Appendix A. MED in details

A.1 General MED for multi-way classification

Let x € R¥ be an input feature vector. We consider general multi-way classification, where the
response variable y takes value from a finite set {1,---,L}. Let F(y,x;n) be the discriminant
function parameterized by 1. MED learns a distribution ¢(n) by solving an entropic regularized risk
minimization problem under prior py(7)

min KL (q(m) [po(m) + OR(a(m)). (26)
where
Z maX {ZA F(y,xa;m) — F(ya, Xa; 77)]} @7

is the hinge-loss on training data D = {(xa4,ya)} 1, capturing the large-margin principle underly-
ing the MED prediction rule
§ = argmax, E,[F(y,x;n)], (28)

and ¢4 (y) measures how y differs from the true label yg.

A.2 MED under mean-field assumption (for binary case)

The general solution to the MED problem for binary case (5) is

1
p(n) = Epo(n) exp {zd:wdde(Xd; 77)} , (29)
where Z is the partition function ensuring p(n) a valid distribution and w, are the Lagrange multi-
pliers, which can be obtained by solving the dual problem

max Ede—logZ
¢ d (30)
st. V1<d<D:0<wyg<C.

Very often we adopt mean-field assumptions on p(n), i.e. p(n) = [[, p(n;) where n;s constitute
a partition of 1, to seek a variationally approximated solution which is otherwise intractable to get.
As a result, problem (5) is partially decomposed, one for p(n;) each, as

min  —H (p(m:)) ~ En, [E(10)] +C 3 he (v [Fu(mo)]) (31)
d

where E(n;) = E,,_, [log po(n)] and Fy(n;) = E,,_,[F(x4;1)]. Note that the dependence of E(;)
and Fd(m) on p(n_;) disqualifies (31) from being a thoroughly independent decomposition.

Since we can always define a distribution 75(7;) so that log p(n;) = E(n;) 4 const., we may rewrite
subproblem (31) even further as

min KL (p(n:)[5(m)) + C 3 he (i [Fu(n.)]) 32
i d

whose solution, according to Eq. (29), reads
1 . -
p(mi) = -B(m:) exp {Z waYaF. d("i)} ’ (33)
g d

where (1;) o exp{E(m;)} o< exp{Ey,_, [log po(miln—:)]} o po(m:) exp{Ey_, [log po(n—i[m:)]}-
Incidentally, we may partially decompose KL(p||po) as follows,

KL (p(n)llpo(n))

= KL (pmlpto) ~ 3 H (o) - o [eo{Emdyan ) .
= KL (p(m:)[|p(1:)) + KL (p(n—i)|lpo(n—i)) —log/eXP {En_,[log po(niln-:)]} dni.

which might help with the calculation of the KL-divergence term, as shown later in D.2.3.
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Appendix B.  Solving M°F via blockwise coordinate descent

The alternative objective proposed in [11] for ordinal rating is

L-1
1 T
JUV,0) =5 (0I5 +VIE) +C D D> b (T 0 = UV;T)), (35)
€T r=1
which can be efficiently optimized to a local minimum by a gradient descent scheme, the cost of
which however is to substitute some smooth hinge function for the canonical hinge loss so as to
bypass its non-differentiability [11].

Here we propose an alternative efficient blockwise coordinate descent algorithm that directly solves
problem (35) and obtains comparable results. It involves (N + M) SVM solvers for optimizing U
and V, and N x (L — 1) linear programming solvers for 6, each of which reduces to a binary search
as explained later in B.3.

B.1 Optimizing U given V & 0

Observing that ming|y,¢ J(U, V, ) can be decomposed into N independent subproblems, one for
U, each, as

N
[IJI‘I‘I/HO J(U,V,0) = ;I%ln J(U;|V,0) + const., (36)
where
1 L—1
JWUV.0) = SI|UllE +C Y Y h(T}(0: — UiV;T)) 37)
jlijeT r=1

and const. denotes the remaining term, which is independent of U;s (||V]|%./2 in this case), we may
achieve a considerable speedup by solving these downsized subproblems in a parallel fashion.

And J(U;|V, 0), under a slight reformulation, can be efficiently solved by SVM*™“!_ an existing high
performance structural SVM solver.

