Appendix

A Proof Details

A.1 Convergence Rate

We first provide specific bounds and detailed proofs for the two error terms appeared in Theoremdand Theorem

Al

A.1.1 Error due to random features
Lemma 7 We have
(i) Foranyx € X, Epe gt [| frs1(x) — her1 (2)|*] < BY yp1 = AM? (k + ¢)° 30, |ai]*.

(ii) For any x € X, with probability at least 1 — § over (D', w"),

AR
|fir1(x) — hew1(@)]? < B3 pyq := 2M*(k + ¢)° In (g) Z |ax|?

i=1
Proof Let Vi(x) = Vi(z; D%, w?) := a} ((i(x) — &(z)). Since V;() is a function of (D", w') and
Epiwi [Vi@)lw' ™| = alEpi i [Gi(@) = 6i(@)w' ] = aiEpi gt [Bui [Gi(2) — &)l ]] =0,
we have that {V;(z)} is a martingal difference sequence. Further note that

Vi(e)| < e = 2M(6 -+ ).
Then by Azuma’s Inequality, for any € > 0,

t 2
2e
DEE;* {| ;:1 Vi(z)| 2 6} < 2exp {w}

i=1 "1

which is equivalent as

t 2 t
Pr (E Vz(cc)> > In(2/9) g /23 <6
Dt wt i=1 i=1

Moreover,
t 2 o t 2 o 9% t
Ept Vi(z = Pr Vi(z >e€pde= 2ex —— pde= c?
Dt wt <; ( )) /0 Dt st <Zz; ( )) = /0 p{ Z§=1 C?} £
Since fii1(x) — heti(z) = Soi_, Vi(z), we immediately obtain the two parts of the lemma. |
Lemma 8 Suppose v; = %(1 <i < t) and Ov € (1,2) U Z,.. Then we have
(1) |ai| < 2. Consequently, 3";_, (a})? < ?.
O2(n(t)+1) g
i Tt € 1,2 9
(2) Z§=1 yilat| < 02 ! lf vell2) :
T if v € [2,+00) N Z4
Proof (1) follows by induction on 4. |af| < £ is trivially true. We have
i i+1 Vi t+1 124 i+1 i+1—v0 i+l
= — 1 —vy =—)-— =|— .
il = 10t 21 = vegn)] = T 1= 2t = | i

When v € (1,2),i—1<i+1—v0 <iforanyi>1,s0|af| <|a;™"| < £ Whenvo € Zy,ifi > v6—1,
then |af| < |a{™'| < ¢;if i < v — 1, then |aj| = 0. For (2), when v € [1,2),

t

t 2 . 2 . t 2 2
i 0 i+1—0v t—0v 0 i t—1 0 0°(In(t) + 1)
;:1’7t|flt|—§ 2 <§ ijig i re——

t
— 1+ 1 t p t P it t
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When 0v € Z4 and 2 < Ov < ¢,

0° i+1—0v t—00 0% i—1 t—2 0°(i—1) _ 6>
Z%"Lt'* R S D A S <Z'(lt ST

A.1.2 Error due to random data

Lemma 9 Assume l'(u,y) is L-Lipschitz continous in terms of u € R. Let f. be the optimal solution to our
target problem. Then

(i) If we set vy, = % with 0 such that Qv € (1,2) U Z., then

2 QF
IE’Dt,u-.;t “|ht+1 - f*”’}-[] < 77
where
+ Q2+ (20v — 1)(1 + 6v)2602kM?
O :max{|f*|H,Q0 Ve 21”/0_)1( V)6 },Qo = 2v2k'2(rk+¢) LM6.

Particularly, if v = 1, we have Q1 < max {||f*||7_£ AV2((k+ @)L +v) - %}

(ii) If we set v, = % with 6 such that Ov € Z. and t > Ov, then with probability at least 1 — 2§ over
(D!, wh),
In(2t/9) In(t
e — .1, < @3,

where

Q2 = max{”f*HH , Qo + \/Qg +kM?2(1+ 6v)2(6% + 166/1/)} , Qo = 4V2k* MO (8+(rk+¢)0L).

Particularly, if Ov = 1, we have Q2 < max {||f*||7_[ . 8V2((k+ ¢)L + 9v) - 1/2 }

Proof For the sake of simple notations, let us first denote the following three different gradient terms, which
are

=&+ vhe = U(fi(@e), yo)k(ze, ) + vha,
Ge = &+ vhe = U(he(20), yo)k(xt, ) + vhe,
ge = Ep, [g:] = Ep, [I'(he(a+), ye)k(t, )] + vhe.

