8 Appendix

Let us introduce the following notation: W (A — B) is the total weight of edges with a tail in A and
ahead in B\ A.

Proposition 10. 1. out is submodular.

2. The Lovdsz extension of out is f(w) = ||[(Vw)4||.

Proof. 1. Let us partition all of the relevant edges: w; = W(A\B - AUB),ws =W(ANB —
AUB),w3 = W(B\A - AUB),wy = W(A\B — B\A),ws = W(B\A — A\B),ws =
W(ANB — A\B),w; = W(AN B — B\ A). Let us then evaluate out,

out(A) + out(B) = (w1 + wa + wy + wr) + (w3 + wa + ws + we)

> (w1 + ws + w3) + (wa + wg + w7) = out(AU B) + out(AN B)

2. Let f be the Lovdsz extension of out. Let x € RP, and {j;}?_, be such that z;, > Tjiyq-
Furthermore, let C; = {j) : k > i}. Then, we see that f takes the form,

Fx) = 2, W({ji} = Ci) = W(C; — {ji})]
=1

Let us consider then the components attributable to the edge (j;, jx); these are W, ;, (z;,I(i <
k) —x;, I(i < k)) =W;, j.(x;, — z;,)+ because there is no contribution if j, ¢ C;. This gives us
our result. O

Proof of Propositiond] We begin with the LESS form in (@),

R T
[= max =Y st.xeX(p,t)={x€[0,17: |(Vx)s] < p, 1 x <t}

te [p] X \/i

Define Lagrangian parameters 7 € R% and the Lagrangian function, L(n,x) = x'y — nox'1 —
M| (Vx)4 |1 +not 4+ n1p and notice that it is convex in 7 and concave in x. Also, the domain [0, 1]P
is bounded and each domain of L is non-empty closed and convex.

max inf L(n,x)= inf max L(n,x
x€[0,1]7 neRr? (1) neRr2 x€[0,1]7 (1)

This follows from a saddlepoint result in [28] (p.393 Cor. 37.3.2). All that remains is to notice
that —x "y + nox "1 + 71 [|(Vx)4 |1 is the Lovdsz extension of —x Ty + nox ' 1 + nout(x) for
x € {0, 1}P. Hence, by Proposition[3] there exists a minimizer that lies within {0, 1}?, and so
inf  max L(n,x) = inf g(no,m)+nok+mp
nERi x€[0,1]P neRi
This follows from the fact that ||(Vx), ||; is equal to out(x) for x € {0,1}?. The program g takes
the form of a modular term and a cut term, which is solvable by graph cuts [29]. O

8.1 Proof of Theorem 3

We will begin by establishing some facts about uniform spanning trees (UST). In a directed graph,
a spanning tree is a tree in the graph that contains each vertex such that all the vertices but one (the
root) are tails of edges in the tree. If the directed graph is not connected (i.e. there are two vertices
such that there is no directed path between them) then we would have to generalize our results to a
spanning forest. We will therefore assume this is not the case, for ease of presentation. Notice that
in the case that we have a weighted graph, then the UST makes the probability of selecting a tree 7
proportional to the product of the constituent edge weights.

Lemma 11. [30] Let a. € [0, 1],Ve € E and let T be a draw from the UST. If Z =
T4, forany § € (0,1),

cer el{ie €

66 EZ
P(Z > (1+0EZ)} < (W>
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This implies that with probability 1 —ca, Z < (VEZ +/log(1/a))? [17]. Moreover, the probability
that an edge is included in 7 is its effective resistance times the edge weight, P{e € T} = W,r.
[23].

Proof of TheoremBl(1). In the following proof, for some class A € 2/, let g(A) =
T
Esupsea \1/% (this is known as a Gaussian complexity). Furthermore let V- be the inci-

dence matrix restricted to the edges in 7 (note that this is an unweighted directed graph). Let

C(T)={C C [p]: |[(Vr1c)+]1 < (y/re + /log1/6)?} and § > O then under the UST for any
C,Pr{C ¢ C(T)} < 4. (This follows from Lemma[Il)

Ee sup S8 _ B sup By 1S [1{C € ¢(T)} + 1{C ¢ C(T)}
up — =
SO IC] | Coee T T
< Ee sup |Er1{C € C(T)} Clo  p1(c¢cm) €71 |
< sup T sup T sup
¢ cec cree(T) V/|C'| crezi /|C7] |
Mo €71y |
< E¢sup |[Ey sup +Er1{C ¢ C(T)} sup
* Cec crec(T) x/|C’ { }c'ezm VIC' ]
€1 |
<E¢ |Ef sup —|—sup Pr{C ¢ C(T)} sup
¢ crec(T) \/IC’ toec( )}C’ezlp] egy

< E7g(C(T)) + g(2*) sup P7{C ¢ C(T)}

For any T, |C(T)| < ( )(ﬁ*\/ 10g1/9)" because 7T is unweighted. By Gaussianity and the fact
that E(15¢/4/]C))? =

T)) < +/2log|C(T)] < \/2(\/% ++/log1/5)*log(p — 1)

Furthermore, g(2[") < a/p where a = \/2log 2. Setting § = p~*/2 we have the following bound
on the Gaussian complexity,

9(C) < (V7T + 1 5 l05p)V/2Toglp 1) +a

By Cirelson’s theorem [31]], with probability at least 1 — «

¢'g
sup
cec /|C|

< 9(C) + v2log(1/a)