The prototype structural SVM problem: The primal objective of the n-slack structural SVM with
margin rescaling [6] is given by

. 1 - C
min §W W+g;&

w,£>0

stt. Vieg {1a s 7n}a V?j’b S y : WT[‘II(xiayi> - ‘Il(mzv?jZ)] Z A(yzagl) - fis

where w is the weight vector, ¥(z, y) the feature vector relating input data vector = and output y,
(x;, ;) the training data, and A(y;, ;) the prediction loss.

(38)

The hinge loss thereof is thus maxzey{A(y, §) — w' ¥(z,y) +w' ¥(x,7)}, which subsumes the
canonical hinge loss h(z) = max(1 — x,0) for binary classification problem J) = {—1,1} when
we take A(y,§) =1 —d(y,§) and ¥(z,y) = yx/2:

1 1
max (1 —0(y,9) — —yw ' + wax)

ge{—1,1} 2 2
1 1

= max <1 —0(y,7) — —yw 'z + yWT;v> (39)
ve{-v.y} 2 2

=max(1 —yw ' z,0).

Reformulation: To better disclose the correspondence, we first rewrite each subproblem
ming, J(U;|V, 0) by introducing slack variables £/; as follows:

L—-1
R RN )
s, SIUlE+C >, 3 &

jlijez r=1

st. Vie{jlijeIy,vre{l,....L—1} : =T UV;" > (1 - Tj;0;) — &;.

)

(40)
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Then we may use the similar technique as in (39) to reduce (40) to (38), specifically by taking

w = UZ-T

i =V

v = -1y,

y ={ 1 1}

‘I’(aj?y) = 2y$

A(y:jvgfja Oir) = (1 - 5(9;}7?3;})) (1+ yz‘rjeir)

as well as a scaled C. Note that w is of dimensionality K, the number of latent factors, while the
number of constraints |{j | ij € Z}| x (L—1), upper-bounded by M x (L —1), might vary diversely
across different rows in Y according to how many items the corresponding user has rated.

Also note that we’ve extended the loss A in a sense by taking into account not only the prediction
y and the training output y, but also another sample-specific constant ;.. This change might bring
about a negative loss, but it will not impact the optimization process.

B.2 Optimizing V' given U & 0

Similar to B.1, we may decompose minyg,g J (U, V,0) into M independent subproblems, one for
V; each, and then solve them in parallel by SVM*"™<".

B.3 Optimizing 0 given U & V/

Again the special structure of the problem allows us to decompose it into N x (L — 1) independent
subproblems, one for ;. each, as

N L-1
mln J(U,V,0) C man iU, V') + const., 41)
where
J(O:|UV) = > h(T};(6i — UiV;)) 42)
JjlijeT

and const. denotes the remaining term, which is independent of 6;,.s ((||[U]|% + [|[V'[|%)/2).

Rewrite ming,, J(0;-|U, V') by introducing slack variables &; and after some rearrangement, we

have
: T
min E ;.
0ir6]>0 & i
JjlijeT

st. &> 140V =6, (fT);=1)
T T : ro__
ij Z 1— UJ/J +0ir (lfTij = 71).

(43)

While (43) is solvable by any general linear programming solver, we find it to be an innate binary
search problem over 6, and thus can be solved far more efficiently.

We group the constraints according to 77 and denote them by C ! and C~! respectively, and then
define

Z {z]3j,st.z=z iUiV;.TJrT[j}

JUO)  ={jec|z > 0)

T ={jec|z <6}

AO)  =1THO =€)l = |T7HO — )|

An(0)  =|T7HO+e) —|THO+ )
Note that we’ve omitted the index ¢, 7 whenever possible to imply the same process applies to any
subproblem of ¢;,.. Think of each constraint in problem (43) as a clipped half-plane in the (6;,., £7; >

0) space, then Z denotes all the unique zero-crossings (or 6;,. intercepts) and it’s easy to see that
eA;(0) and eA,.(6) equals the change in the objective when taking a small enough step ¢ to the left
and right from 6 respectively.



We sort Z in ascending order so that 2] < 25 < -+ < zl’ z|»On which we conduct a binary search to
find the optimal 6, as follows.

(a) Start with s = 1,¢ = |Z|, and j = [5F1].

(b) If Aj(z ) < 0, take t = j — 1 and goto (¢);
If A,.(2)) <0, take s = j + 1 and goto (c);
Otherwise, goto (d).

