1
Z:{ZGR‘j_: Z Zi > —, VMGH},
i€ M\ M* gM
and

P3: inf B() >z

z€EZ
i€[d)\M*



Observe that val(P2) > val(P3) since the feasible set of P2 is contained in Z. The definition of H
implies that 3, 1\ ar+ i = X pren ZZEM\M* z;. It then follows that

val(P3) Z 6

MeH
B(8)
MeH maxieM\M* kl(Gl, )\l(M))

)

Mew max;e pr\ p+ Kl (9717 W 2 jeM\M ej)

>

The proof is completed by observing that: ¢(6) > val(P1) > val(P2) > val(P3). O

1.3 Proof of Corollary 1
Fix M # M*. Forany i € M \ M*, we have:
1

kl(&hm_ > 4)< ‘M\M* S K(6,,6;) (By convexity of Kl(.,.))
JEM\M FEM*\M

SOAE] 2 0,00,

1 (1-6))
SPOAE] 2 B1-6)

jeM\M

<pr, 2, (5 )

jEM\M
1

<———— -1
mlnjeM*\M 9]
1

S - 17
a

where the second inequality follows from the inequality kl(p, q) < &= 2 for all (p,q) € [0,1]2.

q(1—q)

Moreover, we have that

AM Anpi A

9 _ . > min — min
PO = i 7] Z maa M|~ K
Applying Theorem 2, we get:
0 Amin
c(6) > o0 s il
Men maxX;e v+ Kkl (91‘9 AVl D jeM\M 9j> a

which gives the required lower bound and completes the proof. (]

1.4 Examples of Scaling of the Lower Bound
1.4.1 Matchings

In the first example, we assume that M is the set of perfect matchings in the complete bipartite
graph K, 1, with | M| = m! and d = m?. A maximal subset H of M satisfying property P(6) can
be constructed by adding all matchings that differ from the optimal matching by only two edges, see
Figurefor illustration in the case of m = 4. Here |H| = (")) and thus, || scales as m? = d.
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Figure 1: Matchings in K4 4: (a) The optimal matching M™*, (b)-(g) Elements of 7{.
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Figure 2: Spanning trees in s: (a) The optimal spanning tree M*, (b)-(g) Elements of 7.

1.4.2 Spanning trees

Consider the problem of finding the minimum spanning tree in a complete graph . This corre-
sponds to letting M be the set of all spanning trees in Ky, where | M| = NV =2 (Cayley’s formula).
In this case, we have d = (g) = w, which is the number of edges of Ky, and m = N — 1.
A maximal subset H of M satisfying property P(#) can be constructed by composing all span-
ning trees that differ from the optimal tree by one edge only, see Figure 2} In this case, H has

(N—-1)(N-2)
2

d—m = elements.

1.4.3 Routing in a grid

Now we give an example, in which |#| is not scaling as 2(d). Consider routing in an N-by-N
directed grid, whose topology is shown in Figure [3[a) where the source (resp. destination) node is
shown in red (resp. blue). Here M is the set of all (2N 2) paths with m = 2(N — 1) edges. We
further have d = 2N (N — 1). In this example, elements of any maximal set # satisfying P(#) do
not cover all basic actions. For instance, for the grid shown in Figure [3[(a), the two edges incident to
the right lower corner do not appear in any arm in H. It can be easily verified that in this case, |H|
scales as N rather than N2 = d.

1.5 Lower Bound Example

Here we provide an example, motivated by [2], to investigate the tightness of the regret bounds of
our algorithms. Consider the topology shown in Flgure where there are = paths each consisting
of m links. Let parameter # be defined such that

0 — 0.5 if 7 belongs to the first path
- 10.5—06 otherwise.

The first path is the optimal path and for any M # 1 we have: Ay, = A = md. Since various paths
are independent, this problem reduces to a classical MAB problem with % arms. It is observed that
the total reward of each path is the sum of m independent Bernoulli random variables with the same
parameter. Hence, it is distributed according to a binomial distribution. It then follows that
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Figure 3: Routing in a grid: (a) Grid topology with source (red) and destination (blue) nodes, (b)
Optimal path M™*, (c)-(e) Elements of H.

Figure 4: Lower bound example

... R(T) An
lim inf >
oo log(T) = M;W KL(Bin(m, 0.5 — 0), Bin(m, 0.5))
(4, A
S \m mkl(0.5 — 4,0.5)
(d—m)A
> 7/
4m?24§2
_d—m
4A

where the first equality follows from the fact that the KL divergence between two Binomial distri-
butions with respective parameters (m,u) and (m,v) is mkl(u, v), and where the last step is due to

inequality kl(z,y) < (;(cl_f’;z) forall z,y € (0,1).




2 Stochastic Combinatorial Bandits: Regret Analysis of ESCB

We use the convention that for v, u € R%, vu = (viu;)ieq)-

2.1 A concentration inequality

We first recall Lemmal[I] a concentration inequality derived in [3, Theorem 2].