Note that by our previous definition, we have hiy1 = he — Yege, VE > 1.

Denote A; = ||ht — f+ Hi Then we have
At = lhe = fo — w5,

= A+77 llgell5, — 2ve(he — fu, ge)n

= A +’Yt2 HgtH?{ — 2ve(he — fo, ey + 29e(he — fuy Gt — Ge)m + 29¢(he — fu, Gt — 9e)m
Because of the strongly convexity of (]D and optimality condition, we have

(he = fu,Ge)m = v ||he — full3,
Hence, we have
Avpr < (1= 290) A + 97 lgell5, + 29 (he — fuy Ge — Ge)a + 27e(he — fur Gt — ge)a, VE =1 (8)

Proof for (i): Let us denote My = ||g¢|5,, Nt = (he — fu, G — gt>H, Re = (he — fu, Gt — g¢)n. We first
show that My, V¢, R+ are bounded. Specifically, we have fort >

(1) My < kM?(1 4+ ver)?, whereq—\/z ij— L lai |- |al_|fort > 2and ¢; = 0;
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(2) ]EDtywt [N =0

]
(3) Ept ot[Re] < 62LB14\/Epi—1 o1 (A, where BY , := AM?(k+¢)> S22 |ai_|* for t > 2
and B1,1 = 0;

We prove these results separately in Lemmabelow. Let us denote e; = Epe—1 ,,t—1[A;], given the above
bounds, we arrive at the following recursion,

err1 < (1= 2vev)er + kM?Y2(1 +vey)? + 262 Ly Brev/er. ©)

When ¢ = 6/t with 6 such that v € (1,2) U Z4, from Lemma we have |a;| < £,V1 < i <t

Consequently, ¢; < 6 and Bit < 4M3(k + ¢)t‘9_—21. Applying these bounds leads to the refined recursion as
follows

2 2
et < (1 - 271/0) et +'~”~M2%(1+u9)2+2n1/2L§\/4M2(n+¢)2—t9 Ve

that can be further written as

200 B [er | P2
<(1-20) e+ 2 04 2
et ( ' ) TV E T e

where 81 = 4v/26"2 LM (k + ¢)62 and B2 = kM?(1 4 v0)?6>. Invoking Lemmawith n=20v>1,we
obtain

2
2 v— v 2 2K, 2
where Q1 = max{uf*uﬁ St S P }d Qo = 2v2k/2(x + ¢)LMO”.

Proof for (ii): Cumulating equations (8) with s = 1, .. .¢, we end up with the following inequality
Arsr <TTimy (0= 2vv) Ar + 2370 % [T5m (U= 2075) (hi — fuy G — Gi)me ,
230 i Il (U= 20m5) hi = i 9 — gida + 3052y 97 Tl (1= 205) llgsll5,

t
=i+l

(10
Let us denote bi = ~; [] (1 — 2v7,),1 < i < t, the above inequality is equivalent as

App1 <

.

t t t
(1= 2y)Ar + ) wbiMi +2) biN; +2) bR
i=1 i=1 i=1

i=1

We first show that
(4) forany 0 < § < 1/e and t > 4, with probability 1 — & over (D', w"),

Zﬁ:l biN; < 2max {4/{1/2M\/Z§:1(b§)2Ai, max; |b| - Co\/ln(ln(t)/5)} \/ln(ln(t)/(S),

dmaxy i My
e —

where Cy =

(5) for any § > 0, with probability 1 — & over (D", w?),
22:1 b;RZ < ZZ:I b%lil/QLBQ,i\/ Ai,
where B2, = 2M?(r + ¢)? In (%) E;;ll la?_, |2

Again, the proofs of these results are given separately in Lemma|[I0] Applying the above bounds leads to the
refined recursion as follows,

t t t
At+1 < H(l — 2")/1'1/)141 + Z 'Yzszz —|— 2 Z biKl/QLBgﬂ'\/ Al

=1 i=1 i=1

+4max { 42 M Z(bi)2Ai,m?x\bﬂ~CO\/1n(1n(t)/5) V/In(In(t)/6)