(c) Take j = [=££] and goto (b).

(d) I Ay(z5) =0, 0ir € [25_1, 255
If AL (2)) =0, 0i € [2], 27415

Otherwise, 0;, = z;

Hence the overall time complexity of optimizing each 6, is O(|Z| log|Z]), which is further bound-
ed by O(M log M).

B.4 Influence of the margin parameter on MF

Both the original M?F model and its fast version adopted hinge loss, which is appropriate for discrete
ordinal ratings. A simple generalization to the canonical hinge loss would be

he(z) = max({ —x,0) (£>0), 44

where /¢ is the margin parameter and it’s fairly natural to wonder what influences, if any, the margin
parameter might exert on the solution and the performance of the model.

Denote the new objective by J,(U, V, ) and we have the following observation:

L—1

1

TV NV, 08) = 5 (VUG + IVEVIE) +C 2 D7 he (T5(86,, — UV]T))
ijEZ r=1
( . (45)
=5 (U3 + 1VIE) +60 Y S (50, - U))
ij€L r=1
=LJ(U,V,0).

Therefore the original minimizer (U V, 5) of J, when scaled to (\/Zﬁ AV, £9~), becomes the
minimizer of J, and what’s more, these 2 minimizers yield exactly the same prediction rating matrix.
That’s to say M?F is in a way invariant to the margin parameter, which is a desirable property.

Appendix C. A specific binary search solver

Here we propose a general binary search algorithm to solve problems of the following form:

mln )+ Z he,(a;x (46)

where g(x) is a strictly convex function whose first-order derivative is continuous and easy to get,
he(z) = max(0, £ — x) the generalized hinge loss and a; € R (a; # 0) the coefficients.

A first observation is that problem (46) is a strictly convex optimization problem of z and has thus a
unique optimal solution. Another reason why we’re interested in this specific kind of problem is that
it actually serves as the conditional subproblem to nearly all the optimization problems (including
SVM) that we’ll encounter when performing variational inference in PM>F models (as shown later
in Appendix D), and therefore naturally fits into the coordinate descent solver for these problems.

We cannot simply take the gradient of the objective function f(x) and set it to zero to get the optimal
Z due to the special form of hinge loss. Alternatively one starts with an initial ¢, and update the

value with z(,411) = ¢ (=Y, h;(")) where h;( is the subgradient of the hinge loss hy, (x) at
T (r)[19], and so on and so forth. However this iteration process does not guarantee a convergence.

13



Here we introduce an intuitive binary search algorithm that exactly solves problem (46). Actually
it is just a slightly varied version of what we did in B.3. We sort all the zero-crossings of the hinge
loss terms in ascending order so that z;, < z;, < --- < z;, where z; = ¢;/a;. Then it’s obvious
that the sequence

—0Q, ::7 fz/ja R z/;v f/:7 +OO’

where f;~ and f/" are the left and right derivatives of f at z;, respectively:

ip—1 N

fio =9 G+ b, ho=Y" —al(e; <0+ D —asl(a; >0) A7)
J=1 J=tk
i N
I+ 7 . 14+ I+ __ : X . . X
[l =9 (zi) + by, by —Z —a;l(a; < 0)+ Z —a;l(a; > 0), (48)

is monotonically ascending and there must exist a unique k so that either fllk_ <0< fl’:', which
indicates & = z;,, or f;7 < 0 < f{ ., which indicates & = ¢'~'(h},) € (2i,%,,,) Where

i, =hif = h;;rl is the constant gradient of the hinge loss terms over section (z;, , Zj,, , )-

The overall complexity of the algorithm is O(N log N) due to the sorting step.

Appendix D. Variational inference details

D.1 Inference in the iPM>F model

D.1.1  Solving for p(V)

Subproblem:

min  KL(p(V)llpo(V)) +C > he (Y ZEy[Vi]T) (49)

ijET
where Z; = B[ Zi] = ;.
Solution:
p(V) X pO(V) exp Z wijmjwi‘/j—r . (50)
ijeT

Note that p(V') remains an isotropic Gaussian

M K
p(V) = [T TIN ViklAjk, ). G
j=1 k=1
where Aji = 37,57 wij Yijthik.
Dual:
02 M
max £ wij—— Y | > wiyYie?
w £ 2 &~ & (52)
ijET =1 i,ijel

S.t. V’L,]EIOSWWSC

It’s obvious that the dual naturally decomposes into M independent box-constrained quadratic pro-
gramming subproblems, one for w; each.