Lemma 1 There exists a number C,,, > 0 depending only on m such that, for all M and all n > 2:
P((Mt(n)) TKL(O(n), 0) > f(n)] < Crun™ " (log(n)) .

2.2 Proof of Theorem 3

First statement:

Consider ¢ € O, and apply the Cauchy-Schwartz inequality:

d d
MT(q= () = > Vil — bi(m)—== < \[ > Miti(m)as = Gn))2y| Y-

i=1 ti(n)

By Pinsker’s inequality, for all (p, q) € [0, 1]> we have 2(p — q)? < kl(p, q) so that:

MT(q—é(nDS\/ 5
Hence, (Mt(n))TkI(A(n), q) < f(n) implies:

MTq=M"0(n)+M"(q—0(n)) <M 0(n)+

so that, by definition of bys(n), we have by (n) < cpr(n).

Second statement:

If (Mt(n))TkI(6(n),0) < f(n) then, by definition of by (n) we have bys(n) > M 6. Therefore,
using Lemmaﬂ], there exists (', such that for all n > 2 we have:

Plbar(n) < M) < P[(Mt(n))"kI(6(n),0) > f(n)] < Cran™*(log(n)) "2,

which concludes the proof.

2.3 Proof of Theorem 4
We recall the following facts about the KL divergence kl, for all p € [0, 1]:

(i) ¢ — Xkl(p, q) is strictly convex on [0, 1] and attains its minimum at p, with kl(p, p) = 0.
(ii) Its derivative with respect to the second parameter ¢ +— kl'(p,q) = ﬁ is strictly
increasing on (p, 1).
(iii) For p < 1, we have kl(p, q) q:i— coand kl'(p,q) — oo.

q—1-

Consider M and n fixed throughout the proof. Define I = {i € M : 6;(n) # 1}. Consider ¢* € ©
the optimal solution of optimization problem:

max M "¢
qeEO

s.t. (Mt(n))TKI(0(n), q) < f(n).



so that bys(n) = M T g*. Consider i ¢ M, then M " q does not depend on ¢; and from (i) we get
¢; = 0;(n). Now consider ¢ € M. From (i) we get that 1 > ¢ > 6;(n). Hence g7 = 1if 0;(n) = 1.
If T is empty, then ¢f = 1 forall ¢ € M, so that bys(n) = || M|]1.

Consider the case where I # ). From (iii) and the fact that ¢(n) Tk1(6(n), ¢*) < oo we get 6;(n) <
g7 < 1. From the Karush-Kuhn-Tucker (KKT) conditions, there exists A* > 0 such that for all
1€ It
1= )\*ti (n)k]’(@z (TL), q:)

For A > 0 define 6;(n) < g,;(\) < 1 a solution to the equation:

L= Ati(n)Kl'(0;(n), g, (V)
From (i) we have that X — g,()\) is uniquely defined, is strictly decreasing and 6;(n) < g;(\) < 1.
From (iii) we get that g,(R™) = [#;(n), 1]. Define the function:

FO) = ti(mK(0(n),g;(A)-
iel

From the reasoning below, F' is well defined, strictly increasing and F(R+) = R*. Therefore, \* is

the unique solution to F'(A\*) = f(n), and ¢F = g;(\*). Furthermore, replacing k1’ by its expression
we obtain the quadratic equation:

TN +7,(N)(Mi(n) — 1) = Mi(n)f;(n) = 0.
Solving for g;(\), we obtain that g;(\) = g(X, 6;(n), t;(n)), which concludes the proof. O
2.4 Proof of Theorem 5

To prove Theorem 5, we borrow some ideas from proof of [2, Theorem 3].

Foranyn € N, s € R¢, and M € M define s, = @ Zd M; " and introduce the

i=1 s;°

following events:
Grn = {(M*t(n))"KI(6(n),0) > f(n)},
Hi7n = {Ml(n) =1, |é2(n) - 01| > milAmin/Q}a H, = U;‘ilei,ny
Fo = {Anmm) < 2hrtm), M)}

Then the regret can be bounded as:
T T T

R™(T) =E[>_ Ay S ED Ani(ny(1{Gn} + L{H,})] + E[>_ Apny1{Gr, Hn}l

n=1 n=1 n=1
T

T
<mE[Y (G} + H{H D] +E[D> | Apyny 1{Gn, Hp}l,

n=1

since Apy(n) < m.