=1
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with probability 1 — 25. When ~: = 0/t with 0 such that v € Z, with similar reasons in Lemma we have

bi| < 2,1 <i<tandalsowehave [Ti_ (1—2viv) =10V (1—22) T ,, . (1—22)(1-28%) =0,

+ i 2 . .
and > 7, vib; < 97. Therefore, we can rewrite the above recursion as

t t
\/Ai \/ Zi: Al 1
A1 < % + B2+/In(2t/6) - Z i + Bngn(ln(t)/&)% + B 1n(1n(t/6))¥ (11)
i=1 V7
where 81 = kM2(1+1v0)262, B2 = 2v/2kY2LM (k + $)0?, B = 16x*/2 M8, B4 = 16xM>(1 + 6v)%0 /v.
Invoking Lemmal[T3] we obtain
Q31n(2t/5) In*(t)
Ap1 £« ——m————=

t )
with the specified Q2. n

Lemma 10 [In this lemma, we prove the inequalities (1)—(5) in Lemma

Proof Given the definitions of My, N;, R+ in Lemmal9] we have

(1) My < M2+ 0[S0 laiy] - ol )%

i,j=1
This is because ’
M = llgell3 = 1€ + vhellze < (1€ll3 + vllhell2)*.
We have
€l = 1V (fo(e), ye)k(we, )l < K12 M,

and

t—1 t—1
Ihelly, = D23 aioval U (filws), y)l (f(25), y3) (@i, z5)
i=1 j=1
t—1 t—1 ) ]
<eM> 3N aioa] - o]y -
i=1 j=1

(2) ED‘,wt[ t} =0;
This is because Ny = (ht — fx, Gt — Gt) %>

ED‘,w" [M] = ED‘_l,wt [EDt [(ht - f*7gt - gt>H|Dt_l>wt”
= ED‘—l,wt [<h’t - f*7EDt [gt - gi]>7‘l]
0.

(3) Ept ot[Re] < 62LB1i\/Epi—1 o1 (A, where BY ; := AM?(k + ¢)> 201 |ab 1%
This is because Rt = (ht — f«, §t — gt)H.»

Ept wit[Re] = Epr ot [(he — fo, Gt — gt)n)
Ept wt [(he = fu (' (fe(@e), ye) = U (he (), ye) k(e -)) 2]

< Eprwr [V (Fe(@e) we) =1 (ha(we) w) - e, Mlag - 1o = fells,)
< KL Epr e [1fe@) = he(@o)l e = fly,)
1/2 2 ;
< KLy fEpi el @) = () Py e he = 1.5,
< K'2LBiy Epi-1,4t-1[Ai]

where the first and third inequalities are due to Cauchy—Schwarz Inequality and the second inequalit
is due to L-Lipschitz continuity of I’(-, -) in the first parameter, and the last step is due to Lemma
and the definition of As.
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(4) forany 0 < & < 1/eandt > 4, with probability at least 1 — § over (D', w?),

St biN; < 2max {4,@1/21\4, /S0t (b8)2 Ai, max; || - Cov/In(In(t) /5)} VIn(In(t)/6),

4maxqygci<cs Mi
where Cy = %

This result follows directly from Lemma 3 in [29]. Let us define d; = di(Dt,wh) = biN; =
bilhi — fv, i — Gi)n, 1 <1 < t, we have

o {d;}!_, is martingale difference sequence since Epi i [A/}|Di_1, wi_l] =0.

; . 4 i<t My .
o |di| < max; |b}] - Co, with Cp = ZZ2HSISLT ) < L ¢

v

o Var(d:| D™ w™h) < 4sM?|bi|2A;, V1 <@ < t.
Plugging in these specific bounds in Lemma 3 in [Alexander et.al., 2012], which is,

Pr (z;zl dy > 2max{20¢, dmas/I(1/8)}1/In(1 /5)) < In(t)o.

where 0f = 3!, Vari_1(d;) and dmas = maxi<i<t |di|, we immediately obtain the above
inequality as desired.