Equivalent primal: From either the solution or the dual above, one can easily prove that the primal
problem can actually be decomposed into M independent binary SVM problems, one for A; each,
as follows,

) 1
min o [A 7+ C Y he (Yighgu). (53)
! ilijeT
And thus we can use some existing high-performance SVM solver (e.g. SVM*"™“") to efficiently, and
in a parallel fashion, solve for p(V').



D.1.2  Solving for p(v)

Since v is marginalized before exerting any influence in the loss, this part is independent of the loss.

Subproblem:

min - KL(p()p(Z) (. 2)) (54)

Solution: We adopt the same multivariate lower bound [2] to seek an approximate solution, which
is exactly the same as in [2].

r=k i1=1 rk=k+1 i=k+1

(55)
K N
=143 (N . zwm> -
rk=k =1
where the variational parameter g, = (qx1, - - -, Gx) | lies on a k-simplex and
i1 i
i o Gi = exp P (vi2) + ZW’M) - Zd’(%‘l +52) ¢ - (56)
j=1 j=1

Recurrent calculation: We may rearrange (55) to allow for a quick recurrent calculation as follows,

mi=a+ Y PE)+ Y. Q@)
rk=k

(57)
o2 = 14+ Q(k),
where
N
P(r) = vin
z[-{l
Q) = D2 (N = P()) gus

Furthermore, since g.; = Cy4i, C, being the normalization constant, we can even calculate Q(¢)
(or Q(%)/q; actually) recurrently.

D.1.3  Solving for p(2)

Subproblem:
min - KL(p0)p(2)lpo(v, 2)) + C Y he (YuBo[ZAV)T) (58)
ijeT
where VJ =E,v [V;] = Aj and B, [Z;] = ;.
This is a convex optimization problem of v and it decomposes into N independent subproblems,

one for v); each, as (after dropping irrelevant terms)
K

min Y (Ezllogp(Zu)] — Evzllogpo(Zul)]) +C 3 he (Yitid]).  (59)
’ k=1 jlijeT

where

Ezlog p(Zik)] = Vi log i + (1 — i) log(1 — ax)

k k
By, z[log po(Zik|v)] = ik ZE” log ;] 4 (1 — Yir ) Ey [log(1 — H vj)]

j=1
E,[log v;] = ¥ (k1) — ¥(r1 + r2)
k
E, [log(1 — H v)] > Ly,
j=1



where
k

k k
H(q.) +qu (7i2) +Z ST ag | i) =D D aws | (i +vi2)  (60)
1\ j=i

i=1 \j=i+1 =
is in turn the multivariate lower bound as in [2].

Solution: By use of the binary search algorithm introduced in Appendix C, we solve problem (59)
in a coordinate descent manner, with iteration number ever increasing during the learning process.

Recurrent calculation: Again we may rearrange Eq. (60) to allow for a quick recurrent calculation
of LY (or (L} +1og Cx)/Ch actually) as follows,

k

v j—1 k j
ﬁk%:g@:zq,wm +qu;¢m z:: g (Yot +7iz) = > i log i (61)

Functional form: From subproblem (58) and the general MED solution under mean-field assump-
tions (33), we may easily obtain the functional form of p(Z) as

p(Z) x exp ¢ E, [logpo(Z|v)] + ZwUY ZA—r

ijeLT (62)
K

N
o [T IT exp{¢ixZin} -

i=1k=1

k k
G =Y Eyflogy] — By flog(1— [[vil + Y wi¥ijAsu
Jj=1 Jj=1 JlijeT
is a constant, and hence p(Z) is fully factorized. Furthermore, the fact that Z € {0,1}V*¥ is

a binary matrix naturally suggests a Bernoulli parametrization for its entries, which justifies our
pretreatment of p(Z) in Sec. 4.

where

D.1.4  Solving for p(9)

Subproblem:
min  KL(p(0)[po(0)) + C > Z he (T (Ey (03] — i) (63)
p(6) X
ij€T r=1
Solution:
p(0) o< po(B) exp ¢ Y Z%TIJ ir (- (64)
1j€T r=1