Next we show that for any n such that M(n) # M?*, it holds that G,,UH, C F,. Re-
call that cps(n) > bar(n) for any M and n (Theorem 3). Moreover, if G,, holds, we have
(M*t(n))Tkl(A(n),0) < f(n), which by definition of by, implies: by« (n) > M*'60. Hence
we have:

Gy, Hy, M(n) # M*} = 1{Gp, Hn, Epr(n)(n) > Ear+(n)}
< U{H,, cprmy(n) > M* 70}
= 1{Hy, M(n) " 0(n) + Aoty ma(ny) > M* 6}
< UM (1) "0+ Anr(n) /2 + Bty iy = M6}
= {2k t(n),M(n) = Drr(n) }
S {2 4y, (n) = Ani(n)
= H{Fn}7



where the second inequality follows from the fact that event G,, implies: M (n)T6(n) < M(n)T 0+
Amin/2 < M) 70 4+ Apriny/2-
Hence, the regret is upper bounded by:

T T

R™(T) <mE[Y  1{Gn}] + mE[>  {Hp}| + E[>_ Aprin)1{Fn}].

n=1 n=1 n=1

We will prove the following inequalities () E[ZT 1{G,}] < m_lC,’n, with C/, > 0 inde-
pendent of 6, d, and T, (i) E[>."_, 1{H,}] < 4dm2Am?n, and (i) E[Y1_ Ay L{F}] <
16dv/mA L, f(T).

Hence as announced:

R™(T) < 16dy/mA L f(T) +4dm3A 2 +C) .

min

Inequality (i): An application of LemmaE] gives

T

T
E[) . R{Gn}i=ZP[(M*t( ))TKL(O(n), 0) > f(n)]

n=1

<1+ Z Cpnlog(n)) 2 =m™C!, < cc.
n>2

Inequality (ii): Fix ¢ and n. Define s = ZZ/:i 1{H,, ;}. Observe that H,, ; implies M;(n’) = 1,
hence t;(n) > s. Therefore, applying [4, Lemma B.1], we have that Z:Zl P[H,, ;] < 4m?A2 .
Using the union bound: 31 _, P[H,,] < 4dm?A2

min"*

Inequality (iii): Let ¢ > 0. For any n introduce the following events:

Sp={ie Mn):t;(n) < 4mf(T)AX42(n)},

Ap = {|Sn| > €}7

B, = {IS:] < £, [3i € M(n) : t:(n) < 46£(T)AZ,]}-
We claim that for any n such that M (n) # M*, we have F,, C (A, U By,). To prove this, we
show that when F,, holds and M (n) # M?*, the event A, U B,, cannot happen. Let n be a time

instant such that M (n) # M* and F,, holds, and assume that A,, U B,, = {|S,,| < ¢, [Vi € M(n) :
ti(n) > 40f(T )Agf(n)]} happens. Then F,, implies:

f(1) Z M;(n) i Z M;(n)

A < 2h =2
M(n) < 201 4(n) M () ti(n)

i€[d]\Sn tin) &

2
<2 M(”) j+ IS 2 < Apim)s )
V* \/ S5y < S

where the last inequality uses the observation that A,, U B,, implies |S,| < ¢. Clearly, @) is a
contradiction. Thus F,, C (A,, U B;,) and consequently:

T T T
S Ay H{F} <> Ay H{An} + > Apry1{Ba}- (10)
n=1 n=1 n=1

To further bound the r.h.s. of the above, we introduce the following events for any 7:

Ai,n = An N {7' € M(”)v tl(n) < 4mf(T) M(n)}
Bz’,n =B,N {7’ € M(n)a tl(n) < 4€f(T) JVI(n)}‘



It is noted that:

S M{Ain} =1{4,} Y 1{i € S} =[Sn[1{An} > (1{A,},

1€[d] i€[d]
and hence: 1{4,} < %Zie[d] 1{A;n}. Moreover 1{B,} < > ..y 1{Bin}. Let each basic
action i belong to K; suboptimal arms, ordered based on their gaps as: A%l > ... > AHKi >
Also define A"? = co. Plugging the above inequalities into we have

T d AM(n)

ZAM(n)l{Fn} ZZ

T d
I]_{Al,n} + Z Z AN[(n)l{Bi,’ﬂ}

n=1 i=1 n=1:=1
T d AM( | T d
n=11i=1 n=111=1

E
M=~
M

T d
o M) =R} 3237 5 AU B, M) =)

ke[K;]

3
I
-
.
Il
-

ke[K;]

~.

i,k .
> Aﬂ € M(n), ti(n) < 4mF(T)A™) 2, M(n) = k)

ke[K;)

M-
M=

s
Il

-
3
Il

-

AP1{i € M(n), ti(n) < 40f(T)(A™) 2, M(n) = k}
ke[K;)

).

where the last inequahty follows from Lemma [2] which is proven next. The proof is completed by
setting £ = y/m. O

+
M-
i[M=

E
\
v»—l

n=

Lemma 2 Let C' > 0 be a constant independent of n. Then for any i such that K; > 1:
D& , 20
>N 1{i€ M(n), ti(n) < C(A)72, M(n) = k}A™ < —.

n=1k=1 min

Proof We have:

Z Z 1{i € M(n), t;(n) < C(A*¥)72 M(n) = k}A"F

n=1k=1
T Ki k
=Y Y > 1{i€ M(n), t;(n) € (C(A™1)72,C(AM)7?], M(n) = k}A™*
n=1k=1 j=1
T K, k
<D Y D 1{ie M(n), ti(n) € (C(AY 172, C(A™) 2], M(n) = k}A™
n=1k=1j=1
T K, K;
< Z 1{i € M(n), t;(n) € (C(AY 172 C(A™)72], M(n) = k}AH
n=1k=1 j=1
T K,
<Y > i€ M(n), ti(n) € (C(A™ )72, C(AY) 2], M(n) # M*}A™
n=1 j:l
< ‘,j)—2 _ (Ai,j—l)—2)Ai,j
c A 20 2C
SF—F/AMI_CLU 2d$§mgg7
which completes the proof. U
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2.5 EPoOCH-ESCB: An algorithm with lower computational complexity

ESCB with time horizon 7T has a complexity of O(|M|T) as neither bys nor cps can be written as
M Ty for some vector y € RY. Since M typically has exponentially many elements, we deduce that
ESCB is not computationally efficient. Assuming that the offline (static) combinatorial problem
is solvable in O(V (M)) time, the complexity of CUCB algorithm in [3]] and [2] after T rounds is
O(V(M)T). Thus, if the offline problem is efficiently implementable, i.e., V(M) = O(poly(d)),
CUCSB is efficient, whereas ESCB is not. We next propose an extension to ESCB, called EPOCH-
ESCB, that attains almost the same regret as ESCB while enjoying much better computational
complexity.

EPOCH-ESCB algorithm in epochs of varying lengths. Epoch k comprises rounds { Ny, ..., Npy1—
1}, where Nyt (and thus the length of the k-th epoch) is determined at time n = Nj. The algo-
rithm simply consists in playing the arm with the maximal index at the beginning of every epoch,
and playing the current leader (i.e., the arm with the highest empirical average reward) in the rest of
rounds. If the leader is the arm with the maximal index, the length of epoch k will be set twice as
long as the previous epoch k — 1, i.e., Np11 = Ni + 2(Ny — Ni_1). Otherwise, it will be set to 1.
In contrast to ESCB, EPOCH-ESCB computes the maximal index infrequently, and more precisely
(almost) at an exponentially decreasing rate. Thus, one might expect that after 7' rounds, the max-
imal index will be computed O(log(T')) times. The pseudo-code of EPOCH-ESCB is presented in
Algorithm T

Algorithm 1 EPOCH-ESCB
Initialization: Set £ = 1 and No = N1 = 1.
forn > 1do R
Compute L(n) € arg maxarepm M ' 0(n).
if n = Ni then
Select arm M (n) € arg maxare m v (n).
if M (n) = L(n) then
Set Nk+1 = N + Q(Nk - Nk_1).
else
Set Nk+1 = N + 1.
end if
Increment k.
else
Select arm M (n) = L(n).
end if )
Observe the rewards, and update ¢;(n) and 6;(n), Vi € M(n).
end for

We assess the performance of EPOCH-ESCB through numerical experiments in the next subsection,
and leave the analysis of its regret as a future work. These experiments corroborate our conjecture
that he complexity of EPOCH-ESCB after T' rounds will be O(V(M)T + log(T")|M|). Compared
to CUCB, the complexity is penalized by | M| log(7"), which may become dominated by the term
V(M)T as T grows large.

2.6 Numerical Experiments

In this section, we compare the performance of ESCB against existing algorithms through numer-
ical experiments for some classes of M. When implementing ESCB we replace f(n) by log(n),
ignoring the term proportional to log(log(n)), as is done when implementing KL-UCB in practice.

2.6.1 Experiment 1: Matching

In our first experiment, we consider the matching problem with N; = N = 5, which corresponds
tod = 52 = 25 and m = 5. We also set 0 such that §; = a if i € M*, and 0; = b otherwise, with

0 < b < a < 1. In this case the lower bound becomes ¢(f) = %

Figure [5(a)-(b) depicts the regret of various algorithms for the case of a = 0.7 and b = 0.5. The
curves in Figure [5(a) are shown with a 95% confidence interval. We observe that ESCB-1 has

11
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Figure 5: Regret of various algorithms for matchings with @ = 0.7 and b = 0.5.
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Figure 6: Regret of various algorithms for matchings with @ = 0.95 and b = 0.3.

the lowest regret. Moreover, ESCB-2 significantly outperforms CUCB and LLR, and is close to
ESCB-1. Moreover, we observe that the regret of EPOCH-ESCBattains is quite close to that of
ESCB-2.