(5) forany § > 0, with probability at least 1 — & over (D*, w?),
S bRy < S0 [bi|RYPLBs VA,
where B%Z =2M*(k+ ¢)*In (%) Z;;i al |2

This is because, for any 1 < i < t, recall that from analysis in (3), we have R; < &*/2L|f:(x+) —
he(2:)| - [|he — f«||#. therefore from Lemmal 9]

Pr(bjRi < k'/2LIb}|B2,iv/A;) = Pr(| fi(w:s) — ha(z:)|> < B3;) > 1—6/t.
Taking the sum over ¢, we therefore get

PI‘(Z:-:I b,zg’R,l < 25:1 |bi|l€1/2LBQ,i'\/ Az) Z 1-— 5

Applying these lemmas immediately gives us Theorem ] and Theorem [5] which implies pointwise distance
between the solution f;+1(-) and f.(-). Now we prove similar bounds in the sense of Lo, and L distance.

A.2 L. distance, L, distance, and generalization bound

Corollary 11 (L distance) Theoremalso implies a bound in Lo, sense, namely,

2C? + 2kQ?

Ept ot || fear — foll2) < n

Consequently, for the average solution fy1(-) := 130 fi(+), we also have

3 202 4 26Q3)(In(t) + 1
Ept ot [l fost — ful% < ¢ Qtl)( H+1)

This is because || fr+1 — fxll o, = maxzex [frr1(x) — ful(x)| = [fer1(zs) — fu(zs)|, where 2. € X always
exists since X is closed and bounded. Note that the result for average solution can be improved without log
factor using more sophisticated analysis (see also reference in [29]).

Corollary 12 (L distance) With the choices of v+ in Lemma @ we have

2 2
(i) Ept ot ferr — full3 < 252080

ii C2 1n(8+/et/8)+2rkQ2 In(2t/8) In2 (¢
(i) || frer — foll3 < (8/2/6)+2rQ3 In(2t/3) In? (1)

, with probability at least 1 — 35 over (D', w").
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Proof (i) follows directly from TheoremEl (ii) can be proved as follows. First, we have

[ o1 = F 5 112 = Bol frar (@) = fu(@)]* < 2Ba fra1 (@) = hegr (@) + 26 hosr — fulln-

From Lemma[9] with probability at least 1 — 25, we have

Q3 In(2t/6) In? ()

[hegr — fellz < .

12)

From Lemmal[7] for any = € X, we have

2M21 2 02
e {|ft+1(5€) — e (2)” > Ax o) 7 o) } <e.

Since C? = 4(k + ¢)>M?>0?, the above inequality can be writen as

C?In(2)
L {|ft+1(fﬂ) — hega (@) > — (S€

which leads to

z~P(z) Dt ,wt 2t

2 2
Pr Pr {lft+1($) — heya(z)]* > Cln(E)} <e

By Fubini’s theorem and Markov’s inequality, we have

2 2
Pr { Pr ){|ft+1($) — b () > Oln(e)} 2 2} <o

Dt wt | z~P(x 2t

From the analysis in Lemma we also have that | fy1(x) — hst1(x)| < C2. Therefore, with probability at
least 1 — & over (D', w?), we have

C?In(2
B, riollfenn(a) ~ hen(@)f?) < S0 - &) 4 026
Lete = %, we have
c? 1, C?In(8y/et/s
Bl (@) — b @) < S (n(st/o) + §) = CLEVE), (13)

Summing up equation (I3) and (I2)), we have

forr — FIB < C?In(8/et/6) + Z:Qg In(2t/6) In?(t)

as desired. |

From the bound on L4 distance, we can immediately get the generalization bound.
Theorem@(Generalization bound) Let the true risk be Rirue(f) = Es,y) [(f(x),y)]. Then with probability
at least 1 — 35 over (D', w"), and C and Q2 defined as previously

I < (C'/I(8v/et/8) + V2rQ2+/In(24/3) In(t)) L
X ,\/E .

Rtruc (ft+1) - Rtrue (f*

Proof By the Lipschitz continuity of [(-, ) and Jensen’s Inequality, we have

Rirue(fi41) — Rirue(fv) < LEo|fir1(z) = fo(2)| < Ly/Eo| fepr(z) — fu(@)? = Ll fre1 — full2-
Then the theorem follows from Corollary[T2] |
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A.3 Suboptimality

For comprehensive purposes, we also provide the O(1/t) bound for suboptimality.