Note that p(f) remains an isotropic Gaussian
N L1

= H H N (O3 |oir, %), (65)

i=1r=1
where Qir = Pr — € Z]|UEI wz]sz

Equivalent Primal: As a result, we may decompose the original subproblem (63) into N x (L — 1)
independent sub-subproblems, one for 8;,. each, as follows,

. 1
min 2 (Qn pr +C Z hﬂ U(Qm ¢1A;r)) (66)

Qir
JjlijeT

Note that as ¢ — +00, the Gaussian distribution regresses to a uniform distribution and problem (66)
reduces accordingly to the non-probabilistically-formulated subproblem as is the case of M*F (B.3).
It’s clear that the binary search algorithm introduced in Appendix C directly applies here.
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D.2 Inference in the iBPM3F model

D.2.1 Solving for p(V)

Subproblem:

min - KL(p(V)p(u, Dllpo(Vi Q) + 3 he (YighiEp[Vi]) (67)
ij€L

Solution:

p(V) X exp ZE,LL Q logpo V |Ma + Z Wij 1]7!}2
Jj=1 ijET
(68)

1
o [ ] exp *?G’E[Q}Vf +ERV + Y wi ViV
j ilijez

factorizes into M Gaussian distributions, one on V; each, parameterized as V; ~ N(A;,E71),
where

Aj=fi+ | Y wiYiys | 271 o =E[u], 2 = E[Q). (69)

ilijez

Note that we’ve made use of the equation E[uQ)] = E[u]E[Q] due to the fact that E[u|Q] = i

does not depend on €2, which will soon be shown in D.2.2 as p(u, §2) remains a Gaussian-Wishart
distribution.

Dual: Rewrite the decomposed primal of each p(V;) as

min KL (p(V))[B(V;)) + Y he (YijiBp[V3] )., (70)

V.
p(V5) ilijeT

where p(V;) o exp {E[log po(V;|u, )]} o< N(ii,E~1). Then it’s obvious from the general dual
form (30) that the dual takes the form of

max €3 wy — 3 Z(w)= 7 Zw0) T — iZ()"
i|ij€T 71
st VilijeZ : 0<w; <1,

where Z;(w;) = > ilijez Wij Yiji and the dual is again a box-constrained quadratic programming.

Equivalent primal: We rewrite the primal (70) by replacing p(V;) and p(V;) with their respective
parameterized Gaussian density, thus yielding

. 1 -
min 5 (8 — BE(A; — + ) e (Yijhih]) (72)
i|lijel
Now suppose £ = PP (P - 0) and let A’; = (A; — /)P, and we have
. 1 7112 /
min o [[A]3 + Z he,, (Vi APl ) (73)
i|ije€T
where ¢;; = ¢ — Y;;jub;" becomes the sample-specific margin. Now we may solve for A; via a
slightly changed SVM*"*“' and get A; = A, P~ + fu.
D.2.2  Solving for p(u, 2)

Like solving for v in iPM>F, this part is independent of the loss so we work on the KL-divergence
directly.



Subproblem:

min  KL(p(u, )p(V)[Ipo(p, 2, V)) (74)
p(p,82)
Solution:
M
P, ) o< po (1, ) exp & Y By [log po (Vi |u, )] ¢, (75)
j=1
where
1
Ev, oz po (V3111 )] = — & (B, [(V; ~ m)Q(V; — )] ~ log |2) + const.
1
=—3 (Ev, [tr (V; — )T (V; — 1)Q)] — log |[) + const.
1
== St By [(V; = A+ Ay = ) (V; = A+ Ay = m)]Q) 6
+ % log || + const. (recall that V; ~ N (A;,=71))
1 .
=3 [tr (271 + (A — )" (A — )] Q) —log Q] + const.
1

=— 5 [(A; — WA — p) "+ tr (E_lQ) — log [Q|] + const.

\]

Recall the functional form of a Gaussian-Wishart density is
GW (1, i, B, W 7) = N (il i, (BR) " HW(QUW, 7)
1 N ~ FoK—1 1 ~
scexp {500 - - )T 1915 oxp { - Jor (W10 )
Q

= |Q|T7TK71 exp {_;BMQMT + B — %tr ((B/f"ﬂ + W—1) )} .