Figures [6(a)-(b) presents the regret of various algorithms for the case of a = 0.95 and b = 0.3.
The difference compared to the former case is that ESCB-1 significantly outperforms ESCB-2.
The reason is that in the former case, mean rewards of the most of the basic actions were close to
1/2, for which the performance of UCB-type algorithms are closer to their KL-divergence based
counterparts. On the other hand, when mean rewards are not close to 1/2, there exists a significant
performance gap between ESCB-1 and ESCB-2. Comparing the results with the ‘lower bound’
curve, we highlight that ESCB-1 gives close-to-optimal performance in both cases. Furthermore,
similar to previous experiment, EPOCH-ESCBattains a regret whose curve is almost indistinguish-
able from that of ESCB-2.

The number of epochs in EPOCH-ESCB vs. time for the two examples is displayed in Figure [7[a)-
(b), where the curves are shown with 95% confidence intervals. We observe that in both cases, the
number of epochs grows at a rate proportional to log(n)/n at round n. Since the number of epochs
is equal to the number of times the algorithm computes indexes, these curves suggest that index
computation after n rounds requires a number of operations that scales as |M|log(n).

2.6.2 Experiment 2: Spanning Trees

In the second experiment, we consider spanning trees problem described in Section [T.4.2] for the
case of N = 5. In this case, we have d = (g) =10, m = 4, and | M| = 5% = 125.

Figure[8|portrays the regret of various algorithms with 95% confidence intervals, with A,;;, = 0.54.
Our algorithms significantly outperform CUCB and LLR.

12



120
100
[%2]
£ 5
g 8 sor 4
S I
5 S 60
2 3
[ £ 40
3100 3
50) 20_
0 0
05 1 15 2 25 3 0.5 1 15 2 2.5 3
Time % 10° Time x10°
(@) a=0.7and b= 0.5 (b) a =0.95,6=0.3

Figure 7: Number of epochs in EPOCH-ESCB vs. time for Experiment 1 and 2 (%95 confidence
interval).
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Figure 8: Regret of various algorithms for spanning trees with N = 5 and A,;, = 0.54.

3 Supplementary Material for Adversarial Combinatorial Bandits

3.1 Proof of Theorem 6
We first prove a simple result:

Lemma 3 For all = € R?, we have 2:,12n_1$ = X, where T is the orthogonal projection of
onto span(M), the linear space spanned by M.
Proof: Note that for all y € R%, if ¥,,_1y = 0, then we have

y' Sy =E[y" MM y] =E[(y" M)*] =0, (11)
where M has law p,, 1 such that Y, M;p,—1 (M) =gq;,_,(i), Vi € [d]andq),_; = (1—=7)gn—1+

1. By definition of 1.0, each M € M has a positive probability. Hence, by (11)), y ™ M = 0 for all
M € M. In particular, we see that the linear application 3 ,—1 restricted to span(M) is invertible

and is zero on span(M)*, hence we have ¥ |3, 17 =7. O

Lemma 4 We have for any nn < 3/2 and any q € P,

3 Sl < 2 - K0
where X2(n) is the vector that is the coordinate-wise square of X (n).
Proof: We have
KL(¢, 4) — KL(¢,g—1) = >_ 4(i)log q’; 1) _ ) S g(i)Xi(n) + log Zu,

i€[d] i€[d]
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with

log Zn =10g Y  qn-1(i) exp (nf(i(n))

i€[d]

<log Y uoa (i) (14 nKin) + 0 X2 () (12)
i€[d]

< g1 X (n) +17q)_1 X*(n), (13)

where we used exp(z) < 1+ 2z + 22 forall |z| < 1in and log(1+z) < zforall z > —1in
(T3). Later we verify the condition for the former inequality.

Hence we have
KL(q, Gn) — KL(q, gn-1) < ng,, 1 X (n) —ng X (n) +n’q,_,X*(n).
Generalized Pythagorean inequality (see Theorem 3.1 in [6]) gives
KL(q;, gn) + KL(qn, Gn) < KL(q; Gn)-
Since KL(gy, §n) > 0, we get
KL(q, ¢n) — KL(q, gn-1) < ngp_1X(n) —ng" X (n) +n°¢,_1 X*(n).
Finally, summing over n gives

T

T
Z (QTX(’”L) - q;ﬂj{(n)) < anI,lXQ(n) + KL(;J’qO).

n=1 n=1

To satisfy the condition for the inequality , i.e., n|X;(n)| <1, Vi € [d], we find the upper bound
for max;c(q) | X:(n)| as follows:
max | X;(n)] < | X (n)]
1€[d)
= |21 M (n)Ynll2
< ml[% M(n)l2

<my/M(n) TS} S} M(n)

< ml| M ()2 M (5515 )

_ m3/2\/)\max (ot ,xf )

=m*? Anax (27_1)
3/2

N m
)\min (Zn—l) ’

where A\pax(A4) and Apin (A) respectively denote the maximum and the minimum nonzero eigen-
value of matrix A. Note that x° induces uniform distribution over M. Thus by ¢, ; =

(1—7)@n_1+~u° we see that p,,_1 is a mixture of uniform distribution and the distribution induced
by ¢, —1. Note that, we have:

)\min (Zn—l) = xTZn_lx.

min
[|z]|2=1,z€span(M)
Moreover, we have
o Sz =E o' M)M(n) o] =E[(M(n) 2)°] 2 9E[(M 2)*],

where in the last inequality M has law p°. By definition, we have for any = € span(M) with
]2 =1,

E[(MT2)?] > A,

14



so that in the end we get Amin(En_1) > YA, and hence 7| X;(n)| < mf; , Vi € [d]. Finally, we
choose n < 3 /2 to satisfy the condition for the inequality we used in (|

O
‘We have

E, [X(n)} =K, [Y,55  Mn)] =E, [SF  Mn)M®n) X(n)] =5 5. 1X(n) = X(n),

where the last equality follows from Lemma and X (n) is the orthogonal projection of X (n) onto
span(M). In particular, for any mq’ € Co(M), we have

E, [mq'TX(n)] =mq T X(n) =mq' T X(n).

Moreover, we have:

En [qn 1 X2 (n) ] > gnal [Xf(n)]

i€[d]

_iez[d:} T 1(1)_7w D, {Xlg(n)}
qun 1 [X (n )}
1€[d

~m(l -~ ]E {ZM ]

1€[d]

where M (n) is a random arm with the same law as M (n) and independent of M (n). Note that

M?(n) = M;(n), so that we have

B[S Si(m) X)) = Bu [X(0)T M(n)M(n)T S5, M ()3 (0) TS5, M()M(n) T X ()
1€[d]
<m’Ey, [M(n)TE;’;_lM(n)],
where we used the bound M (n)" X (n) < m. By [7, Lemma 15], E,[M (n) "XF_, M(n)] < d, so

that we have:

B, [0l 1 X20)] < 72

Observe that
En |07 X(n) = ¢ X ()] = En [¢"T X () = (1= 1)a,_, X (n) = 3T X (n)
o[0T X () = gl X )] + 0] X () = 30T X ()
TR0 — gl X ()] + vl X (n)
(

<E, [q*TX n) — qulff(n)} +7.

Using Lemma@and the above bounds, we get with mg* the optimal arm, i.e. ¢* (i) = % iff M} =
RCOMBEXP (7 [Z mq*TX Z mq ]

< E{Z mq* " X (n) qun X(n ] + m~T
n=1 n=1
2 -1
< nm dr n mlog i i,
=1

+mnT,
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since

x 1 _
KL(g",q0) = —— > logmys} <log iy,
e M*

Choosing n = vC with C' = ﬁ gives

’yC’mQ dT  mlogu !

RCOMBEXP T) < T
(T) = —— oo™
_ Om2d+m my v mlog p i
1-— ’yC
(Cm2d + m)wT mlog umm
+
1—7 ~C
The proof is completed by setting v = V108 oy (|

\/m log ;tmin+\/C(Cm2d+m)T ’
3.2 Proof of Proposition 1
We first provide a simple result:

Lemma 5 For all probability vectors q € Ri 4, the KL-divergence z — KL(z,q) is I-strongly
convex with respect to the || - || norm.

Proof. To prove the lemma, it suffices to show that for any z,y € P:

(VKL(z,q) — VKL(y,q)) " (z —y) > ||lz — 3.

We have
(4) y(@)y, :
(VKL(z,q) — VKL(y, q) %‘”QH L gm)( 2(i) — y(i))
=Y (1 +log (i) — 1 —logy(i)) (x(i) — y(i))
i€ld
| T
(VZ i)log (i) VZ i) log y(i ) (x —y)
i€[d]
2 |z — y||1,

where the last inequality follows from strong convexity of the entropy function z +— . cld] % log z;
with respect to the || - ||; norm [8} Proposition 5.1]. O

Recall that u,, = arg min,cp KL(p, §,) and that g, is an e, -optimal solution for the projection
step, that is

KL(un7 (jn) > KL(QTH (jn) — €n.
Using LemmaE] and [6, Theorem 3.1], we have

. - s 1 1

where we used (g, — u,,) " VKL(ty,, §,) > 0 due to first-order optimality condition for u,,. Hence
KL(gn, Gn) — KL(un, Gn) < €, implies that [|g, — tnlloo < |lgn — unlli < V26n.

Consider ¢*, the distribution over P for the optimal arm, i.e. ¢*(i) = = iff M} = 1. Recall that
from proof of Lemma] for ¢ = ¢* we have

KL(¢*, Gn) — KL(¢*, gn_1) < ngn_1 X (n) — ng* ' X (n) + n?q)_1 X?(n). (14)
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Generalized Pythagorean Inequality (see Theorem 3.1 in [6]) gives
KL(¢", Gn) = KL(¢", un) + KL(un, Gn)- 15)

Let g = min;en- gn (7). Observe that

. i 1 .
KL(¢*, uy,) = Z q*( log Z)) = Z log mu, (7)
i d] ieEM*
V2,
p— Z logm(gn (i) + V2€,) > — Z (logmqn(i) +¥= )
’LEA4* ZEM* gn
2¢,
> — Z 10g mqn = +KL(Q Qn)
7TL ZEJW* gn

Plugging this into (I3), we get

.~ v 2¢€, v 2€en,
KL(¢*, Gn) > KL(¢*, gn) — (Uns @n) > KL(q", qn) — .