Corollary 13 Ifwe set v, = g with Qv = 1, then the average solution ft+1 = % Zﬁzl fi satisfies
R(Epe i [fin]) — R(f.) < 2O D

t
where Q = (4xM? 4+ 2262 LM (k + ¢)Q1) /v, with Q. defined as in Lemma@

Proof From the anallysis in Lemma |§|,we have
1 1

(ht — fo, Gy = =—Ar — —App1 + My + Ny + R
27yt 2t

Invoking strongly convexity of R(f), we have (he — f,g:) > R(h¢) — R(f+) + %||he — f«|/3. Taking
expectaion on both size and use the bounds in last lemma, we have
1 v

1
Ept ot [R(he) = R(£)] < (5= — 5)er — s—ewr1 + 1M (14 ver) + 52 LB1 /e
2y 2 24
Assume vy = > w1th 6 = -, then cumulating the above inequalities leads to

ZEDt,wt [R(hi) — R(f+)] < Z%HMQ(l +ve)? + Z K2 LBy i/e:

=1 =1

which can be further bounded by

t t t
> Eprwe[R(hi) = R(f.)] < Y wkM*(1+ve)® + Y w'/2LB1 /e
i=1 =1 =1
AkM? S~ 1 2V26'PLM (k4 ¢) ~~ [
< U7 st -
h v ; 1 * v z:ZI )
Ak M? 2v26'? LM
< B gy ) 4 DI 0) 6, 1) 4 1)
_ QUn()+1)
t
By convexity, we have Epe ¢ [R(his1) — R(f.)] < w The corollary then follows from the fact that
]EDtyut [ft+1] = EDt,ut [ht+1] and R(EDth [ht+1]) < ]E'Dt’wt [R(ht+1)]‘ |

A.4 Technical lemma for recursion bounds

Lemma 14 Suppose the sequence {T';}2, satisfies T1 > 0, and Vit >

Ft+1<< )Fz-f—vv tz’

wheren > 1, 31,82 > 0. Then Vt > 1
Bi+ /B +4(n—1)B
2(n—1)

Proof The proof follows by induction. When ¢ = 1, it always holds true by the definition of R. Assume the
conclusion holds true for t with ¢ > 1,1i.e., I'y < 5, then we have

Ft+1\(1_*)rt+7\/7+

' < g, where R = max{Fl,Ro} Ry =

\[
_R _nR-BVE-pB
t t2
__R N R nR—PBiVR—f,
St4+1 0 t(t+1) 12
<i—l[—R+nR—ﬁn/ﬁ—,82]
t+1 2
< B
t+1
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where the last step can be verified as follows.

(= DR=5VR= o= (- 1) |[VE- 5 2| - A

2(n—1 n—1)
2 (n ){RO* A ]2 i —p220
2(n—1) 4n—1)
where the last step follows from the defintion of Rj. |

Lemma 15 Suppose the sequence {I'+ }$2, satisfies

VT
ln(ln(t)/(S)Z% + Baln(In(t/0)

t
i < % + B2/ In(2t/8) - > ;/;
=1

where 1, B2, 83,84 > 0and § € (0,1/e). Then V1 < j < t(t > 4),
Rin(2t/8) In?(¢
T; < w7 where R = max{I'1, Rg}, Ro = 202 + 2v/2f35 + \/(252 +2v/263)2 + Bi + Ba.

Proof The proof follows by induction. When j = 1 it is trivial. Let us assume it holds true for 1 < 5 <t — 1,
therefore,

j _ Ty
B 2 Vi 3 YT+ o/ G1/8) LEE  mnti o)
' ﬁ
. 57 \/T/S/JZ RIn(2t/6)1
R1n(2t/5 In?
W e VZ GO e, in(n(s/o)
< %MQWU Rin(2t/5) 1n2<t><1+1n<j>>
Bsv/In(In(5)/6)/51/ RIn(2t/8) In%(t)1/In 1+ Baln(In( ]/5))

< fj + 28,V RIn(2t/6) In2(t)/j + V2Bs VR In(2t/5) In*(8)/j + B 1n(2t/5>3

< (282 + ﬁﬁs)\/ﬁw + (B1+ s 1n(2t/5))%

< w[(% +V28;)VR + @ + ”82“)

Since VR > 282 +2v28s5+ \/(Zﬁa +2v/2B3)2 + B1 + Ba, we have (282 +2v283)VR+E- + 24 < R/2.