O

—

Proof of TheoremBl(2). Let X(T) = {x € [0,1]” : [|[(V7x)+]1 < (Vrx + /log1/§)?}. 1
remains the case that, by the previous Lemma [[T} ]P’{H(VTX)+H1 > (rx + /log1/5)*} <4,
where ry = {max} ;o p Were(2; —2;)4 1 x € X'}

T Ty
Eel = E¢ sup & X _ Ee sup ]E7—5 H{xe X(T)}+1{x ¢ X(T)}]
te[p],xeX (p,t) Vi te[p],x€X (p,t) Vit
gT / fTX/
< E¢ sup Erl{x e X(T)} sup +Er1{x¢ X(T)} sup —
te[p],x€X (p,t) x'eX(T x/ <t \[ x'€[0,1]P,1Tx' <t

CX L Bri(x ¢ X(T)) €

<E sup E+ sup +Er1{x ¢ X (T sup —

¢ te[p],xeX (p,t) x'eX(T x/<t \[ x'€[0,1]P,1Tx' <t \/E
T fTX
< E7E; sup >— + sup Pr{x¢ X(T)}E; sup —
telplxeX(T)1Tx<t VI xeX(p) telplxel01)p 1 Tx<t Vi

These follow from Jensen’s inequality and Fubini’s theorem.
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Claim 12.

T
E¢ sup E—X < +/2plog2

telp],x€[0,1]P,1 Tx<¢t \/Z

We will proceed to prove the above claim. In words it follows from the fact that solutions to the
program are integral by the generic chaining.

E sup §'x = E¢ sup L sup £Tx
E te(p],x€[0,1]P,1Tx<t \[ E p] \/'E x€[0,1]P:1Tx<t
1
= E¢ sup sup ¢Tx = Es sup < +/2plog2
te[ p] \[ t xe{0,1}7:1Tx<t x€{0,1}» ||X||

The second equality holds because the solution to the optimization with ¢ fixed is the top ¢ coordi-
nates of ¢. The third equality holds because x € {0,1}? and so 1 x is integer. Hence, if x is a
solution for the objective with ¢ fixed and 1" x < t then it holds for the objective with ¢ — 1, and the

overall objective is increased. Thus at the optimum, ||x|| = V1Tx = v/%.

Claim 13. Denote r = (\/rx + 1/ 5 log p)>. For any spanning tree T,

€Tx  log(2p) +1
E sup < + 24/rlogp
5 te[p],x€X(T),1Tx<t \/ V ’/‘1ng

This will follow from weak duality and a clever choice of dual parameters.

1
sup sup §Tx
te(p] \/{t x€X(T),1Tx<t
=sup — sup inf &' x—nol x —ml|(V7x) ¢l + ot + mr
te[p] VT xe[o,1]» 120

t
<sup— sup € x—1Tx, [ logp — (V)4 1/~ logp +2v/rtlogp
te[p] \/xE{O,l}P t r

The above display follows by selecting 7o = /7 logp and 0 = 4/ % log p and using Prop.[3l

T

= sup sup supg—x——\/rlog logp—|—2\/rlog

ke[p] x€{0,1}P:out(x)=k t€[p] \/E

(€"x)? 1
< sup sup — > 7 L *logp—i—QW
kelp] xe{0,1}P-out(x)=k 4]|%[|2v/7Tog p r

The above display follows from the fact that for any a,b > 0, sup, g at — bt? = a?/(4b). We know
that with probability at least 1 — « for all k € [p],

£Tx
e < \/2klogp + v/2log(2p/ )
X

sup
x€{0,1}?,out(x)=k

So we can bound the above,
1 - (v2kTogp + /2log(2p/a))? /1
sup — sup &' x < sup — ky/—logp+ 2y/rlogp
te(p] Vit x€X(T),1Tx<t ke[p] 4y/rlogp r
\/klog 2p/a llogp log(2p/«)
+ 2+/rlogp
kE[p] 2\/T10g

log(2p/a) log(2p/a)
< 24/rl
— 2¢/rlogp * 24/rlogp +avriosp

_ log(2p/c)

+24/71
vrlogp rioep
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Any random variable Z that satisfies Z < a + blog(1/«) with probability 1 — « for any o > 0 for
a,b > 0 also satisfies EZ < a + b. Hence,

1 log(2p) + 1
E¢ sup — sup ¢Tx < —=——— +2/rlogp
¢ telp] VE xex(T),17x<t Vrlogp \/7

Combining all of these results and using Cirelson’s theorem [31]],

2

- log(2 1 1

[ < 08(2p) + > +2 («/TX—F\/Qlogp) logp
N/(\/rx»+»\/§logp) log p

++v/2log2 + y/2log(1/a)

All that remains to be show is that ry = r¢. This can be seen by constructing the level sets of
x € [0,1]7 and noticing that } - ; .oy Were(z; — i)+ is piecewise linear in the levels. Thus, we
can draw a contradiction from the supposition that the levels are not in {0, 1}. O

Proof of Corollaryll We will argue that with high probability, under H; the GSS and LESS are
large. For the analysis of both the GSS and the LESS, let

x* = lc, t*t = |C ‘
Then both the GSS and LESS are lower bounded by

1ly 1L¢
< =pt < NN(:U'vl)

vier Vel

Hence, under H;, with probability 1 — «, the GSS and LESS are larger than p — /2 log(1/«). The
Corollary follows by comparing this to the guarantee in Theorem O
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