Putting this together with (T4) yields

* * % * T % it \V 267
KL(q*, qn) — KL(¢", gn—1) < 1g,, 1 X(n) — ng" " X (n) +nq, 1 X%(n) + TL-
Finally, summing over n gives
T
N KL q*,q 1 V2€y,
Z(qTX()fqn lX )<7]an 1)(2 ( O)+7Z .
n=1 n=1 n N n=1 gn
Defining
2
(4, 108 15k ) e
= ae o1 3/, . n — )
32n2log®(n + 1)
and recalling that KI(¢*, o) < log u,\ , we get
S (4K - gl X)) <>l K2 n) + OB 108 Z U S
— nt Bt nt n n 32n2log”(n + 1)
T -1
" 2 log Hnin
S ﬂzqz—lXQ(”) + n ’
n=1

where we used the fact 3, -, n*(log(n + 1))~/ < 4. We remark that by the properties of KL

divergence and since ¢/,_; > yu® > 0, we have q, > 0 at every round n, so that €,, > 0 at every
round n.

Using the above result and following the same lines as in the proof of Theorem 6, we have

77m2dT 2mlog ,ur;iln
L=y n

RCOMBEXP (T) + m’yT

Choosing n = yC with C' = ﬁ gives

RCOMBEXP () < (Cm?d +m)yT n 2mlog /lmln

1—v ~C
The proof is completed by setting v = /27 108 fomin ]

\/Qm log ;L:nilrl—l-\/C(Cm?d—i-m)T ’
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3.3 Proof of Theorem 7

We calculate the time complexity of the various steps of COMBEXP at round n > 1.

(i) Mixing: This step requires O(d) time.

(ii) Decomposition: Using the algorithm of [9]], the vector mg/, _; may be represented as a

convex combination of at most d + 1 arms in O(d*) time, so that p,,_; may have at most
d + 1 non-zero elements (observe that the existence of such a representation follows from
Carathéodory Theorem).

(iii) Sampling: This step takes O(d) time since p,,_1 has at most d 4+ 1 non-zero elements.

(iv) Estimation: The construction of matrix ¥,,_; is done in time O(d2) since p, has at most
d+1 non-zero elements and M M T is formed in O(d) time. Computing the pseudo-inverse
of 3,1 costs O(d?).

(v) Update: This step requires O(d) time.
(vi) Projection: The projection step is equivalent to solving a convex program up to accuracy

en = O(n~2log™>(n)). We use the Interior-Point Method (Barrier method). The total
number of Newton iterations to achieve accuracy e, is O(y/slog(s/ey)) [10, Ch. 11].
Moreover, the cost of each iteration is O((d+ ¢)?) [10, Ch. 10], so that the total cost of this
step becomes O(+/s(c + d)? log(s/e,)). Plugging €, = O(n~21log™(n)) and noting that
O(Zle log(s/en)) = O(T log(T)), the cost of this step is O(v/s(c + d)>T log(T)).

Hence the total time complexity after 7 rounds is O(T'[v/s(c + d)? log(T') + d*]), which completes
the proof. (|

3.4 Implementation: The Case of Graph Coloring

In this subsection, we present an iterative algorithm for the projection step of COMBEXP, for the
graph coloring problem described next.

Consider a graph G = (V, E) consisting of m nodes indexed by ¢ € [m]. Each node can use one
of the ¢ > m available colors indexed by j € [¢]. A feasible coloring is represented by a matrix
M € {0,1}™*¢, where M,; = 1 if and only if node i is assigned color j. Coloring M is feasible
if (i) for all 7, node 7 uses at most one color, i.e., Zje[c] M;; € {0,1}; (i) neighboring nodes are
assigned different colors, i.e., for all 4,4" € [m], (¢,7') € E implies for all j € [¢], M;; M;; = 0. In
the following we denote by K = {Ky, ¢ € [k]} the set of maximal cliques of the graph G. We also
introduce Ky; € {0,1} such that Ky; = 1 if and only if node i belongs to the maximal clique /Cy.

There is a specific case where our algorithm can be efficiently implementable: when the convex hull
Co(M) can be captured by polynomial in m many constraints. Note that this cannot be ensured

unless restrictive assumptions are made on the graph G since there are up to 3™/% maximal cliques
in a graph with m vertices [11]. There are families of graphs in which the number of cliques
is polynomially bounded. These families include chordal graphs, complete graphs, triangle-free
graphs, interval graphs, and planar graphs. Note however, that a limited number of cliques does
not ensure a priori that Co(M) can be captured by a limited number of constraints. To the best of
our knowledge, this problem is open and only particular cases have been solved as for the stable set
polytope (corresponding to the case ¢ = 2, X;; = 1 and X ;2 = 0 with our notation) [12].