2
Hence, T'j1+1 < W. ]

B Experiment Details

‘We have illustrated the comparison on (2) — (4) with the alternative algorithms stopping when they pass through
the entire dataset once in main text. To verify the theoretical guarantee empirically, we conduct experiment on
a 2D regression synthetic dataset (1) with 22° data points using SC1 stopping criterion. To further demonstrate
the advantages of the proposed algorithm in computational cost, we also conduct experiments on datasets (2) —
(4) running the competitors within the same time budget as the proposed algorithm (SC2).
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Table 1: Datasets

Name Model | # of samples Inputdim Output range Virtual
(1) Synthetic K-ridge 220 2 [-1,1.3] no
2) Adult K-SVM 32K 123 {-1,1} no
(3) MNIST 8M 8 vs. 6 [25] | K-SVM 1.6M 784 {-1,1} yes
4) Forest K-SVM 0.5M 54 {-1,1} no
5) MNIST 8M [25] K-logistic sM 1568 {0,...,9} yes
6) CIFAR 10 [26] K-logistic 60K 2304 {0,...,9} yes
@) ImageNet [27]] K-logistic 1.3M 9216 {0,...,999} yes
(8) QuantumMachine [28]] | K-ridge 6K 276 [-800, —2000] yes
(9)  MolecularSpace [28]] K-ridge 2.3M 2850 [0,13] no

B.1 Detailed experiment setups

Synthet In this experiment, we compared the seven algorithms listed in the table for solving the kernel ridge
regression problem. We use Gaussian RBF kernel with kernel bandwidth o chosen to be 0.1 times the median
of pairwise distances between data points (median trick). The regularization parameter v is set to be 10~¢. The
batch size and feature block are set to be 2'°.

Adults In this experiment, we compared the seven algorithms listed in the table for solving the kernel support
vector machine problem. We use Gaussian RBF kernel with kernel bandwidth obtained by median trick. The
regularization parameter v is set to be 1/(100n) where n is the number of training samples. We set the batch
size to be 2° and feature block to be 2°.

MNIST 8M 8 vs. 6. We first reduce the dimension to 50 by PCA and use Gaussian RBF kernel with kernel
bandwidth o = 9.03 obtained by median trick. The regularization parameter v is set to be 1/n where n is the
number of training samples. We set the batch size to be 2'° and feature block to be 2.

Forest. We use Gaussian RBF kernel with kernel bandwidth obtained by median trick. The regularization
parameter v is set to be 1/n where n is the number of training samples. We set the batch size to be 2'° and
feature block to be 25,

MNIST 8M. In this experiment, we compared to a variant of LeNet-5 [30], where all tanh units are replaced
with rectified linear units. We also use more convolution filters and a larger fully connected layer. Specifically,
the first two convolutions layers have 16 and 32 filters, respectively, and the fully connected layer contains
128 neurons. We used kernel logistic regression for the task. We extracted features from the last max-pooling
layer with dimension 1568, and used Gaussian RBF kernel with kernel bandwidth ¢ equaling to four times the
median pairwise distance. The regularization parameter v is set to be 0.0005.

CIFAR 10 In this experiment, we compared to a neural net with two convolution layers (after contrast
normalization and max-pooling layers) and two local layers that achieves 11% test erroxﬂ The feature is
extracted from the top max-pooling layer from a trained neural net and is of dimension 2304. We used kernel
logistic regression for this problem.The kernel bandwidth o for Gaussian RBF kernel is again four times the
median pairwise distance. The regularization parameter v is set to be 0.0005. We also performed a PCA
(without centering) to reduce the dimension to 256 before feeding to our method.

ImageNet In this experiment, we compared our algorithm with the neural nets on the ImageNet 2012 dataset,
which contains 1.3 million color images from 1000 classes. Each image is of size 256 x 256, and we randomly
crop a 240 x 240 region with random horizontal flipping. The jointly-trained neural net is Alex-net [27]. The
feature for our classifier and fixed neural net is from the last pooling layer of the jointly-trained neural net,
which is 9216 dimensional. The kernel bandwidth ¢ for Gaussian RBF kernel is again four times the median
pairwise distance. The regularization parameter v is set to be 0.0005.

QuantumMachine In this experiment, we used kernel ridge regression for this problem and compared the
performance with the neural network as presented in [28]]. First of all a set of randomly sorted coulomb matrices
were generated for each molecule and then each dimension of the Coulomb matrix is broken apart into steps and
converted to the binary predicates as in [28]. For this experiment 40 set of randomly permuted matrices were
generated for each training example and 20 for each test example. Predictions were made by taking average
of all prediction made on various coulomb matrices of same molecule. Gaussian kernel with kernel bandwidth

2The specification is at https:/code.google.com/p/cuda-convnet/
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Figure 2: Experimental results for kernel ridge regression on synthetic dataset.
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Figure 3: Comparison with other kernel SVM solvers on datasets (2) — (4) with stopping criteria
SC2.