Then after substituting Eq. (76) into (75), we conclude, by observation, that

p(p, Q) = GW(ji, B, W, 7)

where
F=10+M (77)
B=p+M (78)
1 M
i== | Boro+ > A, (79)
B j=1
~ ~ M
Wt = =BT i+ Bopg o + Wyt + MET 4+ ATA;. (80)
j=1
Incidentally, = = E[Q] = 7IV.

D.2.3 KL-divergence
By use of the decomposition (34), we have
KL(p(V)p(, ) |lpo(V; 1, 2)) = KL(p(V)[|5(V)) + KL(p(1, )[|po (12, 2))

81)
“log / exp {E,. allog po(V |, Q)]} AV,
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where KL(p(V)||p(V)) is the KL-divergence between Gaussian distributions:

KL(p(V)|[p(V ZKL DIV (@, (W) 1)
M{_ - FEW) P e .
=5 Ttr(WE"") — log i Kl+3 Z(Aj — WA —f) s

(82)

KL(p(g, Q) ||po (1, Q)) is the KL-divergence between Gaussian-Wishart distributions:

KL(p(u, Q) [[po (11, Q) = KL(GW (i1, B, W, 7)|GW (o, Bo, Wo, 70))
= KL(p(€2)[[po(€2)) + Ep(q) [KL(p(1|$2)|po (12[€2))]
= KLOW(W,7)||W(Wy, 1))

+ By [KL (A (i (B) ™) I (1o, (502) 7))

ﬂ breaking into parts

~ 7~'77'0 B(W77:)
KL =—UEF 7 = |log [© 1
WOV, D)W (Wo 7)) = 5 By o) log 19] + log =2
FK | F L1
=S g (W)

partition function: B(W, 1) = <|W|T/227K/2F (7/2))

1—
multivariate Gamma function: g (7/2) = oK (E-1/4 H (T + 5 )

Mx

T+1—
Eyy v, llog Q] =) ¥ ( ) + Klog2 + log |W|

[tr (BB ™) + (= 10) B2 — o) T

(1801/1501) - K]

= 2 [K60/3 + 3~ 100820 — o) "
~Klog (By/8) - K|

|| putting back together

M\»—A‘?i“

KL (VG (39) ™) IV (o, (Bof) 1) ) =

[
—
o

09

KL(p( Dol ) = 3 tr (W) — 2 g 1171/

1 B
+ i(ﬂ — 110)BoFW (i — po) "

T (70,7) + B (50, B)

K .
1-— 1-—
T (70,7) = [logF<T0+2 k)—logF(T+2 k)}
k=1
+%—Tg§:¢ Frl-k\ 7K
2 — 2 2

(B0/8 108 (80/5) ~ 1), (83)




where T and B remain constant after the first update of (f, B, W, 7) according to Eq. (77) and (78)
and is thus dispensable given that we calculate the KL-divergence, a term in the objective, only as a
guidance to the convergence of the variational inference;

And we calculate the last log-integral term in Eq. (81) as follows:

M
tog [ exp {E,.llog (Vs D)} dV = log [ exp {3~ Ballogpo(Vilu, )] v

j=1
M
= Zlog/exp{Eu,QﬂOgPO(VjWaQ)]}dvj

j=1
ﬂ breaking into parts
1
Eyallogpo(Vilu, )] = =5 {Epuol(V; = wQ(V; = 1) '] = Eallog |2]] + Klog(2m) }
Euol(V; — WV, — )] = VE[QV;" — 2E[UEQ]V;" + E[E,jo[tr(x" 1Q)]]
= FV;WV," = 27aW VT + Eq[aQi " + KB~
=7V, =W, )" + K57

K -

+1-k .

Eq[log 2] = Zz/; <T2> + Klog2 + log |W|
k=1

H putting back together

| espEalog (Ve v = S exp {5 (157! ~ Ealog]o) + K og(zn)

M ~ -
tog [ exp{E,.allog (VI DI}V =~ (K5~ Eallog|2] + og (7 i)
M - Ko Fl—k 7
=—— (KB '- ¢<>+Klog>.
2 ( ; 2 2
(84)

Note that the update rule of W (80) when solving for p(p, Q) can also be derived by taking par-
tial derivative of the KL-divergence term (81) with respect to W and setting it to zero (assuming
Eq. (77)~(79) are already at hand).
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