For the coloring problem described above we have
Co(M) = Co{¥i, >  M;; <1, VL3, > KuMi; <1}. (16)
j€le] i€m]

Note that in the special case where G is the complete graph, such a representation becomes

Co(M)=Co{> My <1, Vi, Y My;<1, VYj}.

j€ld i€[m]
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We now give an algorithm for the projection a distribution p onto P using KL divergence. Since P
is a scaled version of C'o(M), we give an algorithm for the projection of mp onto C'o(M) given by

(T6).

Set A\;(0) = ;(0) = 0 for all 4, j and then define for ¢t > 0,
Vi e [m], \i(t+1) zlog(z mpije_“j(t)) a7
J

Vj € [dl, st +1) =max log(z mepije—W“)). (18)
i
‘We can show that

Proposition 1 Let p;; = limy o pij e~ M=15 O Then mp* is the projection of mp onto Co(M)
using the KL divergence.

Although this algorithm is shown to converge, we must stress that the step (I8) might be expensive
as the number of distinct values of £ might be exponential in m. When G is a complete graph, this
step is easy and our algorithm reduces to Sinkhorn’s algorithm (see [[L3] for a discussion).

Proof: First note that the definition of projection can be extended to non-negative vectors thanks to
the relation
KL(p",q) = min KL(p, ).
pEE

More precisely, given an alphabet A and avectorq € Rf, we have for any probability vector p € }Rﬁ

Z p(a) log > Zp ) log qgag log i,

acA gl
a)

qll1

thanks to the log-sum inequality. Hence we see that p*(a) = ‘ is the projection of ¢ onto the

simplex of RA.
Now define A; = Co{ U,Z M;; < 1} and By = Co{M;;,) , K¢;M;; < 1}. Hence
M Ai NNy Bej = Co(M). By the argument described above, iteration (resp. ) cor-

responds to the projection onto A; (resp. (1), Be;) and the proposition follows from Theorem 5.1 in
[6]. O

3.5 Examples

In this subsection, we compare the performance of COMBEXP against state-of-the-art algorithms
(refer to Table 2 for the summary of regret of various algorithms).

3.51 m-sets

In this case, M is the set of all d-dimensional binary vectors with m ones. We have

d 1) m
Hmin = mln—ZM m)l ==

"523 ;’)L) When m = o(d), the regret of

COMBEXP becomes O(1/m3dT log(d/m)), namely it has the same performance as COMBAND
and EXP2 WITH JOHN’S EXPLORATION.

Moreover, according to [7, Proposition 12], we have A =

3.5.2 Matching

Let M be the set of perfect matchings in K, ., where we have d = m? and | M| = m/!. We have

1 (m-—1! 1
i = in = g, = (DL

! m)! m
M

Furthermore, from [7, Proposition 4] we have that A = ﬁ, thus giving RCOMPEXP(T) —
O(y/m>T log(m)), which is the same as the regret of COMBAND and EXP2 WITH JOHN’S EX-
PLORATION in this case.
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3.5.3 Spanning Trees

In our next example, we assume that M is the set of spanning trees in the complete graph K. In

this case, we have d = (];] ), m = N —1, and by Cayley’s formula M has NV =2 elements. Observe
that

.1 (N —1)N-3
Hmin :m}nWZMi T T NN—2
M

which gives for N > 2
NN—2
-1 _
108 fipi, = log <(N—1)N3>

N
= (N —3)log (N—l) +log N

< (N —3)log2 +log(N) < 2N.

From [7, Corollary 7], we also get A > % — 41152. For N > 6, the regret of COMBAND takes the
form O(y/N°T log(N)) since 75 < 7 when N > 6. Further, EXP2 WITH JOHN’S EXPLORATION
attains the same regret. On the other hand, we get

REOMPEXP(T) — O(/N5T log(N)), N > 6,

and therefore it gives the same regret as COMBAND and EXP2 WITH JOHN’S EXPLORATION.

3.54 Cutsets

Consider the case where M is the set of balanced cuts of the complete graph Ko, where a balanced
cut is defined as the set of edges between a set of N vertices and its complement. It is easy to verify
that d = (2év ) and m = N2. Moreover, M has (2137 ) balanced cuts and hence

(2N—2) N

o1 U
= M) T e

Moreover, by [7, Proposition 9], we have

oLy 8N —7
= 4 42N -1)(2N -3)’

N>2,

and consequently, the regret of COMBEXP becomes O(N*y/T) for N > 2, which is the same as
that of COMBAND and EXP2 WITH JOHN’S EXPLORATION.
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