60 (obtained from median trick) is used for the experiment with 22 dimensional random features. In every

iteration 2048 dimension of the weight vector is updated with the batch size of 50,000.

MolecularSpace In this experiment, we again tried to predict the power conversion efficiency of the
molecule using kernel ridge regression. This dataset of 2.3 million molecular motifs was obtained from the
Clean Energy Project Database.We used the same feature representation as for “QuantumMachine” dataset
[28]. Step size used is 10 and we didn’t generate multiple randomly sorted coulomb matrices this time. Kernel
bandwidth used for Gaussian RBF kernel used is 290. The dimension of the random features is 22°. In every
iteration 2048 dimensions of the weight vector was updated with batch of 25000.

B.2 Extra experiments

B.2.1 Regression Comparisons on Synthetic Dataset

In this section, we compare our approach with alternative algorithms for kernel ridge regression on 2D synthetic
dataset and stop the algorithms when they pass through the whole dataset once. The data are generated by

y = cos(0.57||z||2) exp(—0.17||z||2) + 0.1e
where 2 € [—10,10]% and e ~ A(0,1). The results are shown in Figure [2| In Figure 1), we plot the
optimal functions generating the data. We justify our proof of the convergence rate in Figure [JJ2). The blue
dotted line is a convergence rate of 1/¢ as a guide. f; denotes the average solution after ¢-iteration, ie.,

fi(z) = 1 3°¢_, fi(z). It could be seen that our algorithm indeed converges in the rate of O(1/¢). In Figure
(3), we compare the algorithms discussed in the Sec.[6]for solving the kernel ridge regression.

The comparison on synthetic dataset demonstrates the advantages of our algorithm clearly. Our algorithm
achieves comparable performance with NORMA, which uses full kernel, in similar time but only costs O(n)
memory while NORMA costs O(dn). The pegasos and SDCA using 2% random or Nystrom features perform
worse.

B.3 Classification Comparisons with Kernel SVM Algorithms with SC2
We evaluate our algorithm solving kernel SVM on three datasets (2)—(4) comparing with other several algo-

rithms listed in Sec. [6|using stopping criteria SC2, i.e., running the competitors within the same time budget as
the proposed algorithm and the same experiments settings.

19



Adult. The performances are illustrated in Figure 1). Under the same time budget, all the algorithms
perform similarly, achieving test error 15%. The reason of flat region of r-pegasos, NORMA and the proposed
method on this dataset is that Adult dataset is unbalanced. There are about 24% positive samples while 76%
negative samples.

MNIST 8M 8 vs. 6. The results are shown in Figure[3(2). Our algorithm achieves the best test error 0.26%
using similar training time.

Forest. In Figure 3), we shows the performances of all algorithms using SC2. NORMA achieve the best
error rate, which is about 10%, while our algorithm achieves around 15%, but still much better than all the
other alternatives.

As seen from the performance of pegasos and SDCA on Adult and MNIST, using fewer features does not deteri-
orate the classification error. This might be because there are cluster structures in these two binary classification
datasets. Thus, they prefer low rank approximation rather than full kernel. Different from these two datasets,
in the forest dataset, algorithms with full kernel, i.e., NORMA and k-SDCA, achieve best performance. With
more random features, our algorithm performs much better than pegasos and SDCA under both SC1 and SC2.
Our algorithm is preferable for this scenario, i.e., huge dataset with sophisticated decision boundary. Although
utilizing full kernel could achieve better performance, the computation and memory requirement for the kernel
on huge dataset are costly. To learn the sophisticated boundary while still considering the computational and
memory cost, we need to efficiently approximate the kernel in O(2) with O(n) random features at least. Our
algorithm could handle so many random features efficiently in both computation and memory cost, while for
pegasos and SDCA such operation is prohibitive.

20



	Proof Details
	Convergence Rate
	Error due to random features
	Error due to random data

	L distance, L2 distance, and generalization bound
	Suboptimality
	Technical lemma for recursion bounds

	Experiment Details
	Detailed experiment setups
	Extra experiments
	Regression Comparisons on Synthetic Dataset

	Classification Comparisons with Kernel SVM Algorithms with SC2


